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Abstract

We extend the quantum~—classical duality to the trigonometric (hyperbolic) case. The duality establishes
an explicit relationship between the classical N-body trigonometric Ruijsenaars—Schneider model and the
inhomogeneous twisted XXZ spin chain on N sites. Similarly to the rational version, the spin chain data
fixes a certain Lagrangian submanifold in the phase space of the classical integrable system. The inhomo-
geneity parameters are equal to the coordinates of particles while the velocities of classical particles are
proportional to the eigenvalues of the spin chain Hamiltonians (residues of the properly normalized transfer
matrix). In the rational version of the duality, the action variables of the Ruijsenaars—Schneider model are
equal to the twist parameters with some multiplicities defined by quantum (occupation) numbers. In con-
trast to the rational version, in the trigonometric case there is a splitting of the spectrum of action variables
(eigenvalues of the classical Lax matrix). The limit corresponding to the classical Calogero—Sutherland
system and quantum trigonometric Gaudin model is also described as well as the XX limit to free fermions.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

The quantum—classical (QC) duality (correspondence) is an explicit relation between quantum
and classical integrable systems of different types. This phenomenon was first observed in [7]
for the classical Toda chain. A similar observation was made in [14] for the classical Calogero
system and quantum Gaudin model. The classical action variables were assumed to be equal
to zero. The case of arbitrary set of action variables was described in [2] using the relation of
both models to the KP hierarchy [12]. In a similar way, the QC duality between the classical
Ruijsenaars—Schneider (RS) model and the quantum twisted spin chain was proposed in [1,19].
The final version and a direct proof of this relation was presented in [8] via the nested Bethe
anzats. Later the duality was extended to the correspondence [18]: it was shown that the RS
model is related not to a single quantum model but to a family of supersymmetric spin chains.
We do not discuss the supersymmetric case in this paper.

Let us briefly recall the result of [8]. Consider the Lax matrix of the classical N-body RS
model' [16]

RS V4P

Yoogi—qj+nv
and quantum transfer matrix of the GL(n) inhomogeneous (generalized) twisted XXX spin chain
on N sites’

i,j=1,...,N (1.1)

-~ xx N HXXX
T (z)—trV—i—Z

(1.2)
Z_Z]

In the framework of the algebraic nested Bethe ansatz the spectrum of the Hamiltonians

XXX
J
{ﬁJXXX} is constructed in terms of the Bethe roots i{ul.l ING - {M;'_l YN, } which are solution

of the system of Bethe equations. Here N, is the number of Bethe roots at the c-th level of the
nested Bethe ansatz.

Substitute
=h, (13)
q;j=zj, j=1.N (1.4)
and
Gy = HP (g v 0 )+ J= 10N (1.5)

where {u{} is any solution of the Bethe equations. Then the spectrum of the classical Lax matrix
(1.1) is given by the twist parameters:

(Vieeoo.oViuVa, oo Voo Vst Vet Vi V).

N—N; Ni—N2 Ny—2—Np-1 Nu—1

(1.6)

The multiplicities are defined by the quantum numbers N,.

U In (1.1) the sets of variables {¢;} and {g;} are velocities and coordinates of particles respectively, v is the coupling
constant and 7 is the relativistic deformation parameter (inverse light speed).

2 (12 {ﬁ XXX} are the quantum (non-local) Hamiltonians, {z;} are inhomogeneity parameters and V =
diag(Vq, ..., Vi) is the twist matrix. '
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Let us also mention that the QC correspondence appeared also in the framework of gauge the-
ory dualities [15,6,9]. Another relation between classical Lax matrices and quantum R-matrices
related to spin chains can be found in [13].

