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Abstract

As a non-commutative extension of the Lévy Laplacian for entire functions on a nuclear space, we define
the quantum Lévy Laplacian acting on white noise operators. We solve a heat type equation associated
with the quantum Lévy Laplacian and study its relation to the classical Lévy heat equation. The solution to
the quantum Lévy heat equation is obtained also from a normal-ordered white noise differential equation
involving the quadratic quantum white noise.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

As an infinite-dimensional generalization of the usual Laplacian on an Euclidean space the
so-called Lévy Laplacian:
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was introduced and studied by Lévy in his famous books [21,22], and has been investigated
from various aspects by many authors, see e.g., Feller [13], Polishchuk [29] and references cited
therein for the works until the mid-1980s. In recent years the Lévy Laplacian has afforded us
much interest for its newly discovered relations with certain stochastic processes [1,3,30,32],
Yang—Mills equations [4,20], Gross Laplacian [19], infinite-dimensional rotation group [24],
quadratic quantum white noise [26,27], Poisson noise functionals [31], and further relevant ques-
tions [2,5-7,9,11,23].

In this paper, we introduce a non-commutative generalization of the Lévy Laplacian, called
the quantum Lévy Laplacian, acting on white noise operators. Given a real Gelfand triple E C
H C E*, its complexification N C Hc C N* and a certain Young function 6, we construct a
Gelfand (white noise) triple

W= Fy(N) C I'(Hc) C Go(N*) = W*

by means of infinite-dimensional holomorphic functions [14], see Section 3. The Wick symbol
of a white noise operator =& € LV, W*) is defined by

wE(E, ) = (Ede, gye” &M, £, neN,

where ¢¢, ¢, are exponential vectors. It is known (see Theorem 6.1) that &' — wZ' gives rise
to a topological isomorphism from L0V, W*) onto Gg=(N @ N), which is the space of two-
variable entire functions on N with certain growth rates. The Lévy Laplacian acting on such
functions is naturally defined as soon as an infinite sequence in E @ E is specified. A natural
choice is {e; ®0, 0D e, e2 B0, 0D ey, ...}, where {¢,} C E is a given infinite sequence. The
associated Lévy Laplacian Ay acts on entire functions in two variables. If a white noise operator
Z satisfies conditions (i) w& belongs to the domain of Ar; and (ii) AL(wZE) € Gg=(N & N),
then there exists a unique white noise operator whose Wick symbol is Ap (wZ'). The quantum
Lévy Laplacian Aqy is thus defined by

w(AQLE) = AL(wE).

This definition is reasonable from several viewpoints. For example, for a multiplication operator
Mg € LOV, W*) by @ € W*, we have

AQLMep = M, o,

whenever Ap @ is defined (Theorem 7.5). Namely, we have a natural quantum-classical corre-
spondence. It is noticed that the non-commutative extension of the Lévy Laplacian introduced
by Accardi et al. [5] is different from our quantum Lévy Laplacian. For the precise definition of
the quantum Lévy Laplacian and its relevant properties see Section 7.

We are interested in the Cauchy problem associated with the quantum Lévy Laplacian:

0E
W =aAQLE, E(O)=So€£(W, W*),
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where « € C is a constant. In fact, by means of the Wick symbol the above equation is brought
into a Cauchy problem for entire functions in two-variables. We solve the above Cauchy problem
with & > 0 and a positive initial condition =y by means of the integral representation for positive
white noise operators [28], see Section 8. Another noteworthy aspect of the above Cauchy prob-
lem with an arbitrary o € C is found in the relation to the normal-ordered white noise differential
equation with quadratic quantum white noise:

dzZ 2
d—t’ =(a?+a*) oz, Zo=1,

where ¢ stands for the normal-ordered (or Wick) product. A similar relation between the
quadratic quantum white noise and the Cauchy problem associated with the (classical) Lévy
Laplacian has been already observed in [26,27]. In this paper we realize its quantum counterpart
in terms of the newly introduced quantum Lévy Laplacian, see Section 9.

2. Entire functions on a nuclear space

Let E be a real countably Hilbert nuclear space equipped with the defining Hilbertian norms
| - |p, where p > 0. Without loss of generality we assume that the Hilbertian norms are linearly
ordered so that

E =projlimE,,

p—>0o0

where E, is the Hilbert space obtained by completing E with respect to | - |,. We set H = Eg
as a distinguished Hilbert space, of which the inner product is denoted by (-,-). Let E* be the
dual space of E and assume that E* is equipped with the strong dual topology unless otherwise
stated. By the standard argument we obtain an increasing chain of Hilbert spaces {E,; p € R}
with the inclusion relation:

EC---CE,C---CHC---CE_,C---CE", 2.1)

where the real Hilbert space H is identified with its dual space by the Riesz theorem. Moreover,
it holds that

E* =indlimE_ .
p—>0o0
The canonical bilinear form on E* x E, being compatible with the inner product of H, is also
denoted by (-,-). For complexification of (2.1) we set

N=E+IiFE, Hc=H+iH, N*=E*+iE".

The canonical C-bilinear form on N* x N is again denoted by (-,-) so that |§|% = (£,&)
for £ € Hc.

We are interested in entire functions on N. In general, a C-valued function F defined on a
complex topological vector space X is called Gdteaux-entire if for each &, n € X, the C-valued
function z — F(& + zn) is holomorphic at every z € C. A Giteaux-entire function F is called
entire if it is continuous on X, or equivalently if it is locally bounded, i.e., every point of X is
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contained in a neighborhood on which F is bounded. We refer to Dineen [12, Chapter 3] for

generalities.
A continuous, convex, increasing function 6 : [0, o) — [0, 00) is called a Young function if
. 0x)
0(0)=0 and Ilim — =00
X—>00 X

For p € R and m > 0 let Exp(N, 0, m) be the space of Gateaux-entire functions F' on N,
satisfying

IIFllo, pm = sup |F(&)]|e" "kl < oo,
EEN,

Then, Exp(Np, 6, m) becomes a Banach space equipped with the norm || - [lg, p, - An element of
Exp(Np, 0, m) is considered as an entire function on N. We set

Fo(N*) = pro_j)LiomExp(N_p, 0,m).
rﬁ—>+0

The polar function of 6 is defined by

6*(x) =sup(rx —0(1)), x>0,
)

which becomes again a Young function. We set

Go+(N) = indlimExp(N,,, 6%, m).
p—00

m—00

Thus, Fg(N*) and Gp+(N) are classes of entire functions on N* and N, respectively, with par-
ticular growth rates.

