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INTRODUCTION

The purpose of this paper 1s to survey a number of elegant but
little-known results concerning the ranges of bounded linear operators in
Hilbert space. There 1s reason to believe that the results and techniques
of this theory will find increasing application, for instance in formulating
and proving infinite-dimensional versions of finite-dimensional theorems.
As an example of this, we mention the following extension of Burnside’s
theorem on irreducible matrix algebras, obtained recently by C. Foiag
[11]: if an algebra 7 of bounded operators on a Hilbert space S# leaves
invariant no operator range, then (7 is weakly dense in the algebra of all
bounded operators on J#. In many such situations, where it is not (or is
not known to be) enough to consider only closed subspaces, it may be
hoped that operator ranges will suffice. This is because, as will be seen,
operator ranges possess many special features that distinguish them from
arbitrary linear subspaces; in general, they tend to resemble closed
subspaces, but their behavior is much more pathological.

Most, but by no means all, of the results of this paper appear in the
literature; most of the proofs are new. The basic sources for material on
operator ranges are the exhaustive treatises of Dixmier [5, 6]. Other
results are taken from Kéthe [16, 17], von Neumann [20], and Mackey
[18]. We also draw upon the (unpublished) lecture notes of R. G. Douglas
and D. M. Topping on operator ranges, as well as a paper of A. Ramsay
and K. Gustafson [12].

Section 1 opens with a basic result giving various characterizations of
the notion of an operator range. Then it is proved that an operator range
is a first category F,, and several examples are discussed that show,
among other things, that these conditions are not sufficient. Section 2 is
built on two recent theorems concerning inclusion and sums of operator
ranges. From these follow many of Dixmier’s results concerning the
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collection .Z of all operator ranges in a Hilbert space J#: for example,
that it is a lattice generated by the closed subspaces, and that the only
elements of # with complements in % are the closed subspaces. We
also include Dixmier’s classification of operator ranges in terms of the
closed subspaces that they contain, and a new result that determines
the class of the range of a positive operator by means of the Weyl limit
points of its spectrum. In Section 3, ideas of Kothe are used to give
a criterion for unitary equivalence (or similarity) of operator ranges.
Then these ideas are presented in their original context—equivalence
and congruence of operators. Finally, we give von Neumann’s result
that for any unbounded self-adjoint operator A, there is a unitary
operator U such that the domains of 4 and U*AU have only the zero
vector in common.

In Section 4, we mention the basic facts about orthonormal bases in
operator ranges. We also give an elementary proof of a characterization
of the range of a contraction 7" by means of the defect operator v'1 — T7*.
The remainder of the section is devoted to the infinite-dimensional
extension of recent work of Anderson and Duffin [1] concerning the
parallel sum A4 : B of two positive operators. This sum is of interest here
because it gives a canonical operator whose range is the intersection of two
given ranges.

We conclude this introduction by establishing some notation and
terminology. We are usually concerned with a complex Hilbert space 7,
not necessarily separable. An operator on 3# will always be understood
to be a bounded linear transformation from 5 into itself. The algebra
of all bounded operators on # will be denoted by #(s#°). An operator 1s
invertible if it has an inverse in Z(¢). If T € #(H#'), then A(T) or TH
denotes the generally nonclosed set of values of T', and A4"(T) denotes the
null space of 7. An operator range in 5 is a linear subspace of # that
is the range of some bounded operator on 5. Dixmier calls an operator
range a ‘‘Julia variety’”’. Foias uses the term ‘‘semiclosed-subspace.”

We shall denote operator ranges by %, %,... and closed subspaces by
M, N ...

1. FUNDAMENTAL PROPERTIES

We begin with a number of characterizations of operator ranges.

TueorREM 1.1. Let R be a vector subspace (mot necessarily closed)
of a Hilbert space S . The following conditions are equivalent:
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(1) Z is the range of a bounded operator in .
(2) 2 is the range of a closed operator in .
(3) Z is the domain of a closed operator in .

(4) There 1s an inner product (-, ) on R such that (R, -|') is
a Hilbert space and || x || = || «|| for all x € A.

(5) There is a sequence {H, | n = 0} of closed mutually orthogonal
subspaces of A such that

R\ Y wn | xpc Ay and Y (2%, |} < o0.

‘n=0 n=0

Proof. Obviously (1) implies (2). Assume that # = %(T) for
some T with closed graph. Let & be the domain of 7, and put
T, =T!12 N A (T)- Then T is closed, one-to-one, and has range %,
so that 77" is closed with domain £. Thus (2) implies (3).

If # is the domain of a closed operator 7" in #, then # is complete
in the inner product defined by

(%) = (%) +(Tx, Ty)  forall xye,

and || x||" > || x || for all x € #. Hence (3) implies (4). To show that (4)
implies (1), note first that the inclusion map T from (&, || - ||') into #
is bounded. If T* = U(TT*)/? is the polar decomposition, then
U:H# — (%, -]|') is a partial isometry with final space Z(T*)~ =
N(T)Y- = 2. Viewed as an operator from J# into S, U has range Z#
and is bounded since || Ux || < || Ux | < || x| for all x e 2.

Next we show that (1) implies (5). Recall that for any bounded operator
Tin #, T and A = (TT*)'/2 have the same range (cf. Theorem 2.1).
Let E be the spectral measure of 4, let E, = EQ"Y A, 27 4],
and let #, = E, 3 for n = 0. Then

R(A) = |3 5, 3,5 Hyand Y (@5, 1) < o0,

n=0 n=0

For, if x, = E, Ax, then Ax = Y7 ox,, || x, || <2 4| E,x], and
therefore

S @ I <A fE ] < .
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On the other hand, if x, € #, , then, because A#, = H#, , thereisy, € #,
with 4y, — , ,and we have |z, | = || Ay, || = 21 4]/ 3, ]l Thus,
if x = . 0%, with 37, (27 x, )2 < oo, we get X olly,[? < o,
Yy = ZLOJ’nEﬂ; and Ay = X.

Finally (5) implies (1), for if P, is the projection on 4, and
D =Y. _,2-"P, , then D is bounded and #(D) = #.

Remarks. (i) As the proof shows, the condition that % be the range of
a bounded positive operator in 2 is equivalent to the conditions of the
theorem. Using the Cayley transform, one sees that # is also the range
of U — I, where U is a unitary operator.

(i) The weight sequence {2”} used in (5) can be replaced by any
increasing unbounded sequence {w,} of positive numbers.

(iti) Consider those vector subspaces of # that are the range of
some bounded operator defined on a Banach space. The examples
below show that there are subspaces of this type that do not satisfy
(1)~(5)- However, it is easy to see that the versions of (1)—(4) appropriate
to subspaces of this kind are equivalent (even when # is replaced by a
Banach space).

Next we discuss several special properties of operator ranges, and
some examples. T'o begin with, the range of a bounded operator T in #
is a Borel set and, in fact, an F, . For if 4 is any closed ball in 4#, then
% is weakly compact and convex, so that 7% is weakly closed and
convex, and is therefore norm closed. If #, = {x ||| x| < n}, then
H = Un_o %, , and consequently Z(T) = (,_, T%4, is an F, . (This is
valid for any bounded operator defined on a reflexive Banach space.)

