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Abstract

Let (U;, V) be a bivariate Lévy process, where V; is a subordinator and Uy is a Lévy process formed by
randomly weighting each jump of V; by an independent random variable X; having cdf F. We investigate
the asymptotic distribution of the self-normalized Lévy process U;/V; at O and at co. We show that all
subsequential limits of this ratio at 0 (co) are continuous for any nondegenerate F' with finite expectation
if and only if V; belongs to the centered Feller class at 0 (co). We also characterize when U;/V; has a
non-degenerate limit distribution at 0 and oco.
© 2012 Elsevier B.V. All rights reserved.
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1. Introduction and statements of two main results

We begin by defining the bivariate Lévy process (U;, V;), t > 0, that will be the object of our
study. Let F be a cumulative distribution function [cdf] satisfying

foo x| F (dx) < oo (1)
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and A be a Lévy measure on R with support in (0, co) such that

1
/0 yA(dy) < oo. 2

We define the Lévy function Z(x) = A (x,00) for x > 0. Using Corollary 15.8 on page 291
of Kallenberg [10] and assumptions (1) and (2), we can define via F and A the bivariate Lévy
process (Uy, V;) , t > 0, having the joint characteristic function

Eexp (01U, +i6:V) = ¢ (t, 01, 6»)

OO .
exp <t / f (e 1) H(du,dv)), 3)
(0,00) J —00

II (du, dv) = F (du/v) A (dv) . “4)

with

From the form of ¢ (¢, 61, 0;) it is clear that V; is a driftless subordinator.

Throughout this paper (U, V;), t > 0, denotes a Lévy process satisfying (1) and (2) and
having joint characteristic function (3).

Now let {X;}s>0 be a class of i.i.d. F' random variables independent of the V; process. We
shall soon see that for each r > 0 the bivariate process

(U,,vt>2<2 XAV, Y Avs), 5)

0<s<t 0<s<t

where AV, = Vi — V,_. Notice that in the representation (5) each jump of V; is weighted by an
independent X, so that U; can be viewed as a randomly weighted Lévy process.

Here is a graphic way to picture this bivariate process. Consider AV; as the intensity of a
random shock to a system at time s > 0 and X;AV; as the cost of repairing the damage that
it causes. Then V;, U, and U,/ V, represent, respectively, up to time ¢, the total intensity of the
shocks, the total cost of repair and the average cost of repair with respect to shock intensity.
For instance, AV, can represent a measure of the intensity of a tornado that comes down in a
Midwestern American state at time s during tornado season and X the cost of the repair of the
damage per intensity that it causes. Note that X is a random variable that depends on where the
tornado hits the ground, say a large city, a medium size town, a village, an open field, etc. It is
assumed that a tornado is equally likely to strike anywhere in the state.

We shall be studying the asymptotic distributional behavior of the randomly weighted self-
normalized Lévy process U,/ V; near 0 and infinity. Note that A(04) = oo implies that V;, > 0
a.s. forany r > 0. Whereas if 4(04) < 0o, then, with probability 1, V, = 0 for all ¢ close enough
to zero. For such t > 0, U;/V; = 0/0 := 0. Therefore to avoid this triviality, when we consider
the asymptotic behavior of U,/ V; near 0 we shall always assume that A(0+) = oo.

Our study is motivated by the following results for weighted sums. Let {Y, Y; : i > 1} denote
a sequence of i.i.d. random variables, where Y is non-negative and nondegenerate with cdf G.
Now let {X, X; : i > 1} be a sequence of i.i.d. random variables, independent of {Y, ¥; : i > 1}.
Assume that X has cdf F and is in the class X of nondegenerate random variables X satisfying
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E|X| < 00. Consider the self-normalized sums

We define 0/0 := 0. Theorem 4 of Breiman [5] says that 7' (n) converges in distribution along the
full sequence {n} for every X € X with at least one limit law being nondegenerate if and only
if Y € D(B), with 0 < 8 < 1, which means that for some function L slowly varying at infinity,
P{Y >y} =yPL(y),y > 0.Inthe case 0 < B < 1 this is equivalent to ¥ > 0 being in the
domain of attraction of a positive stable law of index 8. Breiman [5] has shown in his Theorem
3 that in this case the limit has a distribution related to the arcsine law. At the end of his paper
Breiman conjectured that 7' (n) converges in distribution to a nondegenerate law for some X € X
ifand only if Y € D(B), with 0 < < 1. Mason and Zinn [16] partially verified his conjecture.
They established the following.

Whenever X is nondegenerate and satisfies E|X | < oo for some p > 2, then T (n) converges
in distribution to a nondegenerate random variable if and only if Y € D(8),0 < 8 < 1.

Recently, Kevei and Mason [11] investigated the subsequential limits of T (n). To state their
main result we need some definitions. A random variable Y (not necessarily non-negative) is said
to be in the Feller class if there exist sequences of centering and norming constants {a, },>1 and
{bn}n>1suchthatif Y, Y2, ... arei.i.d. Y then for every subsequence of {n} there exists a further
subsequence {n'} such that

o
b_n’ {ZI:Y, —a,,/}gW, as n' — oo,
where W is a nondegenerate random variable. We shall denote this by ¥ € F. Furthermore, Y is
in the centered Feller class, if Y is in the Feller class and one can choose a, = 0, forall n > 1.
We shall denote this as ¥ € F,.. The main theorem in [11] connects Y € F, with the continuity
of all of the subsequential limit laws of 7 (n). It says that all of the subsequential distributional
limits of 7' (n) are continuous for any X in the class X, if and only if Y € F..

The notions of Feller class and centered Feller class carry over to Lévy processes. In particular,
a Lévy process Y; is said to be in the Feller class at infinity if there exist a norming function B (¢)
and a centering function A (¢) such that for each sequence #; — oo there exists a subsequence
t;, — oo such that

(Yf{, - AU/Q)) /B(ty) LN W, ask — oo,

where W is a nondegenerate random variable. The Lévy process Y; belongs to the centered Feller
class at infinity if it is in the Feller class at infinity and the centering function A (¢) can be chosen
to be identically zero. For the definitions of Feller class at zero and centered Feller class at zero
replace #y — oo and 7; — oo, by #x N\ 0 and #; \ 0, respectively. See Maller and Mason
[13,14] for more details.

In this paper, we consider the continuous time analog of the results described above, i.e. we
investigate the asymptotic properties of the self-normalized Lévy process

T, = Ui/ Vi, 6)
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ast N\, 0 or t — oo. The expression continuous time analog is justified by Remark 2 in [11],
where it is pointed out that under appropriate regularity conditions, norming sequence {b;},>1
and subsequences {n'},

Y oxy, Yy

1<i<n't 1<i<n't

by by

i>(alt +U;,axt +V;), asn — oo. @)

In light of (7) the results that we obtain in the case ¢ — oo are perhaps not too surprising
given those just described for weighted sums. However, we find our results in the case ¢ N\ 0
unexpected.

Our main goal is to establish the following two theorems about the asymptotic distributional
behavior of U,/ V;. In the process we shall uncover a lot of information about its subsequential
limit laws. First, assuming that E|X|? < oo, for some p > 2, we obtain a partial solution to the
continuous time version of the Breiman conjecture, i.e. the continuous time version of the result
of Mason and Zinn [16].

Theorem 1. Assume that X is nondegenerate and for some p > 2, E|X|? < oo. Also assume
that A satisfies (2) and, in the case t \, 0, that A (0+) = oc. The following are necessary and
sufficient conditions for U;/V; to converge in distribution as t \( 0 (ast — 00) to a random
variable T, in which case it must happen that (EX)*> < ET* < EX>.

