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The object of the present paper is to determine the stability of the Hyers–Ulam–Rassias
type theorem concerning the Pexiderized quadratic functional equation in intuitionistic
fuzzy normed spaces (IFNS).
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1. Introduction and preliminaries

Stability problem of a functional equation was first posed in [1] which was answered in [2] and then generalized
in [3,4] for additive mappings and linear mappings respectively. Since then several stability problems for various
functional equations have been investigated in [5–8,4]. Recently, fuzzy version is discussed in [9,10]. Quite recently, the
stability problem for Jensen functional equation and cubic functional equation is considered in [11,12] respectively in the
intuitionistic fuzzy normed spaces; while the idea of intuitionistic fuzzy normed space was introduced in [13] and further
studied in [14–17] to deal with some summability problems.

Several results for the Hyers–Ulam–Rassias stability of many functional equations have been proved by several
researchers. Our goal is to determine some stability results concerning the Pexiderized quadratic functional equation in
intuitionistic fuzzy normed spaces. Here, first we examine the stability for odd and even functions and then we apply our
results to a general function.

In this section we recall some notations and basic definitions used in this paper.

Definition 1.1. A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is said to be a continuous t-norm if it satisfies the following
conditions:
(a) ∗ is associative and commutative, (b) ∗ is continuous, (c) a ∗ 1 = a for all a ∈ [0, 1], (d) a ∗ b ≤ c ∗ d whenever a ≤ c
and b ≤ d for each a, b, c, d ∈ [0, 1].

Definition 1.2. A binary operation ♦ : [0, 1]× [0, 1] → [0, 1] is said to be a continuous t-conorm if it satisfies the following
conditions:
(a′) ♦ is associative and commutative, (b′) ♦ is continuous, (c′) a♦0 = a for all a ∈ [0, 1], (d′) a♦b ≤ c♦d whenever a ≤ c
and b ≤ d for each a, b, c, d ∈ [0, 1].
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Using the notions of continuous t-norm and t-conorm, Saadati and Park [13] have recently introduced the concept of
intuitionistic fuzzy normed space as follows:

Definition 1.3. The five-tuple (X, µ, ν, ∗, ♦) is said to be an intuitionistic fuzzy normed spaces (for short, IFNS) if X is a vector
space, ∗ is a continuous t-norm, ♦ is a continuous t-conorm, and µ, ν are fuzzy sets on X × (0, ∞) satisfying the following
conditions. For every x, y ∈ X and s, t > 0

(i) µ(x, t) + ν(x, t) ≤ 1, (ii) µ(x, t) > 0, (iii) µ(x, t) = 1 if and only if x = 0, (iv) µ(αx, t) = µ(x, t
|α|

) for each
α ≠ 0, (v)µ(x, t) ∗ µ(y, s) ≤ µ(x + y, t + s), (vi) µ(x, ·) : (0, ∞) → [0, 1] is continuous, (vii) limt→∞ µ(x, t) = 1
and limt→0 µ(x, t) = 0, (viii) ν(x, t) < 1, (ix) ν(x, t) = 0 if and only if x = 0, (x)ν(αx, t) = ν(x, t

|α|
) for each α ≠ 0,

(xi) ν(x, t)♦ν(y, s) ≥ ν(x + y, t + s), (xii) ν(x, ·) : (0, ∞) → [0, 1] is continuous, (xiii) limt→∞ ν(x, t) = 0 and
limt→0 ν(x, t) = 1.

In this case (µ, ν) is called an intuitionistic fuzzy norm.

Example 1.1. Let (X, ‖.‖) be a normed space and let a ∗ b = ab and a♦b = min{a + b, 1} for all a, b ∈ [0, 1]. For all x ∈ X
and every t > 0, consider

µ(x, t) =


0 if t ≤ ‖x‖;
1 if t > ‖x‖; and ν(x, t) =


1 if t ≤ ‖x‖;
0 if t > ‖x‖.

Then (X, µ, ν, ∗, ♦) is an intuitionistic fuzzy normed space.

Example 1.2. Let (X, ‖.‖) be a normed space, a ∗ b = ab and a♦b = min{a + b, 1} for all a, b ∈ [0, 1]. For all x ∈ X , every
t > 0 and k = 1, 2, consider

µk(x, t) =

 t
t + k‖x‖

if t > 0

0 if t ≤ 0;
and νk(x, t) =


k‖x‖

t + k‖x‖
if t > 0

1 if t ≤ 0.

Then (X, µ, ν, ∗, ♦) is an intuitionistic fuzzy normed space.