Another necessary condition, due to Banach [2, p. 38], is the following:
if T'is a bounded linear transformation with domain a Banach space 2
and range contained in a Banach space #, then either 7% is a first
category subspace of % or else 72 = %. This is proved by showing
(as in some proofs of the open mapping theorem) that 7% = % if
(T#,) has nonvoid interior for some 7.

These conditions are not sufficient. For a simple example, consider in
A = L0, 1] the subspace L?[0, 1] (2 < p << o). Since the inclusion
map is continuous, the above results show that L? is a first category F,
in L2 But it is not the range of any bounded operator in L2, as the
following remark shows: if T s a continuous linear injection of a Banach
space X in a Hilbert space A, and if T is the range of a bounded operator
i H, then & is isomorphic to a Hilbert space. Since L? is not isomorphic to
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a Hilbert space (see [2, p. 203] or [19], where it is shown that L? has
closed noncomplemented subspaces), it follows that L? is not the range
of any bounded operator in L2

To prove this remark, let 4 be a bounded operator in L? with range
TZ, let & = A(A)L, and let 4, = A | " Then A7'T maps Z onto
the Hilbert space #" and is one-to-one with closed graph. THence,
A7'T is bicontinuous, and Z is isomorphic to a Hilbert space.

As further examples we mention the spaces L=[0, 1] and C[0, 1] and
the space A[0, 1] of absolutely continuous functions f on [0, 1] such that
f(0) = 0. All are first category subspaces of L? by Banach’s theorem (the
inclusion maps of L* and C in L? are continuous, and 4 is the range of the
continuous linear map V : L' — L2 defined by (Vf)(x) = fjf(t) dt), but
none is the range of a bounded operator in L? (again by the above
remark, since L®, C, and L' are nonreflexive spaces).

We conclude this section with an observation (brought to our attention
by C. Foias) that is occasionally useful. Let T be a linear transformation
with domain a Banach space and vange contained in a Banach space. If the
graph of T is the range of a bounded operator B defined on a Banach
space, then T is bounded. By passing to a quotient space B can be assumed
to be an injection. Then the map

x — B (x, Tx)

is closed, and the assertion follows from the usual closed graph theorem.

2. Tue LATTICE oOF OPERATOR RANGES

We begin with a recent and useful result of Douglas [8].

TraeEOREM 2.1. Let A and B be bounded operators on 3. The following
condiitons are equivalent:

(1) 2(4)C %(B).
(2) AA* < X2BB* for some constant A > 0.
(3) A = BC for some bounded operator C on .

Proof. Suppose that (1) holds, and let B, be the restriction of B to
A(B)L. Then By': #(B) — A4 (B)* is a closed linear transformation.
This implies that C = By'4 is a closed linear transformation from 5#
into A"(B)L. An application of the closed graph theorem shows that C is
bounded. Since BC = A4, (1) implies (3). That (3) implies (1) is trivial.
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If (2) holds, then || A*x| < A|| B*x|| for all x € . Therefore, the
linear map D : #(B*) — %(A¥*) defined by D(B*x) = A*«x is bounded.
Extend D to the closure of Z(B*) by continuity; then put D = 0 on
R(B*)L = A"(B). This gives a bounded operator D on 5 such that
DB* = A*, and so A = BC with C = D*. Thus (2) implies (3).
Finally, the inequality

(Ad%s, x) = | A% |2 = | C*B*x |2 < || C* B B*x |2 = || C* |(BB*, x)
shows that (3) implies (2).

Remark. As the proof shows, the operator C can be chosen so that
A(C*) D A7(B). This condition and the equation C*B* = A* uniquely
determine C.

If #(A) = %(B), then, by the proof that (1) implies (3), there are
bounded operators C from S into A(B)- and D from ## into A"(A)*
such that 4 = BC and B = AD. Then DC is the identity operator on
A(A)L, and CD is the 1dentity operator on A (B)L. Therefore, C gives a
one-to-one linear transformation from 4°(4)* onto A°(B)L. If we now
suppose that 4 and B have the same nullity, then it is clear that we can
redefine C on 4#°(4) to obtain an invertible operator on #:

CoroLLaRrY 1. Let A and B be bounded operators on #. There
exists an invertible operator C on S such that A = BC if and only if A
and B have the same range and nullity.

In particular, it follows that two positive operators have the same
range if and only if they differ by an invertible factor [5; Théoréme 2.2].
This fact in turn shows that, if A4 is a positive operator, then
R(A1?) = Z(A) if and only if A has closed range.

If 4 is a bounded operator and if y is a nonzero vector in 57, then
y € %(A) if and only if #(B) C #(A), where B is the projection of #
onto the one-dimensional subspace spanned by y. By applying (2) of
Theorem 2.1, one gets a characterization of #(A4) due to Shmuly’an [23]:

CoroLLARY 2. If A e HB(HK), then y € Z(A) if and only if

[(, )
S AR <

It is perhaps worth noting that Shmuly’an’s result can be formulated
for a Banach space Z as follows: If 4 € #(Z), then a vector y € Z**

607/7/3-4
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belongs to the range of A** if and only if sup,4- |[<y, /D[] A*f|| < 0.
(Necessity is trivial; sufficiently is established by observing that the
hypothesis insures that A*f — (y, f> is a2 bounded linear functional on
Z(A*). Hence, by the Hahn-Banach Theorem there is a vector x € Z'**
such that {x, A*f> = {y, f) for all f € &*; therefore y = A**x.)

It is an immediate consequence of Theorem 2.1 that the operators 4
and (44%)1/2 have the same range. This fact leads to a simple proof of
the following result due to 'I'. Crimmins [unpublished].

THEOREM 2.2. If A, B € B(H), then
R(A) + R(B) = RV AA* + BB¥).

Proof. Let T = (§5) act on # @ # in the usual way. Then

(R(A) + R(B)) @ {0} = K(T) = R(TT*)12) = R ((AA* +OBB*)1/2 8)
= A(VAIT T EBY) @10},

CoroLLARY 1. Let A, By, B,e B(H). The following conditions are
equivalent:
(1) #(A) C A(By) + A(By).
(2) AA* < X(ByB* 4 B,B,*) for some constant A > 0.
(3) There exist bounded operators X and Y such that

A4 = BX + B,Y.

Proof. Conditions (1) and (2) are equivalent by Theorems 2.1 and 2.2.
Since it is obvious that (3) implies (1), it suffices to prove that (1)
implies (3).

Now if S = (¢35 and T = (&' 52, then condition (1) implies
#(S)C %(T). Hence, S = T'X for some 2 X 2 matrix X by Theorem 2.1.
This gives (3).