@ U/ v, B T and (EX)* < ET* < EX? if and only if A is regularly varying at zero
(infinity) with index —B € (—1,0), in which case the random variable T has cumulative
distribution function

1 1 [ lu—xPsgn(x —w)F(du) =B
P{T§x}-§+%arctan|: T u— xPFaw) tan7i|,

x € (—00,00); (8)

1) U/ Vs B T and ET? = EX? ifand only if A is slowly varying at zero (infinity), in which
case T 2 X;

(i) U;/ Vi Br and ET? = (EX)? if and only if A is regularly varying at zero (infinity) with
index —1, in which case T = EX.

Remark 1. The assumption that E|X|” < oo for some p > 2 is only used in the proof of
necessity in Theorem 1. For the sufficiency parts of the theorem we only need to assume that
X is nondegenerate and E |X| < oo. In line with the Breiman [5] conjecture we suspect that

Ui/ Vs —D> T,ast \( 0 (ast — 00), where T is nondegenerat_e only if A satisfies the conclusion
of part (i) or (ii), and in the case that T is degenerate only if /A satisfies the conclusion of (iii).

Remark 2. A special case of Theorem 1 shows that if W;,t > 0, is standard Brownian
motion, V; = inf{s > 0: W, > ¢t} and each X; in (5) is a zero/one random variable with
P{X; =1} = 1/2, then U;/V; converges in distribution to the arcsine law as ¢ \( 0 or t — o0.
This is a consequence of the fact that V; is a stable process of index 1/2, since in this case we
can set B = 1/2 and let F be the cdf of X in (8), which yields after a little calculation that 7' has

the arcsine density g7 (t) = 7! t(1 - t))_l/2 for 0 < t < 1. Moreover, U;/ V; D U/ Vy, for
all + > 0, which can be seen by using the self-similar property of the 1/2-stable process.



494 P. Kevei, D.M. Mason / Stochastic Processes and their Applications 123 (2013) 490-522

Remark 3. Theorem 1 has an interesting connection to some results of Barlow et al. [3] and
Watanabe [22]. Suppose V; is a strictly stable process of index 0 < 8 < 1 and each X; in (5)
is a zero/one random variable with P{X; = 1} = p, with 0 < p < 1. Then Theorem 1 implies
that U,/ V; converges in distribution as ¢ N 0 or  — 00 to a random variable Yz , with density
defined for 0 < x < 1, by

sin () p(l—p)xP=1 (1 —x)f!
T pPPA-=-x)+0=p>2x2B+2p(1—p)xPA—x)Pcos@B)

8Yp,p (x) =

Furthermore, since V; is self-similar, one sees that U;/ V; 2 Ui/ Vy, for all t > 0. Barlow et al.
[3] and Watanabe [22] show that 8vs, is the density of the random variable

PPV PPV + (= P V),

where V; 2 Vl/ with Vi and Vl’ independent. Moreover, Theorem 2 of Watanabe [22] says that if
A; is the occupation time of Z;, a p-skewed Bessel process of dimension 2 — 23, defined as

t
A, :f 1{Z; > 0}ds,
0

then for all # > 0, A;/t has a distribution with density gy, ,. We point out that two additional
representations can be given for Yg ,, using Propositions 1 and 2 in the next section. For more
about the distribution of Y ,, as well as that of closely related random variables refer to James [9].

Remark 4. Let V; be a subordinator and for each x > 0 let T (x) denote inf{r > 0:V, > x}.
Theorem 1 is analogous to Theorem 6, Chapter 3, of Bertoin [1], which says that x~! Vro)—
converges in distribution as x N\, 0, (as x — o0) if and only if V; satisfies the necessary
assumptions of Theorem 1 for some —f € [—1,0]. The f = 0 case corresponds to / being
slowly varying at zero (infinity). When —g € (—1, 0), the limiting distribution is the generalized
arcsine law.

Our most significant result about subsequential laws of U;/V; is the following. Note that in
contrast to Theorem 1 we only assume finite expectation of X.

Theorem 2. Assume that (Uy, V;), t > 0, satisfies (1) and (2) and has joint characteristic
function (3). All subsequential distributional limits of U;/V;, ast N\ 0, (as t — 00) are
continuous for any cdf F in the class X, if and only if V; is in the centered Feller class at 0

(00).

Remark 5. The proof of Theorem 2 shows that if F is in the class X and V; is in the centered
Feller class at 0 (c0), all of the subsequential limit laws of U;/ V;, as t \( 0, (as ¢t — 00) are not
only continuous, but also have Lebesgue densities on R.

The rest of the paper is organized as follows. Section 2 contains two representations of the
2-dimensional Lévy process (U;, V;). The first one plays a crucial role in the proof of Theorem 1,
while the second one points out the connection between the continuous and discrete time versions
of V;. We provide a fairly exhaustive list of properties of the subsequential limit laws of (U;, V;)
in Section 3, and we prove our main results in Section 4. Appendix contains some technical
results needed in the proofs.
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2. Preliminaries
2.1. Representations for (U;, V;)

Let (Uy, Vi), t > 0, be a Lévy process satisfying (1) and (2) with joint characteristic function
(3). We establish two representations for the bivariate Lévy process.

Let @, @2, ... be a sequence of i.i.d. exponential random variables with mean 1, and for
each integeri > 1 set S; = lezl @ . Independent of @y, @, ... let X1, X2, ... be a sequence
of i.i.d. random variables with cdf F, which by (1) satisfies £ |X1| < oo. Consider the Poisson
process N(¢) on [0, co) with rate 1,

o0
N@® =) 5=y t=0. ©)
=1

Define for s > 0,

9 (s) =sup{y: AQy) > s}, (10)

where the supremum of the empty set is taken as 0. It is easy to check that (2) and Lemma 1
below imply that for all § > 0,

o
/ @ (s)ds < oo. (11
s
We have the following distributional representation of (U;, V).
Proposition 1. For each fixed t > 0,
o0 o0
D Si Si
U, V)= Xio|— ), —1]- 12
U, Vi) <; lw(t);(p(t)) (12)

It is important to note that this representation only holds for fixed # > 0 and not for the process
in t. As a first consequence of this representation we obtain that E|U;|/V; < E|X| < oo, in
particular, by Markov’s inequality, U,/ V; is stochastically bounded.

Now let {X;};> be a class of i.i.d. F random variables. Consider for each ¢ > 0 the process

(Z XAV, Y Avs),

0<s<t 0<s<t

where AV = V,—V,_. The following representation reveals the analogy between the continuous
and the discrete time self-normalization.

Proposition 2. For each fixed t > 0,

(U,,vt)2<z XAVy, Y Avs). (13)

0<s<t 0<s<t

Remark 6. Notice that the process on the right hand side of (13) is a stationary independent
increment process. Since it has the same characteristic function as (U;, V;), the distributional
representation in (13) holds as a process in ¢ > 0.
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2.2. Proofs of Propositions 1 and 2

In the proofs of Propositions 1 and 2 we shall assume that A ((0, c0)) = oo. The case
A ((0, 00)) < oo follows by the same methods.

First we state a useful lemma giving a well-known change of variables formula (see Revuz
and Yor [19], Proposition 4.9, p. 8, or Brémaud [6], p. 301), where the integrals are understood
to be Riemann—Stieltjes integrals.

Lemma 1. Let h be a measurable function defined on (a,b), 0 < a < b < o0, and R a measure
on (0, 00) such that
R(x) = R{(x,0)}, x>0,

is right continuous and R (00) = 0. Assume that fooo |h (x)| R (dx) < oo, and define for s > 0

¢ (s) =sup{y: R(y) > s},

where the supremum of the empty set is defined to be 0. Then we have
o o
/ h(x)R(dx) = f h (g (s))ds. (14)
0 0

Proof of Proposition 1. We only consider the process on [0, 1].
Applying the Lévy-Itd integral representation of a Lévy process to our case we have that
a.s.foreacht > 0

Wy, Vi) = / (u, v)N([O, t], du, dv), 15)
R2\{0}

where N is a Poisson point process on (0, 1) x R x [0, co), with intensity measure Leb x II,
where I] is the Lévy measure as in (4).
For the Poisson point process we have the representation

o0
N =) 8w xio(s0.0(50): (16)
i=1
where {U;} are i.i.d. Uniform(0, 1) random variables, independent of {X;} and {w;}. (At this step
we consider the Lévy process on [0, 1].) To see this, let

o0
M = Z S(;. X;.5)
i=1

which is a marked Poisson point process on [0, 1] x R x (0, co), with intensity measure
vy = Leb x F x Leb. Put h(u, x,s) = (u, x@(s), ¢(s)). Then v o h~! = Leb x II. Thus
Proposition 2.1 in Rosinski [20] implies that the sequences {U;}, {X;}, {S;} can be defined on the
same space as N such that (16) holds.