The concepts of convergence and Cauchy sequences in an intuitionistic fuzzy normed space are studied in [13].
Let (X, µ, ν, ∗, ♦) be an IFNS. Then, a sequence x = (xk) is said to be intuitionistic fuzzy convergent to L ∈ X if

limµ(xk − L, t) = 1 and lim ν(xk − L, t) = 0 for all t > 0. In this case we write (µ, ν)- lim x = L or xk
IF

−→ L as
k → ∞.

Let (X, µ, ν, ∗, ♦) be an IFNS. Then, x = (xk) is said to be intuitionistic fuzzy Cauchy sequence if limµ(xk+p − xk, t) = 1
and lim ν(xk+p − xk, t) = 0 for all t > 0 and p = 1, 2, . . . .

Let (X, µ, ν, ∗, ♦) be an IFNS. Then (X, µ, ν, ∗, ♦) is said to be complete if every intuitionistic fuzzy Cauchy sequence in
(X, µ, ν, ∗, ♦) is intuitionistic fuzzy convergent in (X, µ, ν, ∗, ♦).

2. Stability of Pexiderized quadratic functional equation in IFNS

The functional equation

f (x + y) + f (x − y) = 2g(x) + 2h(y)

is said to be a Pexiderized quadratic functional equation. In the case f = g = h, it is called the quadratic functional equation.
We beginwith a stability of Hyers–Ulam–Rassias type theorems in IFNS for the Pexiderized quadratic functional equation.

Theorem 2.1. Let X be a linear space and let (Z, µ′, ν ′) be an intuitionistic fuzzy normed space. Let ϕ : X ×X → Z be a function
such that

ϕ(2x, 2y) = αϕ(x, y), (2.1.1)

for some real number α with 0 < |α| < 2. Let (Y , µ, ν) be intuitionistic fuzzy Banach space and f , g and h are odd functions
from X to Y such that

µ(f (x + y) + f (x − y) − 2g(x) − 2h(y), t) ≥ µ′(ϕ(x, y), t) and
ν(f (x + y) + f (x − y) − 2g(x) − 2h(y), t) ≤ ν ′(ϕ(x, y), t),


(2.1.2)
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for all x, y ∈ X and t > 0. Then there is a unique additive mapping T : X → X such that

µ(f (x) − T (x), t) ≥ µ′′


x,

2 − |α|

4
t


and

ν(f (x) − T (x), t) ≤ ν ′′


x,

2 − |α|

4
t


;

µ(g(x) + h(x) − T (x), t) ≥ µ′′


x,

6 − 3|α|

14 − |α|
t


and

ν(g(x) + h(x) − T (x), t) ≤ ν ′′


x,

6 − 3|α|

14 − |α|
t


,


(2.1.3)

where

µ′′(x, t) = µ′(ϕ(x, x), t/3) ∗ µ′(ϕ(x, 0), t/3) ∗ µ′(ϕ(0, x), t/3) and
ν ′′(x, t) = ν ′(ϕ(x, x), t/3)♦ν ′(ϕ(x, 0), t/3)♦ν ′(ϕ(0, x), t/3)


. (2.1.4)

Proof. Replacing x by y and y by x in (2.1.2), we get

µ(f (x + y) − f (x − y) − 2g(y) − 2h(x), t) ≥ µ′(ϕ(y, x), t) and
ν(f (x + y) − f (x − y) − 2g(y) − 2h(x), t) ≤ ν ′(ϕ(y, x), t)


. (2.1.5)

It follows from (2.1.2) and (2.1.5) that

µ(f (x + y) − g(x) − h(y) − g(y) − h(x), t) ≥ µ′(ϕ(x, y), t) ∗ µ′(ϕ(y, x), t) and
ν(f (x + y) − g(x) − h(y) − g(y) − h(x), t) ≤ ν ′(ϕ(x, y), t)♦ν ′(ϕ(y, x), t)


. (2.1.6)

Put y = 0 in (2.1.6), we get

µ(f (x) − g(x) − h(x), t) ≥ µ′(ϕ(x, 0), t) ∗ µ′(ϕ(0, x), t) and
ν(f (x) − g(x) − h(x), t) ≤ ν ′(ϕ(x, 0), t)♦ν ′(ϕ(0, x), t)


. (2.1.7)

From (2.1.6) and (2.1.7), we conclude that

µ(f (x + y) − f (x) − f (y), 3t) ≥ µ′(ϕ(x, y), t) ∗ µ′(ϕ(y, x), t)
∗ µ′(ϕ(x, 0), t) ∗ µ′(ϕ(0, x), t) ∗ µ′(ϕ(y, 0), t) ∗ µ′(ϕ(0, y), t) and

ν(f (x + y) − f (x) − f (y), 3t) ≤ ν ′(ϕ(x, y), t)♦ν ′(ϕ(y, x), t)
♦ν ′(ϕ(x, 0), t)♦ν ′(ϕ(0, x), t)♦ν ′(ϕ(y, 0), t)♦ν ′(ϕ(0, y), t)

 . (2.1.8)

Then

µ′′(2nx, t) = µ′′


x,

t
αn


and ν ′′(2nx, t) = ν ′′


x,

t
αn


.