The purpose of this paper is the trigonometric version of the QC duality. We prove an analogue
of statement (1.6) for the trigonometric (hyperbolic) RS model and the XXZ twisted inhomo-
geneous spin chain. We show that in contrast to the rational version, the degeneration of the
spectrum of action variables (eigenvalues of the classical Lax matrix) disappears. The identifica-
tion

n=~h (L.7)
and

n XXZ
=— H: 1.8
sinhs / (1.8)

leads to the following eigenvalues of the classical RS Lax matrix (to be compared with (1.6) for
the rational case):

q;

{e—(N—Nl—l)h Vi eW=NI=Dhy = Ni=Na=Dhy,  ((Ni=Na=Dhy,

L)

N—N; Ni—N,

. ef(anZ*anl*l)h V , e(Nn727N)17171)h ‘/n

n—1l,... -1,

Nn—2_Nn—I
e~ W=Dy ((Nai=Dhy, } (1.9)

Nn—l

The eigenvalues of the Lax matrix form “strings” centered at the twist parameters V.
2. Trigonometric Ruijsenaars—Schneider model

In this paper we use the following Lax matrix of the trigonometric N-particle RS model:

i,j=1,...,N. 2.1

: N .
RS _ sinh(nv) o0 1—[ sinh(g; — gk — nv)
'~ sinh(g; — q; +nv) o sinh(g; — qx)

The Hamiltonian is defined as

N N sinh(q; — g — nv)
HRS =R =Y e [[ 2oL 10 2.2)
o iy sinh(gj—a)

For the velocities we have

JHRS N sinh(q; — g — v
Q)= — l—[ .(q, Gk — nv) . (2.3)
api it sinh(g; — qk)
Therefore, in terms of velocities the Lax matrix has the form
sinh(nv) 1.
RS _ IC]j 2.4)

Y7 sinh(g; — q;j +nv)
or
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ijs =n"'Cik ij - Qij=dijq;,
_ sinh(nv)
sinh(g; — g +nv)

ij i,j=1,..,N. (2.5)
Here ||C;;|| is the trigonometric Cauchy matrix.

It is important for our purpose that the classical Lax matrix (2.1) admits the following factor-
ization (see [10,3]):

LR =DV(e)V(e—nv)D ", (2.6)
where P = diag(p1, ..., pn), V is the (trigonometric) Vandermonde-type matrix

Vij(e) =exp(Q2i — 1 —N)(gj +¢€)) (2.7)
and

N
Djj =6;; [ [ sinh(g; — q0) - (2.8)
kit j

The (spectral) parameter € is fictitious — it does not enter the final answer. Notice that

Vie—m)=SmV(e, 2.9)

where S is the following diagonal matrix:
Sij(¢)=3d;jexp(—=@2i —1—-N){) . (2.10)

It follows from (2.6) and (2.9) that the eigenvalues of the Lax matrix (2.1) become very simple
on the Lagrangian submanifold P =0 (i.e. py =0forall k =1, ..., N). The spectrum of (2.1) is
then given by the elements of matrix S(nv):

Spec(L®S|,_) = {e—“"—“"“, e N=3m N3y e<N—1)’7“} . 2.11)

RS
of the RS model admit the Lax representation LRS =

The equations of motion p; = — 2
[BRS, LRS], where
Bj¢ = (Z qicothgji — Zél coth(g i + fIV))Sjk +
I#j I
Explicitly, the equations of motion read

1—38%

J S =g —
sinhqlk ) qjk _q] k-

Z 24 Gk sinh?(nv) coshgq i

; : - . (2.12)
sinh(g jx — nv) sinhg i sinh(q jx + nv)

Gj=-—

k#j

Two special cases of the trigonometric RS model are nv = 00 and nv =i /2. In the former
case the equations of motion simplify to

nu=4o00: §; =2 g;jicothqj;. (2.13)
kj
In the latter case they are:
i . qjqk
V= — - =4 < 2.14
w=ge di=a), sinh(24 1) @14

k#j
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3. Inhomogeneous L4, (gA I,,) spin chain

The algebraic structure of the Heisenberg XXZ spin chain is based on the quantum affine
algebra U, (gl,,) [11,5] (see also [4]). The model is defined by the following quantum R-matrix:

sinh(z + A
Ri2(z) = ( ) Zeaa ®eqa + Z €aa & €pp
s1nhz \<aZb<n

sinh /i -
=D DR L @3.1)
Stz 1<a#b<n

where z is the spectral parameter, 7 is the anisotropy parameter and e,; denotes the n x n matrix
with 1 in the position (a, b) and 0 otherwise.