CoroLLARY 2. If A, B € #B(3), then there exist operators X, Y, Z in
B(A) with X =0, Y = 0 such that

R(A) \ R(B) = R(AX) + B(AZ*) = A(BZ) + H(BY)
= R(AXA*)?) = Z(BYB*)'?).
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Proof. Let T = ({~%)andlet P = (£ Z") be the orthogonal projection
of # @H# onto A(T). From TP =0 follows AX = BZ and
AZ* = BY; these in turn give

R(A) N R(B) D R(AX) + R(AZ*).

Equality holds here, for if @ ¢ #(4) N #(B), then w = Au = Bv; so
lu, vy € A(T). It follows that u = Xu + Z*v, and therefore that

w = Aue H(AX) + BAZ¥).

Applying Theorem 2.2 and using the relation X% 4+ Z*Z = X (from
P? = P)gives Z(A) N A(B) = R((AXA*)'/2). The other two equations

are obtained by a similar argument.

COROLLARY 3. Let A and B be positive operators with closed range.
Then A -1 B has closed range if and only if R(A) 4 #(B) is closed.

Proof. 'The assertion is an immediate consequence of the theorem
and the fact that a positive operator has closed range if and only if its
square root has closed range.

Theorem 2.2 and Corollary 2 show that the collection of operator
ranges is a lattice with respect to vector addition and set intersection.
This was first observed by Dixmier [5] and Mackey [18]. The same two
results in fact show that if (/ is a von Neumann algebra, then the
collection of ranges of operators in (7 is a lattice. We do not know
whether the same is true if 7 is merely a C*-algebra. (The operator X
appearing in the proof of Corollary 2 need not belong to the C*-algebra
generated by 4 and B.)

The remaining results of this section are concerned with properties of
the lattice £ of all operator ranges in #. The following result of Dixmier
[5, Proposition 3.7] gives an intrinsic characterization of the closed
subspaces in this lattice.

THEOREM 2.3.  An operator range X is complemented in the lattice &
of all operator ranges if and only if % is closed.

Proof. Suppose that 4 and B are bounded operators such that
Z(A) N 2(B) = 0and #(A) + #(B) is closed. We assert that 2(A4) and
#(B) are closed. To prove this, consider ‘the transformation T from
N(A)*: D A(B)*- into # given by the matrix 7= (4 B). It is
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easy to check that 7T is one-to-one with closed range. Hence T has a left
inverse, say (7). Then XA is the identity on A4'(4)*, and ZB is the
identity on A°(B)L. These imply that 4 and B have closed ranges.

COROLLARY. If Z is a nonclosed operator range, then dim 2% = co.

Proof. Suppose that the quotient space %~-|# has a finite basis
x + #,..., x, + %. If N is the subspace spanned by x,,..., %, , then
N NHE =0,and N - # = % is closed. Hence Z is closed.

Remark. With a stronger argument one can show that the algebraic
dimension of the quotient #£-/Z is the cardinality of the continuum (see
Corollary 2 of Theorem 3.6). Note also that the Corollary gives some
information about operator ranges. Indeed, it is false without the
assumption that &% is an operator range. (Consider the null space of a
discontinuous linear functional on 5#.)

The next result, also due to Dixmier [5, Proposition 3.12], generahzes
Theorem 2.3. We shall give a more direct proof.

TurorREM 2.4. Let R, and R, be operator ranges. Then R, + %, = H
if and only if there are disjoint closed subspaces My, C R, and M, C R,
such that My -+ My — H.

Proof. Let A and B be positive operators with %(4) = %,
A(B) = A, . Then (4% + B*'/% has range %, + #, — H# by 2.2.
Therefore, (A2 4 B?%)1/2 is invertible. Hence, there is a positive number
8 such that

Pl a|? < (4% + B, x) = || Ax | 4| Bx [

for all x € #. Let E be the spectral measure of 4, and choose a positive
number e << 8. If x € 5, then

i| £[0, ] B2E[O, e]x || || E[O, e]x || = (B?E0, <], E[0, €]x)
= || BE[O, €]x |[* = 8% E[O, €]x | — || AE[O, ]« |I?
= (82 — )| E[O, e]x |1
Therefore,
8% — &) E[O, e]x ||

| BE[O, ]« || =
= (52 — )| E[0, e |

(
Il E[0, €]B*E[0, e]x[| = (
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The first of these inequalities shows that .#, = B2%(E]0, €]) is closed.
Also, if .# is the range of E[0, €]+, then

oty - My = M @ ENO, My, — M, ® F(E]O, | BE[O, <))

is closed by the second inequality. Finally, the same two inequalities
imply AL N Myt = 0 and A N M, = 0, respectively.

CoroLLARY. If 2, is the range of a compact operator and if
R, + Ry = H, then A, 15 a closed subspace of finite codimension in H .

Proof. 'With the notation as in the proof of the theorem, the subspace
M, is finite dimensional. Hence Z(E[0, €]) is finite dimensional (since B2
Is one-to-one on this space). This implies that 4 has closed range and
finite-dimensional null space.

Remark. Dixmier [5, Proposition 3.11] also showed that two
dense ranges that span 2# must have dense intersection.

If A4 is a bounded operator and if E is the spectral measure of v AA*,
then the spectral projections E, = E([u, c0)) satisfy wu?E, < AA*.
Hence %(E,) C #(A) for p > 0. This observation leads to a simple
proof of a well-known theorem:

THEOREM 2.5. Let V be a linear subspace of # . These are equivalent:
(1)  Any bounded operator A on # with Z(A) C V is compact.

(2) V contains no closed infinite-dimensional subspace of # .

Proof. TFirst, (1) implies (2) since a compact projection has finite
rank. Now, assume (2), and let 4 be a bounded operator with Z(4) C V.
Without loss of generality, we suppose that 4 is positive. The projections
E,, n >0, are compact by the assumption on ¥ and the remark
preceding Theorem 2.5. Since || AE, — A| < p, it follows that 4 is
also compact.

For a more elementary proof of the theorem, see [13].

The vector subspaces C(0, 1) and L*(0, 1) of L%(0, 1) and the subspaces
£P(p < 2) of /% are examples of subspaces with the property indicated in
Theorem 2.5. See [9], for example.

The following corollary is less well known:

CoroLLARY. Let A be a bounded operator. Then A is compact if and
only if || Azx, || — O for every orthonormal sequence {x,} in H# .
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Proof. We may suppose that 4 > 0. If .# is a closed subspace of #
contained in Z(A4), then, by Theorem 2.1, there is a bounded operator C
such that P = AC = C*4, where P is the orthogonal projection of #
onto 4. If {x,} is an orthonormal basis of #(P), then x, = Px, =
C*Ax, — 0. This means that .# is finite dimensional. Hence, A is
compact.

Remark. 1t follows easily from Theorem 2.5 and the Baire category
‘theorem that an operator 4 is compact if and only if %(A4) is a countable
union of compact subsets of #.

The next two results prove Mackey’s theorem [18] that the lattice &
of operator ranges is generated by the closed subspaces of 7. (See also
[5, Théorémes 5.1, 5.11].)

