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Suppose that I individuals are ordered on the basis of the sums of ranks
assigned independently by J judges, and that there is a unique winner. If the
winner is deleted and the ranks assigned to the remaining individuals are ad-
justed, then an ordering of the reduced set is obtained. This ordering is said
to be consistent with the original ordering if the relative positions of all re-
maining individuals are unchanged.

An examination is made of conditions under which an individual, who was
beaten by the winner and at least one other person in the original ranking,
emerges as the winner in the reduced ranking. Such an inconsistency is called
an interchange.

1. INTRODUCTION

In the classical problem of multiple rankings, one -of the objectives is
to obtain a consensus ranking of a group of individuals on the basis of
the rankings assigned by a panel of judges. The problem of multiple
rankings was first discussed by Friedman [1] and has been treated by
Kendall in his book “Rank Correlation Methods” [4]. Alternative methods
of obtaining a consensus ranking have been suggested by Kendall [4] and
Kemeny and Snell [3].

Suppose that each of J judges ranks a group of / individuals in increasing
order of preference, with his k-th choice receiving the rank (/ — & + 1),
k=1,.., 1 Let A; = (ry; .., r;;) be the ranking given by judge j, where r;
is the rank assigned to individual i by judge j, 1 <i << I, 1 <j < J. Then
Kendall [4] suggests that the consensus ranking be that based on the rank
sums

r; = Fij» 1<I<I’

VR

1

J

1 This ranking system, which is symmetric to that used by Kendall [4], leads to
simplifications in the computational aspects of the problem to be discussed.
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which when reordered give
rp Sre) <SS rgay <oy,

the winner being the individual who receives the rank sum r() . This
ranking is optimal in the sense that it minimizes 211-=1 (r, — iJ)?, the
sum of squares of differences between the actual rank sums and what
they would be if all J rankings were identical (cf. [4, pp. 114-5]).

The methods of obtaining a consensus ranking which have been sug-
gested by Kemeny and Snell [3] are based on a measure of distance
between rankings. Suppose that in assessing the pair of individuals (i, /),
judge j assigns a score

1, if i is preferred to /,
au.; —1, if / is preferred to i,
0, if there is no preference.

Then a measure of the distance between the rankings 4; and 4, is given by

1 1 I
d(4;, A;) = 2 Z z Lag,ni — agor |-
=1 1=1

The measure d(-, -) is the unique measure of distance which satisfies
axioms 1, 2, and 3 given by Kemeny and Snell [3] and for which the
minimum positive distance is 4. (Note that the distance d(-, -) is one-half
of the distance used in [3] in that the latter assumes a minimum positive
distance of 1).

A second measure of distance is

7

sty A = | % (g = rp

i=1

This measure fails to satisfy only one of the axioms required of d(-, -),
namely, the sufficient condition for equality in the triangle inequality
(cf. [3, Axiom 1.3]). It should be noted that the distance d(-, -) is a function
of the distance s(:, -), but that the correspondence is not one-to-one. The
distance s(-, -) serves as the basis for the Spearman rank correlation
coefficient, namely,

SHA; L, A+ T, + T

where T; is a correction for ties in the ranking A4; . If a ranking contains
a set of ¢ tied ranks then the sum of the ranks remains the same but the

582a(13/2-2
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sum of squares of the ranks is reduced by (:2 — ¢)/12. Thus the correction

T, = (1/12) ), (* —1),

te4;
where 3, 4, denotes summation over all blocks of ties in the ranking 4, .
DeriniTION.  Let {4, ,..., A;} be the rankings assigned to a group of
I individuals by J judges.
(i) A ranking B is a mean consensus ranking if for every ranking C,
J J
Y. d¥(4;, B) < ), d¥4;, O).
j=1 p

(ii) A ranking B is a median consensus ranking if for every ranking C,

~

7

J
1 j=1

(iii) A ranking B is a rank sum consensus ranking if for every ranking C,

J

>, p(d;, B) = Y, pld; . O).

j=1

The definitions of the mean and median consensus rankings are given by
Kemeny and Snell [3], who illustrate the procedure for obtaining them.
In practice, however, these two types of consensus rankings are difficult
to obtain. On the other hand, it follows from Kendall [4, pp. 114-5]
that the ranking determined by the rank sums (r¢) ,..., F(») is a rank sum
consensus ranking.