If we put x = y in (2.1.8), we get

µ(f (2x) − 2f (x), t) ≥ µ′′(x, t) and ν(f (2x) − 2f (x), t) ≤ ν ′′(x, t). (2.1.9)

Replacing x by 2nx in (2.1.9) we have

µ


f (2n+1x)
2n+1

−
f (2nx)
2n

, t


= µ(f (2n+1x) − f (2nx), 2nt) ≥ µ′′(2nx, 2nt) ≥ µ′′


x,

2
α

n

t


and

ν


f (2n+1x)
2n+1

−
f (2nx)
2n

, t


= ν(f (2n+1x) − f (2nx), 2nt) ≤ ν ′′(2nx, 2nt) ≤ ν ′′


x,

2
α

n

t


.

Thus

µ


f (2n+1x)
2n+1

−
f (2nx)
2n

,
α

2

n
t


≥ µ′′(x, t) and ν


f (2n+1x)
2n+1

−
f (2nx)
2n

,
α

2

n
t


≤ ν ′′(x, t).
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Therefore for each n > m ≥ 0,

µ


f (2nx)
2n

−
f (2mx)
2m

,

n−
k=m+1

α

2

k−1
t


= µ


n−

k=m+1

f (2kx)
2k

−
f (2k−1x)
2k − 1

,

n−
k=m+1

α

2

k−1
t


≥

n∏
k=m+1

µ


f (2kx)
2k

−
f (2k−1x)
2k − 1

,
α

2

k−1
t


≥ µ′′(x, t) and

ν


f (2nx)
2n

−
f (2mx)
2m

,

n−
k=m+1

α

2

k−1
t


≤

n
k=m+1

ν


f (2kx)
2k

−
f (2k−1x)
2k − 1

,
α

2

k−1
t


≤ ν ′′(x, t)


, (2.1.10)

for all x ∈ X and t > 0 where
∏n

j=1 aj = a1 ∗ a2 ∗ · · · ∗ an,
n

j=1 aj = a1♦a2♦ · · · ♦an. Let t0 > 0 and ϵ > 0 be given. Using
the fact that limt→∞ µ′′(x, t) = 1 and limt→∞ ν ′′(x, t) = 0, we can find some t1 > t0 such that

µ′′(x, t1) > 1 − ϵ and ν ′′(x, t1) < ϵ.

The convergence of the series
∑

∞

n=1(
α
2 )nt1 gives some n0 ∈ N such that for each n > m ≥ n0,

n−
k=m+1

α

2

k−1
t1 < t0.

Therefore

µ


f (2nx)
2n

−
f (2mx)
2m

, t0


≥ µ


f (2nx)
2n

−
f (2mx)
2m

,

n−
k=m+1

α

2

k−1
t1


≥ µ′′(x, t1) > 1 − ϵ

and

ν


f (2nx)
2n

−
f (2mx)
2m

, t0


≤ ν


f (2nx)
2n

−
f (2mx)
2m

,

n−
k=m+1

α

2

k−1
t1


≤ ν ′′(x, t1) < ϵ.

Hence, ( f (2nx)
2n ) is a Cauchy sequence in (Y , µ, ν). Since (Y , µ, ν) is an intuitionistic fuzzy Banach space, ( f (2nx)

2n ) converges
to some point T (x) ∈ Y . Define T : X → Y by T (x) = (µ, ν)- limn→∞

f (2nx)
2n .

Fix x, y ∈ X and t > 0. It follows from (2.1.8) that

µ


f (2n(x + y))

2n
−

f (2nx)
2n

−
f (2ny)
2n

,
t
4


= µ(f (2n(x + y)) − f (2nx) − f (2ny), (2nt)/4)

≥ µ′


ϕ(x, y),

2nt
12αn


∗ µ′


ϕ(y, x),

2nt
12αn


∗ µ′


ϕ(x, 0),

2nt
12αn


∗ µ′


ϕ(0, x),

2nt
12αn


∗ µ′


ϕ(y, 0),

2nt
12αn


∗ µ′


ϕ(0, y),

2nt
12αn


and

ν


f (2n(x + y))

