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Modular hermitian lattices over Z[i] and, in particular, unimodular lattices over 
Z[e”‘j4] give rise to modular forms for Hecke’s group G(,/?)= ((E, L,~), (J’, A)). 
Two general constructions of such lattices are performed, using codes over IF* and 
F,. Lattices with an extremal theta-function (i.e., with the largest minimum that 
Hecke’s theory allows) are obtained in @ Zn for all n < 12, including the densest 
known sphere-packings of Iw4” for n = I, 4, and 8. ‘( 1987 Academic Press, Inc. 

1. INTRODUCTION 

The Hecke modular group G(i) is the subgroup of SL,(R) generated by 
(A f) and ( 0, A), cf. [41 or [9, Chap. I]. There are three distinguished 
cases in the range 0 < 1, < 2, namely 1, = 2 cos n/q = 1, 3, fi (q = 3,4, 6), 
where the space J&(A) of modular forms of weight kE (4/(q - 2)) N has 
dimension 1 + [k/12], 1 + [k/8], and 1 + [k/6], respectively. It is well 
known that theta functions of even unimodular lattices in lRZk belong to 
J& (1) and the existence of the famous Leech lattice is connected with 
dim JY~ ( 1) = 2 for k = 12; cf. [ 11, Chap. VII, Sect. 61. A similar relation 
between unirnodular Z[o]-lattices in unitary spaces, where o = eZni13, and 
modular forms for G(;/;j) h as b een observed by Sloane [ 121. Following 
his track we shall consider the case I = 

Modular forms for G(a) 
4 here. 

arise from definite (1 + i)-modular Z [i]- 
lattices, i = &-l. Viewed as Z-lattices in RZk these are even and have 
discriminant 2k (k must be even). The D, root lattice in R4 carries such a 
structure, and so does the dense Barnes-Wall lattice in RI6 (cf. [I]), whose 
presence is explained by dim ./X8 ($) = 2. But in contrast with the case 
i=J- = ( 3, k 12 cf Felt’s classification [2]), there still exists an “extremal” 
Z[i]-lattice in R3’ corresponding to dim A,,(,,/?) = 3. The associated 
dense sphere-packing was constructed already in [lo]; its contact number 
now is forced to be 261120 by the shape of A,,(&). 
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The three lattices mentioned above all admit an isometric action of a 
square root of i. In this situation the modular hermitian form over Z[i] 
comes from a unimodular hermitian form over Z[C], E=I?[“~, combined 
with a certain “trace” Q(E)-+ Q(i). Due to the facts that (E) 2 IF; and 
ZCE1/(3) E E, x F,, with complex conjugation transposing the two factors, 
a unimodular Z[&]-lattice is quite naturally constructed from a linear code 
over iF, and its dual. In particular, the k = 16 extremal lattice arises from 
the [S, 23 (resp. [8, 61) Reed-Solomon code. A formula is given for the 
theta function of a lattice in terms of a joint weight enumerator of its two 
codes. 

2. LATTICES OVER Z [i] 

2.1. Preliminaries 

Let V be a complex vector space of finite dimension k endowed with a 
positive definite hermitian inner product (u, w). A Z[i]-submodule L of V 
is called a Z[i]-lattice if it is generated by a basis of V. The dual lattice L’ 
consists of all v E V such that (u, L) c Z[i], and is the same as the Z-dual 
of L with respect to the real inner product Re (v, w). Let det L denote the 
determinant of the hermitian k x k matrix formed by the (complex) inner 
products in a Z[i]-basis of L. If L c L# then (det L)* is the cardinality of 
L”IL. The minimum squared length of L is 

The spheres of radius f (min L)“‘* centered at the points of L form a pack- 
ing of V whose contact number r(L) is the number of v E L with 
(21, v)=min L. 

2.2. Modular Lattices 

If the lattice L is equal to 6L#, where b E Z[i], then L is called 
S-modular. This means that (v, w ) lies in the principal ideal (6) of Z[i] 
for all U,WEL, and detL=/61k, k=dimV. If L=6L#, then also 
L=(&‘L)# =(pL’ft, where the star denotes complex conjugation. This 
implies (6) = (6*), hence (6) = (d) or (6) = ((1 + i) d) for some dE N. We 
see that there are just two essentially different cases: 6 = 1 and 6 = 1 + i; the 
second case will be of interest here. From L c (1 + i) L# it follows that 
(v, u) E (1 + i) n L is even for all u E L. The theta function of L is then 
defined by 

Q,(=) = c ,m=<1w>/,5 = m!, rL(m) qm, q = eJnir. 
I’E L 
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It is a holomorphic function on the complex half plane Im z > 0. Of course 
here rL(m) is the number of representations 2m = (u, u), u E L. 

