Congruence and Conjunctivity of Matrices

C. S. Ballantine

Department of Mathematics
Oregon State University
Coruallis, Oregon 97331

and

E. L. Yip

Boeing Computer Services Co.
Tukwila, Washington 98188

Submitted by Hans Schneider

ABSTRACT

Congruence of arbitrary square matrices over an arbitrary field is treated here by
elementary classical methods, and likewise for conjunctivity of arbitrary square
matrices over an arbitrary field with involution. Uniqueness results are emphasized,
since they are largely neglected in the literature. In particular, it is shown that a
matrix S is congruent [conjunctive] to S,@ S, with S; nonsingular, and that if S; here
is of maximal size among all nonsingular matrices R, for which Ry@® R, is congruent
[conjunctive] to S, then the congruence [conjunctivity] class of S determines that of
S,. Partially canonical forms (most of them already known) are derived, to the extent
that they do not depend on the field. Nearly canonical forms are derived for
0 N
M 0
with the two zero blocks being square). For a neutral matrix S over a field F, the
F-congruence [ F-conjunctivity] class of S is determined by the F-equivalence class of
the pencil S+ ¢S’ [S+ ¢5*] and, if the pencil is nonsingular, by the F[t]-equivalence
class of S+ ¢S’ [S+ tS*].

“neutral” matrices (those congruent or conjunctive with block matrices

1. INTRODUCTION

Matrices S and T over a field F are called congruent over F provided
there is a nonsingular matrix C over F such that C’'SC=T. (Here, and
throughout, prime denotes transpose.) The problem of determining, for given
F,$,T, when S and T are congruent over F has not been solved in any
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satisfactory sense, except for certain very special cases. (See [7] in this
connection; there the language of “equivalence of bilinear forms” is used
instead of the language of “congruence of matrices.”) In this paper we shall
limit our treatment to the results that can be derived by elementary means
for the general case. Some of these results were derived independently in [7,
pp- 45-49], [5] by very different methods. Our methods are elementary
classical methods of linear algebra, though our treatment for pencils is a
somewhat unusual variant of classical treatments, which was used in [9] and
[3), and independently in [4]. (The treatment in [5] depends on applying the
Krull-Remak-Schmidt theorem to “Kronecker modules”; our approach is
completely different.) We give special stress to uniqueness results, since
these are largely ignored in the literature.

The settings are those of [2]: a pair (F,E) of fields F and E is admissible
provided it is complic. or simplic, it is complic provided F is a proper
separable quadratic extension of E, and it is simplic provided F=E.
Associated with each admissible (F,E) is an involutory F-automorphism
(called “(F, E)-conjugation”) ar>a, whose fixed field is E and which has
order 2 if (F,E) is complic, order 1 if (F, E) is simplic. We let _X denote the
entrywise conjugate of the matrix A, and as usual we denote A’ by A*.

We shall say matrices S and T over F are (F,E)-congruent (or, more
briefly, *-congruent when F is understood from context) provided C*SC=T
for some nonsingular matrix C over F. (Thus, in the usual complex case,
where F is the complex field and E is the real field, “*-congruence” is the
same as “conjunctivity” or “hermitian congruence”, though it is sometimes
called merely “congruence.”) Clearly “*-congruence” is the same as “con-
gruence” in the simplic cases.

In this paper (F, E) will always be an admissible pair, unrestricted except
as occasionally specified. The F-automorphism, (F, E)-conjugation, will often
be denoted by * (since a=a* as a 1X1 matrix), and the pair (F,*)
determines the pair (F,E) as well as vice versa. Usually F, E, and * will be
considered as understood (and fixed except as otherwise specified), and all
matrices will be over F except as otherwise specified, but we shall often
mention * explicitly (as in “*-congruence”) as a reminder that the complic
cases are allowed.

To each matrix S (over F) corresponds the (F, E)-bilinear form x*Sy [or,
more precisely, the function (x, y)-—>x*Sy, where x and y are column vectors
over F], which we shall usually call a *-bilinear form. This correspondence is
well known to be one-one, and in fact the (i,f) entry of S is just ¢*Sf; when
€1,€g,... and f,fp,... are the standard ordered bases involved. Under this
correspondence, *-congruence of a square (say nXn) matrix S corresponds
to a change of basis (or also to a nonsingular linear map) in the space, say YV,
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of all n X 1 matrices:
S—C*SC

corresponds to

(x.y)P>(Cx, Cy)

in the *-bilinear form x*Sy (which —x*C*SCy in either process). In this
context we shall often regard § as a linear map (y—>Sy) of V into its *-dual
space V*. [Here V* is the space of all mappings f of V into F such that
flax+ By) = af(x)+ Bf(y) for all a, EF and all x,y €V.] The action of V*
on V is such that Sy (€ V*) acts on x (€V) to produce x*Sy (EF).

We shall also adapt the notion of “reciprocal polynomials” (the proper-
ties of which are well summarized in [8, Sec. 1]) to apply to the complic
cases as well as the simplic cases. Namely, let (F,E) be admissible and let
p(t) € F[t] with p(0)70. Denote as usual p() by p(t). Then we denote by

p(#) the *-reciprocal polynomial of p(¢): p(t)=p(0) 't%(t 1), where d is the
degree of p(t) [hence, also of p(¢) and p(¢)]. A monic polynomial p(t) is
*_self-reciprocal provided p(t)=p(t); in this case p(0)p(0)=1. Clearly, if
A=S8*"1S, then A* '=S5AS ' and hence every invariant factor of A is
*-self-reciprocal. A nonconstant monic *-self-reciprocal polynomial p(t) in
F[t] will be called (F[t}-) irreducibly *-self-reciprocal provided p(t) cannot
be factored in F[¢] as a product of two nonconstant *-self-reciprocal poly-
nomials; if p(¢) € E[¢] here and cannot be factored in E[¢] as such a product,
then p(t) will be called E[t]-irreducibly (*-) self-reciprocal. Clearly, if
K e{F,E}, each monic K[t]-irreducibly *-self-reciprocal p(#) in K[¢] is
either itself K[¢]-irreducible or else = g(t)4(t) for some monic K [t]-irreduc-
ible g(t); in the latter case the factorization is unique (up to order) and the
factors are distinct and hence are coprime. Finally (if K €{F,E}) each
monic *-self-reciprocal polynomial p(t) in K[t} has a factorization (unique up
to order)

p(8)=pa(0)"Vpo( )" (),

where p,(t),py(%),...,p(t) are distinct monic K[t]-irreducibly *-self-recipro-
cal in K[#].

In Sec. 2 we treat the *-congruence theory for nonsingular matrices over
F to the extent that it does not depend heavily on the peculiarities of
(F, E)-arithmetic. In Sec. 3 we treat the matrices S for which the pencil
S+ tS* (with ¢ an indeterminate over E) is nonsingular [as a matrix over the
field F(¢)] and “reduce” these cases to those treated in Sec. 2. Lastly, in Sec.
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4 we treat the mairices S for which the pencil §+ ¢S* is singular and reduce
these cases to the previous cases.

2. THE *-CONGRUENCE OF NONSINGULAR MATRICES

Throughout this section and, where applicable, in later sections we shall
use the following notation.

NoraTion 2.1. We denote by I, the m X m identity matrix, by J, the
lower triangular nilpotent mXm Jordan block, by G, the mXm unit
antidiagonal matrix (whose rows are those of I, in reverse order):

1 O

We often write I, J, or G where the size is clear from context. The pair
(F,E) is a fixed admissible pair of fields, arbitrary except as otherwise
specified, and (in this section) S is always nonsingular over F. Nullspace will
be abbreviated as nsp, elementary divisor as e.d., and nontrivial invariant
factor as nif. We often write A =S*"'S; thus (A*)'S=SA~* and (A*)'S*=
S*A ' for every integer i, and hence f(A*)S=Sf(A '), etc., for every f(t) in
F[t], in fact, for every f(¢) in F(t) such that f{A*) exists. When F=E,e €
{1,—1}, and A—¢l is nilpotent, we shall often write N=A —¢l; thus
flel + N")S= Sf((eI + N)7?), etc., for every f(t) € F(t) with (€)% o here, and
hence

g(N)S=Sg(—N(I+eN)"),  etc,

for every g(t) in F(t) with g(0)# co. Also N™=0 implies that g(N)N™ 1=
g(O)N™~! for every such g(t) in F(t). The column space of the identity
matrix (usually n X n in this context) will be denoted by 7V, and its *-dual
space by V*, and often S will be regarded as a linear map of V into V*, so
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that A(=S8*"1S) and N (=A —el) will then be maps of V into V. If U is
a subspace of V here, its annihilator in V* will be denoted by L%, and S
will be a subspace of “V*, whose annihilator in V" will be denoted by (SU)°.