2n
−

f (2nx)
2n

−
f (2ny)
2n

,
t
4


= ν(f (2n(x + y)) − f (2nx) − f (2ny), (2nt)/4)

≤ ν ′


ϕ(x, y),

2nt
12αn


♦ν ′


ϕ(y, x),

2nt
12αn


♦ν ′


ϕ(x, 0),

2nt
12αn


♦ ν ′


ϕ(0, x),

2nt
12αn


♦ν ′


ϕ(y, 0),

2nt
12αn


♦ν ′


ϕ(0, y),

2nt
12αn





(2.1.11)

for all n. Moreover,

µ(T (x + y) − T (x) − T (y), t) ≥ µ


T (x + y) −

f (2n(x + y))
2n

,
t
4


∗ µ


T (x) −

f (2nx)
2n

,
t
4


∗ µ


T (y) −

f (2ny)
2n

,
t
4


∗ µ


f (2n(x + y))

2n
−

f (2nx)
2n

−
f (2ny)
2n

,
t
4


and

ν(T (x + y) − T (x) − T (y), t) ≤ ν


T (x + y) −

f (2n(x + y))
2n

,
t
4


♦ν


T (x) −

f (2nx)
2n

,
t
4


♦ ν


T (y) −

f (2ny)
2n

,
t
4


♦ν


f (2n(x + y))

2n
−

f (2nx)
2n

−
f (2ny)
2n

,
t
4


,


(2.1.12)
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for all n. Letting n → ∞ in (2.1.11) and (2.1.12), we obtain

µ(T (x + y) − T (x) − T (y), t) = 1 and ν(T (x + y) − T (x) − T (y), t) = 0.

Thus T (x + y) = T (x) + T (y). Furthermore, using (2.1.10) with m = 0, we get

µ(T (x) − f (x), t) ≥ µ


T (x) −

f (2nx)
2n

,
t
2


∗ µ


f (2nx)
2n

− f (x),
t
2



≥ µ


T (x) −

f (2nx)
2n

,
t
2


∗ µ′′

x,
t

2
n∑

k=1


α
2

k−1

 ≥ µ′′

x,
t

2
∞∑
k=1


α
2

k−1

 = µ′′


x,

2 − α

4
t


and

ν(T (x) − f (x), t) ≤ ν


T (x) −

f (2nx)
2n

,
t
2


♦ν


f (2nx)
2n

− f (x),
t
2



≤ ν


T (x) −

f (2nx)
2n

,
t
2


♦ν ′′

x,
t

2
n∑

k=1


α
2

k−1

 ≤ ν ′′

x,
t

2
∞∑
k=1


α
2

k−1

 = ν ′′


x,

2 − α

4
t




. (2.1.13)

It follows from (2.1.7) and (2.1.13) that

µ


g(x) + h(x) − T (x),

14 − α

12
t


≥ µ(f (x) − T (x), t) ∗ µ


g(x) + h(x) − f (x),

2 − α

12
t


≥ µ′′


x,

2 − α

4
t


∗ µ′


ϕ(x, 0),

2 − α

12
t


∗ µ′


ϕ(0, x),

2 − α

12
t


≥ µ′′


x,

2 − α

4
t


and similarly

ν


g(x) + h(x) − T (x),

14 − α

12
t


≤ ν ′′


x,

2 − α

4
t


.

Thus we obtained (2.1.3). To prove the uniqueness of T , assume that T ′ be another additive mapping from X into Y , which
satisfies (2.1.2). Since for each n ∈ N, T (2nx) = 4nT (x) and T ′(2nx) = 4nT ′(x). Then

µ(T (x) − T ′(x), t) = µ(T (2nx) − T ′(2nx), 4nt)

≥ µ


T ′(2nx) − f (2nx),

4nt
2


∗ µ


f (2nx) − T (2nx),

4nt
2


≥ µ′′


2nx,

(2 − |α|)4nt
8


= µ′′


x,

(2 − |α|)2nt
8


and

ν(T (x) − T ′(x), t) = ν(T (2nx) − T ′(2nx), 4nt)

≤ ν


T ′(2nx) − f (2nx),

4nt
2


♦ν


f (2nx) − T (2nx),

4nt
2


≤ ν ′′


x,

(2 − |α|)2nt
8


for all x ∈ X , t > 0 and n ∈ N. Also, we have

lim
n→∞

µ′′


x,

(2 − |α|)2nt
8


= 1 and lim

n→∞
ν ′′


x,

(2 − |α|)2nt
8


= 0.