THEOREM 1. Let L be u (1 + i)-modular Z[i]-lattice 

(a) The dimension k is even. 

(b) The theta function satisfies 

(i) ~,(z+fi)=~,(z), 
(ii) O,( - l/z) = (iz)“B,(z). 

Proof: (a) is obvious since det L = ( 1 + ilk = 2ki2 must be in Z. O,(z) is a 
function of q = eyTni’, hence (i). Furthermore, L = (1 + i) L’ implies 
O,(z) = O,, (22). By the transformation formula for real lattices (cf. [ll, 
Chap. VII, Sect. 6]), 

8,+ (2~) = (det L)(i/fi~)~ eL (-;)=(pL-;). 

This proves (ii). 
For k = 2n let A%!‘~ be the vector space of all holomorphic functions f (z), 

Im z > 0, which satisfy the conditions (i), (ii) of Theorem 1 and have no 
negative terms in their q-expansion, i.e., f(z) is a modular ,form of weight k 
for the group generated by 

and 

THEOREM 2 (Hecke [4]; cf. [9, I-231). dim A& = 1 + [k/8]. 

EXAMPLE 1. We set I’=@*, ((u,,u*), (I~,,~~~))=u~M~:+u~w~, and 
let L, be the Z [ i]-lattice generated by ( 1, 1) and ( 1, i). The matrix of inner 
products is (, :, ’ r ‘), hence L, is ( 1 + i)-modular. The corresponding 
sphere-packing of R4 is usually denoted by D,. With a(m) = sum of the 
positive divisors of m E N we have for odd m and 13 0 (cf. [S]), 

rL, (2’m) = 240(m). 

2.3. Root Lattices 

Suppose LC (1 + i) L’. The root system of L is the set 
R(L)={u~L~(u,u)=2}. F or example, R( L,) has 24 elements. On the 
other hand, a root system R(L) is said to be of standard type if it is a 
(possibly empty) union of pairwise orthogonal four-element sets { f w, 
f iw}. If R(L) is of standard type, it has rL( 1) = 4j elements, where 
0 5 j 5 k. Examples will be obtained in the next section. 
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THEOREM 3. A Z[i]-lattice L c (1 + i) L# has an orthogonal decom- 
position L = L (” 1 L(‘), where L”‘- = L,I ... IL, and R(Lc2)) is qf standard 
type. 

Proof Let v, w be two nonproportional roots, and put B = (u, w). 
Since 1 + i divides p and ($ $) must be positive definite, we have /I = 0 or 
1-3 = + (1 f i). In the second case u and w generate a Z[i]-lattice isometric 
to L, . Being (1 + i)-modular this splits off. 

COROLLARY. Any ( 1 + i)-modular Z[i]-lattice of dimension k 5 6 is 
isometric to L,, L, 1 L,, or L, I L, I L,. 

Proof: Otherwise JZ, would contain two different theta functions, but 
this would contradict Theorem 2. 

2.4. Lattices,from Binary Codes (Cf. [13, Sect. 5.51) 

A subspace C of lF$ is called a linear binary code. The dual code C’ 
consists of all x E F: such that x. y = 0 for all y E C, where 
x. y = x, y , + + xk yx. If C c Cl, then C is called self-orthogonal, and if 
C= C’, then C is called selfldual. The weight wt(x) is the number of non- 
zero components of x, and 

min wt(C)=min(wt(x)lxEC, x#O}. 

Two codes are equioalent if they can be transformed into each other by a 
permutation of the components. Using the isomorphism Z[i]/( 1 + i) z F, 
one associates to C the Z[i]-lattice 

L(C)= (vEZ[ilklu (mod 1 +i)EC} 

on @“, where (u,w)=u,w~+ ... +u,w,* (Sloane’s Construction A). It is 
clear that L(C’) = (1 + i) L(C)#, and equivalent codes yield equivalent 
(i.e., isometric) lattices. If min wt(C) > 2, then the canonical basis vectors of 
Ck multiplied by k (1 -t i) are precisely the roots of L(C). 

THEOREM 4. This construction sets up a one-to-one correspondence 
between the classes of self-orthogonal (resp. self-dual) codes C in Ft with 
min wt(C) > 2 and the classes of k-dimensional Z[i]-lattices L such that 
L c (1 + i) L# (resp. L is ( 1 + i)-modular), R(L) is of standard type, 
r,(l)=4k. 

Proqf If L is a lattice with these properties we can identify 
K = (( 1 + i)/2) LR(L) with the standard lattice Z[i]“. Then L corresponds 
to the code C = L/( 1 + i) K. An isometry between two such lattices L(C) 
and L(D) stabilizes their root lattice (1 + i) Z[ilk and hence induces an 
equivalence between C and D. 