Observe in Notation 2.1 that C "*AC=(C*SC)*~!(C*SC), so the *-con-
gruence class of S determines the similarity class of A. Some cases where the
reverse determination holds are given in Theorem 2.11 (d) below (some of
the simplic cases of which are given in (7, Theorem 5, p. 48]).

Our first two decomposition results (Lemma 2.2 and Theorem 2.3) are
standard.

Lemma 2.2. Let S be nonsingular nXn over F, and suppose the
minimum polynomial of A=S*"'S is p(t)q(t), where p(t) and q(t) are
coprime in F[t] and each is monic *-self-reciprocal. (1) Then S is *-con-
gruent to a direct sum P® Q, where P*~'P and Q*~'Q have respective
minimum polynomials p(t) and q(t). (2) Also the *-congruence classes of P
and Q are determined from p(t),q(t), and the *-congruence class of S as
follows: the n X n matrix P®O0 is *-congruent to q(A)*Sq(A), and 0D Q is
*-congruent to p(A)*Sp(A).

Proof. The proof of (1) is routine: the two subspaces nspp(A) [which
=q(A)V] and nspg(A) [which =p(A)7V] are complementary in YV (see [6,
Vol. 1, p. 179]); using bases for them (in that order) as the columns of an
n X n matrix C makes C*SC= P @ Q with the required properties. To prove
(2), let C*SC=T and C 'AC=B in (1). Then T=P®Q and B=T*"'T=
PrP®Q*1Q and

C*q(A)*Sq(A)C=[C'q(A)C]*(C*SC)[ C 'q(A)C]

=q(B)*Tq(B)
= q(P*~P)*Pq(P*~'P) D0,

which is indeed *-congruent to P&0. [Here we have used the fact that
g(Q*'Q)=0 and that g(P*'P) is nonsingular.] In much the same manner
one sees that p(A)*Sp(A) is *-congruent to 0 Q. Also, if R is any matrix
*-congruent to S, say D*RD= S, then

q(R*7'R)*Rq(R*"'R)=D*""q(A)*Sq(A)D ",

which is *-congruent to g(A)*Sq(A) and hence to P®O0. [A similar result
holds for p(¢),00 Q, and R.| ]

A routine induction applied to Lemma 2.2 yields the following.
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TueoreM 2.3. Let S be nXn nonsingular over F, and let p(t) be the
minimum polynomial of A = S*7!'S with factorization p(t) =
pi(&)™V -+ p ()™, where the polynomials p,(t) are monic *-self-reciprocal
and pairwise coprime in F(t]. Then S is *-congruent to §,® - -- ®S,, with
S*71S, having minimum polynomial p(t)™® for each i. Also the *-con-
gruence classes of S,,...,S, are determined from [the polynomials p,(t)™"
and] that of S by the fact that for each i the nXn matrix S0 is
*_congruent to q;(A)*Sq;(A), where q,(t)EF[t] is defined by p,(t)™q,(t)=
p(t).

Theorem 2.3 reduces the study of *-congruence of nonsingular matrices S
to the case where the minimum polynomial of S*~!S is a power of an
F[t]-irreducibly *-self-reciprocal polynomial. We treat the latter case in the
following theorem. (Much of the simplic case of this result appeared in [7,
Lemma 6, p. 49].)

TueoreMm 2.4. Let S be nonsingular over F, A= $*~1S have minimum
polynomial q(t)", and q(t) be monic F[t]-irreducibly *-self-reciprocal in
F[t). Then S is *-congruent to S, - - - @S, with the nifs (see Notation 2.1)
of the matrices A, = S*~'S; being powers of q(t) as follows.

(1) Each A, has just one nif, but occurring (in that A,) with multiplicity
lor2.

(2) Each A, is nonderogatory (i.e., the multiplicity is 1 for each A)) if
either (F,E) is complic or q(t) is nonlinear.

(3) When a matrix A, is similar to the direct sum of two copies of a
companion matrix (i.e., when the multiplicity is 2 for that A,), we can take
the corresponding

St

conformably, with L and M nonsingular and P and Q singular.

(4) When (F,E) is complic and q(t) is linear, each S, is *-congruent to an
upper antitriangular matrix with entries on the antidiagonal equal to each
other, and all entries on the first super-antidiagonal nonzero and equal to
each other, and all other entries zero (the specific form is given in Lemma
2.8).

The proofs of parts (1), (2), and (3) of Theorem 2.4 follow by routine
induction from Lemma 2.7 below, and the proof of part (4) follows from the
first two parts plus Lemma 2.8 below, but we need two preparatory lemmas
first.
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Lemma 2.5. If (F,E) is complic or g(t) is nonlinear in Theorem 24,
then there are an integer h >0 and a vector e €V such that

e*SA " hg(A)" e 0.

Proof. First suppose (F, E) is complic. Then there is a #8 € F. For any
such § we have the elementary identity

W Ty=(0-0)"[(6—1)x*Tx+8(1—0)y*Ty
—~ 0 (x+y)*T(x+y)+ (x+0y)*T(x+ by) ]

for every x and y in V and every linear map T:V—V*. Thus for every
nonzero such T there is an ¢ €V such that e*Tes=0. Since SA ~"g(A)" ' is
nonzero for every integer h, we can, say, take h=0 and put T= Sq(A)" !
here.

To prove the conclusion for the case where g(¢) is nonlinear, we may
now suppose also that (F, E) is simplic, i.e., that F= E. Then q(¢) is not t—1
nor ¢+ 1 but is monic irreducibly self-reciprocal, so q(1)g(—1)#0 and ¢(¢)
must have even degree, say 21, and q(0)=1. (See [8, p. 327].) Let r(f)=
[t7%g(®)™ . Then r(t~")=r(t)EF(t), and r(A)#0 because g(A)" '#0
[and 7(A) exists because A is nonsingular] and A + I is nonsingular [because
q(—1)70 and g(A)™=0], so (by Notation 2.1)

Sr(A)+r(A')S =S"Ar(A)+S'r(A7Y)
=S'(A+1)r(A)

is nonzero, and hence Sr(A) is nonalternating. (An n X n matrix T is alternat-
ing (or alternate) provided x'Tx=0 for every nX1 matrix x. See [1, p.
387-391] for more details.) Thus there is an e €V such that &’Sr(A)e#0, so
we can take h=I(m — 1) here. u

The next lemma is also technical in nature and treats a case [case (2) of
the lemma] not needed for the proof of Theorem 2.4 but needed elsewhere.

LemMa 2.6. Let p(t) and g(t) be in F[t] such that (at least) one of the
following two cases holds: (1) q(¢) is monic F[t]-irreducibly *-self-reciprocal,
or (2) p(t) € E[t] and q(t) is monic E[t]-irreducibly *-self-reciprocal in E[t].
Furthermore suppose that neither t nor q(t) divides p(t) and that (in
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Notation 2.1) e €V and h, s,},1 are nonnegative integers such that g(Ay*!=
09

e*SA™"q(A)e#0, [ p(A)Aig(A)e]*SU=0,
where AU is the A-cyclic subspace of V' generated by e. Then | >s.
Proof. From hypothesis we have
e*G(A*)'B(A*)A*SA‘e=0

for all integers i. We shall show that consequently the following two
equations must hold:

0=c*Sp(A)g(A)'U,  0=e*S(A)g(4) .

To show the first equation holds, we perform * (conjugation followed by
transposition) on the preceding equation:

0=e*A*'S*Alp(A)g(A)e
=g* SAf_l_ip(A)q(A)le

(because A*'S*=A*SA!'=SA'"!; see Notation 2.1); this holds for all
integers i, and hence 0= e*Sp(A)q(A)' AU.

