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The cosmic microwave background can measure the inflaton potential only if inflation lasts sufficiently 
long before the time of horizon crossing of observable fluctuations, such that non-linear effects in the 
time evolution of Green’s functions lead to a loss of memory of initial conditions for the ultraviolet tail 
of the spectrum. Within a derivative expansion of the quantum effective action for an interacting scalar 
field we discuss the most general solution for the correlation function, including arbitrary pure and mixed 
quantum states. In this approximation no loss of memory occurs – cosmic microwave observations see 
the initial spectrum at the beginning of inflation, processed only mildly by the scale-violating effects at 
horizon crossing induced by the inflaton potential.

© 2016 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
Has the universe at the beginning of inflation been in a particu-
lar vacuum state, or can fluctuations have started with a more gen-
eral, perhaps even “classical” state? Can we detect the difference 
by observation? The usual treatment of primordial fluctuations 
[1–7] assumes that fluctuations are described by a particular state, 
the Bunch–Davies vacuum [8]. Investigations of more general ini-
tial conditions [9], based on pioneering work on the time evolution 
of correlation functions for free quantum fields [10], seem to sug-
gest that a particular universal state is approached independently 
of initial conditions. (For early work see, e.g. Refs. [11–13].) Similar 
observations [14] for coarse grained bulk quantities as the energy 
momentum tensor apparently point to a similar direction. In con-
trast, many authors implicitly assume that the primordial cosmic 
fluctuations keep memory of initial conditions, see e.g. Ref. [15].

We investigate here the effect of initial information on the 
observable fluctuation spectrum. For this purpose we employ an 
evolution equation for the correlation function which is exact for 
a given form of the quantum effective action. The operator for-
malism and the explicit choice of a vacuum are not needed. We 
discuss interacting scalar fields in an arbitrary homogeneous and 
isotropic background geometry. For an expansion of the effective 
action up to second order in derivatives we find the general so-
lution for the correlation function, which includes mixed quantum 
states beyond the usually considered pure states. In this approxi-
mation the memory of the initial spectrum remains imprinted on 
the observable spectrum.
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It is instructive to divide the time evolution of the correlation 
function into two epochs. For the first epoch the wavelength of the 
relevant fluctuations remains well inside the horizon. The second 
epoch covers the period of horizon crossing and afterwards. Only 
for the second period the inflaton potential will play a role. The 
fluctuation spectrum at the end of the first period is called “pre-
spectrum”. More precisely, we define the “pre-spectrum” as the 
equal-time correlation function a couple of e-foldings before hori-
zon crossing. The detailed geometry and inflaton potential in the 
epoch of horizon crossing only process the pre-spectrum, modify-
ing it by small scale-symmetry violating effects.

If the pre-spectrum keeps memory of the fluctuations in the 
“initial state” of the universe at the beginning of inflation, the ob-
servation of amplitude and spectral index of the fluctuation spec-
trum, as imprinted on the cosmic microwave background, yields 
information on the beginning of inflation. The relation between 
fluctuation amplitude �2(k) and inflaton potential V at horizon 
crossing is modified by a factor (Ap + 1), Ap ≥ 0, as compared to 
the usual result of the slow roll approximation which corresponds 
to Ap = 0, i.e.

�2 = (Ap + 1)V

24π2εM4
. (1)

The enhancement Ap + 1 could be large. Also the spectral index ns

receives an additional contribution np from the pre-spectrum

ns = 1 + np − 6ε + 2η. (2)

Here M is the reduced Planck mass and ε, η are the slow roll pa-
rameters.
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In the absence of interactions the pre-spectrum keeps the full 
memory of the initial spectrum at the beginning of inflation. We 
include the effects of interactions within a formalism based on the 
quantum effective action �. Its second functional derivative �(2)

yields the exact inverse propagator, such that the correlation func-
tion (connected two point function, Green’s functions, propagator) 
G has to obey

�(2)G = 1. (3)

Since �(2) contains time derivatives, this defines an exact time-
evolution equation for the correlation function. For a known or 
assumed form of �(2) it can be followed from an initial state of 
the fluctuations at the beginning of inflation until horizon cross-
ing.