THEOREM 2.6. Suppose that A is separable and let X be an operator
range in ¥ that contains a closed infinite-dimensional subspace of . Then
there are disjornt closed subspaces My, My such that # — My + M, .

Proof. Without loss of generality we may suppose that # is not
closed. L.et T be a closed linear transformation whose domain is %,
and let 4" be a closed infinite-dimensional subspace of # that is
contained in #. Let ¢ be an isomorphism from (7%#)~ onto .4". Then

={x+ ¢pTx:xe ZN A1} is a closed subspace of H#. Also
R =N+ A" Therefore My = A" and My =N ON N A are
disjoint closed subspaces whose sum is Z.

For a more [transparent proof of the theorem, suppose that Z = Z(4),
where 4 = jo A dE, . Since Z is not closed, we can choose 0 < a < 1
such that the projections E[0, a] and E(a, 1] are both of infinite rank.
IS = j AdE, , then (2 — S%)!/2isinvertibleso that B =S @ (2 — Sz)l/2
on E[0, a]ﬁf @ E(a, 1]5# has range #. But B2 = 52 @ (2 — §?) is the
sum of the projections

T T — TZ 1/2 ]‘ _(T _ T2)1/2~
P= ((T — Ty ( 1 — T) ) = (—(T T 11 )

where T = 152 Hence
A(A) = R(B) = A(P + O)'1*) = R(P) + #(Q).

Remark. If # is not closed, then clearly .#; and .#, must both be
infinite dimensional. Note also that the theorem is false ifw% s not
separable. (For example, consider the operator A =3 27"Py ,
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where dim #, = ¢, is a strictly increasing sequence of infinite cardinal
numbers.)

For the following corollary, recall that bounded operators 4 and B are
said to be equivalent if there are bounded invertible operators L and M
such that B = LAM.

COROLLARY. A positive operator A is equivalent to the sum of two
projections of infinite rank if and only if A is not compact.

Proof. 1If A is not compact, then, by Theorems 2.5 and 2.6, there are
infinite rank projections P and Q such that #£(4Y?) = Z(P) + Z(Q).
Hence, A'/2 and (P + Q)'/? have the same range (Theorem 2.2). There-
fore A2 = (P + Q)12C = C*(P + Q)'/2 for some invertible operator
C by Corollary 1 of Theorem 2.1. Hence A = (A'Y2)*(A41?) =
C*(P 4+ Q)C as required.

Conversely, if A = S(P + Q)T, where S and 7" are invertible and P
and Q are projections of infinite rank, then (P 4 Q)2 is not compact by
Theorem 2.2 and 2.5. This implies that 4 is not compact.

Remark. The sum of two projections is characterized to within
unitary equivalence in [3, 7, 10].

THEOREM 2.7. Let # be an operator range that contains no closed
infinite-dimensional subspace of H#. Then there are closed subspaces
My gy My such that R = (M + M) O (Mg + My).

Proof. Let K be a positive compact operator whose range is 2,
choose a closed subspace of infinite rank and deficiency that reduces K,
and let K = K; @ K, be the corresponding decomposition of K. Then
AK) = (K, ® 1) Z(1 @ K,) is an intersection of two noncompact
operator ranges. The proof is completed by an application of
Theorem 2.6.

Theorems 2.6 and 2.7 show that every operator range is either the
sum .4, + #, of two disjoint closed subspaces or the intersection of two
such sums. It is an easy exercise to verify that .#, - .4, is closed if
and only if there is a constant 0 <{ ¢ < 1 such that [(m,, m,)| <
cl| my || || my || for all m,; € #; . This condition means that the angle between
the subspaces is positive. An equivalent condition is that the idempotent
m; + my, — m,; be bounded.

Theorem 2.5 provides a characterization of those operator ranges that
are the range of a compact operator. Now if # is the range of a non-
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compact operator, then £ contains a closed infinite-dimensional
subspace .4". It may happen that any such subspace 4" is contained in
another such subspace 4™ with dim (A" O A4") = 0. Ranges of this
type are called class 2a ranges by Dixmier. On the other hand, a nonclosed
range Z is of class 2b if there is a closed infinite-dimensional subspace
A" C Z that is not itself of infinite deficiency in another closed subspace
A" C A. Operator ranges are therefore of four types: closed subspaces,
ranges of compact operators, and those of class 2a or 2b. The following
theorem [5, Proposition 5.3] is an easy consequence of the definition and

Theorem 2.5:

THEOREM 2.8. An operator range % is of class 2b if and only if there
exists a closed infinite-dimensional subspace M and a nonclosed compact
operator range Ry C ML such that # — M + %, .

The next result (apparently new) characterizes those operators whose
range 1s of class 2b. This in turn leads to a description of the range of a
positive operator in terms of its spectrum.

Recall that a number A is a Wey! limit point (see [21], for example) of
the spectrum of a self-adjoint operator 4 if there is a sequence {x,}
of unit vectors tending weakly to 0 such that [(4 — A)x, || - 0. If E is
the spectral measure of 4, then A is a Weyl limit point if and only if
E(o) has infinite rank for every neighborhood o of A. From this charac-
terization it is easy to see that the Weyl limit points consist of accumula-
tion points of o(A) together with those isolated points that are eigenvalues
of infinite multiplicity.

TaeEOREM 2.9. Let A be a positive operator with nonclosed range.
Then A(A) is of class 2b if and only if A = B @ K, where K is compact
and B is invertible with infinite rank.

Proof. An operator of the asserted form clearly has range of class 2b
by Theorem 2.8. Conversely, suppose #(A4) is of class 2b. Then by
Theorem 2.8 and Theorem 2.2 there is a projection P of infinite rank
and a positive compact operator K such that #(4) = Z((P + K?)'/2).
Moreover, K can be chosen to have range contained in #(P)', so that
PK — 0 = KP. It follows from the uniqueness of the square root
of a positive operator that (P + K?)'/2 = P -1 K. Finally, Corollary 2
of Theorem 2.1 gives an invertible operator C such that A = (P4+K)C =
C*(P -+ K). The proof can now be completed by an appeal to Lemma 3.2.
We shall continue with a direct proof however.

Choose a positive number 8 such that || C*x || = §|| x| for all x € #,
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and let A be a positive Weyl limit point of the spectrum of 4. Then
there are unit vectors «x,, tending weakly to O such that |(4 — A)x, || > 0.
Therefore,

PLAx, = KCx, — 0,
(AP — X)x,, = (4 — Nx, — AP'x, = (4 — Nz, — C*Kx, — 0.

Hence, APtx, = P+tAx, — P+(A — X)x, — 0. Since A # 0, it follows
that || Px,, || — 1. Because AP = C*P, this gives

8 == 8 lim|| Px, | < lim infl| APx, | < Hm(I(AP — Ay | + || A [) = A

Thus, there are no Weyl limit points of the spectrum of A in the open
interval (0, 8). It follows easily that 4 is the direct sum of an invertible
and a compact as required.