Using (16) for N, from (15) we obtain that a.s. for each ¢ € [0, 1]

U, Vi) =Y (Xig(S0), () L <1)- a7)
i=1
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To finish the proof note that if Y ;2 8, is a Poisson point process and independently {8;} is
an i.i.d. Bernoulli(¢) sequence, then

o0 D o
Y Sulip=1y =) 8w
i=1 i=1

i.e. for a Poisson point process independent Bernoulli thinning and scaling are distributionally
the same.

Since the process representation (17) can be extended to any finite interval [0, T'] (see the final
remark in [20]), this completes the proof. [

We point out that Proposition 1 can also be proved by the same way as Proposition 5.1 in
Maller and Mason [12].
Next we turn to the proof of the second representation.

Proof of Proposition 2. Let {N,},- be a sequence of independent Poisson processes on [0, c0)
with rate 1. Independent of {N, },,> let {éi,,, }i>1 .~ be an array of independent random variables
such that foreachi > 1,n > 1, & , has distribution P; , defined for each Borel subset of A of R
by

Pin(A) = P&, € Ay = A(AN[an, an—1)) /in,

where a, is a strictly decreasing sequence of positive numbers converging to zero such that
ap =ooand foralln > 1,0 < w, = A([an, an—1)) < oo.
The process Vi, t > 0, has the representation as the Poisson point process

=3 Y = ZV(")

n=1i<N,(tiu,)

See Bertoin [1], page 16. In this representation

V(n) Z AVl{a,,<AV;<an 1}

0<s<t

and

AVsl{angAV;<an,1} = Z Si,n - Z Ei,n-

i <Nn(sn) I<Ny(spn—)

Moreover if AV > 0 there exists a unique pair (i, n) such that AV; = §; ,,. Clearly

<Z XsAVilg, <avi<a,)s D AV.sl{ansAV.«anl})

0<s<t 0<s<t
D
:< Z Xi,n Si,na Z Sl n) = (U[(n)’ Vt(n)) s (18)
i <Ny (tiin) i <Ny (tin)
where {X; ,}i>1,,>1 is an array of 1.i.d. random variables with common distribution function F.

Notice that the process <Ul("), V,(n)) in (18) is a compound Poisson process. Keeping this in
mind, we see after a little calculation that

E exp <i (91 U,(n) + 0, V,(")))
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= exp (t/ /OO (ei(elqué)zv) _ 1) F (du/v) A (dv)) )
[an»an—]) —o0

Since the random variables {(Ut("), Vt(”))} | are independent we readily conclude that (3)
n=
holds. O

3. Additional asymptotic distribution results along subsequences

Let id(a, b, v) denote an infinitely divisible distribution on R¢ with characteristic exponent
1 y
iu'b — Su'au +/ (e“” —1- iu/xl{pc‘sl}) v(dx),

where b € R, ¢ € R?>4 js a positive semidefinite matrix, v is a Lévy measure on RY and u’
stands for the transpose of u. In our case d is 1 or 2. For any & > 0 put

a"=a +/ xx'v(dx) and b"=b —/ xv(dx).
[x[|<h h<|x|<1

When d = 1, id(b, A), with Lévy measure A on (0, 00), such that (2) holds, and b > 0,
denotes a non-negative infinitely divisible distribution with Laplace transform

exp <—9b — foo (1—e)4 (du)) )
0

In this section it will be convenient to use the following representation for the joint characteristic
function of the Lévy process (U;, Vi), t > 0, satisfying (1) and (2) and having joint characteristic
function (3):

@ (t,01,02) = exp (it (0101 + 02b2))
0 .
X exp <zf / (e1(91”+"2”> — 1 — (i01u + i6hv) 1{u2+v2<1}) 1T (du, dv)) . (19)
(0,00) J—c0 -

where II (du, dv) is as in (4) and

(20)

/ ull (du, dv)
b— (b1> _ | Jo<ur4v2<1
vIl (du, dv)
0<u?+v2<l1
Note that assumptions (1) and (2) ensure that (20) is well defined.
First we investigate the possible subsequential distributional limits of (U;, V;). The following
theorem is an analog of Theorem 1 in [11].

Theorem 3. Consider the bivariate Lévy process (U;, Vi) , t > 0, satisfying (1) and (2) with joint
characteristic function (19). Assume that for some deterministic sequences ty \ 0 (txy — 00)
and By the distributional convergence

Vi

D
Vv 21
B 2D
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holds, where V has id(b, Ag) distribution with Lévy measure Ag on (0, 00). Then

Ulk Vtk D
—, = U,v), 22
< By Bk) o ) 22
where (U, V) has id(0, ¢, Ily) distribution with Lévy measure Iy (du,dv) = F (du/v) A (dv)
on R x (0, 00) and

PEX + / ully (du, dv)
c= <C1> — O<u?4v2<1 , (23)
2 b+ vy (du, dv)

0<u?+v?<l1

i.e. it has characteristic function

W0y, 6) = ENUFRY) — exp{i(9161 + 62¢2)

00 poo
+ / / (61(01u+92v) — 1 — (101u +i6yv) 1{u2+v2<1}> F (du/v) Ag (dv)}. 24)
0 —00 -

Theorem 3 has some immediate consequences concerning the subsequential limits of (U;, V;).
The first part of the following corollary is deduced from Theorem 3 and classical theory,
i.e. Theorem 15.14 in [10]. The second part follows by Fourier inversion.

Corollary 1. Let (U;, V;),t > 0, be as in Theorem 3. For deterministic constants ty, By the
vector B,:l(Utk, Vi) converges in distributioz to (U,V) as t \u O (as ty — 00) having
characteristic function (24) if, and only if ty A(vBr) — Ag(v) for every continuity point of
Ao, and foh xty A(dBrx) — foh xAo(dx) + b for some continuity point h of Ag. Moreover, if

A(0+) = 00, or b > O then V > 0 a.s., and so Uy, | Vi, —> U/ V, and with ¥ as in (24) for all
X

1 1 © ¥y, —
PU/V <x}=~-—— (”—“x)du.
2 2miJ_o u

The remaining results in this section, though interesting in their own right, are crucial for the
proof of Theorem 2.

The following proposition provides a sufficient condition for (U, V) to have a C*® 2-
dimensional density. It also gives an alternative proof for Theorem 3 in [11]. We require the
following notation: put for v > 0,

Vs (v) = / u? A(du). (25)
O<u<v

Proposition 3. Assume that (U, V) has joint characteristic function

E@UT0Y) _ oy { / (ei(eluwzv) B 1) F (d_”) A(dv)} ’
(0.00) JR v
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where fol vA(dv) < oo and F is in the class X. Whenever

. v2A (v)
lim sup < 00
no V2 (v)

holds, then (U, V) has a C* density.

(26)

As a consequence we obtain the following.

Corollary 2. Let (Uy, V;),t = 0, be as in Theorem 3. Assume that V; is in the centered Feller
class at zero (infinity) and F is in the class X. Then for a suitable norming function B(t) any
subsequential distributional limit of

(35 50
B(tx)" B(t)

along a subsequence t;y N\ 0 (ty — 00), say (Wi, W), has a C® Lebesgue density f on R?,
which implies that the asymptotic distribution of the corresponding ratio along the subsequence
{t} has a Lebesgue density gt on R.