Therefore,

µ(T (x) − T ′(x), t) = 1 and ν(T (x) − T ′(x), t) = 0,

for all x ∈ X and t > 0. Hence T (x) = T ′(x) for all x ∈ X . �

Theorem 2.2. Suppose that (2.1.1) holds with 0 < |α| < 4. Let (Y , µ, ν) be intuitionistic fuzzy Banach space and f , g and h are
even functions from X to Y such that f (0) = g(0) = h(0) = 0 and

µ(f (x + y) + f (x − y) − 2g(x) − 2h(y), t) ≥ µ′(ϕ(x, y), t) and
ν(f (x + y) + f (x − y) − 2g(x) − 2h(y), t) ≤ ν ′(ϕ(x, y), t)


, (2.2.1)
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for all x, y ∈ X and t > 0. Then there is a unique quadratic mapping Q : X → Y such that

µ(Q (x) − f (x), t) ≥ µ′′


x,

(4 − |α|)

16
t


, µ(Q (x) − g(x), t) ≥ µ′′


x,

(12 − 3|α|)

52 − |α|
t


,

µ(Q (x) − h(x), t) ≥ µ′′


x,

(12 − 3|α|)

52 − |α|
t


and

ν(Q (x) − f (x), t) ≤ ν ′′


x,

(4 − |α|)

16
t


, ν(Q (x) − g(x), t) ≤ ν ′′


x,

(12 − 3|α|)

52 − |α|
t


,

ν(Q (x) − h(x), t) ≤ ν ′′


x,

(12 − 3|α|)

52 − |α|
t


,

where µ′′(x, t) and ν ′′(x, t) are defined by (2.1.4).

Proof. Replacing x by y and y by x in (2.2.1), we get

µ(f (x + y) + f (x − y) − 2g(y) − 2h(x), t) ≥ µ′(ϕ(y, x), t) and
ν(f (x + y) + f (x − y) − 2g(y) − 2h(x), t) ≤ ν ′(ϕ(y, x), t)


. (2.2.2)

Put y = x in (2.2.1). Then for all x ∈ X and t > 0

µ(f (2x) − 2g(x) − 2h(x), t) ≥ µ′(ϕ(x, x), t) and
ν(f (2x) − 2g(x) − 2h(x), t) ≤ ν ′(ϕ(x, x), t).

Put x = 0 in (2.2.1), we get

µ(2f (y) − 2h(y), t) ≥ µ′(ϕ(0, y), t) and ν(2f (y) − 2h(y), t) ≤ ν ′(ϕ(0, y), t), (2.2.3)

for all x ∈ X and t > 0. For y = 0, (2.2.1) becomes

µ(2f (x) − 2g(x), t) ≥ µ′(ϕ(x, 0), t) and ν(2f (x) − 2g(x), t) ≤ ν ′(ϕ(x, 0), t). (2.2.4)

Combining (2.2.2)–(2.2.4), we get

µ(f (x + y) − f (x − y) − 2f (x) − 2f (y), t)
≥ µ′(ϕ(x, y), t/3) ∗ µ′(ϕ(x, 0), t/3) ∗ µ′(ϕ(0, y), t/3) and

ν(f (x + y) − f (x − y) − 2f (x) − 2f (y), t)
≤ ν ′(ϕ(x, y), t/3)♦ν ′(ϕ(x, 0), t/3)♦ν ′(ϕ(0, y), t/3)

 . (2.2.5)

Setting y = x in (2.2.5), we have

µ(2f (x) − 4f (x), t) ≥ µ′′(x, t) and ν(2f (x) − 4f (x), t) ≤ ν ′′(x, t), (2.2.6)

where µ′′(x, t) and ν ′′(x, t) are defined in (2.1.4). By (2.1.1),

µ′′(2nx, t) = µ′′


x,

t
αn


and ν ′′(2nx, t) = ν ′′


x,

t
αn


, (2.2.7)

for every x ∈ X and for each n ≥ 0. It follows from (2.2.6) and (2.2.7) that

µ(f (2n+1x) − 4f (2nx), t) ≥ µ′′


x,

t
αn


and

ν(f (2n+1x) − 4f (2nx), t) ≤ ν ′′


x,

t
αn


 . (2.2.8)

From (2.2.8), we obtain

µ


f (2n+1x)
4n+1

−
f (2nx)
4n

, t


= µ(f (2n+1x) − 4f (2nx), 4n+1t) ≥ µ′′


x,

4n+1t
αn


and

ν


f (2n+1x)
4n+1

−
f (2nx)
4n

, t


= ν(f (2n+1x) − 4f (2nx), 4n+1t) ≤ ν ′′


x,

4n+1t
αn


or equivalently,

µ


f (2n+1x)
4n+1

−
f (2nx)
4n

,
αnt
4n+1


≥ µ′′(x, t) and ν


f (2n+1x)
4n+1

−
f (2nx)
4n

,
αnt
4n+1


≤ ν ′′(x, t),
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for all x ∈ X and t > 0. Therefore, for all x ∈ X , t > 0 and for each n > m ≥ 0