In the remainder of this study attention is restricted to consensus
rankings based on rank sums. Furthermore, it will be assumed that each
judge gives a ranking of the individuals which is free of ties. The individuals
will be numbered according to their rank sums, that is, individual k£ has
rank sum r(y) . Note that the rank sum consensus ranking will contain ties
whenever two or more individuals have the same rank sum. However,
attention will be restricted to consensus rankings where the winner is
unique, i.e., 7y > Fg_y) -

Now suppose that the winner is deleted from the set of individuals
under consideration and that the ranks assigned by the judges are adjusted
as follows:

* Fii s if ry <ry,

r,. — .
¢ ry— 1, if ry>ry.
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This is equivalent to behaving as if the winner was not in the set of
individuals under consideration in the first instance.

The ordering of the reduced set is said to be consistent with the original
ordering if

rey <rg = r*<rn® oand g = rg ot =k

fori=~j,i,j=1,.,1— 1, where
J
r*=Yrh, 1<i<I-—1
j=1

In this study, the following type of inconsistency is considered:
Fay < Fa-p but r* >rf,  for some k, 1 <k<I—2.

This type of inconsistency arises when one or more individuals, who
were beaten by the winner and at least one other person in the original
consensus ranking, emerge as the winner or joint winners in the reduced
ranking. Such an inconsistency is referred to as an interchange of winner
in the reduced set.

To illustrate the occurrence of an interchange consider the following
ranking configuration in the case I = 4, J = 5:

Judges
Individuals 1 23 45 re r¥
1 21113 8 7
2 333 21 12 12
3 1 2 2 4 4 13 11
4 4 4 4 3 2 17 —

It is noted that the individual who was third in the original ranking
becomes the winner in the reduced ranking.

The extent to which the reduced ranking can differ from the original
ranking upon deletion of the winner is illustrated by the following ranking
configuration for / = 5 and J = 6:

Judges
Individuals 1 23 4 5 6 F(o r*
1 1 1 3 3 4 4 16 16
2 4 51 2 23 17 15
3 542 1 3 2 17 15
4 335 511 18 14
5 2 2 4 4535 22 —
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The individual who ranked lowest in the original ranking emerges as
the winner in the reduced ranking and the individual who ranked second
in the original ranking becomes last in the reduced set.

An examination of conditions under which interchanges can take place
is given in the next section. Although attention has been restricted to the
study of interchanges, a similar approach can be used in studying other
types of inconsistencies.

2. SoME NECESSARY CONDITIONS FOR AN INTERCHANGE

A number of conditions which must be satisfied in order that an inter-
change be possible will now be presented. Let «(k, /) denote the number of
judges who rank individual k over individual 7, but rank individual 7
over individual /. Note that

ok, ) — oL, k) = (rop — ™) — (ry — 12). M

If Dy, = ruy — rq is the difference between the rank sums of individuals
k and /, then for k > / the following inequality holds:

Dy, = 2k, ) + (I = DAL k) + 2 — DU — ok, ) — oA, k). (2)

This follows in that individual & must receive, from «(k, /) judges, ranks

exceeding those of individual / by at least 2; from «(/, k) judges, ranks less

than those of individual / by no more than (I — 1); and from the remaining

judges, ranks less than those of individual / by no more than (/ — 2).
Consider the occurrence of an interchange, that is, for some

k=1,2,.,1—2,Dypr=D>0 and rf; <r*

In this situation individual & overcomes a deficit D and ends up with a rank
sum in the reduced set which exceeds that of the person who was second
in the original ranking. From (1) it follows that an interchange can occur
only if

ol —1,k) — alk, [ — 1) = D+ 1. 3)

Now 0 < afk,l) <J — 1 for k,[=1,...,1 — 1, so that the occurrence
of an interchange requires J = D + 2. By combining (2) and (3) one
obtains

D ok, I —1)+2 )

Iz 24 e I— =D —1"
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The bound in (4) is a minimum when «(k, I — 1) = 0. Thus we have the
following:

THEOREM. A necessary condition for there to be an interchange in the
ranking based on rank sums when I individuals are ranked by J judges is
that for a deficit D > 0, J is at least D + 2 and

IZ=[3+ D+ H/(J—D—1), %)

where [-] denotes the greatest integer function.