The following corollary is an immediate consequence of Theorem 3. Note that a Lévy process
Y; that is in the Feller class at zero (infinity) but not in the centered Feller class at zero (infinity)
has the required property.

Corollary 3. Let (U;, V;),t = 0, be as in Theorem 3. Suppose along a subsequence ty \ 0
(tk — 00)

Vtk_A(fk)i)W
B(t) ’

where W is nondegenerate and A(ty)/B(ty) — oo, as k — o0. Then
U
Zie D, EX, ask — oo.
Ik

Fort > Oand e € (0, 1) put

Ay =] 2Dy L 27
> 9(Si/1)
i=1
and
2. Xigp(Si/1)
A= |E—— x|
> (Si/1)
i=1

Proposition 4. Assume that for a subsequence ty \ 0 or ty — 00

lim liminf P{A; (¢)} =6 > 0, (28)
>0 k—o00
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then

lim liminf P{A,, < e} > 5.
e—>0 k—>o0

Together with the stochastic boundedness of U,/ V; this implies the following.

Corollary 4. Let (U;, Vi), t > 0, be as in Theorem 3. Assume that (28) holds for V;, and
P{X = xo} > O for some xo. Then there exists a subsequence ty \y 0(tx — 00) such that

Uy ) Viy —> T, with P{T = xo} > 0.
Put

Ro=-= " 29)

Proposition 5. Assume that R, ! # Op(1)ast \(0ort — oo, then there exists a subsequence
tx L 0 or ty — oo such that Uy, [ Vi, i) T, with P{T = EX} > 0.

The proofs of Propositions 4 and 5 are adaptations of those of Theorems 4 and 5 in [11].
Therefore we only sketch the proof of the first one, and omit the proof of the second one.

4. Proofs of results

Recall that throughout this paper (U;, V;), t > 0, denotes a Lévy process satisfying (1) and
(2) and having joint characteristic function (3). We start with the proof of Theorem 3 since this
result is crucial for both the proofs of Theorems 1 and 2.

4.1. Proof of Theorem 3

Recall the notation at the beginning of Section 3. Since V; is a driftless subordinator, by
Theorem 15.14 (ii) in [10], (21) is equivalent to the convergences

tA(wBy) — Ap(v), ask — oo, (30)

for any v > 0 continuity point of Ao, and
v v
/ xtpy A(dBrx) — / xAp(dx) +b, ask — oo, 3D
0 0

where v > 0 is a fixed continuity point of /.
Notice that using (19) we have that

Uy

i 6,55 ) i
Ee'\""B T2 B) = exp {iB—(91b1 + 92b2)}
k

X exp {/ |:ei(91”+92”)/3" —1- BL(QW + 02v)1{0<uz+v2<1}:| te 11 (du, dv)}
X <
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. Ik
= exp 1 i—(01b1 + 62b2)
By

X exp {/ [ei(91x+92y) —1—-i61x + 92y)1{0<x2+y258;2}] I (dx, dy)} ,

where II is the Lévy measure on (0, o0) x R defined by (4) and for each k > 1, I} is the Lévy
measure on (0, co) x R defined by

I (dx, dy) = tx I (Brdx, Bidy).

Further, for each k > 0 and & > 0 with II({x : |x| = h}) = 0, in accordance with the notation
at the beginning of Section 3, let

2
al :(/‘ (x x%)]ﬁ(dx,dyx
2ay2<p2 \XY Y

Tk
o=t [ iy - [ (v, ) I(dr. dy)
By 1<x2+y2§Bk_2 h2<x24y2<1

/ (x, Y) I (dx, dy),
24 y2<h?

where we used (20). We set a = aé’ and b = bg.
To show (22), by Theorem 15.14(i) in [10] we have to prove that as k — oo,

II; = IIy, on R? — {0} (32)
and for some (any) 2 > 0 with IIy({x : |x| = h}) =0, as k — oo,

a,i‘ —a, (33)

bl — b (34)

To establish (32) it suffices to show that for each (”’l) withu > 0, v > 0, and (u, v), with
u > 0, v = 0, that when (u, v) is a continuity point of 1,

teII (Bgu, Brv) — Ho(u,v), ask — oo,
and when (—u, v) is a continuity point of 11y,
te II (—Biu, Byv) — Ilp(—u,v), ask — oo;

where foru > 0,v > 0,

611 (Byu, Byv) 2/ F(u/y)uAdByy),

v

To(u, v) = / Fu/y) Ao(dy).

111 (= Biu, Byv) =/ F(—u/y)t A(dByy)
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and
o(=u, v) = / F—u/y) Ao(dy).

This follows with obvious changes of notation exactly as in the proof of Proposition 1 in [11].
The proofs that (33) and (34) hold follow exactly as in Propositions 2 and 3 in [11]. It turns
out that a” converges to the zero matrix as 4 N\, 0 and by (31)

h
bEX + f ¥ (v) Ao (dv)
bt = 0

)

h
b+/ ¢ (v)vAp(dv)
0

where i and ¢ are the following functions of v € (0, A]:

and ¥ (v) :/

p= /[Jh—w,—} A(5) [-vme i) (5):

(Refer to [11] for details.) Thus

lim bt = (PEX
h—0 b )’

and the theorem follows with the stated constants. [
4.2. Proof of Theorem 1

The following three lemmas establish the “in which case” parts of (i), (ii) and (iii) of
Theorem 1.

Lemma 2. If A is regularly varying at zero (infinity) with index —B with B € (0, 1), then for an
appropriate norming function B; the random variable B;” ! (Uy, V) converges in distribution as
t \ O (ast — o00)to (U, V), having joint characteristic function

OO .
¢ (01, 602) = exp ( / / (e1<91“+92“> - 1) F (du/v) ﬂv—l—ﬁdv> (35)
(0,00) J —00
and thus
U, U
thvtgv, ast \( 0 (ast — 00). (36)
t

Moreover, the cdf of U/ V is given by (8).

Proof. We can find a function B; on [0, c0) such that
B,=L*()t'?, >0,

with L* defined on [0, co) slowly varying at zero (infinity) satisfying for all y > 0,
() =1AB) = A () =y", ast\ 0 (st — 00).

It is routine to show using well-known properties of regularly varying functions that for any
y>0,ast\ 0 (ast — 00)

Bh'~F
af' = / yur (dy) > —— = / yAo (dy) =: a’.
O<y<h 1 - /3 O<y<h
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Thus by applying Theorem 15.14(ii) in [10] we find that B, y, converges in distribution as
t \y 0 (ast — o00) to V, having characteristic function ¢ (0, 6>). This says that V is a
subordinator with an id(0, Ag) distribution. Theorem 3 completes the proof of (35).

Next, using Fubini’s theorem and the explicit formula for the B-stable characteristic function
(Meerschaert and Scheffler [17] p. 266), we have for an appropriate constant ¢ > 0

w .
/ / (e‘<91“+92”> — 1) F (du/v) Bv~'Pdv
(0,00) J —00

—00 0

= —c |6h1u + 6217 | 1 —1isgn(B1u + 62) tan > F(du).

—00

We see now that the characteristic function of U — Vx is

Ee"W=V9 — exp {_|,|ﬁc/ lu — x|P F(du)

—x|# —x)F(d
x l—isgn(t)tanﬁfw x|7sgn(u — ) F(du) 1] 37)
2 S lu — x|BF(du)
Proposition 4 in [5] now shows that T has cdf (8). [
Lemma 3. If A is slowly varying at zero (at infinity), then
U,
thvth, ast (0 (ast — 00), (38)
t

where in the t \ 0 case we also assume that A(0+) = .

Proof. The proof follows the lines of that of Lemma 5.3 in [12].