We consider a scalar inflaton field in an arbitrary homogeneous 
and isotropic geometry, characterized by a scale factor a(η) with 
conformal time η. We also account for an arbitrary evolution of 
the homogeneous inflaton mean field ϕ̄(η). We find that no loss 
of memory occurs as long as the following three approximations 
on the form of the effective action remain valid: (i) The effective 
action � can be characterized for all times after the beginning of 
inflation by its universal “no boundary form” where it has no ex-
plicit dependence on position and time. General covariance and 
locality (derivative expansion) restrict then its possible form to a 
few relevant invariants. (ii) Backreaction effects do not induce sub-
stantial non-linearities via the impact of G on the time evolution 
of the background fields. (iii) For technical simplicity we first as-
sume the validity of a derivative expansion of the form

� =
∫
x

√
g

{
1

2
∂μϕ∂μϕ + U(ϕ;η)

}
, (4)

with 
√

g = i
√−det(gμν). The non-linearities due to interactions 

are accounted for by the effective potential U . The dependence of 
U on background fields can make the effective action for the fluc-
tuations explicitly time-dependent.

Under these general assumptions we can “see” extreme sub-
Planckian information [15] at the beginning of inflation! The mem-
ory of initial conditions is not lost and the pre-spectrum reflects 
the initial spectrum at the beginning of inflation.

Possible effects for observation may be demonstrated by one of 
the solutions of the evolution equation for the correlation func-
tion that corresponds to a mixed quantum state. For this particu-
lar solution we consider an initial spectrum that differs from the 
“Bunch–Davies spectrum” by a factor 1 + Ap(k). We will show be-
low that the same factor appears in the pre-spectrum. We briefly 
discuss two somewhat arbitrary but instructive examples.

For our first example we take

Ap(k) = A

2

(
1 − 2

π
arctg x

)
, x = B−1 ln

(
k

k0

)
, (5)

with k the comoving wave number. In the ultraviolet (UV) limit 
k → ∞ the modification of the Bunch–Davies spectrum vanishes, 
while for k � k0 the multiplicative factor is a constant A. Values 
A � 1 may be associated with “classical fluctuations”.

The vanishing of Ap(k) for k → ∞ is motivated by the consid-
eration that some type of equilibration effect not contained in our 
approximation may drive the propagator for the large momentum 
fluctuations towards the Lorentz-invariant vacuum propagator in 
flat space.

Any modification of a pre-spectrum with Ap(k) �= 0 and 
Ap(k → ∞) = 0 will involve a violation of scale symmetry. This 
entails the appearance of some fixed scale k0 where in our case 
the UV-behavior switches to the IR-behavior. Finally, the param-
eter B describes the width of the UV–IR-crossover in logarithmic 
k-space. The contribution of such a pre-spectrum to the spectral 
index ns reads

np = −
[

B(1 + x2)
(π

2
− arctg x + π

A

)]−1
. (6)

One has

np
(
x = 0(1)

) = − 2

π B

(
1 + 2(4)

A

)−1

, (7)

while for |x| � 1 the modification np becomes small, suppressed 
by powers of |x|. For large A the corrections ∼ A−1 can be ne-
glected and np is suppressed only by the width B−1 if x2 � 2. 
A small value A � 1 appears as an additional suppression factor.

If we associate at the beginning of inflation the scale of UV–IR-
crossover with the Planck mass, the scale k0 is determined such 
that

x = B−1
(

Nin − ln

(
M

H0

))
, (8)

with Nin the number of e-foldings between the beginning of in-
flation and horizon crossing. For a narrow crossover with B of 
the order one a substantial modification of the observable spec-
tral index would occur only if Nin is in the vicinity of ln(M/H0). 
In contrast, for a wide crossover B � 1 a much wider range in Nin
would lead to an observable trace in the spectrum. Except for spe-
cial situations we conclude from eq. (6) that the modification of 
the spectral index remains small. The memory of the initial spec-
trum will not change the observed approximate scale invariance 
of the primordial spectrum. Only the precise relation between the 
observed spectrum and the inflaton potential is at stake. The am-
plitude is of the order A + 1 unless Nin/B � 1 and can experience 
a substantial enhancement. In this case the value of the inflaton 
potential at horizon crossing would be much smaller than inferred 
usually from the normalization of the CMB anisotropies.