3. Taylor expansion and weighted Fock space

In general, an entire function F on N admits the Taylor expansion

e¢]

FE) =Y (Fu "), F,e(N®"),

n=0
where N®" is the n-fold symmetric tensor power and N®° = C. The map
T:F (F)ily

is called the Taylor series map. Entire functions in Fy(N*) and Gy (N) are characterized in terms
of their Taylor coefficients.
Given a Young function 6§ and m > 0, we define a weight sequence by

972 ) eG(r)
’:l T 0, = inf
m'n! r>0

a(n) =agm(n) = —,n=0,1,2,.... (3.1
r
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For p > 0 let Fy ;,(Np) be the weighted Fock space with weight sequence {a(n)}, i.e.,
R (0.¢]
Fom(Np) =16 =(f); fa € NS lI91Z , =D nla@m)|ful? < oo},
n=0
which is a Hilbert space equipped with the norm || - ||, ». Define

Fo(N) = projlim Fy , (N ),
p—>00
m——+0

which becomes a countably Hilbert nuclear space. Similarly, we set

o
> n!
Gom(N_p) = {cp = (F); Fae NS IBIL _, =) j@umz_p < oo},
n=0

Go(N*) = indlim G, (N_ ).
p—> 00

m—0oQ

The (boson) Fock space is defined by

I'(He) = {¢ = ()i fa € HE", N0 =Y_n!lful} < oo}.

n=0

From now on, we assume that the Young function 6 satisfies

(x)
sup —5- <
x>0 X
so as to have the inclusion relation:
Fo(N) C I'(Hg) C Go(N™). (3.2)

It is verified that Fyp(N) and G (N*) are mutually dual spaces with respect to the canonical C-
bilinear form of I"(Hc), and hence (3.2) is a Gelfand triple. We write the canonical C-bilinear
form on Gy(N*) x Fy(N) as

ee)

(@, 0) =D nl(Fu fu), @ =(F,)€Ga(N*), ¢=(fn) € Fy(N).

n=0

The next result is due to Gannoun et al. [14].

Theorem 3.1. The Taylor series map T is a topological isomorphism from Fy(N*) onto Fy(N)
and from Gg+(N) onto Gg(N*).
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Remark 3.2. In order to construct a Gelfand triple as in (3.2), we may start with a weight
sequence {«(n)} not necessarily defined by a Young function. However, to ensure important
properties of (3.2), for example, characterization theorems of the S-transform and of the oper-
ator symbol, we need to assume certain conditions for {«(n)}, see e.g., [10,15] and references
cited therein. It then turns out, as is seen from Asai et al. [8] and Gannoun et al. [14], that these
two approaches are equivalent.

4. Lévy Laplacian

The Lévy Laplacian is defined as an operator acting on functions on a nuclear space [2,19].
Let F € C2(N). Then for each £ € N there exist F/(§) € N* and F”(£) € (N ® N)* such that

/ 1 " 2
FE+m=FE+(F©.n)+(F"&.n@n)+o(nl,), nen, “.1)

for some p > 0. Moreover, both maps & — F/(§) € N* and § — F”(§) € (N ® N)* are con-
tinuous. For notational simplicity, taking into account the canonical isomorphism (N ® N)* =
L(N,N*) = B(N, N), which follows from the kernel theorem for a nuclear space, we write
(F"(§), n®n) = (F"(€)n, 1) = F" (&), ).

Let {e,} C E be an arbitrary infinite sequence, where we recall that N = E 4 i E. The Cesaro
mean of (F"(£), e, ® ey) is defined by

N

. 1 "
Jim > (F7(©), en ® en). 4.2)

n=1

Note that the limit does not necessarily exist. Moreover, the limit depends not only on the choice
of the sequence {e,} but also its arrangement. Let Dp (N, {e,}) be the subspace of F € C2(N)
for which the limit (4.2) exists for all £ € N. If there is no danger of confusion, we write simply
DrL(N) for DL(N, {e,}). For F € D (N) we define

N

1
ALF () = lim = Y F'®).en®en). E€N.

n=1

The operator Ay is called the Lévy Laplacian on N associated with {e, }.

Remark 4.1. Our definition of the Lévy Laplacian is quite general in the sense that we do not
require any specific properties of the sequence {e,}. (In some statements below additional condi-
tions are required, which will be stated explicitly therein. In Section 9 the original definition due
to Lévy [21,22] will appear.) In particular, we do not assume that {e,} forms an orthonormal ba-
sis of a Hilbert space, which is a standard condition in many literatures. Thus, the following case
falls within our framework. For each k = 1,2, ..., let My C Hc be the orthogonal complement
of the linear span of {ey, ..., ex—1, €x+1, .. .}. Suppose that My # {0} for all k =1,2,.... Then
we may choose a nonzero vector fi € My with { fx, ex) # 0. Define

=X

fis

(fis ex)
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where the coefficients ¢; € C is taken in order that x. € N* and the limit
| N
lim — 2
N—oo N 2 "
n=

exists. Then (x., e,) = ¢, and a function of the form F(£) = f((xc, £)), where f € C%(C),
belongs to D (N).

Following Accardi, Smolyanov [2, Definition 3] we define the Lévy trace with respect to {e, }
by

N

(= Jim SY(fa®a) feNaN,

n=1

whenever the limit exists. The set of f € (N ® N)* which admit the Lévy trace forms a linear
subspace and is denoted by (N ® N)f . The Lévy trace is a linear form on (N ® N){ . With this
notation the following assertion is obvious.

Lemma 4.2. A function F € C*(N) belongs to Dy (N) if and only if F"(£) € (N ® N){ for all
& € N. In that case,

ALF (&) =(F"®), .