The transfer matrix of the twisted inhomogeneous Heisenberg XXZ model on N sites is given
by

55 (2) = tro [ Vo Rot (2 = 1) - Row (2 — ). (3:2)
where the diagonal twist matrix
=diag(V1, V2, ..., Vi) (3.3)

acts in the auxiliary n-dimensional vector space labeled by 0. We assume that the parameters gx
are in general position, i.e. ¢; # g and g; # g £ /i for j # k. It follows from the Yang—Baxter
equation for the R-matrix that the transfer matrices commute for different values of the spectral
parameter: [TX%%(z), TXX2(z/)] = 0.

The nested Bethe ansatz gives the following result for eigenvalues of the transfer matrix (3.2):

N . N .
() v, T sinh(z — gi 4 1) 1—‘[ sinh(z — ), — 1)
bl sinh(z — gi)

sinh(z — ju1)

n Np-1 : b—1 Ny o b
sinh(z — + h) sinh(z — w., — h)
+> Vi [ — S [ (34
P sinh(z — uy ) ol sinh(z — 7))

The integer parameters Nj, (No = N, = 0) are the numbers of Bethe roots ,ug in the b-th group,
b=1,...,n—1,8=1,..., Np. They satisfy the system of Bethe equations (BE):

lﬁ[ sinh(iep — gk + ) .y ﬁ sinh(u — ), + ) 1112[ sinh(up — pZ — h)

sinh(j1}, — 13)

1 - =" -
i1 Sinh(g — qi) yp SIMNGLE — 1y, = 1) 2}

Np—1 sinh(,ulb6 — /LJIZ*I + h)

Vi
: b b—1
y=1 s1nh(,uﬁ — Wy )

_y 1’&[ sinh(u — b + 1) Nﬁl sinh(uf — ub*+ — h) 45)
= Vp+1 . )
smh(,uﬁ ,uy —h) smh(,u/8 MJIZH)

where b =2,...,n — 1. In the last equation it is implied that N, = 0. The BE mean that the
eigenvalues (3.4) are regular at z = M;}i'
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It is known that the operators

N
Mo=)eill, el =18..910e®18...01, (3.6)
c —_— —_——
j=1 j—1 N—j
commute with the transfer matrix. The eigenvectors of the latter, built from solutions to the BAE,
with the number of Bethe roots at level b equal to Np, are also eigenvectors of the operators M,
with the eigenvalues M| =N — N;, M, =N,_1 — Ny,a=2,...,n.
The transfer matrix (3.2) can be represented as a sum over simple poles at z = g:
N
T () =C+ ) B coth(z — gx) 3.7)
k=1
(it follows from (3.1) that it is an i -periodic function of z). The coefficients
HXX? = Res TXX2(z) (3.8)
2=qi

are quantum (non-local) Hamiltonians of the inhomogeneous spin chain. They commute with
each other, [H*#, H¥*#] =0, and can be simultaneously diagonalized. This ensures integra-
bility of the model. The eigenvalues of the commuting Hamiltonians are given by the formula

N . Ni 1
h(gi — g +h) % sinh(g; — ul — )
HXXZ = vy sinhp [ i — g+ 1) prp S My - (3.9)
i SN —qi) sinh(g; — 14,
where the 1, ’s are taken from a solution to the BE. It is easy to see that
N n
T (+o0)=C + Z HXXZ = Z Vet Ma, (3.10)
k=1 a=1
hence we get the “sum rules”
n N n
C= Z V, cosh(iM,), Z HXXZ = Z V, sinh(AM,). (3.11)
a=1 k=1 a=1
4. Determinant identity
Consider a pair of N x N and M x M matrices:
Lij({xiyn, vitm. 8) =
_ gsinhh ﬁ sinh(x; — xi + ) ﬁ sinh(x; — y,) @
sinh(x; — x;j +h) oy sinh(x; — xz) ol sinh(x; —y, +h)’ ’
i,j=1,...,N and
Lap(yidu. fxiln, g) =
gsinhf ﬁ sinh(yg — yy — h) ﬁ sinh(yg — x¢) w2