There is still another proof of Theorem 2.9 that is of interest because
it is perhaps more natural than the one just given and because it will
also be of use in proving Lemma 3.2. This goes as follows: Let
A = J AdE, be a positive operator whose range is of class 2b, and let A4~
be a closed subspace contained in %(A) that is not of infinite deficiency
in any other such closed subspace. There is a bounded operator D such
that P, = AD. Choose § > 0 such that §|| D|| < 1, and fix a positive
number e < 8. If x € E[¢, 8] and n € 4, then

((x, )| = (%, Pym)| = [(D*Ax, m)] < 8| D[ %[ n{-

This implies that E[e, 6]5# + 4" is closed and contained in the range of
A (by the remark preceding Theorem 2.5). Therefore,

dim Efe, 8]# = dim((E[e, 8] + N) © N) < 0

for 0 < ¢ < 8. Hence, K = [, A dE, is compact. Finally, B = |7 A dE,
is clearly invertible and not of finite rank since 4 is not compact.

CoRrOLLARY. Let A be a positive operator with nonclosed range. Then
(1)  2(A) contains no infinite-dimensional closed subspace if and only
o(A) has no positive Weyl limit points.
(2) 2(A) s of class 2a if and only if there is a sequence of positive
Weyl limit points tending to 0.
(3) Z(A) is of class 2b if and only if there are positive Weyl limit
points, but these are bounded away from Q.
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It is clear from the foregoing that multiplication by the independent
variable on L0, 1) defines an operator whose range is of class 2a. This
fact 1s not easy to prove directly.

3. EQUIVALENCE OF OPERATOR RANGES

Operator ranges # and &% in # are called similar, if there is an
invertible operator T e %Z(#) such that & = T%, and unitarily
equivalent, if T can be taken to be unitary. These notions are identical,
a result due to Dixmier [5].

TueoreMm 3.1.  Operator ranges are similar if and only if they are
unitarily equivalent.

Proof. Suppose T# = & for operator ranges # and & and invertible
T. Choose 4 € #(#) with A self-adjoint and # = AH (see the remark
after 1.1). If S = T'4, then S# = % and S*# = Z. In the polar
decomposition S = (SS*)'/2U, the partial isometry U has initial space
(S*#°)~ and final space (S#°)~; it is in fact true that US*s# == SH#,
te, U% = &. To complete the proof we need to know that %L and ¥+
have the same dimension. But this follows from 7*%+ = Z%+, and thus
from the hypothesis T# = &.

As observed by Dixmier, Kothe’s results on equivalence and
congruence of operators [16, 17] can be interpreted to give a classification
of operator ranges up to unitary equivalence. We begin our discussion of
this with a lemma that contains the essence of one of Kothe’s two key
arguments, and that is of considerable interest in itself.

Levma 3.2. Let A = fﬂg AdE, and B = fz A dF) be positive operators
on A that have the same range. Then there is a constant K > 1 such that

dim E[o, 8]# < dim Flo/K, KB|#

and dually, whenever 0 < o < J.

Proof. Since A and B have the same range, Theorem 2.1 implies that
there is an invertible operator C such that A = BC. Choose a constant
K > /2 max{)| C|, || C1||}. If x € E[a, 00]# and y € F[0, «/K]#, then,
as in the proof of Theorem 2.9, [(x, ¥)| < || x|/l ¥ ||[] Cl|/K. Similarly, if
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x eF[K, c0)ot’, y € E[0, 8], then [(x, y)] < || »[/[ ¥ ||| C||/K. Hence,
if x € E[a, f]5# and if

y =91+ 2, €F[0, o/ K)# -+ F(KB, ) = (F[/K, BK]H),

then
(%, Y)Y << (@ )| + (% )] <l ||yl V2 max{]| CJ|, || C[}/K.

It follows that the sum E[w, B]37 + (Flo/K, BK]#)L is direct and closed.

The assertion of the lemma is an immediate consequence of this fact.

Remark. By means of a more intricate argument, it can be shown
that if K > max{|C||, || C ||}, then for 0 < « < f the subspaces
Ela, B]o# and (F[afK, KB|#)* intersect only at the zero vector. This is
enough to prove Lemma 3.2.

The foregoing argument shows that by choosing a larger value of K
one can also insure that the sum of these subspaces is closed.

The second of Kéthe’s arguments will be replaced by an application
of the following well-known theorem of P. Hall [22]: if {S(e) | e € &}
1s a system of finite sets with the property that for any positive integer p
and any choice of elements ¢, ,e,,..., e, €&, the union of the sets
S(ey), S(ey),..., S(e,) contains at least p elements, then there exists a

p
one-to-one mapping ¢ such that ¢(e) € S(e) for all e € &.

THEOREM 3.3. Let # and & be operator vanges, determined as in
Theorem 1.1 by systems {#, | n > 0} and {4, | n = 0} of closed pairwise
orthogonal subspaces. Then Z and & are unitarily equivalent if and only if

(1) the subspaces (X @ H#,)- and (¥ D A,)L have the same

dimension, and

(2) there is an integer k > O such that for all integers n > 0 and
>0

dim(s#, @ - @ Hy) < dim(A,_, D P K1)

and dually. (Here 7, = A; = 0 fori < 0.)

Proof. Assume that #Z and . are unitarily equivalent. Then so are
#- and &, and since these spaces are respectively X @ s, and
2@ A, , (1) follows. In proving (2), there is no loss of generality in
assuming that #Z and & are equal. If 4 = X2-"P, and B = 220, ,
where P, is the projection on 57, and Q,, is the projection on %, , then
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A and B have the same range. If K is the positive constant provided by
Lemma 3.2 and % is any positive integer with 2% > K, then (2) follows
from the conclusion of that lemma.

Now assume that (1) and (2) are satisfied. Let &, be an orthonormal
basis for #,, & =) &, ,#, an orthonormal basis for %, , and
F =\ %, . To produce a unitary operator U with U # = .% it will
clearly suffice to construct a bijection = : & — & with the property:

3k such that e € &, and w(e) € &; implies | i —j | < k. ()

For this it will be sufficient in turn to construct injections ¢ : & — F
and ¢ : F — & that satisfy (*), for then, using the method of the usual
proof of the Cantor-Bernstein Theorem, there will be a bijection
w6 — F, equal to ¢ on a part of £ and ! on the rest, and therefore
satisfying (*).

To construct ¢, we need a slight extension of (2), namely, for any
positive integer p and choice of indices n; < ny < -+ < n,,

D kg
dim ) @ o, < dim ) (A, @ @ KA, ) 29
=1 i=1
To prove this, note first that if the differences n, — n,,..., n, —n,_;

are all at most 2k, we have

D
dim ) (A @ - @ Hppp) = dim(A, . © - D Ay i)
i=1
> dim(#,, @ - @ H#,)

D

> dim Y @ #,,

i=1

by (2). Next, observe that if n, — n, , > 2k 4 1 for some ¢ < p, then
the corresponding pieces

Y (@ O Han)  and Y (A D D A

i<q izzq

of the right hand side of (2') are orthogonal. The general case therefore
follows by adding the inequalities (2) for each of the maximal segments
of ny ,..., m, with consecutive differences all at most 2k.
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We now wish to assign to each e€ &, , n > 0, a finite subset S(e) of
Fo U U F, ., insuch a way that the hypotheses of Hall’s Theorem
are satisfied, for then the injection ¢ provided by that theorem will
satisfy (*), and the proof will be complete.

