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Abstract

Let A and C be two unital simple C*-algebras with tracial rank zero. Suppose that C is amenable and
satisfies the Universal Coefficient Theorem. Denote by K K. (C, A)* the set of those « in K K (C, A) for
which « (Ko(C)4 \ {0}) € Kg(A)+ \ {0} and «([1¢]) = [14]. Suppose that k € K K,(C, A)TT. We show
that there is a unital monomorphism ¢ : C — A such that [¢] = «. Suppose that C is a unital AH-algebra
and A : T(A) — T£(C) is a continuous affine map for which 7 (k([p])) = A(r)(p) for all projections p in
all matrix algebras of C and any 7 € T(A), where T(A) is the simplex of tracial states of A and T¢(C) is
the convex set of faithful tracial states of C. We prove that there is a unital monomorphism ¢ : C — A such
that ¢ induces both « and A.

Suppose that 4 : C — A is a unital monomorphism and y € Hom(K{(C), Aff(A)). We show that
there exists a unital monomorphism ¢ : C — A such that [¢] = [h] in KK(C,A), To¢ =71 o h for
all tracial states T and the associated rotation map can be given by y. Denote by KKT(C, A)*+
the set of compatible pairs (k,A), where ¥ € KL,(C, A)tT and A is a continuous affine map from
T(A) to T£(C). Together with a result on asymptotic unitary equivalence in [H. Lin, Asymptotic uni-
tary equivalence and asymptotically inner automorphisms, arXiv:math/0703610, 2007], this provides a
bijection from the asymptotic unitary equivalence classes of unital monomorphisms from C to A to
(KKT(C, Ay, Hom(K;(C), Aff(T(A)))/Rp), where Ry is a subgroup related to vanishing rotation
maps.

As an application, combining these results with a result of W. Winter [W. Winter, Localizing the El-
liott conjecture at strongly self-absorbing C*-algebras, arXiv:0708.0283v3, 2007], we show that two unital
amenable simple Z-stable C*-algebras are isomorphic if they have the same Elliott invariant and the tensor
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products of these C*-algebras with any UHF-algebra have tracial rank zero. In particular, if A and B are
two unital separable simple Z-stable C*-algebras with unique tracial states which are inductive limits of
C*-algebras of type I, then they are isomorphic if and only if they have isomorphic Elliott invariants.

© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

Let A and B be two unital separable amenable simple C*-algebras satisfying the Univer-
sal Coefficient Theorem (UCT). It has been shown (see [14] and [19], and also [3] and [4])
that, if in addition, A and B have tracial rank one or zero, then A and B are isomorphic if
their Elliott invariants are isomorphic. There are interesting simple amenable C*-algebras with
stable rank one which do not have tracial rank zero or one and some classification theorems
have been established too (see for example [9,8,22,5]). One of the interesting classes of simple
amenable C*-algebras which satisfy the UCT are the simple ASH-algebras (approximate sub-
homogeneous C*-algebras), or even more generally, the simple C*-algebras which are inductive
limits of type I C*-algebras. In the case of unital Z-stable simple ASH-algebras, if in addi-
tion, their projections separate traces, a classification theorem can be given (see [26] and [18]).
More precisely, let A and B be two unital simple Z-stable ASH-algebras whose projections
separate the traces. Then A = B if and only if (K¢(A), Ko(A)+, [14], K1(A)) is isomorphic to
(Ko(B), Ko(B)+, [18], K1(B)) provided that the groups K;(A) are finitely generated (or K; (A)
contain their torsion part as a direct summand). It should be noted that there are known exam-
ples of ASH-algebras whose projections separate the traces but have real rank other than zero.
In particular, A and B may not have any non-trivial projections as long as each one has a unique
tracial state (for instance, the Jiang-Su algebra Z). It is clearly important to remove the above
mentioned restriction on the K-groups. The original purpose of this paper was just to remove
these restrictions.

One of the technical tools used in the proof of [26] and [18] is a theorem which determines
when two unital monomorphisms from a unital AH-algebra C to a unital simple C*-algebra A are
asymptotically unitarily equivalent. In the case that A has tracial rank zero, it was shown in [17]
that two such monomorphisms are asymptotically unitarily equivalent if they induce the same
element in K K (C, A) and the same affine map on the tracial state spaces, and the rotation map
associated with this pair of monomorphisms vanishes. This result serves as the uniqueness theo-
rem for the classification theorem ([26] and [18]) above. It is equally important to determine the
range of the asymptotic unitary equivalence classes of such monomorphisms which will serve the
existence theorem for the above mentioned classification theorem. When the above mentioned
restriction on K -groups holds, the existence theorem can be easily obtained so the classification
result can be established. The general case will follow once the range of the asymptotic uni-
tary equivalence classes of monomorphisms can be determined, or the existence theorem can be
established (see Section 5).

The first question we need to answer is the following: Let A and C be two unital sim-
ple amenable C*-algebras with tracial rank zero and let C satisfy the UCT. Suppose that
k € KK (C, A (e k € KK(C, A) and k (Ko(C)+ \ {0}) € Ko(A)+ \ {0}, k([1c]) = [14]).
Is there a unital monomorphism ¢ : C — A such that [¢] = «? It is known (see [11]) that if
the groups K;(C) are finitely generated then the answer is affirmative. It was proved in [12] that
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there exists a unital monomorphism ¢ : C — A such that [¢] —« =0in K L(C, A). The problem
remained open whether one can choose ¢ so that [¢] =« in K K (C, A). It also has been known
that there are several significant consequences if such a ¢ can be found.

The second question is the following: Let ¢ : C — A be a unital monomorphism and y €
Hom(K{(C), Aff(T(A))). Can we find a unital monomorphism ¢ : C — B with [¥] = [¢] in
K K (C, A) such that the associated rotation map is y ?

In this paper, we will give affirmative answers to both questions, in the case that C is an AH-
algebra. Among other consequences, we give the following: Let A and B be two unital simple
C*-algebras with unique tracial states which are inductive limits of type I C*-algebras. Suppose
that

(Ko(A), Ko(A)+, [14], K1(A)) = (Ko(B), Ko(B)+, [15], K1(B)).

Then A and B are Z-stably isomorphic (see 5.6 below).

For the first question, as mentioned above, an affirmative answer was known for C with finitely
generated K -groups. Passing to inductive limits, the first author showed in [12] that any strictly
positive element in K L(C, A) can be lifted for any unital AH-algebra C. However, since the
K K -functor is not continuous with respect to inductive limits, it remained somewhat mysterious
how to move from KL(C, A) to KK(C, A) until a clue was given by a paper of Kishimoto
and Kumjian [10], where they studied simple AT-algebras with real rank zero. The important
advantage of simple AT-algebras is that their K-groups are torsion free. In this case a hidden
Bott-like map was revealed. Kishimoto and Kumjian navigated this hurdle using the so-called
Basic Homotopy Lemma for simple C*-algebras of real rank zero. We will adapt the ideas of
Kishimoto and Kumjian to the case that the domain algebras are no longer assumed to be the
same as the targets. More generally, we will not assume that C has real rank zero, nor will we
assume it is simple. Furthermore, we will allow C to have torsion in its K -groups. Therefore, for
the general case, the Bott-like maps involve the K-groups with coefficients and demand a much
more general Basic Homotopy Lemma. For this we apply the recently established results of [16]
and [17]. It is interesting to note that the second problem is closely related to the first one and its
proof is also closely related.

We will consider the case that C is a general unital AH-algebra (which may have arbitrary
stable rank and other properties even in the case it is simple (see, for example, [24,25,6])). Denote
by Tz (C) the convex set of all faithful tracial states of C. Let k € KK .(C, A)T™ and let A :
T(A) — T¢(C) be a continuous affine map. We shall say that A is compatible with « if A(7)(p) =
7(x([p])) for any projection p in a matrix algebra over C and for any 7 € T(A). We shall show
that for any such compatible pair (k, A), there exists a unital monomorphism ¢ : C — A such that
[¢] =k and ¢ = A, where ¢ : T(A) — T£(C) is the continuous affine map induced by ¢. It is
worth pointing out that the information A is essential since there are examples of compact metric
spaces X, unital simple AF-algebras and « € K.(C, A)™" where C = C(X) for which there is
no unital monomorphism % such that [#] = « (see [20]). Furthermore, given a pair ([¢], ¢7) and
y € Hom(K(C), Aff(T(A))), we shall also show that there is a unital monomorphism ¢ : C —
A such that ([¥], Y1) = ([¢], ¢1) and the rotation map from K;(C) to Aff(T(A)) associated
with ¢ and ¥ is exactly y.

The paper is organized as follows: Some preliminaries and notation are given in Section 2. In
Section 3, it is shown that any element x € K K. (C, A)TT which is compatible with a continuous
affine map A : T(A) — T£(C) can be represented, together with the map A, by a monomorphism
a if C is a unital AH-algebra and A is a unital simple C*-algebra with tracial rank zero. It is
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shown that if A = C, then o can be chosen to be an automorphism. Then, in Section 4, it is
proved that, for any monomorphism ¢ : C — A, one can realize any homomorphism v from
K1(C) to Aff(T(A)) as a rotation map without changing the K K-class of ¢, that is, there is a
monomorphism « : C — A such that [¢] = [¢] in KK (C, A) and 7, o = Y. Moreover, we also
give a description of the asymptotic unitary equivalence classes of the maps inducing the same
K K -element. In Section 5, we give an application of the results of the previous sections to the
classification program. Combined with the work [26] of W. Winter and that of [17], it is shown
that certain Z-stable C*-algebras can be classified by their K -theory information.

2. Preliminaries and notation

2.1. Let A be a unital stably finite C*-algebra. Denote by T(A) the simplex of tracial states of A
and denote by Aff(T(A)) the space of all real affine continuous functions on T(A). Suppose that
t € T(A) is a tracial state. We will also use t for the trace 7 ® Tr on My (A) = A ® My (C) (for
every integer k > 1), where Tr is the standard trace on My (C). A trace t is faithful if t(a) > 0
for any a € A4 \ {0}. Denote by T£(A) the convex subset of T(A) consisting of all faithful tracial
states.

Denote by My (A) the set U/fi] My (A), where My (A) is regarded as a C*-subalgebra of
Mj+1(A) by the embedding

Mi(A) > a > (g 8) € Myy1(A).

Define the positive homomorphism p4 : Ko(A) — Aff(T(A)) by pa([p])(z) = t(p) for any
projection p in My (A). Denote by S(A) the suspension of A, by U(A) the unitary group of A,
and by Up(A) the connected component of U(A) containing the identity.

Suppose that C is another unital C*-algebra and ¢ : C — A is a unital *-homomorphism.
Denote by ¢ : T(A) — T(C) the continuous affine map induced by ¢, i.e., ¢1(t)(c) =T 0 ¢ (c)
forall ce C and T € T(A).