We shall only prove the 1 — oo case. The t \ 0 case is nearly identical. Now A slowly
varying at infinity implies that ¢ is non-increasing and rapidly varying at O with index —oo. (See
the argument in Item 5 on p. 22 of de Haan [8].) This means that forall 0 < A < 1

@ (xd) /@ (x) = 00, asx 0.

By Theorem 1.2.1 on p. 15 of [8], rapidly varying at O with index —oo implies that

A0+)
d
w — 0, asx\, 0. (39)
xg (x)
By Lemma 8 in Appendix, we have
o o
> IXile (%) Yo%)
122—51 =FE|X|E 122—51
S1 S
\7 Y\7
A0+)
_E |X|Slfsl/t @ (y)dy

N N ’
o (%)
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and by (39)
A0+)
@ (y)dy
E|X|Slf51“——P>0, as t — oo.
AAW;

From this we can readily conclude that

2.0 <S7> = G) (I1+o0p(1). ast— oo, “0)

i=1

and

> Xig <%) =X1¢(%) (14o0p (1)), ast— oo. (41)
i=1

From the representation (12) and the stochastic identities (40) and (41) we see that

v, p X190 (%) A +0r ()

= =X 4+o0op(l), ast— oo.
Vi e () atoray

Obviously 7; converges in distribution as t — oo to X. [

Lemma 4. If A is regularly varying at zero (at infinity) with index —1,

U,
thvtiEX, ast (0 (ast — 00). (42)
t

Proof. Since A is regularly varying at zero (at infinity) with index — 1, we can find norming and
centering functions b (¢) and a (¢) such that b(¢)/a(t) — Oast \ 0 (ast — o0) and

b)) (V,—at) 2> W, ast\ 0 (ast — o0),

where W is a nondegenerate random variable. (Here we apply part (i) of Theorem 15.14 in [10].)
From this we see that

Vija(t) —> 1, ast N\, 0 (as t — 00).

A straightforward application of Theorem 3 now shows that

Ui Vi P
<%’%>_>(EX’ 1), ast\0(asr— o0). O

Next we turn to the necessary and sufficient parts of (i), (ii) and (iii). Assume that for some
random variable T

Tt£>T, ast \( 0 (ast — 00), (43)
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where in the case r \, 0 we assume that /1(0+) = co. Our basic tool will be Proposition 1, which
says that

T = (44)
V o0
Cre(d)
i=1
Since we assume that
E|X|’ < o0 (45)

for some p > 2, we get by Jensen’s inequality that
E|T;|? < E|X|? < o0.

(This is the only place in the proof that we use assumption (45).) Notice that (43) and (45) imply
that

E7}2—>ET2, ast (0 (ast — 00). (46)
Obviously ET; = EX and a little calculation gives that
ET? = (EX)* + Var(X)ER,,

where R; is defined as in (29). Clearly, R; € [0, 1] and whenever (46) holds, then for some
0<p=<1

ER, — 1 —pf, ast (0 (ast — 00), 47
which is equivalent to
(EX)> < ET? < EX”. (48)
It turns out that the value of 0 < g < 1 determine_s the asymptotic distribution of 7; as t \( 0
(as t — 00) and the behavior of the Lévy function A near zero (at infinity). For instance, when
B =1, Var (T;) — 0, which implies that
T, 25 EX, ast N\ O(ast — o). (49)

In general we have the following result, which in combination with Lemmas 2—4 will complete
the proof of Theorem 1.

Proposition 6. If (47) holds for some 0 < B < 1, then A is regularly varying at zero (infinity)
with index —B. (In the case t ( 0 we assume that A(0+) = 0.)
Proof. Recall the definition of N (¢) in (9) and notice that by (29) for any r > 0 we can write
R, — 0 ¢ N@rs)
(Jo% @ () N(de))’

Define for T > 0 its truncated version

9% (s) N(drs)
T 2"
(Ji ¢ ) Nars))

R(T) =

(50)
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Given that N(Tt) = n

n
gy @2 (Vi)
=
Rt (T) - d 2
n
(Z ‘P(Vi)>
i=1
where V1, ..., V, are i.i.d. Uniform(0, 7). The same computation as in Maller and Mason [12]

gives
- ! T (1—e—us(s)
ER'(T):t/ ”(/ GOZ(S)e”‘/)(S)ds) et o (=e™ds g,
0 0

Clearly R;(T) < 1. Also R,(T) —D> R; as T — oo and thus
ER,(T) > ER;, asT — oo. (&2))

Foreach T > 0 and u > O, set

T 00
or (u):/ (1 — e "))y, ) =/ (1—e™)ds  and
0 0

r T 1 —ups) g
fra ) = —tudf () e P = 1y ( / wz(s)e"“”ds) ety (=e7hds 50y
0
Also for u > 0, set
© o —up(s
foy ) = —tud” (u) e "W = 1y </ <p2(s)e”¢(s)ds> et Jo (1=em¥ds, (53)
0

We have in this notation,
o0
ER(T) = / Sr () du. (54)
0
Case 1: B € [0, 1). In this case we must first show that as T — oo

ER:(T)=/O J1i (M)du—>/0 Jay () du, (55)

which by (51) implies

/(; Sy w)du = ER;. (56)

It turns out to be surprisingly tricky to justify the passing-to-the-limit in (55). Lemma 9 and
Proposition 7 in Appendix handle this problem, and imply that expression (56) is valid for
ER;. After this identity is established, the proof is completed by an easy modification of that
of Proposition 5.2 in [12], which is based on Tauberian theorems. Therefore we omit it.

Case 2: B = 1. In this case, it is not necessary to verify (55). Note that we have that by (47) with
=1
ER, — 0, ast\ 0 ( — 00).
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Therefore since
o0
ER(T) - ER, > / Fo () du,
0

we can conclude that as ¢ \( 0 (f — ©0),

o oo
— t/ ud (w)e " *Wdy = f S (w)du — 0, (57)
0 0
which is all we need for the following argument to work for 8 = 1. Applying Lemma 1, we get
oo
2w = [ -,
0
which by integrating by parts and using (2) is equal to
00 —_—
d(u) =u / A(y)e " dy.
0

Let g(y) denote the inverse function of @. From the expression for f;) (1) in (53) and (57) we
obtain

00 00
1_1/0 foy ) du = —/0 e Vg 9" (g(y)q(dy) ~ o (t‘l),

ast — 0 (t — 00). Using Theorem 1.7.1 (Theorem 1.7.1") in Bingham et al. [2] we obtain
- /Ox a2 (g(y)g(dy) ~ o (x),

as x — 0o (x — 0). Changing the variables and putting x = @(v) we have
- /OU u®” (w)du = o (9(v)),

as v — 0o (v — 0). Integrating by parts we get
— /Ov u® (wydu = —vd' (v) + P(v) =0 (P(v)),

which gives

vd' (v)
B(v)

as v — 0o (v — 0). This last limit readily implies that

v o) = /OOZ(y)efvydy
0

is slowly varying at infinity (zero). By Theorem 1.7.1" (Theorem 1.7.1) in [2] we obtain that
f(f A(y)dy is slowly varying at zero (infinity), which by Theorem 1.7.2.b (Theorem 1.7.2) in [2]

implies that A is regularly varying at zero with index —1 (at infinity). [
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4.3. Proof of Theorem 2

Before we proceed with the proofs it will be helpful to first cite some results from Maller and
Mason [13-15].

Let Y; be a Lévy process with Lévy triplet (02, y,v), i.e. Y1 has id(az, y, v) distribution.
Theorem 1 in Maller and Mason [13] states that Y; belongs to the Feller class at infinity, if and
only if

. x2v{(—00, —x) U (x, 00)}
lim sup

0, (58)
xX—00 02+j|)‘|§x yzv(dy)

and furthermore Y; belongs to the centered Feller class at infinity if and only if

a0 U o) x ¥+ ficpyje 0 @) o)
1m Su < Q.
x—>oop 02+flylfx yzv(dy)

For the corresponding equivalences of Feller class at zero and centered Feller class at zero
replace x — oo by x \ 0, respectively; see Theorems 2.1 and 2.3 in [14].