To show the second equation holds, we let d=degreep(t) and c=
degree q(t) and note that

0=e*G(A*)'B(A*)A*ISA'e

=e*Sg(A™Y)p(ATNAT e

= e*sp(0) p(A) q(0) ‘g(A)'A*~i~4=

[because q(t)=q(t), etc.]; this holds for all integers i, and hence 0=
e* Sp(A)q(A) L.

Note that this second equation differs from the first one only in the
replacement of p(A) by p(A). Thus (in these two equations) we can now
replace p(A) and p(A) by g(A), where g(t)=ged(p(t),p(¢)). Namely, g(t)=
u(t)p(t)+ o(t)p(t) for suitable u(t) and ov(t) in F[t], and u(A)A CA and
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v(A)AU C U, so
0=e*Sp(A)q(A) U D e*Sp(A)q(A)u(A)U,
0=e*Sp(A)q(A)' U D e*Sp(A)q(A)'v(4) U,
and hence (by addition)
0=e*S[u(A)p(A) +0(A)p(A)]q(A) U
=e*Sg(A)q(A)' U.

However, g(t)=g(t) is *-self-reciprocal and is not divisible by g(¢), so it is
coprime to g(t): in case (1) because g(t) is F[t]-irreducibly *-self-reciprocal,
in case (2) because g(t)E E[¢] and q(t) is E[¢t]-irreducibly *-self-reciprocal.
Thus g(A) is nonsingular [because g(A)**!=0] and hence g(A)A =L, so

0=e*Sq(A) AU De*SA g(A) e

for every integer i > 0. Thus ! >s (otherwise a contradiction would occur for
i=s—1). [ ]

Lemma 2.7. Under the Theorem 2.4 hypotheses, S is *-congruent to
TOR, where T* 'T is nonderogatory with nif=q(t)™ in each of the
following three cases: (i) where (F,E) is complic, (ii) where (F,E) is simplic
and q(t) is nonlinear, and (iii) where (F,E) is simplic and q(t) is linear
(hence q(t)=t— ¢ with e€{1, —1}) and Sq(A)" " is nonalternating. On the
other hand, in the case (iv) where (F,E) is simplic and q(t) is linear (=t—¢)
and Sq(A)™ "' is alternating, S is congruent to T@®R, where T'~'T=¢l,,, +
(Jn®J,) and

st

with P and Q singular m X m and L and M nonsingular.

Proof. We treat cases (i), (ii), and (iii) together. In each of these cases
there are an integer h >0 and a vector e such that e*SA ~*q(A)"'e#0 [in
cases (i) and (ii) this is by Lemma 2.5; in case (iii) this is by definition of
nonalternating]. Let % be the A-cyclic subspace generated by e. Then
UNSWA)P°=0 by Lemma 2.6 (with s=m—1), so V=AU BSU)® is an
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S-orthogonal direct-sum decomposition of YV, and is also S*-orthogonal
because S*QU = SA 71U =S

Finally we treat case (iv). Here g(t)=t—¢ with e€{1, -1}, and F=E
and Sq(A)" "'=S(A—el)""! is alternating. Let N=A —¢l. Since SN™ '+
0, there are vectors ¢ and f in Y such that &’ SN™~'f=1. Thus f'SN™ 'e=
—1, since SN™ ™! is alternating. Let A and U be the respective N-cyclic
subspaces of V" generated by ¢ and f. Then U and W are m-dimensional
because N™=0 and N™ le#=0+%N™"1f. It suffices to show that the follow-
ing properties hold:

() WNUW=0=(A+W)N[S(A + W),
(2) S(AU +W)=S"(AU+W),$U =S,
(B) ANSW)P°=0=UN(SW)°,

(4) A N(SAN°~0,W N (SUW)°+0.

Now, (2) holds because S=S5'A and S'=SA~! and AU and U are
A-invariant. Also, (4) holds because 0=N™ e €U N (SA)® and 0~=N™ "' f
€W N (SW)°; for example,

(N™le)SU=¢e'N™'SU
=¢'S(—I—-eN)' ""N™lq
=e'S(~1)T"N™IqL = ¢’ SN™ 1AL,

which =0 because ¢’ SN™ " N'e=0 for all i >0 (for i >0 because N™ =0, for
i=0 because SN™"! is alternating).

To prove (3), it suffices, since SUW =S'W, to show AU N (SU)°=0. To
show U N(SUW)°=0, it suffices to assume [N'p(N)e]'SU =0 for some
integer { > 0 and some p(t) € F[t] with p(0)+0, and to show that then j must
be >m. To show j>m here, we note that p(N(—I—eN)™") is nonsingular
[because N™ =0 and p(0)#0], so

0=¢'p(N')N'SU = &' Sp(N(—I—eN) ') N(~I—eN) ]S
=¢/SNT9 D e’ SNI*f

for every integer i >0, so indeed j must be >m.

Finally, to prove (1), it suffices to assume x&Q and y€W and
x+yE[S(A+W)]°, and to show that then x and y must be 0. Thus
x=N*u(N)e and y=N'(N)f for some nonnegative integers k and ! and
some polynomials u(f) and v(t) in F[t] with u(0)707v(0). It suffices to show
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that k and I must both be >m here. Say k >I; then it suffices to show Il >m.
Suppose [<m—1; then N" '€ + U and we get the following con-
tradiction:

0

[ N*u(N)e+ N'o(N)f]'S(U + U)
D[ eu(N)N*+fo(N)N'|SN™ 1%
=¢'Su(N(—I—eN) ) [ N(—I—eN) ' 'Nm =1 le,

SN T eN) ) N(= - eN) N

The first term (in the last member) is 0 when k >1+1 (because N™=0) and
also is 0 when k=1, because in the latter case it is (— 1) *u(0)e’SN™ e,
which is 0, since SN~ ! is alternating. On the other hand, the second term
=(—1)""(0)f'SN™ le=(—1)"'v(0)(—1) is nonzero. This contradiction
shows that I >m when k >1[. Similarly k >m when [ >k. This completes the
proof of Lemma 2.7. [ ]

RemMarks on Lemma 2.7(iii) and (iv).

(1) Another way to see that the blocks P and Q in (iv) are singular and
the blocks L and M are nonsingular is to use Jordan bases for U and UW:
(e,Ne,...,N™ 1e) for AU and (f,...,N™ ") for . Then all four blocks are
antitriangular (because N™=0) and the antidiagonals of P and Q are 0
(because SN™ ! is alternating), while all the antidiagonal entries of L and M
are nonzero (alternating 1 and — 1) because ¢'SN™ " 'f=1.

(2) When char F#2, it is known that 9 and U in the proof of case (iv)
can be chosen so that the diagonal blocks P and Q are 0.

(3) When charF#2 and e=(—1)"""! in case (iii) or (iv), then it can be
routinely shown that SN™~! is symmetric (and nonzero) and hence non-
alternating [thus excluding case (iv)]. On the other hand, when e=(—1)"
here, then SN™ ! must be alternating [thus excluding case (iii)]; likewise if
charF=2 and m is even. When charF=2 and m is odd, then SN™"! can
be either alternating or nonalternating. (Most of the computations relevant
to this remark are given in the proof of [2, Theorem 3.6].)

Part (4) of Theorem 2.4 follows from parts (1) and (2) and the following
lemma.

Lemma 2.8. Let (F,E) be complic, S be nXn nonsingular over F,
A = S*~1S be nonderogatory, a €F, and A — al be nilpotent. (i) Then ad=1,
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and (ii) there is at least one 8 € F such that §#0+af. Furthermore, (iii) if (8
is any element of F such that) 0#£0+0f and B=(0—of) (a—1), then
B=p and S is *-congruent to eG[1+ 0( BI +])] for some ¢ € E. Likewise, (iv)
if a#1and 6#0 and y=(a—1)"" (0 —af), then y=7 and S is *-congruent
to eG[yI+ J+ 0I] for some e€E.

Proof. (i) is clear because « is the only root of A (which is similar to
A*1). To see (ii), note first that there is a 8#—‘6 € F, since (F,E) is complic;
if 858, we can take 0 = §, whereas if 8= a8, we can take #= 8+ 1, because
a71 in the latter case. Finally, we prove (iii) [the proof of (1v) is much the
same, so we omit it]. Thus, let 50 7#af and B=(8— af)~}(a—1), and let

=(60-0)"'(S—0s*), K=(0-6)"(S—-S*).