Definition 2.2. Let A be a unital C*-algebra and let B C A be a unital C*-subalgebra. For any
u € U(A), the *-homomorphism Ad(u) is defined by

Ad(u):B>br— u*bu c A.

Denote by Inn(B, A) the clos&e of {Adﬂ); u € U(A)} in Hom(B, A) with the pointwise con-
vergence topology. Note that Inn(A) € Inn(B, A).

2.3. An extension of abelian groups

T

0 G E H 0

is pure if it is locally trivial, i.e., for any finitely generated subgroup H' C H, there is a homomor-
phism 0’ : H' — E such that 7 0 8’ =idy . Denote by Pext(H, G) the group of pure extensions
of H by G.
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Definition 2.4. Let A and B be two unital C*-algebras, and let ¥ and ¢ be two unital *-
monomorphisms from B to A. Then the mapping torus My 4 is the C*-algebra defined by

Mys:={f €C([0,1],A); f(0)=1v(b)and f(1)=¢(b) for some b € B}.

If B C A is a unital C*-subalgebra with ¢ the inclusion map, then, for any unital *-
monomorphism o« from B to A, we shall just denote M, , by M, .

For any v, » € Hom(B, A), denoting by 7 the evaluation of My 4 at 0, we have the short
exact sequence

1 o

0 S(A) My 4 B 0,

and hence the six-term exact sequence

10 [7olo
Ko(S(A)) —— Ko(My,¢) —— Ko(B)
[¥]i—[oh T \L[i//]o—[l/)]o

K1(B)

Ki(My.¢) <—— K1(S(A)).
[moly 1

If [¥]« = [¢]« (in particular, if B € A and « € Inn(B, A)), then the six-term exact sequence
above breaks down to the following two extensions:

no(My.¢): 0 — K1(A) — Ko(My ¢) — Ko(B) —— 0,
and
mMy.e): 0 — Ko(A) — Ki(My ¢) — Ki(B) —— 0.

Moreover, if [] = [¢] in KL(B, A) and B satisfies the UCT (see Definition 2.9 below), then
the extensions 7o (My, 4) and n1(My, ) are pure.

2.5. Suppose that, in addition,
top=toy forallteT(A). (2.1)

For any piecewise smooth path of unitaries u(t) € My 4, the integral

1

1
Ry.y (u0)(®) = 5 - / (i (u* () di

0

defines an affine function on T(A), and it depends only on the homotopy class of u(¢). Therefore,
it induces a map, denoted by Ry ¢, from K1 (M) to Aff(T(A)), and we call it the rotation map
associated to the pair v/, ¢. The map Ry ¢ is in fact a homomorphism. Early study of the rotation
maps can be found in [7] and [1] among others.
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2.6. If p and g are two mutually orthogonal projections in M;(A) for some integer / > 1, define
a unitary u € UM;(S(A))) by

u(t) = (" p+(1—p)) (e 'qg+(1—gq)) fortel0,1].

One computes that

l du(t) N
/r( I u(t) )dt:r(p)—r(q) forall t € [0, 1].
0

Note that if v(¢) € NT;?S?) is another piecewise smooth unitary which is homotopic to u(¢),

then, as mentioned above,
1 dv(r)
v(r
dt = - .
ff( 7 ) T(p) —t(q)
0

It follows that, for any two projections p and g in M;(A),

Rou(11(1p) ~ [q)) (1) = 1(p) — 7(q) forall T € T(A).
In other words,
Ry (11 (Ip1 = [q1)) = pa(lp] — [q]).
Thus one has, exactly as in 2.2 of [10], the following:

Lemma 2.7. When (2.1) holds, the following diagram commutes:

Ko(A) Ki(Mg,y)

X%

Aff(T(A))

Definition 2.8. Let A and C be two unital C*-algebras and let ¢, : C — A be two unital
homomorphisms. One says that ¢ and i are asymptotically unitarily equivalent if they are one-
parameter approximately unitarily equivalent, i.e., if there exists a continuous path of unitaries
{u(t): t €10, 00)} such that

lim Ad(u(1)) o ¢(c) =¥(c) forallceC.
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Definition 2.9. Let A be a unital C*-algebra and let C be a separable C*-algebra which satisfies
the Universal Coefficient Theorem. By [2] of Dadérlat and Loring,

KL(C, A) =Homx(K(C), K(A)), (2.2)
where, for any C*-algebra B,
o0
K(B) = (Ko(B) ® K1(B)) ® (@(KO(B, Z/nZ) & K (B, Z/nZ))).
n=2
We will identify the two objects in (2.2). Note that one may view K L(C, A) as a quotient of

KK(C, A).
Denote by K L(C, A)™™ the set of those i € Hom 4 (K (C), K (A)) such that

#(Ko(C)+\ {0}) € Ky (A) \ {O}.

Denote by K L.(C, A)™™ the set of those elements i € KL(C, A)*T such that k ([1¢]) =[14].
Suppose that both A and C are unital and T(C) # ¢ and T(A) # . Let A : T(A) — T(C) be
a continuous affine map. We say A is compatible with « if for any projection p € My (C), one
has that A(t)(p) = t(k([p]) for all T € T(A).
Denote by KLT(C,A)™™ the set of those pairs (k, ), where k¥ € KL.(C, A)™ and
A :T(A) — T£(C) is a continuous affine map which is compatible with «.

Definition 2.10. Denote by K K(C, A)™™ the set of those elements ¥k € KK (C, A) for which
the image i is in K L(C, A)**. Denote by KK .(C, A)™™ the set of those ¥ € KK (C, A)™™ for
which & € KL,(C, A)™.

Denote by K KT (C, A)™ the set of pairs («, A) such that (i, 1) € KLT(C, A)™T.

2.11. Let A and B be two unital C*-algebras. Let 4 : A — B be a homomorphism and v € U(B)
be such that

[h(g),v]=0 forany g€ A.

We then have a homomorphism /2 : A ® C(T) — B defined by f ® g — h(f)g(v) forany f € A
and g € C(T). The tensor product induces two injective homomorphisms:

B Ko(A) — Ki(A® C(T)),
and
B Ki(A) = Ko(A®C(T)).
The second one is the usual Bott map. Note that, in this way, one writes
Ki(A®C(T)) = Ki(A) @ UV (Ki_1(4)).

Let us use E(l\) 1 Ki(AQ®C(T)) - B~V (K;(A)) to denote the projection.
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For each integer k > 2, one also has the following injective homomorphisms:
B Ki(A, Z/KZ) — Ki—1(A®C(T), Z/KZ), i=0,1.
Thus, we write
Ki(A®C(T), Z/kZ) = K;(A, Z/ kZ) & B~V (K;_1(A), Z/ kZ).

Denote by ﬂ,gi) : Ki(A® C(T),Z/kZ) — BY~V(K;_1(A),Z/kZ) the map analogous to that
of B If x € K(A), we use B(x) for 8O (x) if x € K;(A) and for ﬂ,ﬁ”(x) if x € K; (A, Z/kZ).
Thus we have a map B : K(A) > K(A ® C(T)) as well as B : K(A ® C(T)) — B(K(A)).
Therefore, we may wri_te K(AQC(T)) =K(A) ® B(K(A)).

On the other hand, # induces homomorphisms

hyik: Ki(A®C(T), Z/kZ) — Ki(B, Z/kZ),

k=0,2,...,andi =0, 1. _

We use Bott(h, v) for all homomorphisms E*,-,k o ﬁ,ﬁl), and we use bott; (h, v) for the ho-
momorphism /1,90 BV : K1(A) — Ko(B), and botty (%, v) for the homomorphism ¢ o B :
Ko(A) — K(B). We also use bott(u, v) for the Bott element when [u, v] = 0.

2.12. Given a finite subset P C K (A), there exists a finite subset 7 C A and &g > 0 such that
Bott(h, v)|p
is well defined if
|[a@, v]] < &

forall a € F. See 2.11 of [17] and 2.10 of [16] for more details.
Definition 2.13. A unital simple C*-algebra A has tracial rank zero, denoted by TR(A) = 0, if
for any finite subset F C A, any & > 0, and nonzero a € A™, there exist a nonzero projection
p € A and a finite dimensional C*-subalgebra F' with 1z = p, such that

1. |I[x, plll e forany x € F,

2. forany x € F, there is x’ € F such that || pxp — x'|| <e,and

3. 1 — p is Murray—von Neumann equivalent to a projection in a Aa.

2.14. Finally, we will write a ~; b if ||a — b| < ¢.
3. KK-lifting

Let A be a unital C*-algebra. Fix 0 < §° < min{§, §2} where §; and §, are the constants § of

Lemma 9.6 and Lemma 9.7 of [17] respectively. Note that §* is universal and 6° < 1/4 (there-
fore, the Bott element bott(u, v) is well defined for any unitaries u# and v with ||[u, v]|| < 8°).
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For some integer / > 1, let z be a unitary in M;(A), and let U(¢t) be a path of unitaries
U(t) e C([0,1],UM;(A))) with U(0) = 1 and ||[U (1), z]|| < 8°. We have that

U()zU*(1)z* = exp(iow)
where w = (1/i)(log(U(1)zU*(1)z*)) € As.4. Define the element p(U, z) as follows:

UB/T)H)zU*((8/Nt)z* forallt €[0,7/8];

pU,2)®) = {exp(iS(l —Hw) for all r € [7/8, 1].

Then, p(U, z)(t) defines a loop of unitaries in A, and this gives a well-defined element in
K1 (S(A)) = Ko(A).

Remark 3.1. Given a path of unitaries U (¢) € C([0, 1], UM;(A))) for some integer [ > 1, write

_(U® [z
S(t)._< U*(t)) and Z._< Z).

IfUO)=1and |[U(1), z]|| <P, then S(0) =1 and ||[S(1), Z]|| < 8P, and we can consider the
K-element [p(S, Z)] and we have

[p(S.2)] =[pW, ]+ [p(U*, 2)].

Write

R(t,s):=(U(t) 1>R(s)<1 U*(t))R*(s)

where

R(s) = ( cos(%)  sin(%) )

—sin(%)  cos(%)
Then one has that R(z,0) = S(¢t), R(¢,1) = 1, and for any s € [0,1], R(0,s) = 1 and

ILR(1,s), Z]|| < 268P. Therefore, the path p(S, Z)(¢) is homotopic to the identity in Mz(S/(\A/))
by a small perturbation of

W(t,s):=R(t,s)ZR*(t,s)Z*,
and hence
[p(U. )]+ [p(U* 2)] = [p(5.2)] =0 in K{(S(4)).
Lemma 3.2. Let U(t) and V(t) be two continuous and piecewise smooth paths of unitaries.