sinh(yy — yg + 1) Joip sinh(yg — yy) bl sinh(yg — xx — )
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o,B=1,..., M. For definiteness assume that N > M. Then the following identity holds true:
det (£ (Lxibw, il ) = 11)
NxN
= det (gS—D) det (Z({yilw {xiln.g) =) (43)
(N=M)x(N-M) MxM

Here the matrix S = S(#) (2.10) entering the r.h.s. of (4.3) is (N — M) x (N — M) matrix and
I is the unity matrix. The proof of (4.3) is based on (2.6). It is similar to the one given in [8] for
the rational case.

5. Quantum-—classical duality

Theorem 1. Under identification of parameters

n=nh 5.1
and

. XXZ

4 _ 1 (5.2)

n  sinh#

where H ]XXZ are eigenvalues of the quantum spin chain Hamiltonians corresponding to any com-
mon eigenstate, the spectrum of the classical RS Lax matrix (2.4) is given by

XXZ
Spec LS = H] { } h
p 9 =15k sinh 7z 1N
BE

= {e_(N_Nl_l)h Vi, .. .,e(N_Nl_l)h Vi, e Wi=N=Dhy, o Ni=Na=Dhy,

N—N, Ni—N>

, e_(Nn72_Nn71_l)h Vn—la el e(an2_anl_1)h Vn—l ,

Np—2—Np—1

e MNa=Dhy (N =Dy } (5.3)

Nu—1

Proof. We can reformulate the statement of the theorem as

det|:L<Sinnhh {H}‘XZ}N,{Q/}N’ h)] —,\1] Hdet [V SNy—na_y — M ]

(5.4)

where Ng = N, N, =0, Sy = Sy (h) is the matrix (2.10) of size M x M.
The proof of (5.4) is performed by successive usage of the determinant identity (4.3) and BE
(3.5). Consider the matrix
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0) _ yRS n XXZ
Lij - Lij <Sinhh {Hk }N’ {ak}n > h)

. N . Ny . 1
Vi sinh A 1—[ sinh(q; — gk + h) l_[ sinh(q; — p, — h)

~ sinh(q; —q; +h) sinh(g; — qx) sinh(g; — ul)

=y
=L;j({qgk — h}n, {H;}Nl, V)

r=1

and

Lgtlﬂ) = Zaﬂ({ﬂ)l/}Np {gi —h}n, VD)

Vi sinh /i fi[ sinh(up — ), — 1) ﬁ sinh(up — g + )

~ sinh(u) — u}g +h) sinh(p,llg -ub) sinh(M}3 —qr)

where o, 8 =1, ..., N1. Identity (4.3) provides the relation

det (L(O) _ /\1) = det  (V;S—Al) det (L“) — u) .
NxN (N=N)x(N=N}) N XN,

Impose now the BE (3.5). Then we get

L(l)‘ B V5 sinh & ﬁ sinh(u — ), + h) ﬁ sinh(up — p3 — h)
BE  sinh(u) — pp +h) Jip sinh(uy — ) e sinh(up — 12)

ie.
LO| =Ly = vy, (1 Vo)
BE,
At the next step let us define
o~
LY = Lop(p2iny Al —hlny . V). . B=1,...Np,
and again we use (4.3) and (3.5) to get:

det (L“)—u): det  (VoS—Al) det (L(2>—u),
N1 x Ny N{—Ny;xN1—N» Nyx Ny

LD = L0 = s 3 s Va)
2

157

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

.11

(5.12)