Then ,B=,E (because aad=1), S=H+ 6K, H=H*, and K=K*. Also H is
nonsingular because § #af. Let B=H 'K and N=B— SI. Then

=(S*—4S)"'(S—S*)=(1—-0A) "1 (A-1),
N=(8—af) ' (01—A) ' [(8—af )(A—T)—(a—1)(0I—0A)]

=(0—af ) (O1-0A)"(0-0)(A-al),

and (A —al)*=0+# (A~ al)" ! (because A — al is n X n nilpotent and non-
derogatory), so N*=0%N""1. Also N*H=K — BH= HN, so N*H= HN"' for
all i > 0. Since HN""'30 and (F, E) is complic, there is a vector ¢ such that
e*HN" 'e#0 (as in the proof of Lemma 2.5). Let e=¢*HN" e; then
£= e*(N*)"_lHe= g, so 0#%¢€E. Let

n—1 ) o on-1 )
'Y (e*HN" e)ti= ¥ ntl.
i=0 j=0

Then 7(t)=r(t) € E[t], and r(0)=1, so there is a (unique) s(¢) of degree <n
in E[t] for which r(#)s(¢)—1 is divisible by ¢". [Just divide r(¢) into 1, using
ascending powers of ¢, until the remainder is divisible by t"; the quotient is
then s(f).] Then s(0)=1, and there is a p(¢)EF[f] such that p(0)=1 and
p(t)p(t) — s(¢) is divisible by ¢t (since every number in E can be written as
c+ ¢ for some ¢ in F). Let d=p(N)e; then N* 1d=p(0)N""‘e=N""le, so
d*HN" 'd=d*HN" 'e=(N""'d)*He=(N""'e)*He=¢c. Let s(t)=2Ist’,
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summed over i €{0, - - ,n~1}. Then for 0 <{j<n we have

d*HN""'"id=e*5(N*)HN™ ' "ip(N)e

=e*HN" '"ip(N)p(N)e

i
=e*HN""17ig(N)e= D e*Hs,N"17i%i
i=0

i
=e 2 1_;5=0.
i=0

Thus d*NB4HNd=d*HN'*id=0 if i+j7#n—1 (and it =¢ if i+j=n—1),
so the matrix of H in the N-cyclic basis (d,Nd,- - - ,N*~!d) is ¢G. Also the
matrix (in this basis) of B— SI(=N) is J, so the matrix of S= H+ 60K = H(I+
0B) is eG[I+8( BI+])].

There is in general no simple *-congruence canonical form for S in
Theorem 2.4, but when the *-bilinear form x*Sy is “neutral” in the sense of
[5, p. 67], we can get a fairly canonical form (modulo interchanging compan-
ion matrices belonging to elementary divisors of A that are *-reciprocal to
each other). This is done in Theorem 2.11 below (and, for special cases
obtained by imposing restrictions on the minimum polynomial of A, in
Theorem 2.12 and Corollary 2.13). We need first to define “neutral” as we
shall use the term.

P N

DEerFiNiTION 2.9, A partitioned matrix will be called neutrally

partitioned provided P=0 and Q=0 and both P and Q are square matrices,
and a square matrix over F will be called (F,E)-neutral for just neutral,
when (F,E) is understood] provided it is (F, E)-congruent to a neutrally
partitioned matrix.

Remark 2.10. (1) A matrix S is (F,E)-neutral iff the *-bilinear form
x*Sy is neutral in the sense of {5, p. 67]. (2) Each direct sum of neutral
matrices is neutral. (3) If M and N are nonsingular, then the following
neutrally partitioned matrices are *-congruent to each other:
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[The *-congruency of the first two is from the fact that every nonsingular
matrix W is *-congruent to W* '=(W - I*Ww 1] (4) If N=C ~IMC,

0

then the neutrally partitioned matrix ] is *-congruent to

0

[2‘3] (I)]=(C*®c—l>[;\’4 é](ceac*'l).

TueoreM 2.11.  Let S be nonsingular and (F,E)-neutral and A= S*"S,
and let f(t) and g(t) be monic F[t]-irreducible. (a) Then S is *-congruent to a

neutrally partitioned matrix I} with M=P®Q, the characteristic

0
polynomials of P and P* " being coprime and every elementary divisor of Q
being *-self-reciprocal. (b) Let k be the multiplicity of f(t)™ as an e.d.
(elementary divisor) of M here; then each of f(t)™ and f(ty™ has multiplicity
k as an e.d. of A if f(t)#f(t), and f(t)™ has multiplicity 2k as an e.d. of A if
f(t)=f(¢). (c) Let l be the multiplicity of g(t)™ as an e.d. of A here (so g(t)"
also has multiplicity | as an e.d. of A); then one of g(t)" and g(t)™ (the same
one for every m) has multiplicity 1 and the other has multiplicity 0, as an
e.d. of M if g(t)#g(t), and (I is even and) g(t)™ has multiplicity 11 as an
e.d. of M if g(t)=g(t). (d) Thus the similarity class of A determines the
*.congruence class of S here. (e) The matrices S; in Theorem 2.3 are
(F, E)-neutral here.

Proof. (a): Here S is *-congruent to a neutrally partitioned matrix

1?4 é by Remark 2.10 (3), and by Remark 2.10 (4) we may assume M is

e direct sum of the companion matrices of its e.d.’s (elemen divisors).
0 tIz‘Tfor which

H is such a companion matrix (and multiplicities correspond). Further, if H is
the companion matrix of an e.d. s(t)" with the divisor base s(f) monic
F[t]-irreducible, then, by Remark 2.10 (3), we may replace the direct
summand H in M by H*~?, and hence by the companion matrix K of §(t)"
by Remark 2.10 (4) (since K is similar to H*'). Thus we may choose the
direct summands in M so that, for each pair {s(f),5(#)} of monic F[¢]-irreduc-
ible polynomials with s(t)55(¢), at most one of the two occurs as a divisor
base for (the e.d.’s of) M. With this choice for M, let P be the direct sum of
the companion matrices of the e.d.’s of M which are not *-self-reciprocal,
and let Q be the direct sum of the companion matrices of the *-self-recipro-
cal ed’s of M. Then M is similar to P@Q, so we may assume M itself
= P ® Q by Remark 2.10 (4). Clearly P and Q satisfy the requirements of (a).

Thus § is *-congruent to the direct sum of the matrices
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To prove (b), let
T=[ 0 1 ]
M 0

Then A is similar to T* 'T=M®M* '=POQOP*'®Q* !, so it
suffices to note that the characteristic polynomials of P, P* -1 Q are pairwise
coprime (and that every e.d. of Q is *-self-reciprocal and hence Q is similar
to Q* 1), Part (c) follows routinely from (a) and (b). Part (d) follows from (c)
plus the fact that the *-congruence class of S is not changed here if a
companion matrix H is replaced (as a direct summand in M) by the
corresponding matrix K as specified in the proof of (a).

To prove (e), let r(f) be the characteristic polynomial of A and r(f)=
ry(8)- - - (¢) with the polynomials r,(¢) monic *-self-reciprocal and pairwise
coprime, and let §,D - - - @ S, be the corresponding direct sum (*-congruent
to S) given by Theorem 2.3; then r(t) is the characteristic polynomial of
A;=S5*"'S. Let P and Q be as in part (a), with respective characteristic
polynomials p(¢) and q(#). Then A is similar to POQOP*~'®Q* ', and
the polynomials p(t),p(t),q(t) are pairwise coprime, and q(f)=q(t) and
hence r(t)=p(t)p(1)q(1)". Let p,(f)=ged(p(f)7(1)) and q,(t) =ged(q(t).7(2)
for each i. Then p,(¢)=ged(p(¢),7(¢)) and §,(f)=gq,(t), and hence r(f)=
p(O)p(1)g,(¢)?, for each i. For each i let P, be the direct sum of the
companion matrices of the e.d.’s of P which divide p,(t), and define Q; in like
fashion from Q and g;(t). Then PO Q is similar to @(P,BQ,), so S is
*_congruent [by Remark 2.10 (4)] to

Thus §; is *-congruent by Theorem 2.3 to

0 I
{REBQ,- 0]’

and hence is neutral, for each i. [ ]

One gets an essentially canonical form under *-congruence for nonsingu-
lar neutral matrices from Theorem 2.11; the same applies to the next two
results, which turn out to be special cases of Theorem 2.11 but are ap-
proached via the minimum polynomial of A. (In Theorem 2.11 we found it
more convenient to employ the characteristic polynomial of A, but we revert
to the minimum polynomial now.)