Let z1 and 7z be unitaries in A with |[[U(1), z1]|| < 8® and ||[V (1), z2]]| < 8. If [p(U, z1)] =
[p(V, 22)], then one has that bott(U (1), z1) = bott(V (1), z).
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Proof. Consider the path of unitaries
S(1) =diag(U (1), V*(1))
and the unitary
Z :=diag(z1, z2)
in M (A). By Remark 3.1, one has
[o(V*, 22)] + [p(V, 22)] =0,
and hence

[p(S*, 2)] = [p(U*, z21)] + [p(V.22)] =0.

Therefore, p(S*, Z) is homotopic to the identity in a matrix algebra of (S(/\A/)) Hence, passing to
a matrix algebra if necessary, there is a continuous path of unitaries W (¢, s) such that W (¢, 0) =
1=W(,1) forany r € [0, 1] and W (1, ) =p(S*, Z)(¢) for any ¢ € [0, 1], and W (¢, 1) = 1.
Note that p(S*, Z2)(t) = S*(81)2S(81)Z* for t €[0,7/8] and

lo(s*, 2)(7/8) — 1| < &®.

Thus, by Lemma 9.6 of [17],
0 =bott(S(1), Z) =bott(U(1),z1) — bott(V (1), z2),

as desired. O
Lemma 3.3. Let U (t) and V (t) be two continuous and piecewise smooth paths of unitaries. Let
z1 and 7z be unitaries in A with ||[[U (1), z1]ll < 6% and ||[[V (¢), z2]ll < 8®. If bott(U (1), z1) =
bott(V (1), z2), then one has that [p(U, z1)] = [p(V, 22)].
Proof. Consider the path of unitaries

W (1) :=diag(U (1), V*(1))
and the unitary

Z :=diag(z1, z2)

in Mj(A). Then, one has that bott(W (1), Z) = bott(U(1),z1) — bott(V(1),z2) = 0. By
Lemma 9.7 of [17], one has

[o(W*, 2)] =0,
and hence

[p(U*, z1)] + [p(V, 22)] =0. 3.1)
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On the other hand, by Remark 3.1,

[p(V*, 22)] + [p(V.22)] =0.

Together with (3.1), one has

[p(U.z0)] =[p(V.22)].
as desired. O

3.4. Denote by C(A) the subset of K1(S(A)) consisting of [p(U, z)(¢)] for a path of unitaries
U(t) € C([0, 1], M;(A)) and a unitary z € M;(A) for some [ > 1 with ||[U (1), z]|| < 8. Itis easy
to verify that C(A) is a subgroup. It follows from Lemma 3.2 and Lemma 3.3 that there is an
injective map A : C(A) — Ko(A) defined by

A:[p(U, )] bott(U(1),z).
Moreover, the map A is a homomorphism.

Lemma 3.5. Consider a path of unitaries U (t) € C([0, 1], Mx(A)) with U) = 1 and
Iz, U]l < 8°. Then we have

r([p(U, z)]) = r(bott1 (U(l), Z))

forany t € T(A) if one considers [p(U, z)] as an element in Ky(A) = K1(S(A)). In other words,
T(A(h)) =t (h) for any h € C(A).

Proof. Denote by w = U(1)zU*(1)z*, and note that [p(U, z)] € K1(S(A)) = Ko(A). Denote by
r(1) = exp(log(w)(1 —1)).
We then have that (see 2.6), for any 7 € T(A),

7/8
(o(U, z)):%/r((U((8/7)t)zU*((8/7)t)z*)/(zU((8/7)t)z*U*((8/7)t)))dt

0

1 _ i
- / £ (H(8( — 7/8))r* (8(t —7/8))) dt
7/8
7/8
/ U(8/Dt)zU*((8/D)1)) (U ((8/7)t)z*U*((8/T)t))) dt
0
1

1 , i
+%/r(r(8(t—7/8))r (8(r —7/8))) dt

7/8



1740 H. Lin, Z. Niu / Advances in Mathematics 219 (2008) 1729-1769

1
= / T(F(8(r —7/8))r*(8(t —7/8)))dt (by Lemma 4.2 of [17])
7/8

1
=57 (log(w))

=7 (bott(U(1),z)) (by Theorem 3.6 of [17]),
as desired. O

Definition 3.6. Let A be a unital C*-algebra with T(A) # @. Let us say that A has Property (B1)
if the following holds: For any unitary z € U(M(A)) (for some integer k > 1) with sp(z) =T,
there is a non-decreasing function 1/4 > §,(¢) > 0 on [0, 1] with §,(0) = O such that for any
x € Ko(A) with |t(x)| < 8,(¢) for all T € T(A), there exists a unitary u € My (A) such that

[, 21| <min{8, H and  bott (u, z) = x. (3.2)

Let C be a unital separable C*-algebra. Let 1/4 > A (¢, F, Py, P1, h) > 0 be a function de-
fined on ¢ € [0, 1], the family of all finite subsets F C C, and the family of all finite subsets
Po C Ko(C), and family of all finite subsets P; C K1(C), and the set of all unital monomor-
phisms 2 : C — A. Let us say that A has Property (B2) associated with C and A, if the following
holds: For any unital monomorphism # : C — A, any ¢ > 0, any finite subset 7 C C, any finite
subset Py C Ko(C), and any finite subset P; C K1(C), there are finitely generated subgroups
Gy C Ko(C) and G| C K{(C) with finite sets of generators Gy and G; respectively, such that
Po C Gg and P; C G, satisfying the following: for any homomorphisms by : Gy — K1(A) and
b1 : G1 — Ky(A) such that

|Tobi(g)| < Acle, F, Po, Pr, h) (3.3)

for any g € G| and any t € T(A), there exists a unitary u € U(A) such that

botto(h, u)|p, = bolp,, botty (h, u)|p, =b1lp, and 3.4
[(h(c),ul| <& forallceF. (3.5)

Remark 3.7. Note that in the definition of Property (B2), by and b are defined on G and G,
respectively, not on the subgroups generated by Py and P;. One should also note that if A has
Property (B2) associated with any C*-subalgebra C(T), then A also has Property (B1).

Remark 3.8. Let A be a C*-algebra with Property (B2) associated with C and A (¢, F, Py, P1, h).
Then the function A/, and the subgroups Go and G can be chosen so that they only depend on
the unitary conjugacy class of the unital embedding /.

Indeed, pick one representative i, for each conjugacy class of the unital embedding of C
to A, and define the function

Aé(tv‘}—!,])o: Plvh)zAC(tsfvp()’Plsh)\,)
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where £, is in the unitary conjugacy class of 4. It is clear that A, only depends on the conjugacy
class of h. Let us show that A has Property (B2) associated with C and A/, and G and G can
be chosen so that they only depend on 4.

Fix a unital monomorphism /4 : C — A, any ¢ > 0, a finite subset 7 C C, a finite subset
Po C Ko(C), and a finite subset P; C K1(C). There is a unitary w € A such that Ad(w) oh = h;,
for some A.

Since A has Property (B2) associated with C and A, there are finitely generated subgroups
Go C Ko(C) and G| C K(C) with finite sets of generators Gg and G respectively, such that
Po C Go and Py C G satisfying the following: for any homomorphisms bg : Gg — K (A) and
b1 :G1 — Ko(A) such that

[T 0b1(9)] < Ac(e, F, Po, P1, hy) (3.6)

for any g € G| and any t € T(A), there exists a unitary u € U(A) such that

botto(hy, u)lp, = bolp,,  botti(hy, u)lp, =bilp, and (3.7
[hs(c),ul| <& forallce F. (3.8)

Then,

botto (k. wuw*) = botto (ks u)|p, = bo|p,.
botty (7, wuw*) = bott; (hy, u)|p, = bi|p, (3.9)

and | [h(c), wuw*]| <& forallceF. (3.10)

In other words, A has Property (B2) associated with A.. Therefore, we can always assume
that the function A, and the subgroups Go and G; only depend on the conjugacy classes of
embeddings of C into A.

Lemma 3.9. Let A be a unital C*-algebra which contains a positive element b with sp(b) =
[0, 1], and assume that A has Property (B1). There exists § > 0 such that for any a € Ko(A), if
|T(a)| <6 for any T € T(A), then one has

a=[p(U,2)] € Ki(S(A))

for some unitary 7 € My (A) (for some k > 1) and some U(t) € C([0, 1], UMy (A))) with
U)=1and ||[U(1), z]|| < 8®. In other words, a € C(A).

Proof. Since A has Property (B1), for any 1/4 > ¢ > 0 and any unitary z in a matrix of A
with sp(z) = T, there is a non-decreasing positive function 6,(¢) such that if a € Ko(A) with
|t(a)| < §;(e) for any trace 7, then there is a unitary # in a matrix algebra over A such that
I[u, z]|| < € and bott; (u, z) = a.

For any ¢, there is 8. (¢) such that if [x — y| < §.(¢) withx,y e {ceC; |[c—1] < %}, one has
that |log(x) — log(y)| < ¢. We also regard d.(¢) as a positive function of ¢ with §,(0) = 0 and
Se(e) >0ife > 0.
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For any natural number k and any ¢ > 0, define

Ao k)= {min{(SZ(%Az(s, k—1), $8.(3A,(e,k — 1)), 6%, ¢} ifk>2,
min{3,(e), ¥} ifk=1.
It is a positive function of ¢ and k with A, (¢, k) > 0if ¢ > 0.

Fix 0 < & < 1/12. Then, there exists m € N such that there is a partition 0 =#9 <] <--- <
fm—1 < tm = 1 such that for any W(t) = (> p + (1 — p))(e g+ (1 — q)) € Uoo(%)
where p and ¢ are any projections, one has that W (#;_1) — W(#;)|| < € for each 1 <i < m. Fix
such a partition.

Let zo = exp(i27b). Since sp(b) = [0, 1], zo is a unitary in A with sp(zp) = T. Set

1
5= 5min{AZO(e, 2m), Az (e,2m — 1), ..., Ay (e, D).

Let a be an element in Ky(A) with |t(a)| < é for any T € T(A). Without loss of generality,
we may assume that a = [p] — [¢] for some projections p, g € My (A) for some integer k > 1.
Note that

|t(p) — ()| <.

Put Wo(t) = (*™ ' p + (1 — p))(e?"'q + (1 — g)). To simplify notation, by replacing A by
M (A), without loss of generality, we may assume that p,qg € A and Wy(¢) € A for each
t [0, 1].