LATTICESFOR G(&) 447 

The first example of a (1 + i)-modular lattice as in Theorem 4 arises for 
k = 8 from the extended Hamming code. There is a third and more 
interesting (1 + i)-modular Z[i]-lattice in @* (cf. 3.3). Theorem 4 has been 
inspired by [ 14, Proposition 41. 

3.1. Preliminaries 

3. LATTICES OVER Z[@"] 

- 
We set c = eni14 = (1 + i)/J2, a rimi ive eighth root of unity. The ring p ‘t’ 

Z[E] is a principal ideal domain; cf. [3, p. 5701. It is naturally embedded in 
the algebra 

Let the automorphism CI++CI’ of A be defined by E’ = s3; it permutes the 
two factors of A. The automorphism c1 H (* of A is defined by E* = EC’; it 
is complex conjugation on either factor. We shall identify @ with the sub- 
field Z[i] @ R’ of A consisting of all c( = CI’. With this convention a 
functional t: A 4 @ is defined by 

t(r) = traceatt,,jQp(,j (a/(2 - Ji)) = 28 + (1 + i) y 

for CI E Z[E], c( = /I + YE, where 8, y E Z[i]. The following property is easily 
checked. 

PROPOSITION 1. An element 51 E A sati$es t(GT[.z]) c (1 + i) Z[i] fand 
only f‘C(EZ[E]. 

Let V be a finitely generated free A-module endowed with a hermitian 
form h: Vx V-+ A with respect to *, and let h be totally positive definite, 
i.e., for c’# 0 both components of h(u, u) E If2 x 52 are positive. A Z[s]-sub- 
module L of V is an integral Z[&]-lattice if it is generated by an A-basis of 
V and satisfies h(L, L) c Z[E]. It is a unimodular Z[s]-lattice if, in 
addition, h(u, L) c Z [E] for v E V implies u E L. 

COROLLARY. L is an integral (resp. unimodular) Z[E]-lattice if and only 
if, as a Z[i]-lattice with respect to the C-valued inner product 
(II, w) = t(h(v, w)), it satisfies L c (1 + i) L’ (resp. is (1 + i)-modular). 

In particular, the Z[i]-lattice L, of example 1 can be identified with 
Z[E] itself, where h(cc, fi) = c$* for s(, BE A. The Z[i]-basis 1, E gives the 
matrix (,:, I;‘). 

3.2. Reduction Module 3. 

Denoting the image of i in IF, = Z[i]/(3) by i again, we have the reduc- 
tion homomorphism a+-+ Cr from Z[E] onto [F9 x F, defined by 
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E=(l-i, -l+i). Now * will also denote the nontrivial automorphism of 
[F, as well as the automorphism (b, C)H (c*, h*) of [F, x IF, which is 
induced by complex conjugation in Z[E]. The functional t induces the 
functional f(h,c)=(l-i)h+(l+i)con [F,x[F,. 

PROPOSITION 2. For each a E [F, x [F, with i(aa*) = 2 (resp. = 1 ), there is 
a unique c( E Z[E] with Cr= a, t(crcr*) = 2 (resp. =4). For each aE IF, x [F,, 
a # (0, 0) with i(aa*) = 0, there are precisely three elements CI E .Z[E] with 
Cr = a, t(crct*) = 6. 

Proqfi We have to investigate reduction mod 3 on the hermitian 
Z[i]-lattice 15,. Two different nonzero vectors of squared length at most 4 
cannot be congruent mod 3, hence these 48 vectors of L, are mapped 
bijectively to the 48 anisotropic vectors of L, /3L,. This also implies that 
the Z[i]-automorphism group of L, is mapped isomorphically onto the 
unitary group U, (F,). Then it is clear how the 96 vectors u E L, of squared 
length 6 reduce to the 32 nonzero isotropic vectors mod 3. 

For a E [F, x IF, we define 0, (z) = x e nizr(rx*‘/3~h for Im z > 0, where the 
summation extends over all c( E Z[E] with 15 = a. For a # (0,O) this function 
only depends on the value i(aa*), and we have 8(,,,,(z) = dL, (32). 

3.3. Lattices from Nonary Codes. 

The definitions concerning codes over IF, are the same as in 2.4, except 
that now equivalence is defined with respect to monomial matrices [7, 
p.2381, and for x,y~[F; the inner product is x.y=x,y;E+ ... +xnyf. 
Let pO(x, y) be the number of positions v E { l,...., M} at which x,, = y,, = 0, 
and for j= 1, 2, 3, let p,(x, y) be the number of positions at which 
a,, = (x,., y,,) is # (0, 0), i(a,a,*) =2j (mod 3). The partition (pO(x, y), 
p, (x, y), p2(x, y), p3(x, y)) of n is called the type of (x, y), and the number 
p(x, y) = x,jp,(x, y) will play the role of a “weight.“ Note that p(x, y) is a 
multiple of 3 if x. y = 0. 