We emphasize that the observable modes have all been inside 
the horizon at the beginning of inflation. The larger Nin , the more 
the ultraviolet tail of the initial spectrum is explored. Our example 
is thought to cover only the range of k for modes inside the hori-
zon at the beginning of inflation. For smaller k the initial power 
spectrum may actually vanish without affecting our discussion.

For our second example we abandon the property A p(k →
∞) → 0. We take

1 + Ap(k) = A

(
k

k0

)α

. (9)

In this case the contribution of the pre-spectrum to the spectral 
index becomes simply

np = α. (10)

It is only small for small α. The amplitude proportional to A
could be substantially larger than the one for Bunch–Davies initial 
conditions. Under these circumstances predictions from inflation 
become only possible if additional information about initial condi-
tions is available. Again, eq. (9) may only hold for the observable 
range of modes, with possible modifications in the far ultraviolet 
or infrared, for example in order to ensure Ap(k) ≥ 0.

Let us now turn to the evolution equation for the correlation 
function and its solution. We will demonstrate that within our 
three assumptions the memory of initial conditions is not lost. 
With eq. (4) and gμν = a2(η)ημν, 

√
g = ia4, the identity (3) im-

plies for the correlation function in momentum space G(k, η, η′)
the exact evolution equation



C. Wetterich / Physics Letters B 754 (2016) 109–113 111
D̃ηG(k, η,η′) = − i

a2
δ(η − η′),

D̃η = ∂2
η + 2H∂η + k2 + m2a2, (11)

where

H(η) = ∂ ln a(η)

∂η
, m2(η) = ∂2U

∂ϕ2 |ϕ̄(η)

. (12)

The mass term m2 depends on time by virtue of the time-evolving 
background fields ϕ̄ and possibly other fields. For the particular 
case of de Sitter space one has a = −1/(H0η), H = −1/η, with 
−∞ < η < 0. The conformal time η can be associated with physi-
cal time as measured by the number of oscillations of wave func-
tions, such that η → −∞ actually corresponds to the infinite past 
of an eternal universe [16].

The propagator equation (11) is the only input for our dis-
cussion. The inhomogeneous term on the r.h.s. replaces the usual 
treatment of commutator relations for quantum field operators. 
The general solution to the inhomogeneous differential equation 
(11) can be found [17] by writing

G(k, η,η′) = Gs(k, η,η′) (13)

+ Ga(k, η,η′)
[
θ(η − η′) − θ(η′ − η)

]
,

with Gs(k, η′, η) = Gs(k, η, η′), Ga(k, η′, η) = −Ga(k, η, η′) obey-
ing

D̃ηGs = 0 , D̃ηGa = 0 , ∂ηGa|η=η′ = − i

2a2
. (14)

We observe that the symmetric part Gs obeys a homogeneous 
linear equation, such that its amplitude is not fixed. The amplitude 
of the observable power spectrum is directly related to the equal 
time correlation function G(k, η) = Gs(k, η, η) at horizon crossing,

�2(k) ≈ k3 H2

4π2 ˙̄ϕ2
G(k, η)|hc = As

(
k

ks

)ns−1

, (15)

with spectral index ns , pivot scale ks and amplitude As . Already at 
this stage we see that the evolution keeps memory of the overall 
amplitude of the initial fluctuations. As long as no non-linearities 
in G are introduced this feature holds in a much wider setting 
including a more complicated form of the scalar kinetic term and 
beyond the approximation of only two derivatives [17].