It follows from Lemma 8 of [21] that, for some large n > 1, there is a unitary V; € M, 11(A),
for each ¢t € [0, 1],

|V zvi = W(n)z| <8/2, (3.11)
where
n
—_———
W(t) = diag(Wo(t), 1,1,..., 1),
and
7= diag(zQ, w, 0%, ..., a)”)
and where w = ¢27i/n+1,
We assert that one can find unitaries Vj, Vi, ..., V}, such that

[VizVi* — W(t)z| < Azy(e.2m +1—2i) forany 0 <i <m,
and

bott; (V" Vi,z) =0 forany0<i<m—1.
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Assume that the unitaries Vp, V1, ..., V; satisfy the condition above. As indicated above, one
can find a unitary V;4; such that

[Vis12Viy — Wiz <min{;8 <1AZO<e 2m 21)) L Agte2m - 2:—1)}
and set
b; :=bott; (V' Vi, z).
By Theorem 3.6 of [17], one has that for any 7 € T(A)
el ——! (log(e" Vi1 VizVi Vi)
= 5 [ellog(Visiz* Vi Viavy))|
Note that

1
| Vi1 2V ViV — 2 W) W)z < 5 <§AZO(8,2m—2i)>+AZO(8,2m—2i+1)

1
< 6€<§AZO(8, 2m — 2i)>.
Therefore, we have
1
[ tog(Vis12* V% VizVi") = log (@ W™ (i D W (1)2) | < 54z (e, 2m — 2,
and hence
1 N 1 .
(b)) < Z|r(log(W tDW )| + EAZO(E, 2m — 2i)
= L(ti+1 —m)|(r(p) —t(@)| + lAzo(& 2m — 2i)
2w 2
1
< Ay (e, 2m —2i) < (SZO(EAZO(E, 2m —2i — 1)).
Since A has Property (B1), there is a unitary v; 41 € A such that
4 / * 1 . /
v/ 1z0(vi)” — 20| < 342(8,2m =2i = 1) and  bot (vi41-20) = bi.
Set

vigr =diag(vj, . 1,...,1).
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‘We then have
1
[visrzvfey = 2] = [vi20(vie0) " = 20] < EAzo(&zm —2i—1)
and
bott (vi+1, z) = bott; (Uz{+1 s Z()) =b;.
Therefore

1
[ Virvienz (v Vi) = Wtz < 58z, 2m =2 = D) + [ Viaz Vi, - Wtz
< Ag(e,2m—2i —1)

and
bottr ((vy1 Vi 1) Vi 2) = botti (v]y 1, 2) + botts (V5 Vi, 2) =0

Replacing Vi1 by Vi41vi41, we have proved the assertion.
Then, for each V; and V;, there is a path of unitary V) (¢) such that

Iv@w®.z]| <e.  v@O@ =1, vOMD)=Vv,V.
Setting U (1) = Vi1 V@O (1 — 1), we have that
v =v;,  UP1)=V,
and for each ¢,
[UQDz(UP D) = Wnz| = [Viea VO = 0z(VO U =0)" Vi, = Wz

<e+||VipizVi, — wWz|
1

<2< 7
By connecting all U ® (1), we get a path of unitary U (¢) such that for any ¢,
Jv@ot@ - waoe <.
In particular,
a=[W®],=[pWU, 2]
Moreover,
I[v@.2]| = [[tVan. 1] < 57,

as desired. O
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Corollary 3.10. Let A be a unital separable simple C*-algebra with TR(A) = 0. Then there
exists § > 0 such that for any element a € Ko(A), if |t(a)| < 8 for any t € T(A), then one has

a=[pWU,2)]eKi(S(A)

for some unitary z € My(A) and some U (t) € C([0, 1], UM(A))) (for some k > 1) with
UQ©)=1and ||[[U),z]|| < &".

Proof. By Lemma 5.2 of [17], A has Property (B1). Then, the statement follows from
Lemma39. O

Corollary 3.11. Let A be a unital separable simple C*-algebra with TR(A) = 0. Then
C(A) = Ko(A).

Proof. Denote by § the constant of Corollary 3.10. For any a € K¢(A), since Ko(A) is tracially
approximately divisible (see Definition 3.15), one has

a=ay+ay+---+au

with |7(a;)| < & for each 1 < i < n. Therefore, a; € C(A). Since C(A) is a group, one has that
ae€C(A),asdesired. O

Definition 3.12. For any unitary u in a C*-algebra A, denote by R(u, t) the unitary path in M (A)
defined by

_(u 0\ [ cos(FF) sin(%’))(u* 0) <cos(”7t) —sin(%’))
R(u,t)._<0 1)(—sin(”7’) cos(%) 0 1) \sin(%) cos(Z) )’ rel0. 1.

Note that
1 0 u 0
R(u,O)—(0 1) and R(u,l)—(O u*)

Lemma 3.13. Let A be a unital C*-algebra. Let B C A be a unital separable C*-subalgebra.
Write

Ko(B)y ={k1, ka2, ..., kn,...}
and
KI(B): {hlths '~-1hns }7

and denote by K, = (ki,...,k,) the subgroup generated by {ki,...,k,}, and by H, =
(hi, ..., hy) the subgroup generated by {h1, ..., h,}. Let {F;} be an increasing family of finite
subsets whose union is dense in B. Assume that for each i, there exist a projection p; € M, (F;)
and a unitary z; € M, (F;) with [pilo = k; and [z;]1 = h;. Let {u,} be a sequence of unitaries
such that

oP
[ alll < 5
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Tj

j . f—/‘—
forany a e M,, (w) Frwy), where w, =uj ---u, and u,(:’) = diag(ug, ug, ..., ur). Then
o= lim Ad(w,)
n—>oo

defines a monomorphism from B to A, and the extensions no(My) and n1(My) are determined
by the inductive limits

0——Ki(A)————Ki(A) & Knti Ky
tn,n+1 tn,n+1
0 Ki(A) Ki(A) & K, K, 0
and
0—>Ko(A)———Ko(A) & Huq1 Hy g
\ Tln n+l1 Tln,n+l
0 Ko(A) Ko(A) ® H, H,

respectively, where yno : K, — Ki1(A) is defined by ki — [(w)piw)up1(w)piw,) +
(1 — w} pjwy)] and v, - Hy — Ko(A) is defined by hi — [p(R* (41, 1), w}iziwn)].

Proof. It is clear that we may assume thatr, <r,41, n=1,2,....
Note that for any a € F,,

k
| Ad(wn1i)(@) — Adwa) @) || < | Ad@iuz - unii)(@) — Aduiuz - unti1)(@) |

1 1
< —.

< 2n+z on

M-I

i=1
Therefore lim Ad(w,,) exists if n — oco. Denote by «, = Ad(w,,), and denote its limit by «. Note

that « is a monomorphism. Moreover,

[@]l=1[:] inKL(B,A), (3.12)
where 1 : B — A is the embedding. It follows that the six-term exact sequence in 2.4 splits.
To simplify notation, without loss of generality, in what follows, we may replace o ® ier’_

by o, o ® 1dM by an, uy rn) by u,, and w,, () by w, respectively (and write p; € A).
Consider KO(M (A)) first. Fix n, and note that

1
||an(p,~) —a(pi)” < 7 forany 1 <i<n

Therefore, for each i, there is a unitary v; with ||[v; — 1] < % such that a(p;) = v;koz,, (pi)v;.

In particular, there is a path rl.(") (¢) of projections with rl.(")(O) =0, (pi), rl.(")(l) = a(p;), and
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Ir () — a(pi)|l < L. Then there is a homomorphism ¥, : K1(A) ® K, — Ko(My) defined
by

v ([e®]. 1pi]) = [0D] +[P™ 1],
where Pi(n)(t) is the path

R*(wy, 2t) pi R(wp, 2t),
r" -1,

— D=

@)
P™ (1) =

=)
IN N

l—
NN

and [Q(1)] € Ko(S(A)). Since [7]p o w,(,o) =idg,, the map w,ﬁo) is injective.
‘We then have

v (0] . tpi]) = v ([Q®]. [pi]) = [PV 0)] = [P ()] € Ko(S(A)).  (3.13)

Moreover, it is easy to see that
[P 0)] = [P (0] = [R* ns1, W} prwn R(ung1, )] — [w piwn] € Ko(S(A)).

Define a homomorphism ¥, | : K1(A) ® K, — K1(A) @ K41 by

Vpnsr - (0. [pi®]) = ([Q0] + ([B” @] = [F" P 1)), [ 0)])-

© ©)

OV, il = ,EO). Thus, we obtain a homomorphism

By the construction we have that ¢,

¥ O 1im(Ko(Ma,), ¥innt1) = Ko(Ma(A)).

Let us show that ¢ (? is surjective. For each projection p(r) € M,, we can assume that
[p(0)]o = ki = [pilo € K, for some i < n, and if we denote by v the partial isometry with
v*piv = p(0), then ||lw)vw, —v| < % Then there is a path of partial isometries v(¢) € M, such
that v(0) = v and v(1) = «(v). Then

hi=[p0)] - [v*OP" ()]

is an element in Ko(S(A)) and [p(t)]o = ¥ @ (h, k;). Therefore, ¥ (?) is surjective. The injectivity
of ¥ © follows from the injectivity of each W,EO). Thus, ¥ © is an isomorphism.
Let us show that wfr)l 41 has the desired form.

Consider the invertible element ¢ = (w; p;wy)up41 (W) piw,) + (1 — (W} piw,)) € A (which
is close to a unitary). Let us calculate the corresponding element in S(A). Consider the path

% * o
Z(t>=<“’"’(’;w" 0 )R(un+1’f)<w'llgw” 0 )

* *
W, PiWn Wy, piWn

" 1 —w)piw, 0
0 l—wipiw, )’
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Note that Z(0) = diag(1,1) and Z(1) = diag(c, c*) and Z(¢) is invertible for any ¢ with
1Z*(1)Z(t) — 1] < 5. Set

e(t):(Z*(I)Z(t))_%Z*(t)<(1) 8) Zt)(Z*Z1)) 2.

l—

Then the element in Ko(S(A)) which corresponds to c is [e] — [( (1) 8)]. However, since
wkpiw 0 X
(5.0 rtwsrn]| <2l < &

a direct calculation shows

w¥p;w 0 w¥piw, 0
e(t) ~y0n-1) ( "%l " w*piwn> R*(upt1,1) < "l())l " O) R(upy1,1)
n

W piwy 0 1—wipiw, 0
x < 0 w;l*piw,,) + < 0 0
PR * w:piwn 0 w;,kpiwn 0
22 R (Mn+1,t)< 0 wf{piwn> < 0 0
W piwy 0 l—wipiw, 0
x < 0 w,fp,w,,) Rlunsr, 1)+ < 0 0

w* p;w 0 1 — w*p;w 0
= R*(Mn-i-l,t)( n%l n O)R(un+1,l)+< (1)1171 n O>’

and therefore, for n > 2,

=[G o))

[R*(un+1,t) (w"’(’;w” 8) R(Mn+l,l‘):| - [(wnl(’)iwn 8)}

[R*(un+1’ t)w:piwnR(un—H, t)] - [w;,kpi wn]

[P V0] - [P ).