Eigenfunctions of the Lévy Laplacian will play an important role later. The following formula
is easily checked, see also [2,27].

Proposition 4.3. Let p € DL(N) and assume that p'(§) @ p’(§) € (N ® N){ forall € € N. Then
eP € DL.(N) and

ALe?® = (ALpE) +(p' &) ® p'(®)), ) ’®.
In particular, for a € N* such that a ® a € (N ® N){ we have
ALe“E) = (a @ a) e'®F).
The Lévy Laplacian is naturally defined for functions in two variables. Consider two real
countably Hilbert nuclear spaces E; and E», and their complexifications Ny = E; + i E; and
N, = E»+i E>. A function in two variables (£, &) € Ny x N is identified in an obvious manner

with a single-variable function on the direct sum N = N @ N, which is again a countably
Hilbert nuclear space. Then, for F € C 2(N), (4.1) is written in the following form:

2
FE+m,&+m) =F@&. &)+ ) (F &, &),n)

i=1

+

| =

2
Y (FfEn eming)+o(Imly + Iml3),
i,j=1
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where F/(£1, &) € N} and Fl/j/ (&1, &) € L(N;, N}k) for i, j = 1, 2. We also use the notation:
Fi (&1, &) Fl\(¢1,8) F561,6)
F'(51,8) = ( / . G = ) " :
Fy(&1,62) Fy1(81,862) Fp(61,8)
Suppose we are given two infinite sequences: {e,(li)} C E; for i = 1,2. Then the associated
Lévy Laplacian acts on F (&, &) regarded as a function of & € N;, which we denote by Al(f). In
other words,

AVF L6 = (FE. ),

Identifying N; with a subspace of N; @ N3 in the canonical manner, we write e,(,l) and e,(,z)

for e,(ll) @0and 0P e,(f), respectively. Then the following assertion is straightforward from the
definitions.

Proposition 4.4. Let Ay, be the Lévy Laplacian associated with an infinite sequence {egl) , egz),

eV, e ..} C E\ & Ey. Then we have

1 1
ALF=-AVF+-APF
2 2
for all F € C*(N| & N») for which each term of the right-hand side exists.

Similarly, the Lévy trace (-)1, is decomposed:

1 1
(flL=3 (Y + 5<f>8>, f=(fij) € L(N1 ® N2, Nf ® N3),
where
) 1 Y
(NP = lim — > (fii e ®ell).

The next result is a direct consequence of Propositions 4.3 and 4.4.

Proposition 4.5. Let p € DL(N| @ N2) and assume that p;(§1, &) ® p; (&1, &) € (N; ® N;){ for
all &1 € Ny and & € Nj. Then e? € DL (N1 & N») and

2
1 .
AL = L ALp(ELE) + 5 D (pi 61 8 @ i1 £ 1P CH,

i=1
for &1 € N1 and & € Nj. In particular, for each a = (a1, az) € (N1 @ Ny)* satisfying a; ® a; €
(N; ® Ny){ we have

ALe(ahElH-(az,Ez) — ((al ®a1>1(41) + (a ®az>l(‘2))e(a1f1)+(a2»&'2).

R =
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Remark 4.6. In Proposition 4.4 the Lévy Laplacian Ay, on N = N; & N, is defined, being
associated with the sequence obtained by merging two given sequences {e,gl)} and {e,‘f)} in such

a way that each {e,(,i)} appears as a subsequence in the merged sequence at equal asymptotic

density. It is possible to merge the two sequences in such a way that {eﬁ,l)} appears at asymptotic

density o and {e,(f)} at | — «. Then the associated Lévy Laplacian becomes

Ar=aAV + (1 —a)AP?.
Remark 4.7. The Lévy Laplacian for functions in two variables was discussed also by Accardi
et al. [5]. Their definition is different from ours (see Definition 3 and Remark 4 in [5]) and this
difference will be important for the later discussion on the quantum Lévy Laplacian.

5. Lévy Laplacian for entire functions

It is natural to ask whether the Lévy Laplacian of an entire function is again entire. A partial
answer to this question is given in the following proposition.

Proposition 5.1. Let Ay, be the Lévy Laplacian with respect to an infinite sequence {e,} C E and
let F € DL(N, {en}). If there exists p > 0 such that F € Exp(Np, 0, m) and

N
1
M = sup — Z lenl? < 00, (5.1)

then ALF € Exp(Np, 0, m’) for any m" > m.

Proof. By the Cauchy integral formula we have

2! F
(F€)en@en)= — [ FEEzn) 4 goy,
2mi 23
|z|=R
Since
|F&]<IIFllg,pme” ™0, £ €N,
by assumption, noting that 6 is an increasing function, we obtain
" 2 0(mlE] p+mRlen )
(F" (). en @ en)] < =5 I Fllg,pm " E T Elents), (5.2)

Let m’ > m. Define 0 < 8,8 <1by 8§ =m/m’ and § + 8’ = 1. Since 0 is convex, we obtain
, ;. (mR
0(m|§|, +mRlen|p) <36(m'|§],) +8'6 7|en|p

, mR
g@(m |§|p) +0 7|en|p .
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Then (5.2) becomes

, L lenlp) /o
(F"&).en ® en)| <20Fllo.pon g ——

2
2 L0, 2
(nZs/R |en|p)2 8/) e |€n|p.

Minimizing the right-hand side by letting R run over (0, 4-00), we obtain
(F" (&), en ® en)] < CIFllg,pame”™ 517 |y 2, (5.3)

where C = 26, (m/8')* which is independent of n (see (3.1) for 6,). Set

N
1
Sn@) =+ D F@E).enen).
n=1
We see from (5.1) and (5.3) that
SN (&) < CM|Fllg,pme’ ™ &1, (5.4)

Since limy_, o Sy (§) = ALF (&), we also have
|ALF ()| < CM||Fllg, pme’ ™10, (5.5)

We shall prove that Ay F is Gateaux-entire. Since Sy is Gateaux-entire, for any &,n € N and
any closed curve y C C we have

/ALF@+zn)dz=/{ALF<s+zn>—sN<s+zn>}dz.
V4 Y

Taking (5.4) and (5.5) into account, we apply Lebesgue’s dominated convergence theorem to get

/ALF@ 2 dz =0,
Y

which means that z — Ay F (& 4zn) is holomorphic at all z € C. Together with (5.5) we conclude
that AL F € Exp(Np,0,m"). O

Remark 5.2. In fact, we have proved that F +— ALF is a continuous linear map from
Exp(N,,0,m) NDL(N, {e,}) into Exp(N,, 0, m’).