One may either construct directly the most general solution 
[17] of eq. (14) as a linear combination of products of mode fluc-
tuations w±

k (η) that obey D w = 0. As an equivalent, perhaps more 
intuitive alternative one may derive from eq. (14) the evolution 
equation for the equal time correlation function. The time evolu-
tion for equal time correlation functions can be described by three 
connected two point functions

〈ϕ(η, k)ϕ∗(η, k′)〉c = Gϕϕ(k, η)δ(k − k′),

Re
(〈∂ηϕ(η, k)ϕ∗(η, k′)〉c

) = Gπϕ(k, η)δ(k − k′),

〈∂ηϕ(η, k)∂ηϕ
∗(η, k′)〉c = Gππ (k, η)δ(k − k′), (16)

with δ(k − k′) = (2π)3δ3(k − k′) and Gϕϕ(k, η) = G(k, η). From eq. 
(14) one finds for the dimensionless quantities

G̃ϕϕ = 2a2kGϕϕ , G̃πϕ = 2a2Gπϕ , G̃ππ = 2a2

k
Gππ (17)

the evolution equation [17]
∂u G̃ϕϕ = −2h̃

u
G̃ϕϕ + 2G̃πϕ,

∂u G̃πϕ = G̃ππ −
(

1 + m̂2

u2

)
G̃ϕϕ,

∂u G̃ππ = 2h̃

u
G̃ππ − 2

(
1 + m̂2

u2

)
G̃πϕ, (18)

where u = kη, h̃ = −Hη, m̂2 = a2η2m2. For de Sitter space one has 
u = −k/(aH0), h̃ = 1, m̂2 = m2/H2

0. The simplest way to derive eq. 
(18) uses the general expression of G in terms of mode functions. 
This shows that the result (18) can simply be obtained by inserting 
Dϕ = 0 inside the brackets in eq. (16).

Within our three assumptions (i), (ii), (iii) eq. (18) is exact. In-
teraction and fluctuation effects (“higher loops”) are already incor-
porated in the effective action �. This underlines the power of the 
use of �. Its first functional derivative yields the exact field equa-
tions for the mean fields. The second functional variation provides 
for the exact evolution equation (3) for the correlation function 
and therefore the power spectrum. The third variation is directly 
related to the bispectrum, and similar for higher order correla-
tions.

Eq. (18) can be solved numerically, but the most important fea-
tures for our discussion can be seen easily analytically. Horizon 
crossing occurs for u = −1. The pre-spectrum may be defined at 
u = −10, and initial conditions are set at much larger negative u. 
For the relation between the initial spectrum and the pre-spectrum 
one only needs the period |u| ≥ 10. For realistic models of inflation 
one has m̂2 � 1. As a result, the mass term is completely neg-
ligible for the computation of the pre-spectrum and only makes 
a small scale-violating correction in the “processing” of the pre-
spectrum in the range −10 ≤ u ≤ −1. This processing is exactly the 
same as in the standard computation. The modifications due to this 
processing are mild and the information about the pre-spectrum 
remains preserved. This rather obvious property for a free field re-
mains unchanged in the presence of interactions.

Only for the asymptotic behavior for u → 0 the mass term 
becomes important. For positive m̂2 we find an attraction to the 
Bunch–Davies vacuum up to a free separate normalization for each 
k-mode. This is in line with the findings of Ref. [9]. It is not rel-
evant for the observable spectrum since it only concerns the be-
havior of the pure scalar correlation function for modes far outside 
the horizon.

For the computation of the pre-spectrum also h̃/u is a small 
quantity. Deviations of h̃ from one are ∼ Ḣ/H2, and therefore fur-
ther suppressed. For u < −10 we may therefore set h̃ = 1, m̂2 = 0. 
The general solution for eq. (18) is then given by the most gen-
eral propagator for a massless scalar in de Sitter space which is 
consistent with translation and rotation symmetry,

G̃ϕϕ = α(k)

(
1 + 1

u2

)
+ β(k)

[(
1 − 1

u2

)
cos(2u)

+ 2

u
sin(2u)

]
+ γ (k)

[
2

u
cos(2u) −

(
1 − 1

u2

)
sin(2u)

]
. (19)

For each k-mode it has three free integration constants α(k), β(k), 
γ (k). They encode the information about the initial fluctuation 
spectrum at the beginning of inflation. The Bunch–Davies vacuum 
corresponds to α = 1, β = 0, γ = 0 for all values of k. The qualita-
tive character of the solution remains valid for u ≤ −1.