The process of the subsequent usage of (4.3) and (3.5) is continued until the last step when

equation (3.5) is used:
(n—=1) — /.. -1 _
LoD = Ly = B, (o Vi
Finally, (4.3) with N = N,,_1, M =0 yields

det (L<"—1)—u)= det  (V,S—Al). O
Np—1xXNp—1 Ny—1XNyp—1

In order to find the characteristic polynomial of the matrix

(5.13)

(5.14)
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RS HJXXZ
L=L q/_nsmhh {q/}N’h
N

explicitly, we use the known fact that the coefficient in front of A¥~% in the polynomial
A(’iegv (A + A) equals the sum of all diagonal k& x k minors of the matrix A. All such minors
X

can be found using the explicit expression for the determinant

det sinh /i 1—[ c( ) C@) sinh? ¢
et —— = i —qj), = — -
1<k sinh(gi —q; + ) LD ST )= Sinh(g + h)sinh(q — h)
1=<i,j<k
(5.15)
which can be easily proved or taken from [17]. As a result, we get
N
det = Nk
det (I +1) > aaN Tk,
k=0
where
Je=(inhm)™* Y HX L HX T Ci, - aip) (5.16)
1<ii<...<ix <N 1<a<p<k

Therefore, we have the following system of polynomial equations for spectrum of the quantum
Hamiltonians:

. k
Z H™ . H l_[ C(gi, — qiz) = (sinh71) Z Xij oo iy
I<ij<..<ix <N 1<a<B<k I<ij<..<ix<N

(5.17)

(k=1,...,N).Here A; € Spec L are given by (5.3). Setting ¢; = fix;, HXXZ i H; and tending
h — 0, these equations become the equations of the universal spectral varlety for models of the
XXX type [18].

Equations (5.17) at k = N and k = 1 are easy to check without directly appealing to the
determinant identity using the side-by-side products of the BE and the “sum rules” (3.11).

At k = N we have the equation

N n
[T ] C@—qm =sinhm™ []vMe (5.18)

j=1 1<l<m<N a=1

The Bethe ansatz result gives

N sinh(g; — w,, — h)

h(g; — g + 1)
HXX2 — (v, sinh i) sinh(g; = gi + 1) . (5.19)
,}_[1 1 11_! ,!;[ sinh(gi — qx) H 1:[ smh(qz y)

The first double product cancels against the product of the C-factors in (5.18). The side-by-side
products of the BE

Nt N sinh(gy — Nt N> ginh(ud — w2 — k)
T = [ e

el smh(qk—u ) oty sinh(ug — )
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. " Np Np—i smh(p,b 1_ b Np Npti sinh(,u,ﬁ Ji;—i—l
BEy: 'V, 1_[ H (b b) bHH l_[ inh( b+1
B y=i sinh(uy /1,/3 p=1 y=I sin Mﬁ Wy
Nn—l Nn—Z

N sinh(ut =2 — ™' —h)

BE,_1: V! : - — =y,
" EIEI smh(p,';z—ug )

form a chain of identities that yields the right-hand side of (5.18).
At k =1 the equation is

N N
> H**=sinhhY xj,  AjeSpecL.
j=1 j=1

According to

Np_1—Np—1 .
3 e MmN ba2jh sinh (7(Np—1 — Np))
j=0 sinh /i

it is exactly the second “sum rule” in (3.11).
6. Limiting cases
6.1. Limit to the Gaudin—Calogero correspondence

Calogero—Sutherland model. The Lax matrix of the Calogero—Sutherland model
ZE " Sinh(g; —4;)
can be represented as
L™M=P—vDV 1 (e)d:V(e)D™!

with matrices P, V and D defined in (2.6)—(2.8) and velocities

N
Gj=pi—vy_coth(g; — qr)
P

159

’

(5.20)

(5.21)

6.1)

(6.2)

(6.3)

generated by the Hamiltonian HM = %tr (LCM)Z. The representation (6.2) follows from (2.6) in

the non-relativistic limit n — 0:
LB =1y n + LM+ 0@0?).
It follows from (2.7) and (2.10) that
0 V(e)=—logS(wv)V,
where
—log S;j(¢) =6;j (2 —1—=N)¢) .
Therefore,

Spec(L™ | p_g) = {—(N — D)v, =(N = 3)v, ..., (N = 3)v, (N — )v} .