Corollary 5.3. Let AL be the Lévy Laplacian with respect to an infinite sequence {e,} C E
satisfying the same condition as in Proposition 5.1. Let F € EXxp(N, 0, m) of which the Taylor
expansion is given by

FE) =) Fu€), Fu&)=(F£%"). (5.6)

n=0
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If F,, e DL(N) for all n, then F € D, (N) and

ALF(E) =) ALF, (&), &€N.

n=0

Proof. It is easy to see that the partial sum of the Taylor expansion (5.6) converges to F in
Exp(Np, 8, m). Then the assertion follows by Proposition 5.1. O

Corollary 5.4. Let AL be the Lévy Laplacian with respect to an infinite sequence {e,} C E
satisfying the same condition as in Proposition 5.1. Set

Go.p(N) = ind imExp(N ,, 6, m).
m—00

Then Ay is a continuous linear operator from Gg ,(N) NDL(N, {e,}) into Go p(N).
6. White noise operators
From now on, the Gelfand triple (3.2) is denoted simply by
W = Fy(N) C I'(Hc) C Go(N*) = W*.
By the celebrated Wiener—Ito—Segal isomorphism, I"(Hc) is isomorphic to L?(E*, 1), where
w is the Gaussian measure on E*. So, in the context of stochastic analysis, each @ € W* is

considered as a generalized random variable and is called a white noise function. For £ € N the
exponential vector is defined by

5@2 §®n
¢§=<1,$,7,, Y ,)

It is proved that ¢z € VW and {¢:; & € N} spans a dense subspace of W. The S-transform of
@ € W* is defined by

e @]

SOE) = (D, ¢e)) =Y (Fr,§%"), & =(F,) e W*.

n=0

Since the S-transform and the Taylor series map 7 are mutually inverse, Theorem 3.1 realizes an
analytic characterization of the S-transform.

A continuous linear operator & from W into W* is called a white noise operator. Let
LWV, W*) denote the space of white noise operators and equip it with the topology of bounded
convergence. In the context of quantum stochastic analysis, each white noise operator is con-
sidered as a (generalization of) quantum random variable with respect to the vacuum state

¢o=(1,0,0,...). The Wick symbol of & € LW, W*) is defined by

wEE,n) = (Ede, gy e &M, £, neN. (6.1)
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If the Fock expansion (see [15,25]) of Z is given by
o0
= = Z E[,m(/([’m), KI.m c (N®(l+m))*’
l,m

the Wick symbol becomes

o]

wEE M=) (kmn® @E®"), EneN.
1,m=0

The Wick symbol is characterized in a similar manner as the S-transform. The next result is
shown by Ji et al. [18].

Theorem 6.1. The Wick symbol E +— wE gives rise to a topological isomorphism from
LW, W*) onto Go«(N @ N).

Remark 6.2. As a concept similar to the Wick symbol (6.1), the symbol of a white noise op-
erator & € LOV, W*) is defined by Z' (¢, 1) = (Z¢e, ¢y)). The symbol is also widely used,
particularly in quantum white noise calculus [10,15,16,18,25].

7. Quantum Lévy Laplacian

Let & € LOW,W™*) be a white noise operator. Then, by Theorem 6.1, the Wick symbol
w& is an entire function on N & N and hence belongs to C%(N @ N). Let {en} C E be
an infinite sequence, where N = E + i E. As in the second half of Section 4, we define the
Lévy Laplacian Ap, acting on functions in two variables. If w& € DL(N & N), we obtain
Ap(wZ). If, in addition, Ap(wZ) is the Wick symbol of a white noise operator, or equiv-
alently if AL(wE&) € Gg+(N @ N), there exists a unique white noise operator, denoted by
AQLE € LW, W¥), satistying

w(AQLZ) = AL(wE). (7.1)
We call AqL the guantum Lévy Laplacian. By definition the domain of Agr, denoted by
Dom(Aqr) = Dom(Aqr; LOV, W*)), consists of white noise operators & for which Aqp &

is defined as in (7.1).
For k1 € (N®UHM)* we define 11 * K, € (NOU=24M))* by

(TL* KL, M@ @2 @51 Q- ®&m)

N
. 1
:Nh—rpooﬁzlm”"’e" ®en®@MO - QN-208 Q- Q&n),
n=
if the limit exists and is a continuous linear formin ny, ..., m—2, &1, . .., &,. Similarly, k; »,, * 7L €

(N®UHm=2)y* 5 defined. In particular, for k € (N ® N); we have

K*xTL =10 %Kk = (K)L.
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With these notations we claim the following.

Lemma 7.1. Let k7, € (N®E™)Y* for which both T % ki, and ki, * T are defined. Then,
Ep m(k1,m) € Dom(AqL) and

2AQLELm(k1,m) =11 — D)Ej2m(TL * K1) +m(m — 1) Ep 2 (kpm * TL).
Proof. The Wick symbol of an integral kernel operator & = 5}, (k7 ) is given by
w &, n) = (kim, n® @ ™).
Applying the Lévy Laplacian Ay for two variables, we obtain

N
1 _
280wEEm = lim =3 {10 = Dlkrm, en ®en @0 @)
n=1
+m@m — 1)<K1,m, 77®l RECM D Qe, ® en)}

=10 — D *k1,m, n®72 @ &™)

+mm — Dkpm+ ., n® @ 20 2),
which proves the assertion. 0O

We shall obtain an algebraic expression for the quantum Lévy Laplacian Agr. With each
¢ € N we associate the annihilation operator A(¢) and the creation operator A*(¢) in the standard
manner. By means of integral kernel operators we have

A(L) = E0,1(0), A*() = E10(0).