The explicit form of eq. (19) makes it manifest that for u = −1
the memory of initial conditions is not lost for the wide class of 
situations covered by our already rather general setting. It there-
fore matters to constrain consistent and in some sense “reason-
able” initial conditions. We take here a conservative approach 
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motivated by the setting for a free scalar quantum field. We write 
the general solution to the evolution equation (11) for the unequal 
time Green’s function for η > η′ in the form [17]

G>(k, η,η′) = α(k) + 1

2
w−

k (η)w+
k (η′)

+ α(k) − 1

2
w+

k (η)w−
k (η′)

+ ζ(k)w+
k (η)w+

k (η′) + ζ ∗(k)w−
k (η)w−

k (η′). (20)

Here the two “mode functions” w±
k (η) are introduced as a basis 

for the general solution to the homogeneous equation

D̃ηψk(η) = 0 , ψk(η) = c+w+
k (η) + c−w−

k (η). (21)

They are normalized according to

w−
k (η) = (

w+
k (η)

)∗
, (22)

∂η

[
w−

k (η)w+
k (η′) − w+

k (η)w−
k (η′)

]
|η=η′ = − i

a2(η)
,

such that eq. (14) is obeyed. For de Sitter geometry the mode func-
tions obey

w−
k =

(
a
√

2k
)−1

(
1 − i

u

)
e−iu. (23)

We recover for each k the three independent integration constants, 
with β(k) = 2Reζ(k), γ (k) = −2iImζ(k).

Even though we deal with a general interacting theory, we can 
cast the general solution into the form of a mixed state for a free 
effective quantum field

G>(k, η,η′) =
∑

i

piψ
(i)
k (η)

(
ψ

(i)
k (η′)

)∗
, (24)

where 0 ≤ pi ≤ 1, 
∑

i
pi = 1. This holds provided α, β and γ obey 

the inequalities

α(k) ≥ 1 , β2(k) + γ 2(k) ≤ α2(k) − 1. (25)

It is these conditions that we will impose on the initial condi-
tions. If the last inequality is saturated, β2 + γ 2 = α2 − 1, we 
deal with a pure effective quantum state where only one of the 
probabilities pi differs from zero. Previous work was restricted to 
such pure states in the context of free fields [9,10,14,15], which 
correspond to the so-called “α-vacua” [18,19]. A pure state with 
α � 1 can be visualized as a highly excited coherent pure quan-
tum state with large occupation number. States with large α and 
β = γ = 0 correspond to incoherent classical states with large oc-
cupation number.

As a further constraint we may impose that the short distance 
limit k → ∞ of the propagator is the Lorentz-invariant free prop-
agator. This requires α(k → ∞) = 1. Our example (5) is consistent 
with these constraints, with α(k) = 1 + Ap(k), β(k) = γ (k) = 0. 
Scale symmetry or the SO(1, 4) symmetry of de Sitter space are re-
alized if α, β and γ are independent of k. We do not impose such 
symmetries on the initial conditions since our aim is to investi-
gate if more general initial conditions tend to approach correlation 
functions with such symmetries. This is not the case for the gen-
eral solution.

A key element for the conservation of memory of initial con-
ditions, and also for the effective free quantum field description, 
is the linearity of the evolution equation (11). We may question 
its validity. After all, in flat Minkowski space the linear equation 
(18) is not able to describe thermalization. Infinitely many con-
served quantities obstruct the approach to thermal equilibrium 
[20–22]. Alike, we find in our approximation infinitely many con-
served quantities, namely G̃ϕϕ G̃ππ − G̃2

πϕ for each k. If we want 
to describe a possible process of symmetrization [23], where the 
initial state tends to a state with de Sitter symmetry, we need to 
take account of non-linearities as, for example, the backreaction. 
The same holds for dissipation effects which finally could induce a 
loss of memory of the initial information and lead to a universal 
asymptotic propagator.