(6.4)

(6.5)

(6.6)

6.7)
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The trigonometric Gaudin model appears in the limit ¢ — 0 from the inhomogeneous XXZ
spin chain with the transfer matrix 7XX%(z; {g;}, V¢, eh), where

VE =10 +ediag(uy, ..., vp) + O(e?).
The expansion as ¢ — 0,
TX¥%(z; {qi}, V., eh) =nl + T (z: {gi}) + & Ta(z: {qi}) + O(&?), (6.8)

7 (z;{gi}) =trvl + hZC{i)coth(z —qi), C{i) = Zeé’g,
[ a

1

defines the commuting Gaudin Hamiltonians

A7 = Res To(z: {ai) 6.9

. . B R L
HS = Z vael) + Z sinh(@ —q7) Zefl’ge,g{l) + cosh(g; —gq;) Zeggegg . (6.10)
. i q9i —4j) \, Zb .
The commutativity of the Gaudin Hamiltonians follows from commutativity of the transfer ma-

trices, taken into account that the term 7} (z; {gi}) is central. Their eigenvalues can be found using
(3.9) and tending ¢ — 0. This gives

N Ni
HE =v;+h) coth(qi —qi) —h Y _ coth(g; — 1)) 6.11)
ki y=1
with the BE at level b of the form
N Np—1
vp + 81ph Zcoth(ug —qr)+h Z coth(ug — Mﬁ_l) =
k=1 y=1
Np Np+1
=vpp1+2h0 Y coth(ul — ub) —h Y coth(uf — bt (6.12)
v#B y=1

where b=1,...,n — 1, No=N, =0, B =1, ..., Np. The matrix v = diag(vy, ..., vy) is the
twist matrix of the Gaudin model. Similarly to the (XXZ) spin chain case we use the notation
Hl.G({qi}N, {u“(ly}Nl) for the function given by the r.h.s. of (6.11). When the set {M(L}Nl is taken
from a solution of the system of BE (6.12) this function is equal to some eigenvalue of the
Hamiltonian.

Determinant identity. Introduce the following pair of matrices:

Lij({xi}n, {yitm, )
N M v
=4jj w—i—Zvcoth(x,- —xk)—l—Zvcoth(yV —xi) | +0=46;)

Py o sinh(x; — x;),

(6.13)

wherei,j=1,...,N and
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Lop(yitms xidn, @)

M N
v
=8up | 0 — Z veoth(yy — yy) — Z veoth(xg — yo) | + (1 — 8up) . 75
-y —l Nh(ye — yB
(6.14)
where o, B =1, ..., M. The relation between their determinants is given as follows:
det (£ (b, (il @) = 1)
NxN
—  det (ol +logS—Ail) det (E({yi}M,{xi}N,g)—)J), (6.15)
(N=M)x(N—M) MxM

where log S = log S(v) (6.6) entering r.h.s. of (6.15) is the (N — M) x (N — M) diagonal matrix.

Quantum-classical duality between the classical Calogero—Suthland system and the quantum
Gaudin model is given by the following statement:

Theorem 2. Under identification of the parameters

v="h (6.16)

and

. _1 G 1

where HJ.G are eigenvalues of the quantum Gaudin Hamiltonians corresponding to any common
eigenstate, the spectrum of the Lax matrix (6.1) is equal to

1
Spec L (% {H/G}N {qj}N’ h))BE -

={v1—(N—N1—1)h, v+ (N =Ny =,
N—N;
v—(N—N2—Dh, ..., v+ (N1 —N2— Dh,
Ni—N,
...,vn—(N,,,l—l)h,...,vn+(Nn,]—1)h}. (6.18)

Nn—1

The proof Theorem 2 is similar to Theorem 1. Similarly to the non-degenerate XXZ case,
the eigenvalues of the Lax matrix form “strings” centered at the v,’s. The distance between to
subsequent eigenvalues in any string is 27.