µ


f (2nx)
4n

−
f (2mx)
4m

,

n−
k=m+1

αk−1t
4k


= µ


n−

k=m+1


f (2kx)
4k

−
f (2k−1x)
4k−1


,

n−
k=m+1

αk−1t
4k


≥

n∏
k=m+1

µ


f (2kx)
4k

−
f (2k−1x)
4k−1

,
αk−1t
4k


≥ µ′′(x, t) and

ν


f (2nx)
4n

−
f (2mx)
4m

,

n−
k=m+1

αk−1t
4k


= ν


n−

k=m+1


f (2kx)
4k

−
f (2k−1x)
4k−1


,

n−
k=m+1

αk−1t
4k


≤

n
k=m+1

ν


f (2kx)
4k

−
f (2k−1x)
4k−1

,
αk−1t
4k


≤ ν ′′(x, t)


, (2.2.9)

where
∏

and


are defined in the proof of Theorem 2.1. Given ϵ > 0 and t0 > 0. Since limt→∞ µ′′(x, t) = 1 and
limt→∞ ν ′′(x, t) = 0 there is some t1 > t0 such that µ′′(x, t1) > 1 − ϵ and ν ′′(x, t1) < ϵ. By the convergence of the
series

∑
∞

k=1
αk−1

4k
t1, we can find some n0 such that

∑n
k=m+1

αk−1

4k
t1 < t0 for each n > m ≥ n0. It follows that

µ


f (2nx)
4n

−
f (2mx)
4m

, t0


≥ µ


f (2nx)
4n

−
f (2mx)
4m

,

n−
k=m+1

αk−1

4k
t1


≥ µ′′(x, t0) > 1 − ϵ

and

ν


f (2nx)
4n

−
f (2mx)
4m

, t0


≤ ν


f (2nx)
4n

−
f (2mx)
4m

,

n−
k=m+1

αk−1

4k
t1


≤ ν ′′(x, t0) < ϵ,

for every x ∈ X , t > 0 and each n > m > n0. This shows that (
f (2nx)
4n ) is a Cauchy sequence in the intuitionistic fuzzy

Banach space (Y , µ, ν), therefore it is convergence to some Q (x) ∈ Y . So we can define a mapping Q : X → Y by
Q (x) = (µ, ν)- limn→∞

f (2nx)
4n . Fix x, y ∈ X and t > 0. It follows from (2.2.5) that

µ


f (2n(x + y))

4n
+

f (2n(x − y))
4n

− 2
f (2nx)
4n

− 2
f (2ny)
4n

,
t
5


= µ


f (2n(x + y)) + f (2n(x − y)) − 2f (2nx) − 2f (2ny),

4nt
5


≥ µ′


ϕ(x, y),

4nt
15αn


∗ µ′


ϕ(x, 0),

4nt
15αn


∗ µ′


ϕ(0, y),

4nt
15αn


and

ν


f (2n(x + y))

4n
+

f (2n(x − y))
4n

− 2
f (2nx)
4n

− 2
f (2ny)
4n

,
t
5


= ν


f (2n(x + y)) + f (2n(x − y)) − 2f (2nx) − 2f (2ny),

4nt
5


≤ ν ′


ϕ(x, y),

4nt
15αn


♦ν ′


ϕ(x, 0),

4nt
15αn


♦ν ′


ϕ(0, y),

4nt
15αn





(2.2.10)

for all n. Furthermore,

µ(Q (x + y) + Q (x − y) − 2Q (x) − 2Q (y), t) ≥ µ


Q (x + y) −

f (2n(x + y))
4n

,
t
5


∗ µ


Q (x − y) −

f (2n(x − y))
4n

,
t
5


∗ µ


2Q (x) − 2

f (2nx)
4n

,
t
5


∗ µ


2Q (y) − 2

f (2ny)
4n

,
t
5


∗ µ


f (2n(x + y))

4n
+

f (2n(x − y))
4n

− 2
f (2nx)
4n

− 2
f (2ny)
4n

,
t
5


and

ν(Q (x + y) + Q (x − y) − 2Q (x) − 2Q (y), t) ≤ ν


Q (x + y) −

f (2n(x + y))
4n

,
t
5


♦ν


Q (x − y) −

f (2n(x − y))
4n

,
t
5


♦ν


2Q (x) − 2

f (2nx)
4n

,
t
5


♦ν


2Q (y) − 2

f (2ny)
4n

,
t
5


♦ ν


f (2n(x + y))