These are white noise operators. In fact, they are more regular in the following sense: A(¢) is a
continuous linear operator from W into itself and extends to a continuous linear operator from
W* into itself (denoted by the same symbol). Hence A*(¢) is a continuous linear operator from
W into itself as well as from W* into itself, see e.g., [10,15,25]. Thus, for an arbitrary white
noise operator Z € LW, W*), the commutators

[AQ).E]=A)E - EAQ), [E.A"Q]=EA*@) - A" ()&,
are defined and become again white noise operators. We define
DfE=[A®).8). D E=[5A4"),

which are respectively called the creation derivative and annihilation derivative of =, and both
together the quantum white noise derivatives (qwn-derivatives for brevity) of &, see [17]. Fur-
thermore, D?E becomes a continuous linear map from LW, W*) into itself.

We shall prove the following formula:

N

. 1 o
AqL = ngnoo N Z(D; D} +D;D;) onDom(Aqy). (7.2)

n=1
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However, the right-hand side does not make sense. The precise assertion is given in the following

Theorem 7.2. Let {e,} C E be an infinite sequence and Aq1. the associated quantum Lévy Lapla-
cian. Then for E € Dom(AqL) it holds that

N

. 1 - 4
((Aare)es, gy = lim > (DS DS 5 + D, D Z)¢e. dy)), & meN. (73)

n=1
Before going into the proof, we prepare a useful formula.

Lemma 7.3. For n,¢ € N and z € C we have

o0

brecc = ) ATy, (7.4)

n=0 """

where the right-hand side converges in VW uniformly in z running over a compact set in C.
Therefore,

dl‘l
az"

0¢n+z{ = A*(f)n(pn

Z

holds in W.

Proof. Let w, = w,(n, ¢, z) be the partial sum of (7.4). By a direct verification we see that for
any p >0and m > 0,

lim 15§42 = Sullo.pn =0

uniformly in z running over a compact set in C. Since the S-transform is a topological isomor-
phism between W and Fy(N*), the assertion follows. O

Lemma 7.4. Let £ € N and E € LW, W™*). Then

2
w(D D E)(E ) = iz wEEn+0). (1.5)
z=0
d2
w(D; D E)Em) = OwE(S+z§,n). (1.6)
Z:

Proof. We have by definition

[

DD E =[A@Q), [A©), E]] = AQ)’E —24(0)EAQ) + FAE)”.

Then, using A($)pe = (£, {) ¢e, we obtain
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w(DIDFE)E M =(((AQ)*E =240 EAQ) + FAQ)) Pz, dy)le™
=((Ze, A*(©)2y) e 6P —2E, ) ((Zde, A* ())&
+ (£, )2 (E e, Pyl e &M

In view of Lemma 7.3 the last expression becomes

d2
= 3| (Ec drah e -2, ;> R R e
z=0 _
+(E, 0V (B e, oy e &, (1.7)

On the other hand, by definition we have

d2

iz | _ (E@e. dyszghe &0, (7.8)

z=0

d2
wu(é n+Z§)—7

It is then straightforward to check that (7.7) and (7.8) coincide, which proves (7.5). The proof of
(7.6) is similar. 0O

Proof of Theorem 7.2. By Lemma 7.4 we see that

2
(D2, D% 8)ge. o)l = w (D} DF5) €, 1) = w31+ z60),

2:0

2

(D, D, B)¢s. py))e & " =w(D, D, & )(g,n)zd—2 wE (€ + zep, 1).

If & € Dom(AqL), the limit

d2
wE (&, n+zey) + d_Zz

lim ! @ =&+ )
1 — — wE €y,
N—oo 2N o dzz 7=0 7=0 Lons 1l

exists and coincides with w(AqLZ) (&, ). Hence
| N
lim > (D5, D58 + D, D5, 5) e, ¢yl)e™ €7 = w(Aqu&) (&, ),

N—oo 2N
n=1

from which (7.3) follows. 0O

The above argument suggests to introduce two operators: for a white noise operator & we
define AaL & and AcL & by

w(AaLE) =APwE) and w(AcLE)=AP (wa),
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respectively, whenever the right-hand sides are the Wick symbols of white noise operators. We
see easily that

N N
1 1
AL = i —§ D, D, AcL = li —2 DI DT,
AL NgnooN / en e cL N1—r>nooN ! n = Cn
n= n=

where the limit is understood in a similar manner as in Theorem 7.2. We call Aar and Acr, the
quantum Lévy Laplacians associated with the annihilation derivatives and the creation deriva-
tives, respectively. Moreover,

1 1
AqL = 3 AaL + 2 AcL (7.9)

holds on Dom(A A1) "Dom(AcL). (7.9) corresponds to the decomposition of the Lévy Laplacian
acting on a function in two variables, see Proposition 4.4.

To end this section we mention the classical-quantum correspondence. For @ € W* we define
a multiplication operator Mg € L(W, W*) by

(Mo, ¥) = (D, 0V), &, ¥ eW,
where ¢ is the pointwise multiplication as white noise functions, see e.g., [15,25]. Moreover,
@ > Mg yields a continuous injection from W* into LV, W*) and obviously, Mgp¢o = @.
Let Dom(Ar) = Dom(Ar; W*) be the subspace of white noise functions @ € W* such that
S® € D(AL) and A (SP) is the S-transform of a white noise function in YW*. In this case we
define AL @ by
S(AL®) =ALSP.
Theorem 7.5. Let @ € Dom(Ay; W*). Then Mg € Dom(Aar) NDom(Acr) and
AaLMep = AcLMep = M, 0. (7.10)
In particular, Mg € Dom(AqL) and
AQLM(p ZMAL(p. (711)
Proof. For any £, 7 € N we have

WM (£,1) = (@, pedp)) e &1 = (B, pe)) = S®(E +1), (7.12)

where the obvious identity ¢s ¢, = ps1y e isused. Since ® € Dom(AL; W*) by assumption,
applying the Lévy Laplacians with respect to & and n, we obtain

AP wMe)(E, 1) = AP (WMe)(E, 1) = ALSD(E + 1) = S(ALD) (€ + 7).