Therefore, the corresponding element of [Pl.(n'H)(t)] — [Pi(n)(t)] in K1(A) is
(w:piwn)un+l(w:pi wn) + (1 - (w;’:pi wn)),

and hence the map 1//,50}1 41 has the desired form.

Now, let us consider K|(M,). For each n, consider the unitaries {z;; 1 <i < n}. Note that
1
ez = ez || < 55

for each i. Then, there are paths of unitaries sl.(") such that sl.(")(O) =, (v), sl.(")(l) =a(v;), and

5@ =] < 5
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for each ¢ € [0, 1]. Define a homomorphism ¥\ : Ko(A) @ H, — K (My(A)) by
i ([S®].z) = [SO] + [V ()]
where Vi(") is the path

R*(wn’ ZI)ZiR(wns 2t)3
s @1 -1,

— N

(n)
v (1) =

o
NN
VAN

=

and S(z) is a unitary in Uy, (§(>()).
‘We then have

Yni1 ([SO], wi]) = ¥u ([SO], i) = [V 0] = [V )]
= [o(R*(nt1, 1), wyviws)] € K1(S(A)).

Define homomorphism 1//,:}r)l+1 1 Ko(A) ® H, — Ko(A) ® H, 41 by

Yo 1 (SO, i) = ([SO]+ ([V 0] = [V P 0)]). wi)).

By the construction we have w;ﬂ:l o w}ilr)l = w,&l). Thus, there is a homomorphism

v lim(Ko(Ma,). Yun+1) = Ko(Ma).

By the same argument as that for Ko(M ), the map ¥ (! is an isomorphism, and moreover, it has
the desired form. O

3.14. Let

T

0 G E H 0

be a pure extension of abelian groups (cf. 2.3). Suppose that H is countable and write H =
{hi,ho,...}. Consider H, = (hy, ..., hy,), the subgroup generated by {h1, ..., h,}. Since E is a
pure extension, there is a map 6, : H, — E such that 7 0 6, =idp,. Let us call this map 6, a
partial splitting map. Denote by ¢, the inclusion map from H, to H,41, and consider the map
vu : Hy — E defined by

Yn =0On+1 0ty — On.
It is clear that y,(H,) € G C E. Therefore, let us regard y,, as a map from H, to G.
Definition 3.15. A partially ordered group G with an order unit is tracially approximately di-

visible if for any a € G, any ¢ > 0, and any natural number 7, there exists b € G such that
|T(a —nb)| < ¢ for any state 7 of G.
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Lemma 3.16. In the setting of 3.14, if, in addition, G is a partially ordered group with an order
unit which is tracially approximately divisible, then, for any ¢ > 0 and any given partial splitting
map 6, with w 06, =idy, , one can choose a partial splitting map 6,1 such that |t (y,(h;))| <&
for any 1 <i < n and any state T of G.

Proof. Pick any partial splitting map 6
defined by

r’l+1 : Hy+1 — Ej, and consider the map y, : H, —> G

Yo =0p.1 0t — On.
Consider the Q-linear map
Y, ®id: H, @ Q> G Q.

Then it can be extended to Hy,+; ® Q. That is, there is an linear map ¥ : H,11 @ Q > G ® Q
such that

14
G®Q%Hn+l®(@

1, ®id
y,®id

H, ® Q
commutes.
Since Hj4 is finitely generated, H, 4| = Zkn+1 @ Tn+1 for some finite abelian group 7,4 1.
Denote by {e1, ez, ..., ek, } the standard generators for the torsion free part of H, . Then, for

each 1 <1 < k41, we have
ven=y rig?
j=1

for some r](.i) € Q and gj.i) eG.

Write (4, (hs))free = 2 ml@ei, and denote by m = max{ml@; 1<s<n,1<i<kyy1}. Since
G is tracially approximately divisible, for each e;, one can find p; € G such that

&

t(Y(e) — pi) < Krim
for any state T of G.

Define the map ¢ : H,+1 — Ko(A) C E; by sending e¢; to p; and T, to {0}, and let us
consider the map

. /
Ont1:= i1 — .

Then, the map 6, satisfies the lemma. Indeed, it is clear that 7 0 6, | =idg,,,. Moreover, for
any hg and any 7, we have
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|7 (On1 00 () = On (h)) | = |7 (011 © talhe) = & 0 (s) = O ()
=t (y,(hs) — d o tu(hy))]
=|t(¥ 0 tallts) = p o ta(hy))]

= ‘ ngs)f(l/f(ei) - pi)
i
<e,
as desired. O

Theorem 3.17. Let A be a unital simple C*-algebra and let B C A be a unital separable
C*-subalgebra. Suppose that A contains a positive element b with sp(b) = [0, 1], that A has
Property (B1), and that Property (B2) associated with B and Ap and Ko(A) is tracially ap-
proximately divisible. For any Eo € Pext(K1(B), Ko(A)) and E| € Pext(Ko(B), K1(A)), there
exists o € Inn(B, A) such that no(My) = Eo and n1(My) = E.

Proof. Write

Ko(B)y ={ki, ko, ... Kk, ...}
and

Ki(B)={hy,ha, ..., hy, ...},

and consider the subgroups K, := (k1, ..., k,) and H, := (hy, ..., h,). Let {F;} be an increasing
family of finite subsets in the unit ball of B with the union dense in the unit ball of B. Assume
that for each i, there is a projection p; € M,, (F;) and unitary z; € M,, (F;) with [p;]o = k; and
[zi]1 = h;. We may assume that r; <rj4q, i € N.

We assert that there are unitaries {u,} and diagrams

0——=Ki(A) Eo a Ko(B) 0

0——=Ki(A)——=Ki(4) & Kpji———Kyy1—0

0
v Ot
tn,n+1 tn,n+1
T

0——Ki(A)———— KA & K,————K,——>0

\ K

and
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0———=Ko(A) E| il Ko(B)——0
T
0—Ko(A)—Ko(A) & Hypi—————Hpy1—>0
an 6’14»1
tn,n+1 tn,n+1
b1
0———=Koy(A)————Kop(A) &® H,—/———=H,———0
0
such that
5P

|| [pi1,al “ < W

for any a € M, (w) F,wy), where w, =uj ---u, and u; = 1. The image of each ynl lies inside
C(A) so that Aoy, is well defined, and

bott; (w;’:ziwn, u,,_H) =Ao ynl (h;) and botto(w;‘pi Wy, u,,_H) = y,?(ki).

Moreover, each partial splitting map 9,’; (i =0, 1) can be extended to a partial splitting map
5,’; (i =0, 1) defined on the subgroup generated by K, U G or H, UG}, where G; (i =0, 1) is

the set of generators of G; (i =0, 1) of Definition 3.6 with respect to %, Fu, 77("), 771("),
n+1"

and 1, where Py = {[p1], [p2], ..., [pa]} and Py = {[z1], [z2]. ..., [zx]}. Denote the subgroups
generated by K,, U Gy and H,, U G| by K, and H,, respectively.

Assume that we have constructed unitaries {u1 = 1, u», ..., u,} and diagrams
0 Ki(A) Eo - K1(B) 0
Tt
0—Ki(A)— =K (4) Ky—/—————K,—0

O——=Ki(A)—=Ki(H) & Kp-1=————Kp-1—>0

Ng

and
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0——Ko(A) E r Ko(B) 0

”n 1
0———=Ko(A)———=Ko(4) >0

\ ]ln 1,n th—1,n

0——>Ko(A)——>Ko(4) & H,- 1%H -1—>0

NS

satisfying the above assertion.
Denote by

8° 1) )
6,,:AB<—2 , Fu, PV, P ,Ad(wn)oz>,
rn+1 . 2l’l+l

where Po = {[p1], [p2], ..., [px]} and P1 = {[z1], [22], ..., [za]}. Set

I'n

w™ =diag(Wy, Wy, .- wp), n=1,2,....

We note that [p;] = [(wy™)* piw{™ ] and [z;] = [(w{)*ziw{™], i =1,2,.

Since Ep and E are pure extensions, there are partial splitting maps 0 L K”H — Eg and
Hn 41t Hn+l — E1. Since K((A) is tracially approximately divisible, by Lemma 3.16, the partial
splitting map QNJH can be chosen so that for any g € G' U {g1, ..., gu},

[7(y, ()| < min{s,8,}, forall T € T(A),

Where § is the constant of Lemma 3.9 (since A has Property (B1)). Note that the maps yn and
y are defined on K, and H, respectively, in particular, on Go and G respectively.
By Lemma 3.9, one has

Yo (hi) = [U*(0)2U (1)2*] | € K1(S(A))

for a unitary z € A and a path U(t) € C([0, 1], Ux(A)) with Uy =1 and |[[U(1), z]|| < &%.
Therefore, the map

Aoy, :H, — Ky(A)

N,

is well defined, and by Lemma 3.5,

[t(Aoy, ()| = |t (¥ (h))| < 8n

forany T € T(A) and 1 <i < n.
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Put by = y,? and by =Ao ynl. By the assumption that A has Property (B2) associated with B
and Ap, there is a unitary u,4+1 € A such that

1
” [p41,al || < W

for any a € M,, (wj F,w,) and
bott; (w:ziwn, u,,_H) =Ao ynl (h;) and botto(w;‘pi Wy, u,,_H) = y,?(ki).

Denote by 6”;4_1 (i =0, 1) the restriction of éle (i=0,1)to K,4+1 and H,4 respectively. Re-
peating this procedure, we get a sequence of unitaries {u,} and diagrams satisfying the assertion.

By Lemma 3.13, the inner automorphisms {Ad(u - - -u,)} converge to a monomorphism «,
and the extensions no(M,) and n;(M,) are determined by the inductive limits of

O0—Ki(A)—Ki1(4) & Kyt K11 0
tn,n+1 tn,n+1
0—Ki(A)D——Ki(4) & K, K, 0
and
0——>Ko(A)———>Ko(A) © Huyi Hy 0
tn,n+1 ln,n+1
00— Kog(A)———Ko(A) @ H, H, 0

respectively, where
7 ki) = 7, (1pi1) = [(w] piwn st (wy prwn) + (1 = ] piwa) ]
and
Pa(hi) = 7} ((z11) = [0 (R (ng1, 1), w)iziwy) ],
and therefore,
72 (ki) = botto (wy piwn. uns1) =, ki), 1<i <n,
that is, 70 = 2. For each cross map 7!, one has
Ao, (hi) =bott(wiziwn, R(pi1, 1)) = bott(w}ziwy, uni1) = Aoy, (hi), 1<i<n.