174 C. S. BALLANTINE AND E. L. YIP

TaeoremM 2.12. Let p(t) be monic F|t}-irreducible and coprime to p(t),

and let p(t)"p(t)" be the minimum polynomial of A=S*""S. Then S is

0 I

*-congruent to a neutrally partitioned matrix M 0] where p(t)™ is the

minimum polynomial of M.

Proof. Let (in Notation 2.1) U =nspp(A)™ and U =nspp(A)™. Then
(see [6, Vol. 1, p. 179]) V=AU W, dim AU =dim U, p(¢)™ is the minimum
polynomial of the U -restriction of A, p(#)™ is that of the 9 -restriction of A,
A =p(A)™V, and W =p(A)" V. Also V*=W°DU°, and W and A° act
in the usual way as the respective *-duals of 2 and °U. To see that
SU CU°, let x€W. Then x=p(A)™y for some y €Y, and hence

(Sx)*W = y*p(A*)"S*p(A)"V
=y*S*p(A™")"p(A)"Y,

which = 0 because p(A~!)=p(0)A ~%(A) [where d=degreep(t)]. In like
fashion SA CAU°. Let B be a basis for U, and let B * be its *-dual basis
for A°; then SB is a basis for W°, and its *-dual basis for 9 is $* ~1RB *.
The matrix of S: V—V* in the basis (S* !B *,B) for V [[and its *-dual

basis (SB, B *) for V*] is thus a neutrally partitioned matrix 0 é

F (see Definition 2.9). One easily calculates that in this same basis A : V-V
has matrix M ® M* L. Thus M is the matrix of the @L-restriction of A, so its
minimum polynomial is p(¢)™. [ ]

over

CoRoLLARY 2.13. Let p(¢) be monic and coprime to (t) in F[¢], and let
p(t)p(t) be the minimum polynomial of A= S*"'S. Then § is *-congruent to

a neutrally partitioned matrix [ Z(\)/I é ], where p(f) is the minimum poly-
nomial of M.

Proof. Let p(t)=p,(t)™D- - - p()y™* with the k polynomials p,(¢) being
distinct monic F[t]-irreducible. Then p(t)=p,()™V- - - p()™®, and the k
polynomials ¢,(t)=p,(£)p,(t) are monic F[t]-irreducibly *-self-reciprocal and
are pairwise coprime, so S is *-congruent to a direct sum $,D--- @5, with
q,(t)™? the minimum polynomial of A; = S*~'S; for each i (by Theorem 2.3).
Thus § is *-congruent by Theorem 2.12 to a direct sum

Al ol

i=1| M 0
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0

and hence to ], where M=M,®- - - ®M, and p,(t)"? is the mini-

I

0
mum polynomial of M; (for each i), and hence p(¢) is the minimum poly-
nomial of M. |

3. NONSINGULAR PENCILS S+ ¢5*

In this and the next section we shall consider matrix pencils; in nonhomo-
geneous notation they appear as A — ¢B, with ¢ an indeterminate, and A and
B conformable matrices, over a field F. Such a pencil is called nonsingular
provided it is square and its determinant is nonzero in F[t]. Although we are
concerned with square matrices in this paper, we shall introduce the
following notation (Notation 3.1) and initial result (Lemma 3.2) in a way that
will also apply to nonsquare matrices.

NoratioN 3.1. Let A and B be mXn matrices over F, ¢t be an
indeterminate over F, V be the space of all n X1 matrices over F, and V" be
the space of all m X1 matrices over F. For a subset & of V" we define AS
and BS by regarding A and B as maps of V into V", and likewise for a
subset &’ of V" and the inverse images A "'S’ and B71§":

AS ={Ax:x€5}, AT ={x€V:Ax€5"},
with analogous definitions for BS and B 7'S’. Next, for integers i >0 we

define (AB ~')'S’ and (A ~'B)'S inductively by (AB 1)°S’'=5", (A7'B)°S
=$ and

(AB~Y)"*15'=AB~Y(AB™Y)'S,
(A7'B)'*'§ =A"'B(A'B)'S
for each i > 0. We denote the two special sequences of sets (subspaces here)

starting with 0 € V" (more properly, with {0} CV, but we shall persist in this
“abuse of notation” for the sake of brevity) as follows:

U, =(A7'B)0, U,=(B~'A)'0
for each i > 0. (In particular, U, =nspA and U, =nspB.) Thus 0=, C A,

c---cU,, and if A, =,,,, then AU, =A,. (Hence U, =U,,,=--",
and W, =W,,,="---.) We shall often denote U, by A and U, by U.
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Next we list some well-known elementary facts about images and inverse
images for convenient reference.

Facr 3.2. (a) In Notation 3.1 we have, for all subsets S and T of V
and all subsets ' and T’ of V", the following:

A(ATIS)=8"NAY,
AT S NT)=(A7IS )N (AT,
A(SNI)C(AS)N(AT),
A"HAS)=S +A 70,
ATHS +T)D(ATIS)+(ATIT),
ATM(AS)+T']=5+A7'T".

(b) In Notation 3.1, if V'=V* is the *-dual of V, & and S * are subsets of
V and V* respectively, and J* is a subspace of V*, then

(A*S)’=A71Y(8"),
(A—lg *)OQA*(S *0),
(ATITH) = A*(T*).

Lemma 3.3. In Notation 3.1 we have U N W =0 iff rank(A — tB)=n
(over the field F(t)), i.e., iff the pencil A—tB has no column-minimal
indices [6, Vol. I1, p. 38]. Thus, when n=m here, U N W =0 iff the pencil
A — tB is nonsingular.

Proof. “If’: Assume rank(A —tB)=n over F(t), and let xeU N W.
Then there are vectors xg, x5, .., %y, in V with x=1x,, x, EQ;, and x,,, _; € W,
for all i <n, and Ax;=Bx,_, for all i€ {1,2,...,2n}. Let

F=agtta + ot H 2, P,

Then (A — tB)Z=0 over F(t). Thus £=0 over F(t) because rank(A — tB)=n
over F(t). Therefore £=0 over F[t], and hence x=1x,=0.
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“Only if”: (This is essentially a reversal of steps in the “if” proof, but
with complications.) Assume QU N W =0, and suppose (A—tB)¥=0 for
some n X 1 vector & over F(t). First, multiply the latter equation through by a
“common denominator” in F[t]. Thus we may assume # is over F[t], and it
suffices to prove that £ must be 0 over F[¢]. To do this, pick out an arbitrary
coefficient (n X 1 over F) in %; call it x; then it suffices to show that x must
be O (over F). Say = -- +tx+ - -+ has degree d (>1). (If £=0 here, there
is nothing more to prove.) Then

t T = a4 it F 2T e, 4 2,

for some n X1 vectors xg,x,,...,%54 over F with x; =x. Thus (A — tB)td_’£=
0 over F(t), and hence over F[t], so Ax;=Bx,_, for all i€ {1,2,...,2d},
Axy=0, and Bx,;=0. Therefore x, €, ; and x,,;_, €W, for all i <d, so
x=x,EUy,. ;N Wy, CAUNAW, and hence x must indeed be 0. ]

Remark. By the same method used in proving the “if” part of Lemma
3.3, one can show that U, N U =0 implies A N W =0 (as does WA N W, =
0). Thus we have AU N W =0 iff W, N W =0 iff W N W, =0; this yields two
more criteria, which are less symmetric than U N W =0 but computation-
ally simpler, for the pencil A — B to have rank n.

NoratioNn 3.4. From now on, in Notation 3.1 we shall be taking
V'=%V*=the *-dual of V (and hence m=n), A=S, —B=S5* (=the
conjugate transpose of S). We shall be dealing simultaneously with all
admissible pairs (F,E), both simplic and complic, and shall take ¢ as in
indeterminate over E as well as over F. (See Sec. 1 for terminology.) Thus

QU = (S 7S*)0, W, =(S*"'S)'0, U=, and W =UW,.