6.2. Limit to XX model

The XXZ model has a limit # — im /2 called the XX model. The latter is often referred to as
the free-fermion model, which is due to the fact that the XX Hamiltonian may be mapped to a
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creation—annihilation form that corresponds to a system of non-interacting fermions on the 1D
lattice. As none of the R-matrix entries vanish at i = iz /2, the eigenvalues of the transfer matrix
simplify insignificantly:

N Ny
TXX() =iV"Ny, 1_[ coth(z — qx) l_[ coth(z — M)l,) +
k=1 y=1
n Np—1 Np
+ 3 N1 =Ney, T coth(z — b~ [ coth(z — ). (6.19)
b=2 y=1 y=1
So do the eigenvalues of the quantum Hamiltonians:
N Ny
HXX =iN"NMy T Teoth(q; — i) | | cothig; — ). (6.20)
k#j y=1

What is special about the free-fermion point is the simplification of the BE (3.5) due to collapse
of one of the two products in the right hand sides caused by periodicity of the sinh-function along
the imaginary axis:

N N>
BE,: i Vi [Jeoth(up — q0) = Va (=DM~ [T coth(up — ).
k=1 y=1
Np_1 Np+1
BEy: i1V, [ coth(ul — ul") = Vipra (=M1t TT coth(ufy — ub™,
y=1 y=1
Np—2
BE,_1: iV, [T eoth(uy™ — ™) = v, (=)=, (6.21)
y=1

where b=2,....,n —2.
The equations for the spectrum (5.17) acquire the form

oo BHX L HX [] ahig, g =i D> oh (622)

1<ij<...<ix<N 1<a<pB=<k 1<ij<...<ix<N
(k=1,...,N). The eigenvalues of the Lax matrix are i—Ma=D(_)y, g=1,...n, a =
0,1,...M, — 1.
Acknowledgements

The work of A.L. was supported in part by the Ukrainian—Russian (NASU-RFBR) project
01-01-14. The work of A. Zabrodin was supported in part by RFBR grant 14-02-00627, by joint
grants 15-52-50041-YaF, 14-01-90405-Ukr and by Russian President grant for support of scien-
tific schools NSh-1500.2014.2. The work of A. Zotov was partially supported by RFBR project
15-31-20484 mol_a_ved and by the D. Zimin’s fund “Dynasty”. The article was prepared within
the framework of a subsidy granted to the HSE by the Government of the Russian Federation for
the implementation of the Global Competitiveness Program.