Moreover, by definition

S(AL®)(E + 1) = (ALD, Pein)) = (ALD, Pedy) e & = wMa o (5, 7).
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Thus,

A (wMe)(E,m) = AP WMe)(E, 1) = wMa, o (€, ),
which means that My € Dom(Aar) NDom(Act) and (7.10) holds. Then (7.11) is obvious. O
Remark 7.6. It is also noted that
DfMp =D; Mo =Macyo, (€N, deW,
which is verified by the operator symbols.

Remark 7.7. As a classical counterpart of the formula (7.2) we have
N
AL = annoo < 2} A(en)? onDom(Ap; W),
n=

which is well known in various contexts. In fact, the right-hand side is given a meaning in a
similar manner as in Theorem 7.2. Namely, for @ € Dom(Ar; W*) we have

N

1
— > ((Aten)*®. ¢x)). EeN.

(80060 = Jim

n=1
8. Quantum Lévy heat equation

In this and the next sections we study the Cauchy problem associated with the quantum Lévy

Laplacian:

0= _ _ . N

yzaAQLa, Z(0)=E&pe LOV, W), (8.1)
where o € C is a constant.

An element of Fy(N*), being an entire function on N = E + i E, is called positive if it takes
non-negative values on E. Let Fy(N*); be the set of such positive elements. Taking the iso-
morphism W = Fy(N) = Fyp(N*) into account (Theorem 3.1), we say that ¢ € W is positive if
the corresponding function (i.e., S¢ = T~'¢) in Fy(N*) is positive. Let W, denote the set of
positive elements. A white noise operator & € L(W, W¥) is called positive if

(Eo,y) =20, ¢,y eW,.

The set of positive white noise operators is denoted by LOV, W*) . A positive white noise
operator admits a useful integral representation.

Theorem 8.1. For a positive white noise operator & € LW, W*) 1 there exists a unique positive
finite Radon measure . = ug on (E ® E)* such that

(E¢.¥) = / ¢ ()Y (uldxdy), ¢,y eW. (8.2)

(E®E)*
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Moreover, there exist p >0, g > 0 and m > 0 such that v is supported by the subspace E_, ©
E_, and
q

/ M- HOmIY-0) 4 (dx dy) < oo. (8.3)

E_p®E_,

Conversely, such a positive finite measure L on (E @ E)* defines a positive white noise opera-
tor E by (8.2).

The proof is given in [5, Theorem 8]. In fact, we need only to employ the representation the-
orem for positive distributions due to Ouerdiane, Rezgui [28] and a one-to-one correspondence
between LOV, W*), and F;(N* @ N*) derived from the canonical isomorphism:

LOV. W) ZGo«(NON) ZFF(N* @ NY),

where the first isomorphism is given by the Wick symbol (Theorem 6.1) and the second by the
Laplace transform [18].

Now we go back to the Cauchy problem (8.1). When o > 0 and &y € LW, W*),, the
Cauchy problem (8.1) looks like a heat equation and the method of Fourier transform for the Lévy
heat equation [3,27] can be applied. Recall that the Lévy Laplacian depends on the fixed sequence
{e,} C E. If there exists a continuous operator S € L(E, E) such that Se,, = e, for all n, we
say that S is the shift operator associated with {e,}. In this case, S® S € LIED E,E & E) so
that (S @ S)* becomes a continuous transformation on (E @ E)*.

Theorem 8.2. Let AqL be the quantum Lévy Laplacian associated with an infinite sequence
{e,} C E for which the shift operator S € L(E, E) exists. Let « > 0 and By € LOV, W*) .
Assume that the corresponding Radon measure @ = g, is invariant under (S @ S)*. Then for
u-a.e. x®y e (E @ E)*,
| N
2 _ s 2 2
lx @yl = lim 3 {(x, )+ (. en)’} (84)

n=1
exists and the Wick symbol of a solution to (8.1) is given by
M= [ OIS yGray, e 120 89
(E®E)*

Proof. We set

—_

Gx®y)=={(x,en)? + (v.en)?}.

2
By (8.3) we can verify G € LY((E ® E)*, w). Since u is invariant under (S @ S)*, we see by the
ergodic theorem that

B} 1 Y
Groy = lim =3 G xay) (8.6)

n=1
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converges j1-a.e. x ® y € (E @ E)*. Moreover, the convergence holds in the L'-sense and G e
L'((E® E)*, ). On the other hand, by definition we have

G((S® 9 " Vx@y)=G(5"Vx @ s Dy)

— e+ 50Dy )
1
= 5{<x,en>2 + (v, en)?}.

Then (8.6) becomes G (x & y)=|x® ylli and (8.4) exists for p-ae. x ®y € (E @ E)*. Itis
straightforward to verify that A; defined in (8.5) is a solution to

a

EAt(EaU)ZALAt(S’n)y AoE,m) =wEo, ), & neN. (8.7)
Moreover, we see easily that A; € Gg«(N @ N) for all t > 0. Hence for each ¢ > 0 there exists a
white noise operator &; € Dom(Aqr; L0V, W*)) whose Wick symbol is A,. Finally, we show
that t — &/ is differentiable. For ¢t > 0 and ¢t + & > 0 we have

ArenE.m) — A m) | _
h ~

_ 20
ollx ® y||%e (t+3h)a|\X€BYHL‘elu@y,é@n) ‘ w(dxdy)

(E@QE)*

<M@) / |/ EVEEN | 1y (dx dy), (8.8)

(E@QE)*

where 0 < § < 1 is chosen by the mean value theorem and M(z) = sup{re~"";r > 0}. Take
p>0,g>0andm > 0 as in Theorem 8.1. Then,

1@ £ |4 (dx dy) < / = £l Y=g nly 1y (g dy)
(ESE) E_,®E.,

< Cef)*(lélp/m)'i-@*(lﬂlp/m)’ (8.9)

where C is the constant defined by the integral in (8.3). Combining (8.8) and (8.9), we come to

Aryn(§.m) — A6, m)
h

‘ < CM (1) Elp/m+6"(nlp/m)

Therefore, by applying Lebesgue’s dominated convergence theorem we prove that t — A; €
Gp+(N @ N) is differentiable and so is t — =, € LW, W*) by Theorem 6.1. Consequently, =,
is the solution to (8.1) and the proof is complete. O

As for the quantum Lévy Laplacian associated with the creation derivatives Acr, we note the
following.
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Proposition 8.3. Let &; € LW, W*) be a solution to the following Cauchy problem:
— =aAcLE, Zo € Dom(AcL). (8.10)

Then &, = E;¢q is a solution to the Cauchy problem associated with the (classical) Lévy Lapla-
cian:

0P
o= aALD, @y = Eydg € Dom(AL; W). (8.11)

Proof. We first note that
(AcLE)Po = AL(E¢o), & € Dom(Acp).