It should be noted that the bound given by (5) is not a sufficient condition
for the occurrence of an interchange. For example, when 7= 3 and
J = 6, (5) is satisfied when the deficit D = 1. However, as it will now be
shown, no interchange is possible when /=3 and J=6. Now
r* 4+ r,* = 18 so that r,* — r * is even. By (5) an interchange can only
occur when D = 1, in which case, from (1), (2, 1) — «(1, 2) is odd. It
then follows from (3) that the occurrence of an interchange requires
(2, 1) — o1, 2) = 3. But this requires r) << r(y , contrary to the assump-
tion that r(y) > r¢) . Thus no interchange can take place.

From the theorem above it follows that no interchange is possible
unless 1,/ > 3 and I + J > 8. In addition, as has been noted, no inter-
change is possible in the case J = 3, J = 6. Observing that interchanges
can occur for (I,J)e{(5,3); (4,4); (3, 5); (4, 6)}, we now show that
interchanges are possible for all (Z,J) such that 7 +J>8, 1,J >3
except (3, 6).

Given a ranking configuration that leads to an interchange for (3, J)
one obtains a ranking configuration that leads to an interchange for
(3,J + 2) and (3, J -+ 3) as follows:

(1) Let two additional judges assign ranks 1 and 3 to individual 1,
ranks 3 and 1 to individual 2, and ranks 2 and 2 to individual 3. Then the
augmented rank sum rj) =rp +4, i =1,2,3 while o2, 1) — o1, 2)
1s unchanged.

(ii) Let three additional judges assign ranks 1, 2 and 3 to individual 1,
ranks 3, 1 and 2 to individual 2, and ranks 2, 3 and 1 to individual 3.
Then the augmented rank sum r},=ry +6, i=1,2,3 while
a2, 1) — a1, 2) is unchanged.

Given a ranking configuration that leads to an interchange for (7, J)
one obtains a ranking configuration leading to an interchange for
(I +1,J) by adding an individual who is ranked lowest by all judges.

With the use of the theorem above and of standard backtracking
procedures, a list of all vectors of rank sums r = (rg) ,..., r(») which lead
to interchanges can be generated. For each such vector r one can determine
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the proportion of those ranking configurations which yield r for which
an interchange results. Furthermore, the proportion of all possible ranking
configurations which lead to an interchange for the case (7, J) is found.
A description of the counting techniques and a tabulation of the results
for all (£, J) such that 7 4 J < 9 are available from the authors.

3. INTERCHANGES AND CONCORDANCE

A measure of the agreement among J judges in their rankings {4, ,..., 4}
of I individuals can be based on each of the measures of distance between
rankings introduced in Section 1, namely,

Ts: zz Sz(AJ"Ak)a

1<i<h)

T,= Y Y d¥4;, 4,).
1<i<k<)
Clearly, small values of T, or T, correspond to good agreement.
A widely used measure of agreement among a set of rankings is provided
by Kendall’s coefficient of concordance:

W = 128/JI° — ),

where S = Zf=1 (r; — $J(I + 1))? is the sum of squares of the deviations
of the rank sums from the average rank sum. If all J rankings are identical
W = 1, and if the rankings are totally different W = 0. The concordance
W, in the form given, assumes that none of the rankings {4, ...., 4,}
contain ties. It can be shown by adapting the presentation in [4, pp. 95-96]

that
W= 1— 12T JJXI? — I).

As might be expected, an interchange usually occurs in ranking con-
figurations in which there is substantial lack of agreement among the
judges. To illustrate that this is not always the case consider the following
ranking configuration for / = 5 and J = 4:

Judges
Individuals 1 23 4 & r*
1 111 2 5 5
2 22 31 8 8
3 3 4 4 3 14 14
4 53 2 5 15
5 4 5 5 4 18
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By deleting the winner and adjusting ranks, the individual who was third
in the original ranking emerges as the winner in the reduced ranking.
In this case T, = 46, S = 114 and W = 0.713. Less than 19 of the
ranking configurations for I = 5 and J = 4 have higher concordance W
(the 0.05 and 0.01 significance points of S have been given by Friedman [2]
for7=3,4,56,7andJ = 3,4, 5,6, §, 10, 15, 20).
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