It turns out by using the assumption that V; is a subordinator and by arguing as in the proof of
Proposition 1 or of Proposition 5.1 in [12] we get that

B,
R BT

From this distributional equality one can conclude that /R, Uis stochastically bounded as
t \{ 0 (t — oo) if and only if

i tfot xA(dx)
limsup —; — < 00
N0 (t—00) Jo X2A(dx) + 12 A(1)

(60)

by applying Theorem 3.1 in [15] in the case + — o0, and Proposition 5.1 in [14] (with a(z) =0
there, and a small modification) when ¢ N\ 0. The partial sum version of this result was proved
by Griffin [7].

Proof of Proposition 3. We first assume that X is nondegenerate and EX = 0, which implies
that there is an a > 1 such that

F(a)—F(©)>0 and F(0)— F(—a) > 0. 61)

We need the following lemma.

Lemma 5. Whenever (26) holds and X is nondegenerate and EX = 0, there exist 0 < k < 1
and d > 0 such that witha > 1 as in (61), if 2a (61| V |62]) > 1, then

%{/ /<ei(91x+9m_1)F<d_x> A(dv)} < —d (111" +1621) . (62)
(0,00) JR v
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Proof. Notice that

Re / / (ei<"lx+92”) - 1) F (d—x) A(dv)
(0,00) JR v
= / / (cos(@1x +6v) — 1) F <d_x> A(dv)
(0,00) /R v

dx
< / / (cos(@1x +6v) — 1) F <—> A(dv).
0<v=<1/Q2a(|61|VI62)) J|x|<va v

Observe that whenever |x| < av witha > 1and 0 < v < 1/ (2a (161] Vv |62])),
[Orx| + 162v] < (labi| + 162D) v < 1.

For some ¢ > 0,

cosu — 1

sup
0<|ul<1 u

< —c,

thus

dx
/ / (cos(01x + 6v) — 1) F (—) A(dv)
0=<v=1/Q2a(|011VvI62])) JIx|<va v

d
< —c/ / O1x + 620)% F (—x) A(dv).
0<v=<1/(Q2a(|61|V162])) J|x|<av v

Now when 6,0, > 0 we have 6,6, f0§x§va xF (%) > 0, and we get that the last bound is

d
< —cf / (912)62 + ezzvz) F <—x> A(dv),
0=v=1/Qa(l6y V16 1)) Jo=x<av v

and when 010, < 0 we have 0,6, f vagngXF (de) > 0, which gives

d
/ / (cos(01x + 6v) — 1) F (—x) A(dv)
0<v<1/Qa(l6r VI8a1)) J x| <va v

dx
< —c/ / (912)2 + 9221)2) F <—> A(dv).
0<v<1/Q2a(|61|V|62])) ¥ —av<x<0 v

Notice that

d
c/ / 0202 F (—x> A(dv)
0=v=1/(2a(6; VI621)) Jo<r=av v

= ¢ (F (a) — F (0)) 63v> A(dv).
0=v=1/Q2a(|611Vv1621))
We get by arguing as on the top of page 968 in Pruitt [18] or in the remark after the proof
of Proposition 6.1 in Buchmann et al. [4], that for some ¢; > 0 and 0 < ¥ < 1, whenever
2a (161] v 162]) > 1

—c(F (a) — F(O))GZZ/ v? A(dv)

0=v=1/(2a(|61V162]))

< —Lz (2a (I61] v 1621))" .
4a2 (161] V |6:])
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Next,

d
—c/ / 912x2F (_x) A(dv)
0<v<1/Q2a(l61|Vv|62])) JO<x=<av v

= —cb? f u’F (du) v? A(dv),
0<x=<a 0<v<1/(2a(16; |VI61))

which by the previous argument is for some ¢y > 0, for 2a (|61]| Vv |62]) > 1

< 20f 2a (161] v 1621))¢
-_—_ a .
= Qa(e v 10D)? ner

Thus with ¢3 = ¢1 A ¢,

dx
—c/ / 03 x2 + 030HF <—> A(dv)
0=<v=<1/Q2a(|61|V|62])) JO<x=<av v

< o + % Q2a (161 V 1621)"
= —C3 a 1 2 .
4a2 (1611 v 162D)*  4a2 (164] V 1621)

Notice that
2 2
0, 0; 1

>

+ > .
4a® (1611 Vv 162))*  4a> (l61] v [62])> ~ 4a?
Hence when 016, > 0 and 2a (|61]| V |62]) > 1 for some ¢4 > O,

d
—c f / ©2x2 + 02v*) F (-x) A(dv)
0=<v=<1/Q2a(|61|V|62])) JO<x=<av v

< —ca (1011 V102" (63)

The analogous inequality holds when 616, < 0 and 2a (|61] V |62]) > 1, namely for some c5 > 0,

dx
/ / (cos(B1x + 6v) — 1) F | — | A(dv)
0=<v=<1/Q2a(|01VvI62])) JIx|<va v

dx
—c/ / (6727 +630%) F (-) A(dv)
0=v=1/Qa(611VI6aD)) J—av=x=0 v

—cs (1011 v 62D)" . (64)

IA

IA

Note that since 0 < ¥ < 1 the function p (1) = |u|* is concave on (0, 00), and thus
011 + 1621 _ 10l 160"
2 - 2

which, in combination with (63) and (64), gives for some d > 0, whenever 2a (|61| V |62]) > 1,

dx
/ / (cos(B1x + Grv) — 1) F (—) A(dv)
0=v=1/Q2a(|01Vv|62])) JIx|<va v
<—d (61 +16:1°). O

(1611 v 162D)* =

3

The lemma implies that whenever 2a (|61| V |62]) > 1, then for somed > 0and 0 <k < 1,

)Eei(91U+92V)’ < exp (_d (lellK 4 IOZIK)) )
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As in [18] this allows us to apply the inversion formula for densities and shows that it may
be repeatedly differentiated, from which we readily infer that (U, V) has a C* density when
EX = 0.If EX = p # 0, the same argument applied to (U’, V) = (U — uV, V) shows that
(U’, V) has a C* density, which by a simple transformation implies that (U, V) does too. [

Proof of Corollary 2. Note that each V;, / B(#;) is an infinitely divisible random variable without
a normal component with Lévy measure concentrated on (0, o) given by # A (-B(t;)) with
characteristic function

00 .
Ui (0) = exp {i@bk + [ (é‘lex —1- i9x1{0<x51}) tk/l(B(tk)dx)} s
0

where
1
by 2/ xtr A(B(t)dx).
0

Since V;, /B(t) —D> W>, by Proposition 7.8 of Sato [21], W, is infinitely divisible. Since W5 is
necessarily non-negative, it does not have a normal component and has a Lévy measure Ay

concentrated on (0, co). Now by Theorem 3 and its proof, necessarily fol xAg(dx) < oo and W,
has characteristic function

oo .
Wy (6) = exp {ieb +/ (elgx - 1) Ao(dx)} ,
0
where b > 0. By (30) and (31) in the proof of Theorem 3 for any continuity point v > 0 of Ao,

aAWB{#)) = Ao(v), ask — oo, (65)

and
v v
/ xtry A(B(t;)dx) — / xAo(dx) + b, ask — oo. (66)
0 0
From (66) we easily get that for any continuity point v > 0 of g,

/sztkA(B(tk)dx) — /sz/lo(dx) =Vo2(v), ask — oo. (67)
0 0

(Recall the notation (25).) Now, since V; is in the centered Feller class, (59) implies that for some
K >0

v B2 (1) A B(1) _

B —, wB ) (68)
Note that
VB2 (1) A (vB(1) v A(WB(%)
Va(wB@m) [y X2 A(B(t)dx)’

which by (65) and (67) converges to v2 Ao (v)/ Vo.2 (v) for each continuity point v > 0 of Ap.
This with (68) implies that

v2 Ao (v) -
SUp ———~————_- =
v>0 fov x2 Ap(dx)

so Proposition 3 applies. [

s
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Proof of Proposition 4. The proof is a simple adaptation of the proof of Theorem 4 in [11], so
we only sketch it here. Putting

> Xip(S:/1)

B = | 1= < Eﬁ' ,
Y o(Si/1) k
i=1

and recalling definition (27), the conditional version of Chebyshev’s inequality implies that
P{B,(k)|A;(k~1)} = 1 — 1/+/k. Noticing that on the set B,(k) N A; (k")
A < 1Xi L EIX]
[— k \/E 5
a tightness argument finishes the proof. [

Now we are ready to prove Theorem 2.