Since A is injective, we have that )7,11 = )/nl. Hence, one has that no(My) = Eg and 1 (My) = E1,
as desired. O
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Proposition 3.18. Let C be a unital AH-algebra and let A be a unital separable simple C*-
algebra with TR(A) = 0. Suppose that there is a unital monomorphism h : C — A. Then A has
Property (B2) associated with C for some Ac as described in 3.6.

Proof. Fix ¢ > 0, and finite subsets 7 C C, Py C Ko(C) and P; C K;(C). Write C =
lim_, (Cp,, ¥,,) so that C,, and v, satisfy the conditions in 7.2 of [17]. Let Ac (e, F, Po, P1, h)
be § as required by Lemma 7.5 of [17] for the above ¢, F, P =Py UP;. Let n > 1 be an integer
given in 7.5 of [17] so we may assume that

P C | Wnoo)si (Ki(Co))

i=0,1

and let k(n) > n be asin 7.5 of [17].

Put G; = (Yrm),00)% (Ki (Cr)), i =0, 1. In particular, G; is finitely generated and P; C G;,
i=0,1.

Letb; : G; — K;_1(A) be given, i =0, 1. Write

Ki(Ckny ® C(T)) = K (Ck(n)) ® B(Ki—1(Ck(n))), i=0,1, and (3.14)
K (Cikny ® C(T)) = K (Ck(n)) ® B(K (Ck(ny)) (3.15)

(see 2.10 of [16]).
Define k@ : K (Cim) — K(A) by €@ = [ 0 Y(u.col- Define & : B(K;(Cim)) —
Ki_1(A) by

iV o Bx) = b1 (x)

for x € K;—1(Ck)), i =0, 1. Since C satisfies the UCT, there is k¥ € KK (S(Ckn)), A)
such that I"'(k™) = «". Define « : K(Ci(ny ® C(T)) — K(A) by klg(cyp) = @ and

KB (i = K.
The lemma then follows from Lemma 7.5 of [17]. O

Lemma 3.19. Let B be a unital separable simple amenable C*-algebra with TR(B) = 0 which
satisfies the UCT, and let A be a unital simple C*-algebra with real rank zero, stable rank one and
weakly unperforated Ko-group. Suppose that k € KL(B, A)™" with ik ([1g]) < [14] in Ko(A).
Then there is a monomorphism o : B — A such that

[el=k in KL(B, A). (3.16)

Proof. It follows from the classification theorem [14] that B is a unital simple AH-algebra with
slow dimension growth and with real rank zero. Then the lemma follows from Theorem 4.6
of [12] immediately. O

Theorem 3.20. Let A and B be unital simple C*-algebras with TR(A) = 0 and TR(B) = 0. As-
sume that B is separable amenable and satisfies the UCT. Then, for any k € KK (B, A)*™ with
k([15]) <[1a]in Ko(A), there is a monomorphism o : B — A such that [@] =« in KK (B, A).
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Proof. Denote by i the image of « in KL(B, A)T. It follows from Lemma 3.19 that there
exists o1 € Hom(B, A) such that [a]x; = k. By considering the cut-down of A by «1(1p),
we can regard B as a unital C*-subalgebra of A with embedding «;. Since ¥ — [o]]xk €
Pext(K4(B), K«+1(A)), by Theorem 3.17, there is an approximately inner monomorphism o
of from B to A such that [ep o1k x — [@1]lkk =k — [¢1]k k- Then, @ := ay o« is the desired
homomorphism. O

Let us recall the following theorem from [20]:
Theorem 3.21. (See [20, Theorem 5.2].) Let C be a unital AH-algebra and let A be a unital
simple C*-algebra with TR(A) = 0. Suppose that there is a pair k € KL.(C, A)™™" and a con-
tinuous affine map X : T(A) — Te(C) which is compatible with k. Then there exists a unital
monomorphism h : C — A such that
[hl=« and ht=A.

Theorem 3.22. Let C be a unital AH-algebra and let A be a unital simple C*-algebras with
TR(A) = 0. Suppose that («,)) € KKT(C, A)TT. Then there is a monomorphism ¢ : C — A
such that [¢] =k and ¢ = A.

Proof. It follows from Theorem 3.21 that there exists a unital monomorphism v : C — A such
that

[V]kr =k inKL(C,A) and ¢T=A.

Then k — [{r] € Pext(K«(C), K«(A)). As in the proof of 3.20, we obtain a unital monomorphism
oy (C) — A for which

[@oy]=[k] in KK(C,A)
and there exists a sequence of unitaries {u,} C U(A) such that

lim Adu, o¢p(c)=ao¢(c) forallceC.
n—oo

Put ¢ =« o . Then

Mo)(e)=ToY(c)= lim t(Adu, oY (c)) (3.17)
=t(xoy(c))=to0¢(c) forallceC. (3.18)
It follows that
¢ =4,

as desired. O



H. Lin, Z. Niu / Advances in Mathematics 219 (2008) 1729-1769 1757

Remark 3.23. It was shown in [20] that there are a compact metric space X, a unital simple AF-
algebra A and k € K L,(C(X), A)*™ for which there is no unital homomorphism /4 : C(X) — A
such that [#] = k. Thus, the information on A is essential in general. In the case that C is also
simple and has real rank zero, the map A is completely determined by « since pc (Ko (C)) is dense
in Aff(T(C)) and T(C) = T£(C). If the C*-algebra C is of real rank zero and exact, then, without
assuming simplicity, T(C) = S(Ko(C)), and hence one can define the map r : T(A) — T(C)
by factoring through S(Ky(A)). It is obvious that r is compatible with k. Moreover, r(7) is
faithful on C for any t € T(A). Indeed, if r(7)(c) = 0 for some nonzero positive element c € C,
then 7(7)(cCc) = {0}. In particular, r(t)(p) = 0 for some nonzero projection p € cCc, which
contradicts the strict positivity of k.

Lemma 3.24. Let X be a Banach space, and let {«,} be a sequence of isometries. If each oy, is
invertible, and lim,,_, 5o0t;, (x) and limn_moocn_l(x) exist for any x € X, then a :=lim,_, 0, is
invertible.

Proof. Denote by 8 =lim, o0 ¢, ! Itis clear that  and B are isometries. Fix an element x € X.
For any ¢ > 0, there exists N such that

B =, )] <e and oo B(x) —ano B0 <e

for any n > N. Then

||aoﬁ(x) —xH < ”aoan_l(x) —x” + ||ocoﬂ(x) —O!oOln_l(x)”
< Haoan_l(x) —ay ootn_l(x)H +¢
<o, @) —ao B + [ao fx) —ayo fx)|
+ Hozn oB(x) —ay, ootn_l(x)H + €
< 4e.

Since ¢ is arbitrary, one has that o o 8(x) = x, and hence « o 8 = id. The same argument as above
shows that 8 o o = id. Therefore, « is invertible, as desired. O

Definition 3.25. Let A be a unital C*-algebra. Denote by K K I(A, A)t™ the set of those el-
ements k € KK,(A, A)TT such that « induces an ordered isomorphism between Ko(A) and
isomorphisms between K (A).

Corollary 3.26. Let A be a unital separable amenable simple C*-algebra with TR(A) = 0 sat-
isfying the UCT. Then, for any k € KK e_l (A, A)T, there exists an automorphism o € Aut(A)
such that

[a] =«k.

Proof. By Theorem 3.20 and its remark, there is a monomorphism o = «» o 1 such that [«] =«
in KK (A, A). Let us show that « can be chosen to be an automorphism. Let us first show that o
can be chosen to be an automorphism. We first choose a unital monomorphism o : A — A so
that [a@'] = « by 3.20 and its remark.
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By the UCT, there is k1 € KKe_l(A, A)TT such that k] x k =« x k] =[id4]. So there is a
unital monomorphism B : A — A such that [8] = k1. Then [B o @’] = [a’ o B] = [id4]. By the
uniqueness theorem (2.3 of [13]), both 8 o &’ and o’ o B are approximately unitarily equivalent
to the identity. Then, by a standard intertwining argument of Elliott, one obtains an isomorphism
ay : A — A which is approximately unitarily equivalent to o’ (see for example Theorem 3.6
of [13]). In particular, [a1] =i in KL(A, A). (This also follows from the proof of Theorem 3.7
of [13]: Using that fact that A is pre-classifiable in the sense of [13], there is an isomorphism
o1 :A— Asuchthat [@;] =k in KL(A, A). See Theorem 4.2 of [14].)

Consider the map ;. Note that if A = B, then, in the proof of Theorem 3.17, the union of the
finite subsets F,, is dense in A, and the inner automorphisms {Ad(u; - - - u,)} satisfy Lemma 3.24.
Therefore, by Lemma 3.24, the monomorphism oy = lim,,—, oo Ad(u1 - - - u,,) is an automorphism
of A.

Therefore, the map o = o o @1 is an automorphism of A. O

4. Rotation maps

Lemma 4.1. Let H be a finitely generated abelian group, and let A be a C*-algebra with
pA(Ko(A)) dense in Aff(T(A)). Let v € Hom(H, Aff(T(A))). Fix {g1,...,8g.} € H. Then, for
any € > 0, there is a homomorphism h : H — Ky(A) such that

W (gi) — pa(h(g))] <e
forany 1 <i <n.
Proof. Since the map v factors through H/ Hror, We may assume that H = @k Z for some k and

prove the lemma for {g;; i =1, ..., n} being replaced by the standard basis {e;; i =1,...,k}.
Since p4(Ko(A)) is dense in Aff(T(A)), there exist ay, ..., a, € Ko(A) such that

|W(e)) — pata)| <e, i=1,....k.
Then the map i : H — Ko(A) defined by
e a;
satisfies the lemma. O

Theorem 4.2. Let A be a unital simple C*-algebra with p4(Ko(A)) dense in Aff(T(A)). Assume
that there is a positive element b € A with sp(b) = [0, 1]. Let B C A be a unital C*-subalgebra
and denote by  the inclusion map. Suppose that A has Property (B1) and Property (B2) asso-
ciated with B and Ap. For any ¥ € Hom(K{(B), Aff(T(A))), there exists o € Inn(B, A) such
that there are maps 6; : K;(B) — K;(My) with mg 0 6; =idg; ), i =0, 1, and the rotation map
R o : K1(My) — Aff(T(A)) is given by

Rio(¢) = pa(c—01([mol1(c))) + ¥ ([moli(c)) forall c € Ki(My(A)).
In other words,

[a] =[]
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in KK (B, A), and the rotation map R, o : K1(My) — Aff(T(A)) is given by
R, o(a,b) = pa(a) + ¥ (D)

for some identification of K1(My) with Ko(A) ® K1(B).
Proof. Write

Ki(B)={g1.82:---+8&n: -},

Ko(B)+ =1{k1, ko, oo kn,y .},
and denote by H, = (g1,...,8n) the subgroup generated by {g1,...,gs}, and by K, =
(k1,...,k,) the subgroup generated by {ky, ..., k,}. Let {F;} be an increasing family of finite
subsets with union dense in B. Assume that for each i, there is a unitary z; and a projection p;

in M,, (F;) for some natural number r; such that [z;]; = g; and [p;] = k;. Without loss of gen-

erality, we may assume that r; < ri4q, i € N. In what follows, if v € A, by v™  we mean
m

BICON diag(v, v, ...,v).
We assert that there are maps {h; : H; — Ko(A); i € N} and unitaries {u;; i € N} such that
for any n, writing w,, =uy---u,—1 (assume u_1 = ug = 1), one has

1. Forany x € {g1,..., g} UG,

Ond
|,0A o hy(x) — lﬁ(x)! < o

where

8° 0 1
8y = AB<W,E,P,§ ) PV, Ad(w-1) ot)

for 77,50) =1k, ky, ..., k,} and ’P,(,l) ={g1,82,...,&n}, 8 the constant of Lemma 3.9 (since

A has Property (B1)), and G is the set of generators of G| of Definition 3.6 with respect to
- Fu, 77,20), 77,51), and ¢.