Lemma 3.5. In Notation 3.4 we have (for all nonnegative integers i
and )

(@) SAU 4, =(8*U)N(SV), S*W, ., =(SUW,)N(5*V);
(b) S*GlL,.=(S*S_1)iO, SGM‘=(SS*_1)‘O;

(C) QL?=(S*S—1)“V*, (,w'i0=(ss*—1)lcv*;

(d) (S*)°=(S 7IS*)'V, (SW,)°=(S* ')V
(e) S*U, CAUL, SU; CUWY;

®) S(G?‘Li-i-ln%i)=(s*%{)m(5%f)=s*(%in%i+l);
(g G?LD(SGM)O=‘:’?LHGZU=(S*QL)OO%;

(h) GlL+(SGU§)°=(S*62L)°+(SGM)O=(S*(’?L)°+GUY;
(1) (AU+W)N[S*AU+SW°=AUNW; and

G) (GlL+GUf)+[S*GZL+S%]0=[(S*%)ﬂ(s%)]o.
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Proof. (a): We have SQU,,, =SS ~'S*q, =(S*,)N SV by Fact 3.2(a).
[The rest of (a) is proved similarly.]

(b) follows from definition, rearrangement of parentheses, and the fact
that 5*0=0=S0.

(c) follows from definition and recursive use of Fact 3.2(b).

(d) follows from (b) and recursive use of Fact 3.2(b).

(e) follows trivially from (b) and (c).

(B): 1t suffices to show (S*A,)N (S W,;) C S(U, ., N U,), since the reverse
inclusion follows routinely from (a) [and since the rest of (f) is proved in like
fashion]. Thus let x € U, with Sx€ $*U,. Then x€(S ~'S* AN W, =AU, ,
N UW;, so SxE€ (AU, ., NU,), as required.

(): In view of (e), it suffices to show that (SUW)°N WU CU [the rest of
(g) is proved similarly]. Thus let x€(SUW)°NA. Since xE(SAW)°=
(S*718)*V, there are vectors x,x,,...,x, in V such that

S*x=Sx,, S*x,=8x,_,,..., S*x, = Sx,.

Thus x, €(S 7'$*)x, C - -+ C(S T'S*)™ (S 7!S*)"A =AU, so we have recur-
sively (imagine x=x,, , )

X, € 8* ISy, CS*TISAU =S*7ISq, CS*TY(S*AL, )
=qQ_,+S*70=,__,+U,,
X € S* ISk, CS* T S(U, + W) ] CS* T S* U, +SU, ]

=Q, _,+S*7ISU, =, _,+ UW,,

x € S* 7 18x, C AUy + W, =W,

as required.

(h) can be proved by use of (g) as follows. In view of (e), it suffices to
show that (SU)°+ A D (S*A)° (etc.), i.e., that (SAU)N A C S*AL. Thus let
x €W with Sxe AU, ie, xE[S XU N W =(S*U)°N U ; then xEU by
(g). Therefore Sx €S, and hence Sx & S*AL by (a).

(i): We apply the modular law (for the lattice of subspaces of V') twice
[using (e) each time]:

(U + W) N (S*U)°N (SUW)°= { U+ [ W A ($*A)°]} N (SW)°
=[UN(SW)*]+[ W n(s*W)°].
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Now the required result follows from (g).
(j): Take annihilators on both sides. Then the result follows from (e) and
(h) the same way (i) follows from (e) and (g). |

Lemma 3.6. In Notation 3.4 the nullspace of S— aS* is a subspace of
[S*QU + SAP°=(S*AU)°N(SW)® for each nonzero a EF.

Proof. Let (S—aS*)x=0 with a0. We prove x&(5*)° [the proof
that x € (S U )° is similar, so we omit it]. Here Sx=aS*x and S*x= a”'Sx, so
for each $ CV, x€(88)° iff x(S*S )% Thus for every integer i >0 we
have

x€(S*U)’° = x€(SUL,)° = 2€(S*U,,)"

the first implication coming from Lemma 3.5(a). Applying the composite
implication successively for i=0,1,2,---,n—1, we get x&€(S$*,)°=
($*QL)°, since certainly x € V= (5*,)°.

THEOREM 3.7. If S is an nXn matrix over F and the pencil S+ tS* is
nonsingular (over F(t)), then S is *-congruent to S,DS,, where S,— 5§ and
S, are nonsingular and all roots of the matrix (S,— S§)~'S, are in the set
{0,1); in fact, S, can be chosen here in the form

n k(7
o I
s,= D 69[ ’}.
j=1i= I

'1,.0

An glternate form for S, here is @;;1@:‘(_")1]27.

Proof. In Notation 3.4 we have by Lemma 3.3 that @ N W =0. Thus
by Lemma 3.5(f), (i), (j) we have

V=(UOW)D[S*AU+SW]".

It is trivial [by Lemma 3.5(a)] to verify that this direct sum (at the second
) is S-orthogonal and S$*-orthogonal; i.e., that S(UA ©U) and S*(U D W)
are both included in S*QL + SOU =[S*AU + SAU]®. Since [S*U +SWT°
includes nsp(S— S*) by Lemma 3.6 and U @B includes AU, =nsp$ and
Uf; =nsp S*, the map S— S* (of V into V*) is nonsingular on U DU and
the maps S and S* are nonsingular on [S*@ + SUW]°. Thus we take S, as a
matrix of the (U @ )-restriction of S and take S; as a matrix of the
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[S*AU + S W *restriction of S. To complete the proof, it suffices to prove
the following four lemmas (Lemmas 3.8~3.11).

Lemma 3.8.  In Notation 3.4 let V=AU D W and let K=S—S*. Then K
is nonsingular, and the map A=K 'S (of V into V) has the following
properties:

() S(I—A)=A*S, SNI—A)=A*S* K(I—A)=A*K;

(b) A, , CU, and (A~ D, , CW, for all i >0;

(c) A is nilpotent on AU, and A — I is nilpotent on AU ; and
(d) A is similar to I— A (on V).

Proof. By Lemma 3.6 the nullspace of K is included in [S*@L + SU°,
which by Lemma 3.5(i) is 0 here; thus K is nonsingular.

(a): Note that SA+ A*S=SK ~'S— S*K "!S=KK ~!§=5 (because K* =
—Kand A*=—S5*K 1), 50 S*=(SA+A*S)*=S*A+A*S* and K=KA +
A*K.

(b): By Lemma 3.5(a) we have

AL, =K~'SQU,,, CKIS*¥aL =(A—1)q,

for all i>0, so AU, C(A—I)U,=0 and we have AU, C(A—-I),
CAU, + AU, CU, ., + AU, =9, successively for i=1,2,.... The other part of
(b) is proved in like fashion,

(c) follows routinely from (b), since Uy =0=°U,.

(d): By (c) all roots of A are in {0,1}, and hence A is similar to A*
(e.g., because A and A* must have the same Jordan form). But A*=K(I—
A)K "1 is similar to I — A by (a); thus A is similar to I — A. [ |

We shall need a more algebraic condition equivalent to the “geometric”
condition V= @9 occurring in the hypothesis of Lemma 3.8. This is
supplied by the following lemma.

Lemma 3.9. In Notation 3.4 let U N W =0 and K=S— S* and, when
K is nonsingular, A=K ~'S. (a) If (K is nonsingular and) (A* — A)" =0 here,
then (S*A)°CnspA™ and (SUW)°Cnsp(A—I)™. (b) The following three
statements are equivalent to each other here:

(i) (K is nonsingular and) A*— A is nilpotent,
(ii) ([S*U+SWP=) (S*WU)°N(SW)°=
(i) V=U+W (=WDW here).
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Proof. (a): Since dim V'=n in Notation 3.4, it suffices to assume m=n
here. Thus assume (A%— A)"=0; we prove (S*2)°CnspA”". [We omit the
proof of (SU)°Cnsp(A—1I)", which is very similar.] Since S=KA and
S$*=K(A —1I), Lemma 3.5(d) tells us that (S*d)° = (S 18*)"V =
[ATKKTKA-I"V=[A"YA—D]"V. In what follows we shall write
A0 for nspA’ [and (A—1I)770 for nsp(A—1I)/] for j>0, a notation
consistent with Notation 3.1. The proof of (a) will be completed by showing
that [A"YA-D)VCA "0+(A—1I)""0 for 0<i<n, which we do by
induction on i. Clearly the assertion is true for i=0. In the induction step
below, we assume 0 <i<n and use the following facts (besides our induction
assertion): (A—I)A "0C A "0 [because A~ "0 is A-invariant]; (A — I)(A—
I)""0C(A~I)'*'""0 [obviously]; (A—1I)710=A(A—-I)710 if j=n—i—1
[because (A —I) 770 is A-invariant and A is nonsingular on it]; A~ (A ~"0)=
A "0 [because dim V' =n]; and the last formula in Fact 3.2(a):

(A7 A-D]"™"'Vc[A " A-T)][A7"0+(4~1)'""0]
CAT'[AT"0+(A- 1)"“—"0]
- [aT0+ A= 1" "00)
=470+ (A= 1) 0)

To prove (b), we note that (i)=>(ii) follows immediately from (a), that
(il)=>(iii) follows immediately from Lemma 3.5(f), (j) (plus our hypothesis
that QL N W =0), and that (iii)=>(i) follows from Lemma 3.8. (]

Remark on Lemma 3.9(a). It is easy to show that the inclusions here are
actually equalities, in fact, that nspA‘=%, and nsp(A—I)'=U; for all
i > 0. We shall not need this, however.