A convenient tool to incorporate the omitted non-linear effects 
is the two-particle-irreducible effective action where G appears 
itself as a generalized field, with an effective action that is not 
quadratic in G . In flat space this approach has given a success-
ful description of thermalization [24]. It has been conjectured [17]
that non-linear equilibration drives the short-distance tail of the 
Green’s function towards the Lorentz-invariant propagator in flat 
space. This would be sufficient to obtain effectively a Bunch–Davies 
vacuum at later time (cf. k → ∞ in our example (5), (8).) Still, 
a crucial quantity will be the time it takes to symmetrize or equi-
librate. This may be very large even on a logarithmic scale in view 
of the rather tiny self-interactions and gravitational interactions 
in realistic models of inflation. Only if Nin exceeds this equilibra-
tion time a loss of memory of detailed initial conditions becomes 
effective. For smaller Nin equilibration is ineffective and the mod-
ifications by the pre-spectrum (1), (2) imply a loss of predictivity 
for such inflationary models. Only after clarification of the role of 
non-linearities a quantitative answer to the question in the title 
can be given.

A free propagator for ultrashort distances can also arise from 
an ultraviolet fixed point for the fundamental theory [25], which 
necessarily implies scale invariance of the “initial spectrum”.

For an understanding of the possible role of non-linearities it is 
instructive to compare with the fate of our universe in the far dis-
tant future if dark energy is realized as a cosmological constant. 
We are then at the beginning of a new inflationary era, and the 
correlation functions for our present universe set the initial data 
for this future epoch. Our world is not the vacuum, such that the 
initial spectrum differs strongly from the one for the Bunch–Davies 
vacuum. Nevertheless, for a large enough number of e-foldings the 
relevant short distance part of the spectrum will be well approxi-
mated by the Bunch–Davies vacuum.

The wavelength of modes crossing the horizon after the first 
seven e-foldings, Nin ≈ 7, corresponds to the present size of grav-
itationally bound structures, e.g. clusters. These objects will not 
participate in the expansion, however, such that their comov-
ing wave number k increases and they remain within the hori-
zon by a factor ∼ 1000. The gravitational potential of such ob-
jects will not change fundamentally for the next 1011 yr and 
even much further. However, the volume fraction occupied by 
such bound objects decreases, and so does their contribution to 
the correlation function. For Nin ≈ 1030 bound objects will ex-
perience substantial dissipation once protons decay and charged 
particles annihilate, leaving only neutrinos in bound objects and 
unbound photons. At this time, however, they occupy so little vol-
ume that their contribution to the correlation function is negligi-
ble.

With bound structures playing an ever diminishing role the cor-
relation functions will be dominated by the vacuum of our world. 
Even though this vacuum contains mass scales as the Fermi scale 
or �QCD , it is invariant under Lorentz transformations. It is plau-
sible and generally assumed that the propagator of a scalar field 
in such a vacuum is the one for flat space. (A proof would need 
to show that the time evolution of correlation functions in empty 
flat space leads to the standard vacuum correlation, similar to the 
approach to thermal equilibrium.)
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For the example of our future universe equilibration of the cor-
relation functions occurs by a combination of non-linear gravita-
tional effects that lead to bound structures and an approach to 
the Lorentz invariant vacuum correlation for empty flat space. Tak-
ing this lesson over to inflation we conclude that for large Nin the 
initial conditions for fluctuations that cross the horizon are set ef-
fectively by the propagator in Minkowski space.

Can we look back to the beginning of inflation? Yes – at least 
for time scales that correspond to possible equilibration times. 
What do we expect to see? Most likely just the correlations of 
Minkowski space. In this case the observable correlations are uni-
versal and inflation maintains its predictivity.
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