2. on+12
rz-2"

2. Forany a € w;_ | Fpwp—1,

5P
a1l < s

where w, = uy - - -u,, and moreover, the image of ¢, := h,11|n, — h, lies inside C(A) so
that A o ¢, is well defined, and

bottl((w(r"))*ziw,grj)l,u”) = Ao¢,(gi) and botto((w(rj)l)*piw(r”) ) =0

n—1 n n—1°

foranyi=1,...,n.
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If n =1, since ps(Ko(A)) is dense in Aff(T(A)), by Lemma 4.1, there is a map A1 : ({g1} U
G1) = Ko(A) such that for any x € {g{} U Gy,

516
[ @) = pa ()] < =
and a map A : ({g1, g2} U G2) — Ko(A) such that
516
[ ) = pa(ha(0)| < 53

for any x € {g1, g2} U G>. Concerning the function
¢1 = halm, — hi,

we have that |7 (¢1(g1))| < min{8, 8;} for any t € T(A) and hence ¢ (g1) € C(A) by Lemma 3.9.
By Lemma 3.5,

[7(Aogi(0)] =]t(d1(x))]| <&

for any v € T(A) and any x € G;. Since A has Property (B2) associated with B and Ap, there is
a unitary u; € U(A) such that

[Tur,al < P for all a € F,

ri.22
and
bott;(z1,u1) = Ao ¢i1(g1) and Dbotty(pr,u;) =0.
Assume that we have constructed the maps {h;: H; — Ko(A); i = 1,...,n} and unitaries
{uij; i =1,...,n — 1} satisfying the assertion above. By Lemma 4.1, there is a function

Bt ({815, gar1}UGT UGHH) — Ko(A) such that for any x € {g1, ..., g1} UG} UG,

5n+l(S
on+l

|pa 0 hpi1(x) — Y ()] <

where

8P 0 1
Sus1 = M(m,fnﬂ,mlﬁ,‘,jl,Ad(wn> oz>
n

0 1
for PO, = ki ka, ... kns1} and PO, = g1, g0 gur1).
Recall that ¢, = hy,1|H, — hy. A direct calculation shows that for any T € T(A),

[T(Ao0gn)(x)| = |t(dn(x))| <min{s, 8,41}
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forany x € gg’. Since A has Property (B2) associated with B and Ap, there is a unitary u, € U(A)
such that

sP
[ [tn, w)i_jawn—1]| < 3ol foralla € F,
n

and

bott; (Ad(wn_l) olt, u,,) Ao¢, and botto(Ad(wn_l) ot, u,,) y =0.

|.P’(ll) = |73,§0

This proves the assertion.
By Lemma 3.13, Ad(w, ) converges to a monomorphism « : B — A. Moreover, the extension
no(My,) is trivial, and 1 (M) is determined by the inductive limit of

0——=Ko(A)——>Ko(A) © Hpyi Hp 0
tn,n+1 tn,n+1
0——Kop(A)———=Kp(A) &© H, H, 0

where y,(gi) = [D(R*(up41,1), wyziw,)]. However, since
Ao yn(gi) = bott; (Ad(wn—l) ol un)(gi) = Ao ¢u(gi),

by the injectivity of I", we have that y,, = ¢,,.
We assert that 71 (M) is also trivial. For any n, define a map 6;, : H, — K| (M) by

6,(g) = (hn(g). 8)-

‘We then have

6,/1+1 o Ln,n+1(g) - ey/, €]
= (hn+l 0 ln.n+1(8)s tn.n+1 (g)) - (hn (&) + &n(8)s tn.n+1 (g))
= (hn+1 0 tnn+1(8)s tn,n+1 (g)) - (hn (&) + (hn+1 (Ln,n+l(g)) — hy (g))v Ln,n+l(g))
=0,
and hence the sequence (9,’,) defines a homomorphism 6; : K1(B) — K1(My). Moreover, since
7 o 61 =1idk,(B), the extension 11 (My) splits. Therefore, [@] =[] in K K (B, A).
Let us calculate the corresponding rotation map. Choose g; € H; with [z;] = g;. To simplify

notation, without loss of generality, we will use o for o ® idm, () on B ® M,-(C) for any integer
r > 1. Take a unitary path v(t) in My, (A) from z; to «(z;) as follows:

u(r) = R*(2) (é (w;:%”)*) R(1) (f)" ?) R*(21) (é w&-») R(21)

fort € [0, 1/2] and

v(t) = (wi ) zwy @ exp((2t — Dep)



1762 H. Lin, Z. Niu / Advances in Mathematics 219 (2008) 1729-1769

for t € [1/2, 1], where

nt (L
R(t):( co.s(z) sm(2)>

—sin(%) cos(%)

and ¢, = 10g((w(r(l)))*Z*wg(l»d(Zi))-

Then, for any 7 € T(A), we have

1
%/t v(t)v (t)
0

=T(log(( (r(z)))* D))

n—oo
n
= lim >~ (log(((wy,2) & w2 (wr0) iy 7))
k=0

w(log(((wyr 1) 2wy ) ((w ) i, )

2

~
Il
=}

f(log(((wﬁfﬁ? 1)*Zz* r(::—(ffl)c) 1)( t(;—(ifl)c)((wr(r:-(lfl)c)—l)*zlwr(i:-(ifl)c)—l)u

M

~
Il
o

z(botty (w9 )z wl k).

WK

k

Il
=}

Then, by the choice of {u,}, we have

Mg

(Ao dmia(gi)
k=0

1
ZL/'L' v()v* (t)
0

r”18

T(Pm1x(8))

~
Il
o

T(Rmi1(80) — Pmtk (80))

M

=
Il
=}

v (gi) — T (hm(g)).

Thus,

R, ([v]) = ¥ (8i) — pa 0 hm(gi)
=¥ ([mo()]) + pa(—hm(gi))
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([ro@)]) + pa((0, g1) — 6},(s1))
([ro®)]) + pa(Iv] — 61 ([ro)])).

as desired. O

Corollary 4.3. Let A be a unital simple C*-algebra with TR(A) =0 and let B C A be an AH-
algebﬁl and denote by ( the inclusion map. For any ¥ € Hom(K{(B), Aff(T(A))), there exists
a € Inn(B, A) such that there are maps 0; : K;(B) — K;(My) with g o 60; =idg;(p), i =0, 1,
and the rotation map R, o : K1(My) — Aff(T(A)) is given by
Ria(c) = pa(c = 01([m011())) + ¥ ([moli(c))  forall c € Ki(Mo(A)).
In other words,
[a] =[]

in KK (B, A) and the rotation map R, o : K1(My) — Aff(T(A)) is given by

Ria(a,b) = pa(a) + ¥ (b)
for some identification of K1(My) with Ko(A) ® K1(B).

Proof. It follows directly from Lemma 5.2 of [17], Theorem 4.2, and Proposition 3.18. O

Definition 4.4. Fix two unital C*-algebras A and B with T(A) # @. Let Ry be the subset
of Hom(K(B), Aff(T(A))) consisting of those homomorphisms # € Hom(K(B), Aff(T(A)))
such that there exists a homomorphism d : K1(B) — Ko(A) such that

h=paod.
Then Ry is clearly a subgroup of Hom(K(B), Aff(T(A))).

The following is a variation of Theorem 10.7 of [17].

Theorem 4.5. Let C be a unital AH-algebra and let A be a unital separable simple C*-algebra
with TR(A) = 0. Suppose that ¢, : C — A are two unital monomorphisms such that

[¢] =[¥]
in KK(C, A) and, forall T € T(A),
Top=Tto0.

Suppose also that there exists a homomorphism 6 € Hom(K1(C), K1 (Mg, y)) with (7w0)s1 00 =
idK|(C) such that

R¢,w O@GR(}. (41)

Then ¢ and r are asymptotically unitarily equivalent.
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Proof. We may write
K1 (My.y) = Ko(A) ®6(K1(C)).
Let h = Ry y o 0. If there is a homomorphism d : K1(C) — Ko(A) such that h = p4 o d, define
0 =6-—d.
Note that 6 is a homomorphism, and (p)« 0 8 =idk,(c). Then
Ry y o =Ry yob—paod=0.

Since [¢] = [¥] in KK (C, A), there exists an element 6y € Hom, (K (C), K(My )) such
that [7ro] o [6p] = [idx(c)]. Define 6 : K;(C) — K; (Mg y) by 6ylx,(c) =0 and 6)|kyc) =
6ol ko(c)- By the UCT, there exists ) € KL(C, My y) such that I'(6;) = 6, where I' is the
map from K L(C, My y) onto Hom(K(C), K«(My y)). We will use the identification

KL(SC, Mg ) =Homu(K(SC), K(Mg y))
(see [2]). Put
x0 = [0l 0 6y — [idk (c)]-

Then I"(xo) = 0. Define 6 = 6] — 6y o xo € Hom4 (K (C), K (Mg y)). Then one computes that

[7m0] 0 61 = [0l 0 8y — [70] 0 6y 0 x0 4.2)
= (lidg ()] + x0) — [idk ()] o x0 4.3)
= [idg ()] + x0 — x0 = [lidg () ]- 4.4)

Moreover,
'Ok ) ="0".
In particular,

Ry .y o 01k, c)=0.
It follows from Theorem 10.7 of [17] that ¢ and y are asymptotically unitarily equivalent. O

Remark 4.6. In 4.5, the condition that such 6 exists is also necessary. This follows from Theo-
rem 9.1 of [17].