Let B and C be linear codes of length n over iF,. The numbers of pairs 
(x, y) E B x C of fixed type are the coefficients of the polynomial 

Ps,<.(T,, T,, T2, T3) = 1 1 fi Ty-) 
i c B )'E C‘ ,= 0 

a kind of “joint weight enumerator” (cf. [7, p. 1471) in four indeterminates. 
With V= A”, h(v, w) = f(u, wf + ... + u,w,*), we now associate to B and C 
the Z[s]-lattice 

L(B, C)= {uEZ[E]“[UE Bx C}, 

where U = (q,..., V,) is viewed as an element of 5; x iF$. Obviously the dual 
of L(B, C) with respect to h is L(CI, BL). Equivalent codes B give rise to 
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equivalent lattices L(B, Bl). As before, the theta function is defined with 
respect to the hermitian form (u, w) = t(h(u, w)). 

THEOREM 5. Let the codes B and C be orthogonal to each other. 

(a) L(B, C) is an integral .Z[&]-lattice; it is a unimodular Z[.z]-lattice 
if and only if C= Bl. 

(b) eu,c,(z) = I-‘,,, (ebb, ~~l,l~(z)~ e(1,2)(zL e,,,o,(z)). In par- 
ticular, the first coefficients are 

ProoJ: Part (a) follows from the preceding remarks. The expression for 
the theta function is obtained in the usual way; cf. [12, p. 1741. The last 
formula follows directly from Proposition 2. 

EXAMPLE 2. For n 2 4 we set L, = L(B, Bl) where B c F; is the 
“repetition” code consisting of all (b, b,..., b), b E F,. Since wt(x) > 3 for 
DEB, x#O, and wt(y)>l for DEB’, y#O, we have p(x,y)>3 for all 
(x, y) # (0,O). It follows that min L,, = 4. In particular, L4 c RI6 is the 
dense lattice packing ,4 ,6 of [ 11 with 

Q,,(z) = 1 + 432Oq’ + 61440q3 + . . . 

3.4. Extremal Lattices 

In J& we have the (unique normalized) cusp form 

d,(z)=&,(fl,,(~)~-~&))=q-8q*+12q~+ . . . . 

(One can prove that Ad(z) =q nz= I (1 -q”‘)“(l -q2”)‘.) For k= 2n, 
p = [k/8], the functions 0,, (z)~~~“~~(z)’ with 0 d v d p are a basis of J& 
(see Theorem 2). Hence there is a unique 

f(z)= 1 +rv+,qp+‘+rp+2qp+2+ ... E.,&$. 

After Sloane, a (1 + i)-modular Z[i]-lattice will be called extremal if it has 
this modular form as its theta function. For example, L, , L:, L:, L,, 
L,, L,, L, are extremal. Next, for n = 8 the modular form in question is 

f(z) = O,,(z)* - 192eL, (z)” A4(z) + 5764,(z)* 

= 1 +261120q3+ . . . . 

EXAMPLE 3. (cf. [lo]). Let B be the two-dimensional Reed-Solomon 
(RS) code in IF: (cf. [7, p. 303]), i.e., B is generated by (1, l,..., 1) and 
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(Q q’,..., l), where q = 1 + i generates the multiplicative group of IF,. Since 
min. wt(B) = 7, min. wt(BL) = 3, we have p(x, y) > 6 for all x E B, y E BL, 
(x, y) # (0,O). Hence M= L(B, Bl) is extremal. (This would not be true if 
we used a Reed-Solomon code of dimension 3 or 4.) The contact number 
r(M) = 261120 can also be obtained directly from Theorem 5. One finds 
that B x B’ has 448 elements of type (5,0,0,3), 36288 elements of type 
(1,6,0, l), 108864 elements of type (1, 5,2,0), 31104 elements of type 
(0, 7, 1, 0), and these are just the types of pairs (x, y) with p(x, y) = 9. 

It is clear that the construction of Section 3.3 can lead to extremal lat- 
tices only for n < 12. Furthermore, for n 2 8 the code B must be at least 
two-dimensional, and if dim B= 2 it is necessary and sufficient to have 
min. wt( B) = n - 1 as in Example 3. Up to equivalence there are unique 
such two-dimensional codes for n = 8, 9, and 10 (Extensions of the above 
RS code). There is none for n = 11, but here we can use a three-dimensional 
code B obtained, for example, by puncturing twice the [ 13, 3,9] code 
H’ 0 IF,, where H is the Hamming code of length 13 over IF, (cf. [6, 
p. 581). Thus we have constructed extremal lattices in C2n for all n < 12. By 
the method of [S] it may be proved that this could not be done in large n. 
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