LemMa 3.10. In Lemma 3.8 the minimum polynomial of A is (£*—t)™
for some m, and there are two m-dimensional A-cyclic subspaces YV, and V,
of V such that VoC AU, YV, CW (and hence Vyn YV, =0), and

(@) (Vo+V)N[K(Vo+VI°=0,

(b) S(Vo+ V) SK (Vo +V)),

(©) $*(Vo+ VDS K(Vo+ ).

(d) Also there is a basis for Yy + V| in which (the restriction of) S has
matrix [‘I’ I (with 1=1, and I =1,)

(€) There is also a basis for Vy+ V| in which S has matrix I,,,,.



182 C. S. BALLANTINE AND E. L. YIP

Proof. Every invariant factor of A is a power of t*— t by Lemma 3.8(d),
so the minimum polynomial is (¢*— ¢)™ for some m. Also AU =(A— )" =
(A—I™(U +U) by Lemma 3.8(c), so A™ ' =A™ YA - I)™V50. Thus
there is an ¢ €U such that A™ 'e520. Then (A% — A)™ 'e+0 because A — I
is nonsingular on U and A™ ‘e €. Thus there is a vector f; €V such that

FK(AZ— A" le=—1. Write fy=f+f, with f€U and f,&U. Then
fXK(AZ— A" le€ffKAU=0 because KU CAUA® by Lemma 3.5(¢), (a),
so f*K(A?—A)""le=—1. Let \; and V; be the respective A-cyclic sub-
spaces generated by e and f. Then V; CQ and V; CU, and (b) and (c) hold
because S=KA and §*= K(A —1I).

To prove (a), let x€; and y €Y, and (x+ y)*K(Vy+ V})=0. Then
0=x*KV, + y*K Y, because KV C KA CcAU° and KV, CW° by Lemma
3.5(e), (a). Thus x*K Y, =0=y*K Y, (e.g., because 0E€ y*K V). It suffices
to show that x and y must be 0. Say x=A'p(A)e with [ >0 and p(t) E F[t]
and p(0)70. Then p(I— A) is nonsingular on Ui, and hence p(I—A)V, =
%V,. Thus

0=x*KV, =e*p(A*)A*K Y, =e*A*Kp(I— A)Y;
=e*AYKV, D e*A¥K(I- A)A™f
=e*(A%)!" I-A*)"TIKf=] fR¥(I-A)" A e]*

for all i >0, so [ >m because K*= —K (and hence, if ] <m—1, we would
have a contradiction for i=m —1~1). Thus x=0, and y=0 in like fashion.

To see that (d) and (e) are equivalent, let P be the 2m X 2m permutation
matrix whose columns are, in order, e, e;,...,€5, _1,65,€4...,65,, (Where
€1,€s,...,€,,, are, in order, the columns of I, ). Then

. 0
P*=P 1 and P*]2MP=[I (’)}

To prove (d), first note that SV, C SAU CA° C Vg and $V; CV?, so the
two m X m blocks on the diagonal of the matrix of S will be 0 if we choose a
basis for V; @Y, by adjoining a basis for V; to a basis for V. In V; we
choose the [A “!(A — I)]-anticyclic basis

{[a7Ma-D]7T}
where

i=m—1,...,2,1,0 (in order)
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and in Y, we choose the [(A — I)™'A]-cyclic basis

{([(A-1)"'A]%)
where
i=0,1,2,...,m—1 (in order).
Then in the resulting basis for V; @Y, (in that order) the matrix of A is
(1=~ 'e[1u-1""]

because the matrix of the “Vy-restriction of A(A —I)™! is J and the matrix of
the V,-restriction of A~!(A—1) is J*. Let the matrix of the (V;®)-

restriction of S in this basis be g g] Then, since S=KA=(S—S*)A,

we have
& o
R O

so T=R*]. Also R(I—J*)=R—T* is nonsingular (because K=S— §* is)
and hence so is R. Thus the matrix of the (V; @ “V;)-restriction of S is

FRr ] S

which is *-congruent to { (I) (J) } as required for (d). [ ]

0 (T—R*)J(J- 1)“J
(R=T*)(1-1)7" 0 ’

LemMma 3.11. In Lemmas 3.8 and 3.10 there is a basis in which the
s ) n k(§
matrix of S is in the form @7_, @1,

Proof. By Lemma 3.10(a), YV =(V,+ V))®[K(V,+ V)% and by
Lemma 3.10(b), (c), the direct sum is S-orthogonal and S*-orthogonal. Thus S
has matrix J,,,@®W [by Lemma 3.10(e)], where W is the matrix of the
[K(V + V})]°restriction of S. The proof is completed by an obvious induc-
tion, once we show that W satisfies the same hypotheses that S satisfies in
Lemma 3.10 (except with order <n=orderS). In Lemma 3.10 the hypothe-
sis on § is just that V= @, and by Lemma 3.9(b) this is equivalent to
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requiring that § — $* be nonsingular and
A’ ~A=A(A—I)=(S~S*)"'S(S—s*)"'s*
be nilpotent. Clearly this implies that W— W* is nonsingular and
(W—W*)"'W(W-w*) " w*

is nilpotent, so the proof (of Lemma 3.11 and Theorem 3.7) is complete. H

In Theorem 3.7 the *-congruence class of S (in fact, the F[¢]-equivalence
class of the pencil S+ t5*) determines that of S, by the fact that k(j) is (for
each §) just the number of degree-j e.d.’s of S+ tS* at (¢=) 0. The next result
gives a somewhat more direct way in which the *-congruence classes of S,
and S, are both determined from that of S.

CoroLrarY 3.12. In Theorem 3.7 the *-congruence classes of Sy and S,
are determined from that of S. In fact, if C*S,®S)C=T,BT, with
C.S,, Ty, So— S&, To— Tt nonsingular and all roots of (S,— S&)™'S, and (T,—
Ty 'T, in {0,1}, then C=C,®C, conformably with S,®S, (and hence
with TyD T)).

Proof. 'We sketch two proofs. In both proofs we note that §; is *-con-

gruent by Theorem 3.7 to a direct sum of neutrally partitioned matrices of

J'| and hence to a neutrally partitioned matrix (; N1 with

0

the form

N nilpotent; thus we may assume

S

here is such a matrix, and likewise for Ty,

First proof. Let P,= S, +tS* and Q,= T+ ¢T;* for i€ {0,1}. Then [with
respect to the pair (F(¢),E(t)), which is admissible since ¢=1% is an inde-
terminate over E]

Py Po=[(N+ ) I+ N)[*@[(I+eN) T (N+1I)],

and hence all its roots are in {,¢ 7'}, and likewise for QF ~'Q,. However, no
roots of P¥7'P, are in {¢,t7!} since the two matrices P, — tP¥=(1—t%S,
and P, —t~'P¥=(t—t~")S¥ are nonsingular over F(t); likewise for QF ~*Q,.
Let P=P,®P, and Q=0Q,DQ,. Then C*PC=Q and C*P*C=(Q*, so
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C - IP# - 1PC= Q* - IQ’ and hence the direct sums P(:; = IPO@ Pf — 1P1 and
Q2 '0,® Q1 ~'Q, conform and

(P(’)*_IPO@PT_IPJC= C( ' (’)k'lQo@Qf_lQl)-

Thus C= C,® C, conforms to P,® P, (by [6, Vol. I, top of p. 220]).