In fact, for £ € N we have

(((AcLE) o, 2)) = w(ACLE)(0,§) = AP WE (0, §) = AL E ¢o, de))
= ALS(Ed0)(§) = S(AL(E$0))(§) = ((AL(Z¢0), ).

Now let Z; be a solution to (8.10). Then we have

d(Zig0) _

0E
- <_f)¢0 = (@AcLEN o = aAL(E o),

ot
which means that &, = Z,¢q is a solution to (8.11). O
Remark 8.4. Uniqueness of a solution to (8.1) is unclear.
9. Quadratic quantum white noise
In this section we consider a particular Gelfand triple:
E=S®R)CH=L*R) cSR)=E",

where S(R) is the space of rapidly decreasing functions on R and S’'(R) the dual space, i.e.,
the space of tempered distributions. The underlying space R stands often for the time axis. Let
{a;, af ; t € R} be the quantum white noise, that is, a; is the annihilation operator at ¢ € R and a;
the creation operator. Both are white noise operators. In fact, they are more regular in the sense
that a, € LW, W) and a € LOV*, W*).

It is noteworthy that the quadratic quantum white noise {atz, at*z} is well defined. Let us con-
sider the following normal-ordered white noise equation:

dZ,

W=(at2~|—a;k2)<>Z,, Zo=1. .1
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It is known that (9.1) has a unique solution in LW, W*). In fact, the solution to (9.1) is given
by the Wick exponential:

00 I on
Z =Z%{ /(a3+a;‘2)ds} . (9.2)

In this connection see [10,26] for details.

Now we consider the Lévy Laplacian associated with an infinite sequence {e,} C E having
specific properties. We assume that {e,} C E is a complete orthonormal basis of L2([0, 1]) and
that for each ¢ € [0, 1] the following limit exists:

N t
1 )
c(t) = ngnoo N E fen (s)“ds. (9.3)
n=1 0
See also Remark 9.5.

Lemma 9.1. It holds that
t t
ALexp{ /é-‘(s)zds} =2C(t)exp: fg(s)zds}, EeN, rel0,1].
0 0

Proof. For simplicity we set

t

pt($)=/$(s)2ds, £eN, tel0,1].

0

We see easily by direct calculation that p;(£) =2 1j0,q1§ € N* and p;(§) =2110,,) € (N @ N)*.
Then by (9.3) we obtain

N N !

. 1 . . 1
Aupi(§) = lim — 2}(17, ), en®en)= lim — 2}2 / en(s)?ds =2c(t). (9.4
n= n= 0
On the other hand,
1 N
(Pl® ©pi©) = Jim = (p/€) @ (). en®en)
n=1
1 N
= Jim = 21k, en) =0, 9.5)

n=1

because (2 1jo /1€, e,) is the Fourier coefficient of 2 19 /1 € Lz([O, 1]) and vanishes as n — oo.
The assertion then follows from Proposition 4.3 with (9.4) and (9.5). O
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Theorem 9.2. Let Z; be the solution to the normal-ordered white noise differential equation (9.1).
Then

AALZ; = AcLZ: = AquZ: =2¢(1)Z;, 1 €0, 1]. (9.6)

Proof. The Wick symbol of the solution Z; in (9.2) is easily obtained:

t

wZ (£, 1) =exp{ /(sm2 +1(s)?) ds}, E,neN.

0

It follows from Lemma 9.1 that
AP WZ)E ) = AP WZ)E m) =2c()WZ)E, ).
Hence Z;, € Dom(Aar) N Dom(Acr) and
AALZ: = AcLZy = 2¢(1) Zs.
The rest of (9.6) is clear from (7.9). O

Thus, the solution Z; to the normal-ordered white noise differential equation (9.1) is an eigen-
vector of the quantum Lévy Laplacian with eigenvalue 2¢(¢). The following result is now clear.

Theorem 9.3. Let Z; be the solution to the normal-ordered white noise differential equation (9.1).
Let v be a finite measure on [0, 1] and o € C. Define

)

1
t:/ezmc(s)zsv(ds), teR.
0

Then B, € LOW, W) is a solution to the following Cauchy problem:

1
— =aAqLE, Eozfzsv(ds) e LOW, W™).
0

As a classical reduction as in Proposition 8.3, we readily reproduce the following result due
to Obata, Ouerdiane [27], see also [26].

Corollary 9.4. Let E; be as in Theorem 9.3 and set &; = E;¢g. Then &, € W* and is a solution
to the following Cauchy problem:

1

oP
o= aALD, Dy = / Zspov(ds) € W*. 9.7)
0
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Remark 9.5. Note that ¢(¢) defined in (9.3) becomes a non-decreasing function such that c¢(0) =
0 and ¢(1) = 1. Hence there exists a probability measure p on [0, 1] whose distribution function
is (the right-continuous modification of) c(¢). It is shown that

1

1 N |1
/f(t)u(dt)=A}gnmN22/f(t)en(t)2dt, feClo,1]. 9.8)
0 n=1p

Moreover, with usual approximation argument by step functions we see that the limit in (9.8)
exists for all f € L°°([0, 1], dt) and becomes a continuous linear functional on L*°([0, 1], dt).

In the case of c(¢) =1t, i.e., when w is the Lebesgue measure, {e,} is called equally dense by
Lévy [21,22].

Remark 9.6. Another approach to the Cauchy problem (9.7) is studied by Chung et al. [9], where
the initial value @y € W* is assumed to be a normal function of Lévy (or its generalization).