Definition 4.7. Let A be a unital C*-algebra, and let C be a unital separable C*-algebra. Denote

by Mon¢,, (C, A) the set of asymptotic unitary equivalence classes of unital monomorphisms.

Denote by K the map from Mon¢_ (C, A) into KK .(C, A)*™* defined by

asu

¢ — [¢] forall p € Mon®_ (C, A).

asu
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Letk € KK.(C, A)*TT. Denote by (k) the classes of ¢ € Mon’_ (C, A) such that K(¢) = «.

asu

Denote by K the map from Mon’,_ (C, A) into K KT (C, A)*™ defined by

asu

¢ ([¢], ¢T) for all ¢ € Mon?_ (C, A).

asu

Denote by («, 1) the classes of ¢ € Mon,,,(C, A) such that I?((ﬁ) = (k, L).
Theorem 4.8. Let C be a unital AH-algebra and let A be a unital separable simple C*-algebra
with TR(A) = 0. Then the map K : Mon®_ (C, A) — KKT(C, A)™™" is surjective. Moreover,

asu

foreach (x,)) € KKT(C, A", there exists a bijection
n: (k, ) = Hom(K(C), Aff(T(A)))/Ro.

Proof. It follows from 3.22 that K is surjective.

Fix a pair (k,A) € KKT(C,A)™ and fix a unital monomorphism ¢ : C — A such that
[¢] =« and ¢T = . For any homomorphism y € Hom(K(C), Aff(T(A))), it follows from 4.2
that there exists a unital monomorphism o« € Inn(¢(C), A) with [« o ¢] = [¢] in KK (C, A)
such that there exists a homomorphism 6 : K1(C) — My 4o0p With (770)+1 060 =idg, (c) such that
Ry qopo8 =y.Lety =ao¢. Then Ry y 06 = y. Note also since a € Inn(¢(C), A), Yrr = r.
In particular, I~((1//) = I~((¢>).

Suppose that 0" : K1(A) — K1(My.y) is such that (r0)«1 0 0’ =idg, (c). Then

0" = 6)(K1(C)) C Ko(A).

It follows that Rg y 06’ — Ry y 06 € Ry.

Thus we obtain a well-defined map n : {[¢], ¢7) — Hom(K|(A), Aff(T(A)))/Ro. From what
we have proved, the map 7 is surjective.

Suppose that ¢1, ¢ : C — A are two unital monomorphisms such that ¢1, ¢ € ([¢], ¢7) and

Rg.4, 0601 — Ry ¢, 0 02 € Ro,

where 61 : K1(C) — K1(Mg,4,) and 6, : K1(C) — K{(My,¢,) are homomorphisms such that
(70)%1 © 61 = (70)+1 0 B2 =1id g, (), respectively. Thus there is § : K1(C) — Ko(A) such that

Ry ¢, 002 — Ry ¢, 0601 = pao0d.

Fix z € K1(C) and let u € My(C) such that [u] = z in K{(C). Let U(01,2)(t) €
UMy (My,4,)) be a unitary represented by 6;(z). We may assume that N > k. It is easy to
see that U (01, z)(¢) is homotopic to a unitary V (61, 2)(t) € UMy (Mg 4,)) with V (01, 2)(0) =
diag(¢(u), 1y_x) and V (62, z)(1) = diag(¢ (u), 1y_x) (by enlarging the size of matrices if nec-
essary). In particular, [V (01, 2)] = 01(z) in K1(My 4,). Similarly, we may assume that there
is a unitary V(62,z) € UMy (Mg ¢,)) with V (62, 2)(0) = diag(¢ (), 1y—x) and V (62, 2)(1) =
diag(¢2(u), 1 y—) which is represented by 62(z) in K1(My 4,).

Now define

V(61,2)(1 —2t) fortel0,1/2],

V(3,9 = { V6, 2) (2 — 1) forte(1/2,1]. “.5)
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Note that V (63, z) € UMy (Mg, ¢,))-
Define the homomorphism 63 : K1(C) — K{(Mg, ¢,) by

603(z) =[V(03,2)] forallz € K (C).
It follows that
(70)x1 063 = (770) 1 0 01 = idk, (C)-
Moreover, a direct calculation shows that
Rp 4,003 =Rp 4,002 — Ry ¢, 001 = paod.

It follows from Theorem 4.5 that vy and v, are asymptotically unitarily equivalent. Therefore,
n is one-to-one. 0O

Corollary 4.9. Let C be a unital separable amenable simple C*-algebra with TR(C) = 0 which

satisfies the UCT and let A be a unital simple C*-algebra with TR(A) = 0. Then the map
K :Mon®, (C, A) - KK .(C, A)tT is surjective. Moreover, the map

n:{[¢]) > Hom(K(C), Aff(T(A)))/Ro

is bijective.

Proof. It follows from 4.8 that it suffices to point out that in this case pc(Ko(C)) is dense in
Aff(T(C)) and T¢(C) =T(C). O

Corollary 4.10. Let A be a unital separable amenable simple C*-algebra with TR(A) = 0 which
satisfies the UCT. Then the map K : Aut(A) — KKL,_1 (A, AT is surjective. Moreover; the map

n:(ids) — Hom(K(A), Aff(T(A)))/Ro
is bijective.
Proof. This follows from 3.26 and 4.2 as in the proof of 4.8. O
5. Classification of simple C*-algebras

Denote by Q the UHF algebra with Ko(Q) = Q with [1g] = 1. If p is a supernatural number,
let M}, denote the UHF-algebra associated with p.

Lemma 5.1. Let B be a unital separable amenable simple C*-algebra such that B ® Q has
tracial rank zero. Let A be unital separable amenable simple C*-algebras with tracial rank zero
satisfying the UCT, and let @1, 92 : A — B be two homomorphisms. Suppose that ¢, : A —
B ® Q are two unital monomorphisms such that

[pl=1[¥] in KK(A,B® Q).
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Suppose that ¢ induces an affine homeomorphism ¢ : T(B Q@ Q) — T(A) by

¢r(t)(a)=to¢(a) forallac A,

and for all T € T(B @ Q). Then there exists an automorphism o € Aut(¢p(A), p(A)) with
[a] = [idg(a)] in KK (P(A), p(A)) such that a o ¢ and | are strongly asymptotically unitar-
ily equivalent.

Proof. The proof is exactly the same as that of the proof of Lemma 3.2 of [18] but we apply 4.2
above instead of 4.1 of [10] so that the restriction on K;(A) (i =0, 1) can be removed. O

Definition 5.2. Let C and A be two unital C*-algebras. Let ¢, ¥ : C — A be two homomor-
phisms. Recall that ¢ and  are said to be strongly asymptotically unitarily equivalent if there
exists a continuous path of unitaries {u(¢): ¢ € [0, co0)} such that #(0) = 1 and

tlinoloAdu(t) op(c)=vy(c) forallceC.

Lemma 5.3. (See [18, Theorem 3.4].) Let A and B be two unital separable amenable simple
C*-algebras satisfying the UCT. Let p and q be supernatural numbers of infinite type such that
My, ® Mg = Q. Suppose that AQ My, A® My, B® My and B ® My have tracial rank zero.

Let op : AQ My — B ® My and pg: AQ My — B ® My be two unital isomorphisms.
Suppose that

in KK(A® Q,B® Q), where 0 =op ®1dy, and p = pq Q@ idp,,.
Then there is an automorphism a € Aut(op (A ® My)) such that

[@ oop] =[op]

in KK(A® My, B® Mp), and a o oy ® idy, is strongly asymptotically unitarily equivalent
to p.

Proof. It follows from 5.1 that there exists B € Aut(B ® Q) such that 8 oo is strongly asymptot-
ically unitarily equivalent to p. Moreover, [8] = [idpgp]in KK (B ® Q, B® Q). Now consider
two homomorphisms oy and 8 o oy,. One has

[Boopl=lop] in KK(A® My, B® Q).

Since oy is an isomorphism, it is easy to see that o7 : T(B ® Q) — T(A ® My) is an affine
homeomorphism.

By applying 5.1 again, one obtains o € Aut(op(A ® My)) such that [o] = [idg,] in
KK(op(A® My),0p(A® Mp)) and o o o is strongly asymptotically unitarily equivalent to
Boop.

Define S oop ®@idy, : A® My @ Mg — (B ® Q) ® Mg. It is easy to see that B o op ® idpy,
is strongly approximately unitarily equivalent to § o 0.
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Note that (A ® Mp) = B ® My. Let 0’ = o 0 0 ® idp,- It follows that o’ is strongly
asymptotically unitarily equivalent to 8 o . Consequently o is strongly asymptotically unitarily
equivalentto p. O

Theorem 5.4. Let A and B be two unital separable amenable simple C*-algebras satisfying the
UCT. Suppose that there is an isomorphism

«: (Ko(A), Ko(A)+,[14], K1(A)) = (Ko(B), Ko(B)+,[15], K1(B)).

Suppose also that there is a pair of supernatural numbers p and q of infinite type which are
relatively prime such that My, @ Mq = O and

TR(A® M) =TR(A® My) =TR(B ® M) =TR(B ® My) =0.
Then AQ Z=ZBQ® Z.

Proof. The proof is exactly the same as that of Theorem 3.5 of [18] but we now apply 5.3 above
instead of 3.4 of [18]. O

Corollary 5.5. (See [26, Corollary 8.3].) Let A and B be two unital separable simple ASH-
algebras whose projections separate traces which are Z-stable. Suppose that

(Ko(A), Ko(A) 4, [14], K1(A)) = (Ko(B), Ko(B)+, [15], Ki(B)).
Then A = B.

Proof. As in the proof of 6.3 of [26], A ® C and B ® C have tracial rank zero for any unital
UHF-algebra C. Thus Theorem 5.4 applies. O

Corollary 5.6. Let A and B be two unital separable simple Z-stable C*-algebras with unique
tracial states which are inductive limits of type 1 C*-algebras. Suppose that

(Ko(A), Ko(A) 4, [14], K1(A)) = (Ko(B), Ko(B)+, [15], Ki(B)).
Then A = B.

Proof. For any UHF-algebra C, A ® C is approximately divisible. Since A has a unique tracial
state, so does A ® C. Therefore projections of A ® C separate traces. It follows from [23] that
A ® C has real rank zero, stable rank one and weakly unperforated Ky. Moreover, A ® C is
also an inductive limit of type I C*-algebras. It follows from Theorem 4.15 and Proposition 5.4
of [15] that TR(A ® C) = 0. Exactly the same argument shows that TR(B ® C) = 0. It follows
from Theorem 5.4 that A= B. O
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