W ¥ Z#,_,,.., %, are all finite, put S(e) = &, ;U - U ZF,
forallec &, .
i) If #,,,.., F,.; are not all finite, one of them, say , 1s

infinite and satisfies card %, = card &, (by (2) with £ = 0); assign to the
elements e of &, distinct one-element subsets of &, , taking care not to
reuse elements of &, that have been used at any prior stage, and to leave
a remainder of the same cardinality as %, .

It is obvious that this system satisfies the hypotheses of Hall’s Theorem:
for choices ¢, ,..., e, all of type (i) by (2), for choices ¢, ,..., ¢, all of type
(ii) by construction, and hence for arbitrary choices, since S(e) and
S(e’) are disjoint whenever e is of type (i) and ¢’ of type (i1).

We remark that the weights {2} employed in this theorem can be
replaced by any geometric sequence {r*} with 7 > 1; thus two operator
ranges, defined by orthogonal systems of subspaces using the same value
of 7, are unitarily equivalent if and only if (2) holds. Weights other than
geometric sequences can be used, but then (2) must be modlﬁed in
accordance with Lemma 3.2.

Next we present several results about equivalence and congruence.
Bounded operators S and 7' are equivalent if there exist invertible
operators L and M such that T = LSM, and congruent if there exists an
invertible operator M such that T = M*SM.

TreorREM 3.4. Bounded operators S and T are equivalent if and only
if they have the same nullity and unitarily equivalent (or similar) ranges.

Proof. Suppose T = LSM with L and M invertible. Then
N(T) = N (LSM) = N (SM) = M-LH(S)
so that .S and T have the same nullity. Also
TH = LSMA = L(SH)

and thus %(S) and #(T) are similar, hence unitarily equivalent by
Theorem 3.1. Now suppose that .S and T have the same nullity, and that
UZ(S) = Z#(T) for some unitary U. Then US and 7 have the same
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range and nullity, and therefore 7' = USM for some invertible operator

M by Corollary 1 of Theorem 2.1.
Since .4#'(V) is the orthogonal complement of Z(N) when N is normal,
we deduce:

CoroLLARY. Normal operators are equivalent if and only if their
ranges are unitarily equivalent.

Very little seems to be known about congruence, except in the case
of self-adjoint operators, and there it is closely connected with
equivalence. In fact:

Trneorem 3.5. Let A and B be positive bounded operators. Then the
following conditions are equivalent:

(1) A and B are equivalent.
(2) A% and BY* ave equivalent.
(3) A and B are congruent.

Proof. 1f A2 and B'/? are equivalent, then 42 = UBY2M with U
unitary and M invertible (by the proof of the preceding theorem.)
Hence

A = (UBVAM)X(UBY*M) = M*BM.

Thus (2) implies (3). That (3) implies (1) is trivial.

The Corollary of Theorem 3.4 implies that positive operators 4 and B
are equivalent if and only if there is a unitary operator U such that 4
and UB U~ have the same range. Therefore, to prove that (1) implies (2)
it will suffice to show that if %#(A4) = %(B), then #(A'/?) = Z(B'/?).
This implication is an immediate consequence of condition (2) of
Theorem 2.1 and monotonicity of the square root operation [14].

CoroLLARY. The ranges of positive operators A and B are unitarily
equivalent if and only if the ranges of A/ and B'/? are unitarily equivalent.

We note that the condition that 472 and B'/? be congruent could be
added to the theorem. Also, the argument from (2) to (3) shows that for
any equivalent operators S and 7, S*S and T*T are congruent. The
converse is true and follows from the polar decomposition, provided
that S and T are one-to-one with dense range [15], or more generally,
that the partial isometries in their polar decompositions can be taken to
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be unitary. Finally, the corollary of Theorem 3.5 is not valid with
unitary equivalence replaced by equality. (See the example following
Theorem 4.2.)

We conclude this section with a result of von Neumann [20] asserting
that for any unbounded self-adjoint operator A4, there is a unitary
operator UU with the property that the domains of A and U*AU have
only the zero vector in common. When stated in terms of operator
ranges, this becomes:

THEOREM 3.6. If % is a nonclosed operator range in a separable Hilbert
space I, there is a unitary operator U on A such that 2 N UZ = {0}.

Proof. The proof given by Dixmier [5] rests on the following
statements:

(a) & N VS = {0} for some unitary " and dense operator range
& that contains a closed infinite-dimensional subspace.

(b) If & isasin (a) and £ is any nonclosed range, then W% C ¥

for some unitary W.

Of course, then U = W1V W will meet the requirements of the
theorem. To prove (a), let {¢,} be the usual exponential basis of L2[0, 27],
and let A be an operator that is diagonal in this basis: Ae, = a,¢e, for
all n. If the eigenvalues {a,} decrease sufficiently rapidly, say
a, = exp(—n?), then the range % of 4 consists of restrictions of entire
functions to the interval [0, 27] on the real axis. If V is the unitary
operator given by multiplication by the function ¢ equal to 1 in [0, 7)
and —1 in [, 27], it follows that & N V¥ = {0}. Now ¥ does not
contain an infinite-dimensional closed subspace (since 4 is compact),
but this is remedied by forming a countably infinite direct sum of copies
of 4.

In the proof of (b) we will say that an operator range is of type [
(D1xmier’s notation) if it is dense and is determined, as in Theorem 1.1,
by an orthogonal sequence of infinite-dimensional closed subspaces.
Since any two such operator ranges are unitarily equivalent, (b) will be
proved if it is shown (i) that any nonclosed operator range Z is contained
in a range of type Jg, and (ii) that any dense operator range & that
contains an infinite-dimensional closed subspace contains a range of
type Js.

Let # be determined by the sequence {J#,}. Because Z is nonclosed,
H#,, # {0} for infinitely many #. For each n > 0, let 5#,’ be the span
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of infinitely many nonzero J#; with i > #; this is to be accomplished so
as to exhaust the nonzero S, without using any more than once. If
(X @ ) 1s incorporated with (say) ', then the range %’ determined
by {#,'} is of type J; and contains Z.

Let % be determined by {4}, and note that ], is infinite dimensional
for some #, say # = p. (Otherwise, the corresponding diagonal operator
D = 2270, , where O, is the projection on %, , would be compact,
and & could contain no infinite-dimensional closed subspace, by
Theorem 2.5.) Let #, = X @ %, with each %, infinite dimensional,
and put %) = #; @ &, for i % p and A,/ = &, . Then the range %"
determined by {¢,,'} is of type Jgand is contained in ..

CoroLLARY 1. If % s a nonclosed operator range in a separable
Hilbert space, then there is a continuous unitary group {U}_o, <o such
that UZ N UZ = O for s #~ .