References

[1] L. Accardi, V. Bogachév, The Ornstein—Uhlenbeck process associated with the Lévy Laplacian and its Dirichlet
form, Probab. Math. Statist. 17 (1997) 95-114.
[2] L. Accardi, O.G. Smolyanov, Lévy—Laplace operators in functional rigged Hilbert spaces, Math. Notes 72 (2002)
129-134.
[3] L. Accardi, P. Roselli, O.G. Smolyanov, Brownian motion generated by the Lévy Laplacian, Math. Notes 54 (1993)
1174-11717.
[4] L. Accardi, P. Gibilisco, I.V. Volovich, Yang-Mills gauge fields as harmonic functions for the Lévy Laplacian,
Russian J. Math. Phys. 2 (1994) 235-250.
[5] L. Accardi, H. Ouerdiane, O.G. Smolyanov, Lévy Laplacian acting on operators, Russian J. Math. Phys. 10 (2003)
359-380.
[6] L. Accardi, H. Ouerdiane, Semigroupes associés a I’opérateur de Laplace-Lévy, in: M. Schiirmann, U. Franz (Eds.),
Quantum Probability and Infinite Dimensional Analysis, World Scientific, 2005, pp. 12-27.
[7]1 S. Albeverio, Ya. Belopolskaya, M. Feller, The Cauchy problem for nonlinear parabolic equations with Lévy Lapla-
cian, Potential Anal. 24 (2006) 125-136.
[8] N. Asai, I. Kubo, H.-H. Kuo, General characterization theorems and intrinsic topologies in white noise analysis,
Hiroshima Math. J. 31 (2001) 299-330.
[9] D.M. Chung, U.C. Ji, K. Saitd, Cauchy problems associated with the Lévy Laplacian in white noise analysis, Infin.
Dimens. Anal. Quantum Probab. Relat. Top. 2 (1999) 131-153.
[10] D.M. Chung, U.C. Ji, N. Obata, Quantum stochastic analysis via white noise operators in weighted Fock space, Rev.
Math. Phys. 14 (2002) 241-272.
[11] D.M. Chung, U.C. Ji, K. Saitd, Notes on a Cq-group generated by the Lévy Laplacian, Proc. Amer. Math. Soc. 130
(2002) 1197-1206.
[12] S. Dineen, Complex Analysis on Infinite-Dimensional Spaces, Springer-Verlag, 1999.
[13] M.N. Feller, Infinite-dimensional elliptic equations and operators of Lévy type, Russian Math. Surveys 41 (1986)
119-170.
[14] R. Gannoun, R. Hachaichi, H. Ouerdiane, A. Rezgui, Un théoreme de dualité entre espaces de fonctions holomor-
phes a croissance exponentielle, J. Funct. Anal. 171 (2000) 1-14.
[15] U.C. Ji, N. Obata, Quantum white noise calculus, in: N. Obata, T. Matsui, A. Hora (Eds.), Non-Commutativity,
Infinite-Dimensionality and Probability at the Crossroads, World Scientific, 2002, pp. 143-191.
[16] U.C. Ji, N. Obata, A unified characterization theorem in white noise theory, Infin. Dimens. Anal. Quantum Probab.
Relat. Top. 6 (2003) 167-178.
[17] U.C. Ji, N. Obata, Generalized white noise operator fields and quantum white noise derivatives, Semin. Congr. Soc.
Math. France, in press.
[18] U.C. Ji, N. Obata, H. Ouerdiane, Analytic characterization of generalized Fock space operators as two-variable
entire functions with growth condition, Infin. Dimens. Anal. Quantum Probab. Relat. Top. 5 (2002) 395-407.



54 U.C. Ji et al. / Journal of Functional Analysis 249 (2007) 31-54

[19] H.-H. Kuo, N. Obata, K. Saitd, Lévy Laplacian of generalized functions on a nuclear space, J. Funct. Anal. 94
(1990) 74-92.

[20] R. Leandre, I.A. Volovich, The stochastic Lévy Laplacian and Yang—-Mills equation on manifolds, Infin. Dimens.
Anal. Quantum Probab. Relat. Top. 4 (2001) 161-172.

[21] P. Lévy, Lecons d’ Analyse Fonctionnelle, Gauthier—Villars, Paris, 1922.

[22] P. Lévy, Problemes Concrets d’ Analyse Fonctionnelles, Gauthier—Villars, Paris, 1951.

[23] K. Liu, A. Chen, A class of generalized Lévy Laplacians in infinite-dimensional calculus, Israel J. Math. 124 (2001)
157-176.

[24] N. Obata, A characterization of the Lévy Laplacian in terms of infinite-dimensional rotation groups, Nagoya Math.
J. 118 (1990) 111-132.

[25] N. Obata, White Noise Calculus and Fock Space, Lecture Notes in Math., vol. 1577, Springer-Verlag, 1994.

[26] N. Obata, Quadratic quantum white noises and Lévy Laplacian, Nonlinear Anal. 47 (2001) 2437-2448.

[27] N. Obata, H. Ouerdiane, Heat equation associated with Lévy Laplacian, in: S. Albeverio, A.B. de Monvel,
H. Ouerdiane (Eds.), Proceedings of the International Conference on Stochastic Analysis and Applications, Kluwer
Acad. Publ., 2004, pp. 53-68.

[28] H. Ouerdiane, A. Rezgui, Représentation intégrale de fonctionnelles analytiques positives, Can. Math. Soc. Conf.
Proc. 28 (2000) 283-290.

[29] E.M. Polishchuk, Continual Means and Boundary Value Problems in Function Spaces, Birkhéuser, 1988.

[30] K. Saitd, A stochastic process generated by the Lévy Laplacian, Acta Appl. Math. 63 (2000) 363-373.

[31] K. Saitd, A.H. Tsoi, The Lévy Laplacian acting on Poisson noise functionals, Infin. Dimens. Anal. Quantum Probab.
Relat. Top. 2 (1999) 503-510.

[32] Y.N. Zhang, Lévy Laplacian and Brownian particles in Hilbert spaces, J. Funct. Anal. 133 (1995) 425-441.