M. Beketov et al. / Nuclear Physics B 903 (2016) 150-163 163

References

[1] A. Alexandrov, V. Kazakov, S. Leurent, Z. Tsuboi, A. Zabrodin, J. High Energy Phys. 1309 (2013) 064, arXiv:
1112.3310 [math-ph].
[2] A. Alexandrov, S. Leurent, Z. Tsuboi, A. Zabrodin, Nucl. Phys. B 883 (2014) 173-223, arXiv:1306.1111 [math-ph].
[3] G. Aminov, S. Arthamonov, A. Smirnov, A. Zotov, J. Phys. A: Math. Theor. 47 (2014) 305207, arXiv:1402.3189
[hep-th];
A. Levin, M. Olshanetsky, A. Zotov, J. High Energy Phys. 07 (2014) 012, arXiv:1405.7523 [hep-th].
[4] S. Belliard, E. Ragoucy, J. Phys. A 41 (2008) 295202, arXiv:0804.2822 [math-ph].
[5] L.D. Faddeev, L.A. Takhtajan, N.Y. Reshetikhin, Leningr. Math. J. 1 (1990) 193-225.
[6] D. Gaiotto, P. Koroteev, J. High Energy Phys. 0513 (2013) 126, arXiv:1304.0779.
[7] A. Givental, B. Kim, Commun. Math. Phys. 168 (1995) 609-642, arXiv:hep-th/9312096.
[8] A. Gorsky, A. Zabrodin, A. Zotov, J. High Energy Phys. 01 (2014) 070, arXiv:1310.6958 [hep-th].
[9] A. Gorsky, A. Milekhin, arXiv:1412.8455 [hep-th];
K. Bulycheva, A. Gorsky, Phys. Usp. 57 (2014) 171-182; Contribution to the “Pomeranchuk-100" Volume.
[10] K. Hasegawa, Commun. Math. Phys. 187 (1997) 289-325;
A. Antonov, K. Hasegawa, A. Zabrodin, Nucl. Phys. B 503 (1997) 747-770, arXiv:hep-th/9704074.
[11] M. Jimbo, Lett. Math. Phys. 10 (1985) 63.
[12] I. Krichever, O. Lipan, P. Wiegmann, A. Zabrodin, Commun. Math. Phys. 188 (1997) 267-304, arXiv:hep-th/
9604080.
[13] A. Levin, M. Olshanetsky, A. Zotov, J. High Energy Phys. 10 (2014) 109, arXiv:1408.6246 [hep-th];
A. Levin, M. Olshanetsky, A. Zotov, Theor. Math. Phys. 184 (1) (2015) 924-939, arXiv:1501.07351 [math-ph].
[14] E. Mukhin, V. Tarasov, A. Varchenko, St. Petersburg Math. J. 22 (2011) 463-472, arXiv:0904.2131;
E. Mukhin, V. Tarasov, A. Varchenko, SIGMA 8 (2012) 072, arXiv:1201.3990 [math.QA].
[15] N. Nekrasov, A. Rosly, S. Shatashvili, Nucl. Phys. B, Proc. Suppl. 216 (2011) 69-93, arXiv:1103.3919.
[16] S.N.M. Ruijsenaars, H. Schneider, Ann. Phys. 146 (1) (1986) 1-34;
S.N.M. Ruijsenaars, Commun. Math. Phys. 110 (2) (1987) 191-213.
[17] S.N.M. Ruijsenaars, Commun. Math. Phys. 115 (1988) 127-165.
[18] Z. Tsuboi, A. Zabrodin, A. Zotov, J. High Energy Phys. 05 (2015) 086, arXiv:1412.2586 [math-ph].
[19] A. Zabrodin, Teor. Mat. Fys. 171 (1) (2013) 59-76, Theor. Math. Phys. 174 (2013) 52-67, arXiv:1205.4152
[math-ph].


http://refhub.elsevier.com/S0550-3213(15)00425-3/bib7A6162726F64696E31s1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib7A6162726F64696E31s1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib7A6162726F64696E32s1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib4141535As1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib4141535As1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib4141535As2
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib4252s1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib465254s1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib474B3133s1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib476976656E74616Cs1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib475A5As1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib476F72736B79s1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib476F72736B79s2
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib4861736567617761s1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib4861736567617761s2
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib4A696D626Fs1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib7A6162726F64696E33s1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib7A6162726F64696E33s1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib4C4F5As1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib4C4F5As2
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib4D545631s1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib4D545631s2
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib4E5253s1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib5275696A7331s1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib5275696A7331s2
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib5275696A73656E6161727331s1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib547375626F695A5As1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib7A6162726F64696E3161s1
http://refhub.elsevier.com/S0550-3213(15)00425-3/bib7A6162726F64696E3161s1

	Trigonometric version of quantum-classical duality in integrable systems
	1 Introduction
	2 Trigonometric Ruijsenaars-Schneider model
	3 Inhomogeneous Uq(gl̂n) spin chain
	4 Determinant identity
	5 Quantum-classical duality
	6 Limiting cases
	6.1 Limit to the Gaudin-Calogero correspondence
	6.2 Limit to XX model

	Acknowledgements
	References