Proof. 'This result appears without proof in [5]. To prove it, it
suffices to modify the argument used to prove Theorem 3.6 as follows:
Let W# C %, and let U, = W1V, W, where V', is the unitary operator
given by multiplication by the function ¢, equal to ¢¥** in [0, 7) and
e~ in [m, 2m]. To prove that V. N V& = 0 for s # £, 1t suffices
to observe that if 7, N & # 0, then there is a nonzero entire function
g such that e?"%g(x) = g(x) for all x € [0, 27r]. This implies that ¢¥* = 1
for all » in some interval and hence that z = 0.

CorOLLARY 2. For any nonclosed operator range % in a separable
space A, the algebraic dimension of S| is the power of the continuum.

As another application of Theorem 3.6 we mention the following
[5, Proposition 9.7]:

COROLLARY 3. Let T be a bounded operator on a separable space H,
and suppose that T has proper dense range. There exists an orthonormal
basts {e,} of H# such that the vectors Te, , Te, ,,... span a dense linear
subspace for each n = 1.

Proof. Let & be a dense operator range that is disjoint from 2(T*),
and let {¢;} be an orthonormal basis of 5 that is contained in &. If x
is orthogonal to Te, for & > n, then T*x e & N %(T*) = {0}; hence
x e N(T*) = A(T)* = {0}

Remark. The proof of Theorem 1.1 shows that if 4 is a positive
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operator whose spectrum contains an interval of the form (0, €), then
Z(A) is of type [ . This fact, the polar decomposition, and the Corollary
of Theorem 3.4 show that if S and T are one-to-one with dense ranges,
and if the spectra of SS* and TT* contain an interval (0, €), then S and T
are equivalent [5, Proposition 10.1].

4. FurTHER RESULTS

In this final section, we shall discuss three miscellaneous topics.
The first of these is a characterization of the range of a contraction T by
means of the defect operator D, = (1 — TT*)!/2, 'This result is implicit
in the work of de Branges and Rovnyak [4, p. 23]. It seems to have been
first proven by R. G. Douglas by an ingenious use of the spectral theorem.
We shall give an elementary proof of this result.

The second and major topic of discussion in this section is concerned
with parallel sums of positive operators. Here, we use the techniques of
Section 2 to prove extensions of a number of results previously known
only for matrices [1].

Finally, we shall make a few comments about orthonormal bases in
operator ranges.

THEOREM 4.1. Let T be a contraction on 5 and let D, = (1 — TT*)1/2,
Then = € (T) if and only if sup,(| = + Dy | — [ 3| < co.

Proof. Let D = (1 — T*T)/2 Then TD = D,T. The necessity is
proven by the following computation:

[T+ Duy P =1y |P = | Tx|* 4+ 2 Re(Tx, Dyy) + | Dyy P — | [
= | Tx|* + 2 Re(Tx, Dyy) + 312 = Ty P — v I?
== = Dx[ + 2 Re(Dx, T*y) — | T*y |
=[xl = Dx — THy |2 < | |

Thus, the supremum in question is < || #|> and equality holds if and
only if Dx e %Z(T*)~. (This condition is easily seen to be equivalent to
xe A (1)~ Thus the square root of the supremum is exactly the minimum
of the norms of the preimages of z under 7')

- Conversely, suppose that ||z + D, y|?2 <+ ||y |2 for all ye #.
Expanding the inner product we get

2 RQ(Z, D*y) < CO2 + H T*J’ sz

607/7/3-5
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where ¢;> = ¢ — || z|[? is a nonnegative constant. Now, replace y by
te'® where t is real and 6 is a suitably chosen real number. By minimizing
the resulting quadratic in ¢ we are lead to the condition

(& Dyl < el Ty [ ().

This shows that the map T*y — (D, y, 2) is a bounded linear functional;
therefore by the Riesz representation theorem there is a vector x in J#°
such that (D, y, ) = (T*y, x) for all y € #. This implies Tx = D,=z.
Hence 2 = (1 — TT*)z + TT*2 = D, Tx + TT*2 = TDx + TT*=z.
Thus, z belongs to the range of 7 as asserted.

Crimmins’ formula (Theorem 2.2) identifies a canonical operator
whose range 1s the sum of given ranges. Recently, Anderson and
Duffin [1] found a less explicit but analogous formula for the intersection
of operator ranges when the underlying Hilbert space is finite dimen-
sional. We proceed to describe their result and indicate its infinite-dimen-~
sional generalization.

Suppose temporarily then that 5 is finite-dimensional. T'o each
A € B(H) we can associate a uniquely determined inverse transformation
A+ from Z(A) onto A (A)L. If A and B are positive operators, then
Z(A 4+ B) includes the ranges of A and B so that the composition
A(A + B)*B makes sense. This operator is denoted by 4 : B and called
the parallel sum of 4 and B. (The definition is motivated by consideration
of how parallel resistances add in electrical circuits.) Anderson and
Duffin show that the set of positive matrices is a commutative semigroup
under parallel addition. They also show that (4 : B) = 2(4) N %(B).

If 5 is infinite dimensional, the definition of 4 is still meaningful and
defines a linear transformation in J# that, in general, cannot be extended
to a bounded operator on 5#. However, the formula defining A : B no
longer makes sense, and so the parallel sum must be redefined.

Now if 4 and B are positive operators on J#, then

R(AVZY + R(B?) = A((4 + B)V/2).

Therefore, by Theorem 2.1, there are uniquely determined operators C,
D on 5 such that
ANE — (4 + BREC,  H(C¥)DN((A + By2)

B2 — (4 + B)\2D, N (D*)D A (4 + B)/3).
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In fact, one has C = (v/4 & B)*v4 and D = (v/4 = B)*VB.
We define the parallel sum of A and B to be the bounded operator
A:B = AYV2C*DB/2.

We shall show that the new definition of 4 : B produces a positive
operator. Before doing this, however, we show that 4 : B = A(4 + B)*B
whenever X = (A + BYtB 1is everywhere defined, that is, whenever
Z(B) C Z(A + B). Indeed, X must then be bounded and

X*(A + B) = B = B'2B'2 — BI2D¥(A + B)\2,

Therefore, X*(A4-+B)1/2 = B1/2D*, since both vanish on Z((A4+ B)1/?)L.
Hence, 4 : B = A2C*¥*DB"/? = 4'2C*(4 + B)'/2X = AX as asserted.
In particular, this formula for 4 : B is valid when A4 + B has closed
range, for then #(B) C Z(B'/?) C Z((4 + B)'/?) = #(A4 + B).

TueoreEmM 4.2, Suppose that A and B are bounded positive operators
on . Then

(1) A : Bis bounded and positive.

(2) A:B=B:4.

(3) Z((A: B)?) = R(AY?) N R(B?).

4y 2(4)n #B)C #(A : B).