4n
+

f (2n(x − y))
4n

− 2
f (2nx)
4n

− 2
f (2ny)
4n

,
t
5





. (2.2.11)
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Letting n → ∞ in (2.2.10) and (2.2.11), we get

µ(Q (x + y) + Q (x − y) − 2Q (x) − 2Q (y), t) = 1 and
ν(Q (x + y) + Q (x − y) − 2Q (x) − 2Q (y), t) = 0,

for all x, y ∈ X and t > 0. Thus, Q (x + y) + Q (x − y) = 2Q (x) + 2Q (y). Using (2.2.9) with m = 0, we get

µ(Q (x) − f (x), t) ≥ µ


Q (x) −

f (2nx)
4n

,
t
2


∗ µ


f (2nx)
4n

− f (x),
t
2



≥ µ


Q (x) −

f (2nx)
4n

,
t
2


∗ µ′′

x,
4t

2
n∑

k=1


α
4

k−1


≥ µ′′

x,
4t

2
∞∑
k=0


α
4

k
 = µ′′


x,

4 − α

16
t


and

ν(Q (x) − f (x), t) ≤ ν


Q (x) −

f (2nx)
4n

,
t
2


♦ν


f (2nx)
4n

− f (x),
t
2



≤ ν


Q (x) −

f (2nx)
4n

,
t
2


♦ν ′′

x,
4t

2
n∑

k=1


α
4

k−1


≤ ν ′′

x,
4t

2
∞∑
k=0


α
4

k
 = ν ′′


x,

4 − α

16
t




, (2.2.12)

for sufficiently large n. From (2.2.4) and (2.2.12), we conclude that

µ


Q (x) − g(x),

52 − α

48
t


≥ µ(Q (x) − f (x), t) ∗ µ


f (x) − g(x),

4 − α

48
t


≥ µ′′


x,

4 − α

16
t


∗ µ′


ϕ(x, 0),

4 − α

48
t


≥ µ′′


x,

4 − α

16
t


and

ν


Q (x) − g(x),

52 − α

48
t


≤ ν(Q (x) − f (x), t)♦ν


f (x) − g(x),

4 − α

48
t


≤ ν ′′


x,

4 − α

16
t


♦ν ′


ϕ(x, 0),

4 − α

48
t


≤ ν ′′


x,

4 − α

16
t


.

Thus

µ(Q (x) − g(x), t) ≥ µ′′


x,

12 − 3α
52 − α

t


and ν(Q (x) − g(x), t) ≤ ν ′′


x,

12 − 3α
52 − α

t


.

Similarly, we show that the above inequality also holds for h. The uniqueness assertion can be done on the same lines as in
Theorem 2.1. �

Theorem 2.3. Suppose that (2.1.1) holds with |α| < 2. Let f be a mapping from X to intuitionistic fuzzy Banach space (Y , µ, ν)
such that f (0) = 0 and

µ(f (x + y) + f (x − y) − 2f (x) − 2f (y), t) ≥ µ′(ϕ(x, y), t) and
ν(f (x + y) + f (x − y) − 2f (x) − 2f (y), t) ≤ ν ′(ϕ(x, y), t)


, (2.3.1)

for all x, y ∈ X and all t > 0. Then there are unique mappings T ,Q : X → Y such that T is additive, Q is quadratic and

µ(f (x) − T (x) − Q (x), t) ≥ M

x,


2 − α

8


∗


4 − α

32


t


and

ν(f (x) − T (x) − Q (x), t) ≤ N

x,


2 − α

8


♦


4 − α

32


t


,



S.A. Mohiuddine, H. Şevli / Journal of Computational and Applied Mathematics 235 (2011) 2137–2146 2145

for all x ∈ X and all t > 0, where

M(x, t) = µ′(ϕ(x, x), t/3) ∗ µ′(ϕ(−x, −x), t/3) ∗ µ′(ϕ(x, 0), t/3)
∗ µ′(ϕ(0, x), t/3) ∗ µ′(ϕ(−x, 0), t/3) ∗ µ′(ϕ(0, −x), t/3) and

N(x, t) = ν ′(ϕ(x, x), t/3)♦ν ′(ϕ(−x, −x), t/3)♦ν ′(ϕ(x, 0), t/3)
♦ ν ′(ϕ(0, x), t/3)♦ν ′(ϕ(−x, 0), t/3)♦ν ′(ϕ(0, −x), t/3).