Choose any cdf F in the class X. Corollary 2 says whenever V; is in the centered Feller class
at 0 (oo) then every subsequential limit law of U,/ V;, as t \( 0, (as t — 00) has a Lebesgue
density on R and hence is continuous.

Suppose V; is in the Feller class at 0 (co0), but not in the centered Feller class at 0 (00). In
this case Corollary 3 implies that one of the subsequential limits is the constant £X and thus not
continuous. Next Proposition 5.5 in [14] in the case ¢ N\ 0 and Proposition 3.2 in [15] in the case
t — oo show that whenever V; is not in the Feller class at 0 (00), that is

, 12 A1)
lim sup # =
N0 (1—00) [y ¥ A(dy)
and (60) holds, then there exists a subsequence #; \ 0 (fx — ©0), such that (28) holds, which
by Corollary 4 for any X such that P{X = xp} > 0 for some xo, there exists a subsequence
te \ 0 (tx — o0) such that U, /V;, i> T, with P{T = xq} > 0, that is, T is not continuous.
Finally, assume that (60) does not hold, then by Proposition 5 there exists a subsequence 7, N\, 0

or txy — oo such that U, / V;, i) T,with P{T = EX} > 0, and again T is not continuous. This
completes the proof of Theorem 2.
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Appendix

To finish the proofs of Proposition 6 and thus Theorem 1 we shall require the following
technical result.
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Proposition 7. Assume that

A
lim infys_i >0, (69)
sNO [ A(x)dx

then

o0 o0
ER, :f fo () du = —z/ ud” (u) e ?®dy. (70)
0 0
Proof. Clearly for each u > 0, fr; (u) = f+) (u), as T — oo. Therefore by Fatou’s lemma

00 00
/ fioy W) du < liminf/ Sfr (u)du =liminf ER, (T) < 1. (71)
0 T—o00 Jo T—o0

Keeping in mind (51) and (54), this implies that

o0
/ foyw)du < ER, < 1.
0

Therefore on account of (51) to prove (70) it suffices to establish (55), as T — oo. One can
readily check using (11) that for some constants C; > 0 and C, > Oand all u > 0

0<—tud’(u) <t (C1 + u_1C2> .
To see this note that for each u > 0

/7 _ o 2 —ux
—ud" (u) =u x“e " A(dx)
0
1 00
=/ xzue_“x/l(dx)—i—u_l/ u’x%e ™ A(dx),
0 1

1
< max yefy/ xA(dx) + LFIZ(I) max y2e7y = C+u"'C,.
0<y 0 0=y

Thus since
fra ) < —ut &7 (u) < —ut 9" (u),

we get by the bounded convergence theorem that forall D > § > 0

D D
lim / Sr.e w)du = / fioy (w) du.
T—o0 Js §

Notice that since

/0 foy ) du <1,

we have

8 o)
lim / foyw)du =0 and lim / Sow)du = 0.
§—0Jo D—oo Jp

We see now that to complete the verification of (55) we have to show that

B
lim lim sup/ Jriw)ydu =0 (72)
0

-0 7500
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and

o0
lim lim sup/ fr.i(w)du = 0.
D

D—oo 75450

The first condition (72) is easy to show. Recalling (52), notice that

o0
fr.i(u) <tu / @*(s)e 1?0 ds,
0

00 5
t/ (p2(s)ds/ ue ¢S dy
0 0

o
t/ [—(p(s)Se_B‘p(s) +(1 - e_‘s‘/’(s))] ds
0
t (@(8) — 8@’(8)) <tP(9),
which goes to 0 as § — 0 and thus (72) holds.

and so by Fubini

IA

5
/ S, (w)du
0

For the second condition (73), choose D > 0. We see that for all large enough 7 > 0

00 1/9(T) 00
[D Fra(u)du = / FraGdu + / FraGodu.

D 1/9(T)
Recall that
T
Sr.o(w) = tu/ @%(s)e 9 ds exp {—t/
0 0

T

(1 - e_”‘p(s)) ds} .

515

(73)

(74)

(75)

We shall first bound the second integral on the right side of (74). For u¢(T) > 1 and keeping in

mind that ¢(s) > ¢(T) for 0 < s < T, we have

T
exp {—l‘/ (1 _ e—u(ﬂ(s)) ds} < e—t(l—e*I)T
0

and so

00 1 00 T
/ frydu < e DT f u / 2 (s)e O dsdu.
1/o(T) 1/o(T) JO

Using Fubini’s theorem the last integral is easy to calculate. We get

00 T T 00
/ u/ > (s)e O dsdu =/ (pz(s)ds/ ue 8 dy
1/o(T) JO 0 1/o(T)

T
= / (e—m)/wm + ¢(s) e—qo(s)/w(T)) ds
0 @(T)

<T (1 —i—maxyey) < 2T.
y=0

So we obtain

o
/ Sriw)du < the—t(l—e*I)r’
1/¢(T)

which tendsto 0 as 7 — oo.

(76)
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Therefore to complete the verification that (73) holds and thus (55) we must prove that

1/¢(T)
lim lim sup/ fr.(u)du = 0. (77)
D—oo 7500 JD

We shall bound f7 ; (1) in the integral (77). Since 1/u > ¢(T'), and thus A (1/u) < A (p(T)) <
T, we get that the second factor of fr, (#) given in (75) is

exp {—t /(;T (1 — e_““’(“)) ds} exp {—t /()A(l/u) (1 - e_”‘/’(s)) ds}

e—t(l—e“)/l(l/u).

IA

=

While for the first factor in f7 ;(u) given in (75) we use the simple bound

T o]
tu/ @ (s)e s < tu/ @2 (s)e O ds = 194 (u) .
0 0

We see that
1/¢(T)
/ fT,t(M)du
D

IA

1/(T) _
t/ /e VA (u)eft(lfe’l)/l(]/u)du
D

o0 —
t/ YA (1) e~t=e"H A/ g,
D

Clearly (73) holds whenever for all y > 0,

IA

o0 —
/ YA ) e VA0, < 0. (78)
1

Lemma 6. Whenever (69) is satisfied, then for all y > 0, (78) holds.
Proof. Recall the definition (53). Notice that by (71) for all > 0

/0 Sy (u)du < oo. (79)
Write
oo 1/u oo
/ (1 — e ")) ds :/ A—e ™) Adx)+ | (A —e™)Adx).
0 0 1/u
We see that
(I—e™™)Adx) < A(1/u)
1/u

and

1/u _ u _
/ (1 — ™) A (dx) = — (1 - e_l) A1 /u) +/ ud (x) e~ Fdx
0 0

u u
f uld(x)e "“dx < u/ A (x)dx.
0 0

IA



P. Kevei, D.M. Mason / Stochastic Processes and their Applications 123 (2013) 490-522 517

By assumption (69) for some n > 0 for all u large

1/u
u A(x)dx < nA(1/u). (80)
0

This implies that
o
z/ (1 —e Ods < (1 4+ n) tA(1/u).
0
Thus for all large enough D > O and all # > 0
o (e.¢]
| o @ [ e (= 1+ A1/} dn

and hence since (79) holds for all t > 0, we get that for all y > 0, (78) is satisfied. [

We see from Lemma 6 that (78) holds whenever assumption (69) is satisfied and thus by
the arguments preceding the lemma the limit (55) is valid. This completes the proof of
Proposition 7. [J

A.l. Return to the proofs of Proposition 6 and Theorem 1

We shall now finish the proof of Proposition 6. To do this we shall need three more lemmas.
Let X, be a subordinator with canonical measure A. Assume that X, is without drift. Define

X
100 = [ Ty,
0
We give a criterion for subsequential relative stability of X at 0.