Proof. As in the proof of Corollary 2 of Theorem 2.2, let T be the

operator on # @ # with matrix (:* _f%), and let P = (} {) be the
projection onto A4(T). Then

Al2X = B\2Z, A12Z*x — B112Y,
R(AV2) N R(BV2) = F((AX A1),

Next, let V' = (£~ ) be the partial isometry satisfying the conditions
T = (TT*2V, N (V¥ = N (T%) = N(A - B)\2 @ #.
A simple calculation shows that £ = F = 0 and that
N (Co¥) A N (Dy*¥) = N(A - B)

These relations and the uniqueness of the operators C, D introduced
above 1mp1y that CO = C, DO — D. Therefore V = (g—?))
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Now V*V is the projection onto A(T)‘; hence 1 — V*V = P.
By comparing the entries of these two matrices one gets

X =1—C*C, Z = D*C, Y =1 - D*D.
Therefore,
A :B — Al/'2C>kDB1/2 — Al/2Z*B1/2
— AWRXAV? = B\PZAY? = BIRD*CAVE — B : A.

These last equations complete the proof of (1), (2), and (3). To prove (4),
we use the fact that 'F* is the projection onto A (V*¥)L = A (T*)*.
This implies that CC* -+ DD* is the projection of # onto A"((A- B)*/2)L.
Therefore,

AM2C* 4 BUAD* — (A 4 B)UYCC* - DD*) = (4 + By,
Now, suppose z = Ax = By € #(A) N #(B). Then,
(A + B)\2CA2%x — x = (A 1~ B)\2DB/%y;
hence, CA'2x = DB/%y. Therefore,
y = AWVAYZy = (A + B)2CAYZx = (AYVRC* + B12D*F)CAY*x
— ARC*DB'y 4 B\PD*CAY2% = (4 : B)(x + v)

and this completes the proof of (4).

Remark. As we have previously noted, a positive operator and its
square root have the same range when either range is closed. Hence, in
the finite-dimensional case, assertion (3) of Theorem 4.2 is true without
square roots. In general, however, the inclusion in (4) is proper as was
pointed out to us by W. N. Anderson. His remark suggested the following
example:

ExampLE. There exist positive operators 4 and B with dense ranges
such that 2(AY%) = #(B'/?) and Z(4) N #(B) = 0.

To see this, let 4, and A4, be positive operators with disjoint dense
ranges (Theorem 3.6). Then, 4 = A; + 4, and B = 24, + A, have
disjoint dense ranges and 4 < B < 24 so that #(A4'/?) = #(B'/?) by
Theorem 2.1.

The next two results were also obtained by Anderson and Duffin in
the finite-dimensional case.
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THEOREM 4.3. If P and Q are projections, then 2(P:Q) = P A Q is
the projection onto Z(P) N %(Q).

Proof. Since (P:Q)Y/? has closed range by Theorem 4.2, it
follows that 2(P :Q) = %#(P) N %#(Q) = A(P A Q). Also, if ¥ = Px =
Oy € Z(P) N Z%(Q), then, as in the proof of (4) of Theorem 4,

z — Px — Pl/20*DQl/2y + Ql/ZD*CPl/Zx
— P2C*DQV25 + QV2D*CP' 2z = 2(P : Q)z.

This shows that 2(P :Q) and P A O agree on their common range.
Since both operators are self-adjoint, they are identical.

Remark. It is easy to exhibit rank one projections P, , P such that
| P, — P||—0 and P, A P = 0. Theorem 4.3 therefore implies that
the map 4 — A4 : B is not continuous in the weak, strong, or uniform
operator topologies.

TueoREM 4.4. If 0 < A, < A,, then A,:B < A,:B for all

positive operators B.

Proof. By Theorem 2.1 there is a contraction E such that
(4, + B)'2 — (4, + BY2E  and  N(E¥)D N (4 + B)A),

Let D, and D, satisfy B2 = (4, + B)/2D, = (4, + B)Y'/?D, as in
the definition of the parallel sums A4;:B, A4,:B. The proof of
Theorem 4.2 shows that A, : B = B'/%(1 — D,*D,)B'/2 and similarly
for A, : B. Hence it suffices to show that D,*D; > D,*D, .

Now (4, 4+ B)'2D, = (4, + B)'/*D, = (4, - B)'2ED, . Taking
adjoints one sees that D;*E* — D,* vanishes on the range of (4, + B)'/2.
Since this difference is trivially O on the orthogonal complement, we
conclude that D, = D;*E*. Hence, D,*D, = D,*E*ED, < D,*D; as
required.

CorOLLARY. If A and B are nonzero positive operators, then|| A : B|| <
AN :IIBll =4I+ Bl Y™ Equalty holds if A and B are

projections.

If A,, A,, Ay are positive operators, then Theorem 4.2 shows that
the square roots of the parallel sums (4; : 4,) : 4, and A, : (4, : 4,)
have the same range. From this it is not difficult to see that parallel
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summation is an associative operation on the set of positive operators with
closed range. Associativity of the operation in general however seems
difficult to resolve without a more useful definition of 4 : B. In what
sense is A : B the “minimal” positive operator whose square root has
range equal to the intersection of the ranges of 4'/% and B/??

Finally we mention a few facts about orthonormal bases in operator
ranges. T'o begin with, note that (by the usual proof for complete spaces)
any two maximal orthonormal sets in an inner-product space have the
same cardinality. Thus the notion of dimension is well defined for
arbitrary linear manifolds in a Hilbert space, and, in particular, for
operator ranges.

Let # be a linear subspace in a Hilbert space; we ask whether
dim Z = dim %#~. That this is true when % is an operator range is
clear from (5) of Theorem 1.1. In general, it is false, as the following
example (due to P. R. Halmos) shows. Let £ and & be Hilbert spaces
with dim % = X, and dim ¥ = ¢ (the power of the continuum), let
& and % be orthonormal bases of 2 and %, respectively, and let #
be a Hamel (algebraic) basis of X~ with # D &. Since card (#\¢) = ¢,
there is a linear transformation 7 : #° — & that vanishes on & and 1s a
bijection of #\¢& on % . Then the orthonormal set

{{e,0) :ee &}
is maximal in the graph %(T) of T, and
YTy = A @ L.

Hence dim %(T) = 8, and dim %(T)~ = c.

These facts may be reformulated as follows: any operator range %
contains an orthonormal basis for %, but this fails for arbitrary linear
subspaces. Or again, for an infinite-dimensional operator range %, the
minimum cardinality of a dense subset of Z is dim %, but this is false
for arbitrary linear subspaces.

Even though an operator range % and its closure have the same
dimension, it is not true that every maximal orthonormal subset of Z is
also maximal in #-. In fact, if & and &’ are dense linear manifolds
such that 2 C &', then there is an orthonormal subset & of 2 that 1s
maximal in & but not maximal in &’. (Let & be a maximal orthonormal
subset of 9 N {x,}t, where x,€ 2, xy¢ 2.) In particular, if 4 15 a
positive operator with nonclosed range, then there is a maximal ortho-
normal subset & of %#(A) that is not maximal in Z(A/%).
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