Proof. Passing to the odd part f ◦ and even part f e of f , we deduce from (2.3.1) that

µ(f ◦(x + y) + f ◦(x − y) − 2f ◦(x) − 2f ◦(y), t) ≥ µ′(ϕ(x, y), t) ∗ µ′(ϕ(−x, −y), t), and
ν(f ◦(x + y) + f ◦(x − y) − 2f ◦(x) − 2f ◦(y), t) ≤ ν ′(ϕ(x, y), t)♦ν ′(ϕ(−x, −y), t).

On the other hand,

µ(f e(x + y) + f e(x − y) − 2f e(x) − 2f e(y), t) ≥ µ′(ϕ(x, y), t) ∗ µ′(ϕ(−x, −y), t) and
ν(f e(x + y) + f e(x − y) − 2f e(x) − 2f e(y), t) ≤ ν ′(ϕ(x, y), t)♦ν ′(ϕ(−x, −y), t).

Using the proofs of Theorems 2.1 and 2.2, we get a unique additive mapping T and a unique quadratic mapping Q satisfying

µ(f ◦(x) − T (x), t) ≥ M

x,

2 − |α|

4
t


and ν(f ◦(x) − T (x), t) ≤ N

x,

2 − |α|

4
t


.

Also,

µ(f e(x) − Q (x), t) ≥ M

x,

4 − |α|

16
t


and ν


f e(x) − Q (x), t) ≤ N(x,

4 − |α|

16
t


.

Therefore

µ(f (x) − T (x) − Q (x), t) ≥ µ


f ◦

− T (x),
t
2


∗ µ


f e − Q (x),

t
2


≥ M


x,

2 − |α|

8
t


∗ M

x,

4 − |α|

32
t


= M

x,


2 − α

8


∗


4 − α

32


t


and

ν(f (x) − T (x) − Q (x), t) ≤ ν


f ◦

− T (x),
t
2


♦ν


f e − Q (x),

t
2


≤ N


x,

2 − |α|

8
t


♦N

x,

4 − |α|

32
t


= N

x,


2 − α

8


♦


4 − α

32


t


,

for all x ∈ X and t > 0. �

The following example provides an illustration.

Example 2.1. Let (X, ⟨., .⟩) be an inner product space, Y be a normed space and Z be the real lineR. Let (µ, ν) and (µ′, ν ′) be
the intuitionistic fuzzy norms on Y and R, defined by Example 1.2 with k = 1, respectively. Suppose that the intuitionistic
fuzzy norm (µ, ν), makes Y into an intuitionistic fuzzy Banach space. Fix x◦, y◦, z◦ ∈ Y and a ∈ X , we define

f (x) = ⟨x, a⟩x◦ + ‖x‖2y◦ +


‖x‖z◦,

g(x) = ⟨x, a⟩x◦ + ‖x‖2y◦,

h(x) = ‖x‖2y◦ +


‖x‖z◦,

ϕ(x, y) = (


‖x + y‖ +


‖x − y‖ − 2


‖y‖)‖z◦‖,

for each x, y ∈ X . One can easily verified that

f (x + y) + f (x − y) − 2g(x) − 2h(y) = (


‖x + y‖ +


‖x − y‖ − 2


‖y‖)z◦,

for all x, y ∈ X . Therefore

µ(f (x + y) + f (x − y) − 2g(x) − 2h(y), t) = µ′(ϕ(x, y), t) and
ν(f (x + y) + f (x − y) − 2g(x) − 2h(y), t) = ν ′(ϕ(x, y), t),

for each x, y ∈ X and t ∈ R. Moreover, ϕ(2x, 2y) =
√
2ϕ(x, y) for each x, y ∈ X . Therefore, conditions of Theorems 2.1

and 2.2 for f , g, h and |α| =
√
2 < 2 are satisfied. It follows that odd and even parts of f can be approximated by linear
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and quadratic functions, respectively. In fact f ◦, the odd part of f and f ◦(x) = ⟨x, a⟩x◦ is linear. The even part of f is f e, and
f e(x) = ‖x‖2y◦ +

√
‖x‖z◦ contains a quadratic Q (x) = ‖x‖2y◦. Also

µ(f e(x) − Q (x), t) = µ′(


‖x‖ ‖z◦‖, t) ≥ µ′′


x,

4 −
√
2

16
t


and

ν(f e(x) − Q (x), t) = ν ′(


‖x‖ ‖z◦‖, t) ≤ ν ′′


x,

4 −
√
2

16
t


.

3. Conclusion

This work indeed presents a relationship between three different disciplines, namely, the theory of fuzzy spaces, the
Hyers–Ulam–Rassias stability and the theory of functional equations. We established the Hyers–Ulam–Rassias stability of a
Pexiderized quadratic functional equation in intuitionistic fuzzy normed spaces.
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