Lemma 7. Let X be a driftless subordinator with Z(0+) > 0. There are nonstochastic sequences
tx 4 0 and By > 0, such that, as k — 00,

X)) » @1)
By
if and only if
fim inf FA®) (82)
xJ0  I(x)

Proof. From the convergence criteria for subordinators, e.g. part (i) of Theorem 15.14 of [10],
p- 295, (81) is equivalent to

1
limo wA(xBy) =0 for every x >0 and lim0 tk/ xA(dBix) = 1. (83)
tk—> /34 0
Noting that I (x) = f(;‘ yA(dy) + xZ(x), we see that (83) implies
By _
0B 1(By) = th,;lf x A(dx) + 5t A(By) — 1, (84)
0

and clearly (84) and th(Bk) — 0 imply (82). (Note that necessarily By — 0.)
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Conversely, let (82) hold and choose a subsequence ¢y — 0 as k — oo such that

adlc)
k—oo I(ck)
Define
o= |—
Aler) I (cx)
Then

. — . cx Acr)
lim # A =1 — =0
o el = o
.l (cr) . 1(cy)
lim —— = lim — =0
k—oo  Ck k=00 \l ¢ A(ck)

Then set By := t; 1 (c), so limg_, oo By = 0 and limg_, o, By /cx = 00. Given x > 0 choose k so
large that x By > ci. Then

and

e A(xBy) < 1 A(cx) — 0. (85)
Furthermore, by writing
I (Bi) _ 1 (c) L (I(Br) — I'(cx) _ 14 (I (By) — I(ck))
By By By B
and noting that for all large k

_ By — 1) _ BinAlen)
- By, - By

0 0,

we also have #; B,:l I (By) — 1 and thus by (85) and the identity in (84)

1
lim tk/ xA@dBix) =1
0

tr—0

which in combination with (85) implies (81), by (83). U
To continue we need the following lemma from [12].

Lemma 8. Let ¥ be a non-negative measurable real valued function defined on (0, c0)
satisfying

/OOW(y)dy<oo.
0

Then

E (le msi)) _ /0 ¥ (y) dy (86)

and limy o0 E (352, ¥ (S;)) = 0.
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Lemma 9. (i) Assume that (47) holds as t \ 0 with 8 < 1. Then (69) holds.
(ii) Assume that (47) holds as t — oo with 8 < 1. Then without loss of generality we can
assume that (69) holds.

Proof. (i) We shall show that (47) implies (69). Assume on the contrary that (69) does not hold.
Then, since V; is a driftless subordinator by Lemma 7 for some sequences By > 0, t;x | 0,

Vi / Bk L By Proposition 1 the infinite sum Y 2, ¢ (i

z ) is equal in distribution to V; and

pIra) @? (%) is equal in distribution to the subordinator W; with Lévy measure A, on (0, co)

defined by
Ay (x) = A (V7).
From (83) in the proof of Lemma 7 above
fa— l —
/A (xBr) — 0 and / (/A (xBy)dx — 1, (87)
0
with #; — 0 and By — 0. Thus we easily see that
4 (¥B) = 1A (VEB) — 0
and
I r 1 o
f te s (xB,%) dx = / tA (\/)_CB]C) dx = 2/ yir A (yBy) dy,
0 0 0

which forany 0 < § < 1is

1 1
< zsf ;kZ(ka)derz/ i A (xBy) dx.
0 8

Clearly by (87)
r r
lim sup 25/ A (ka)dx—i-Z/ A (xBy)dx | =26.
k—o00 0 )

Thus since 0 < § < 1 can be made arbitrarily small we get

im [ 07 (xB?)dx =0.

k—o0 Jo
Hence applying Theorem 15.14 on page 295 of [10], we get Wlk/B,% LY 0 and thus

Ry 2 W,/ (Vi))* S0,

which since R; < 1implies ER; — 0, as #; | 0, which clearly contradicts to (47). So we have
(69) in this case.
(i) We shall first assume that

/Oo ¢ (u)du = oo, (88)
0
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which by (11) implies
1
/(p(u)duzoo. (89)
0
Set
o0 o0
S; S; — S; S;
V)= —J1{—=<1 dV (1) = —J1{—=>1;.
o=Ye()1{T 2t mT0 =30 (3)1{7 1]
We see that
o0 o0 S
V(t)zZ 2—k+1 Zl{ <22 k+1}.
k=1 i=1 t
Now for each fixed L > 1, ast — oo,
L+1 S; b L
e Z 2 k+l 21{2 k T <2 k+l} 2 Z¢(27k> y—k—1
k=2 k=1

1
> 27! / ¢(u)du.
2-L
Thus since L > 1 can be made arbitrarily large, on account of (89),

v B oo, ast— oo. (90)

Next, using (86), we get

' EV (@) =17" /OO (y/t)dy = /lootp(u)du < 00,
t

which implies that

TWV(@)=0p (), ast— oco. 91)
Hence by (90) and (91)
V)V, 50, ast — . (92)
We get then that
V,:Z(p(—l>=V(t)(l+o(1)), ast — oo. (93)
i=1 4
Now set

x S,’ s Si Si
W, :=Z§02<7>, W () 2=2€02<7)1{751}
and W)=Y ¢ (%)1{% > 1}.

i=1
Clearly

tTTEW () =17" / R y/0dy = f] ~ P wdu < oo,
t
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. — — P .
which says that 1 ='W (t) = Op (1) as t — oo. Hence by (92), W (1) / V; = 0 as t — oo, which
when combined with (93) gives

W W
==y +op(l), ast— oo. 94)

t
Notice that V (¢) is a Lévy process with canonical measure A; defined via
A (x)=A(x), forx>¢), and A (x)=A@1)) for0<x <g().
Set ¢1(s) = ¢(s)1{s < 1}. Note that we have
o1 () =sup{y: Ai(y) > s}, 5>0,

where the supremum of the empty set is taken as 0. Let R,(I) be defined as R; with ¢ replaced by
@1, that is,

RO _ W (1) i=1

" ey

Since R; (1) = R,(I), we see by formula (54) that

ERD = / Fie (o) du. (95)
0

Next from (94), we get R,(I) — R; —P> 0, as t — oo, which implies that

lim ER, = lim ER™.
t—00 —>00

Clearly the tail behavior conclllsions about A1 (x), as x — oo, will be identical to those for A(x),
as x — 00. Moreover, since A;(0+) is finite (69) trivially holds for A;. Therefore in our proof
in the case t — oo we can without loss of generality assume that (69) is satisfied.

The case yu = fooo ¢ (u)du < oo cannot occur when 8 < 1 in (47). In this case it is easily
checked that

1
tA(xut) > 0 forallx >0 and / tA (xpt)dx — 1.
0

Therefore by proceeding exactly as above we get that ER; — 0 as t — oo, which forces
p=1. 04

Returning to the proof of Proposition 6, in the case ¢ \ 0, Lemma 9 shows that the assumption
of Proposition 7 holds and, in the case t — oo, it says that we can assume without loss
of generality that it is satisfied. This completes the proof of Proposition 6 and hence that of
Theorem 1. O
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