Second proof. Let S= S, S;, and take V, U, A as in Notation 3.4. Let
Vo, V] be the coordinate subspaces of V' corresponding respectively to S, S,
in the direct sum S;®S,, and further let VY, V,, be the coordinate sub-
spaces of Vy for which YV, =V, &V, conforms to

0 N
s=[9 5]

Let x,y,z be column vectors for which the n X1 column vector v=[x* y*
z*]* conforms to V=V, ®V, ®V,. Then v €U =(S ~!S*)"0 iff there are
vectors v, €L, for 0<i<n with v=1v, and Sv,= $*v,_, for 1 <i <n. Putting
o =[x y* z*]* gives

0 N 0]][x Ny, Yi—1 0O I 0 Xi—1
I 0 O|(lyl=] % |=|N*s_,(=|N* O O || 4%
0 0 S|la| |sg| | s, | | © 0 St A

for all i€(l,...,n}. Since v,EUy=0 here, this shows that vEU iff
x=(N*)"0=0 and z=(S,"'S¥)"0=0. (Note that y is arbitrary here because
N"=0.) Thus U = YV, and a like calculation shows that U = V. The same
equations, with different side conditions [namely, v, € (S*QL,)° for all i] can
be used to calculate that v €(S*U)°=(S ~1$*)*V iff x=0, and hence that
(S*AU)°=Vp, ®@V,; a like calculation shows that (SU)°=V,, ®&V,. Thus
B=UDUW and V; =[S*AU + SUW]°. Next, let T=T,DT,, X =(T ~'T*)0,
%Y =(T*~'T)"0, and let V;,V] be the coordinate subspaces corresponding
respectively to Tp, T; in the direct sum T, T,. Then X ®%Y =V, [T*X +
T%]°= V], by the same proof as above (that U @ W =V, etc.). Further-
more, CHAUABW)=XDY and C S*AU+SW]°=[T*K +TY]% in
fact, C™ U =%, C'W =Y, CYS*A°=(T*X)°, and C-YSUW)°=
(T%Y)°. For example,

CHs* )’ =C S Is*)"V=[(C s ~c* ) (C*s*C)]"C IV

= (T =TV = (T*%)".
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Thus V5 =C™ 'V, and hence dimVj=dimV,, so V,=V;=C"'¥, and
likewise V) = V] =C~'V]. Therefore C=C,® C, conformably with V="
V.. |

Remark 3.13. A pencil A+¢B is said to have a degreej e.d. of
multiplicity k at (¢=) oo provided the pencil B+ tA has the e.d. t/ with
multiplicity k [6, Vol. II, pp. 26—27]. Unsurprisingly, for a nonsingular pencil
of the form S+ ¢S* the degree-j e.d.’s at 0 and oo have the same multiplicity
for each j, as can be seen from Theorem 3.7. The uniqueness assured by
Corollary 3.12 enables us to add the following two statements to the three
equivalent statements of Lemma 3.9(b):

(iv) every e.d. of S+1t5* is at 0 or co;
(v) the direct summand S, is missing in Corollary 3.12 (and Theorem
3.7).

We conclude this section with an expected result for a neutral matrix S
in Theorem 3.7.

CoroLLARY 3.14. If S is (F,E)-neutral in Theorem 3.7, then so is S,.

Proof. Here S is *-congruent to a neutrally partitioned matrix

0 N Definition 2.9), so S+ #S* is correspondingly *-congruent to
M 0 y p gly g
0 N+ tM*
M+ tN* 0 )

The pencil M+ tN* is nonsingular (because S+ tS* is), and so is F-equivalent
to (R+tT*)®(V+tW*) with V and W nonsingular and every e.d. of
R+1tT* at 0 or oo (by [6, Vol. II, Theorem 3, p. 28]). Thus there are
nonsingular matrices P and Q over F such that

Q*(M+IN*)P=(R+T*)®(V+tW*),
so S+ tS* is *-congruent to

S RO )

0 (T+tR*)D(W+tV*)
(R+tT*)B(V+tW*) 0 ’
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which in turn is *-congruent to

0 T+ tR*]Ga[ 0 W+ tV*
R+ ¢T* 0 V+ tWH 0 '

Therefore S is *-congruent to
R 0

with every e.d. of

& ool ol

at 0 or co and [ 0 ‘(')V] nonsingular, so S; (in Theorem 3.7) is *-congruent
to [ (‘)] ‘3]} by Corollary 3.12 (and Remark 3.13), and hence S, is (F,E)-
neutral. |

4. SINGULAR PENCILS S+ ¢S*

In this section we continue to use Notation 3.4 and the results, especially
Lemma 3.5, of Secs. 2 and 3. In addition we shall use the following notation:

NoraTion 4.1.  For each positive integer m we denote by I, and [, the
following matrices [respectively m X (m+1) and (m+ 1) X m]:

I

m

. Jo
=1 Onxy ] ],,,=[ “"‘}.

We shall often write I, as I and J,, as J when m is understood from context.

We also adopt the convention that the (2m + 1) X (2m + 1) matrix { 0 J ] is
I 0
understood as 0 (the 1X 1 zero matrix) when m=0.

We begin with two lemmas.

LemMa 4.2.  In Notation 3.4 let AU, ,, N W,_; =0 forall i€(0,1,...,q—
1}. Then (a) the q+1 subspaces U NW,_,,, with i€{0,1,...,q} are
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independent and each has the same dimension, say k. Also, (b) the q
subspaces S(W; 1 N W,_ ;1) =S*(UNW,_,10) with i€{L,2,...,q} are

independent and each has dimension k.

Proof. For the independence in (b), it suffices to show that if x, €, ,
N (’Mq_,.ﬂ for each iE{1,2,...,q} and S(xy+ag+ -+ +x,)=0, then x;=1x,
=+ =x,=0. So suppose S(x, + +x,)=0 w1th %EWU,, NW,_,,, for
each i. Thenx; + - -+ +x, e, = 8”10 But x, €U _,HCGUY foreachz SO
Xt xR, €W NY, Zo. Thereforexl——(x2+ “ ), which is in U,
{(because x, 1s) and also in W, _, (because x, € GZH i1 C U, g—1 for each
i>2), and hence is €U, N W, _, =0. Thus x,= 0andx2=—*(x3 Ctx).
Proceeding in this way, we clearly getx;=--- =x=0 eventually

Next, to prove the independence in (a), suppose Xotxy+-- +x,=0
with 6, €U, NW,_,;,, for all i>0. Then Sx,=0 (because x,E,), so
S(x,+ - -+ +x,)=0. By the preceding paragraph, we must consequently have
x,= -+ =x,=0. Therefore also x,=0.

Finally, to prove the equal dimensionality in (a) and (b), let 1 <i <q and,
for this fixed i, suppose (yy,....y) is a basis for W,NW, _,,,. Since
S* (W N W, _40)=8(Wi ;N W, _;,;) by Lemma 3.5(f), there are vectors
2. .,% in (’?L”ln‘;llfq_H, such that §*y, =Sz for each j. To show that
8zy,..., Sz must be linearly independent here, suppose aISz1+ s oy Sz =
0 for some scalars o in F. Then S*(ayy, + - +ey)=a;5%y,
+ + Sy =0, 0 a, Y, + - F ey €U, N W, (because U, =5*"10
and y €U, CU, for each ). But U, N U, =0 by hypothesis, so a;=--- =

=0 by the lmear independence of ( Yy,..--Yx)- Then (Sz,, ..., Sz) is linearly
independent. This shows

im(U; N %q—nz) <dimS$(Uj,y N U, —iv1)s
which in turn is obviously <dim(%,,,NW,_;,,). A like argument shows
dim(U, ., N % —ie1) <dim S* (AU, N %q—wz)
<dim(W, N W, _45)-

These two chains of inequalities, and hence the corresponding equalities,
hold for every i €(1,...,q}, which proves the equal dimensionality in (a) and
(b). =

The major work of this section is concentrated in the following lemma.
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Lemma 4.3. In Notation 3.4 suppose UN°W #0, and let q=0 if
A, N W, #0, and otherwise let g be the largest integer satisfying

W, NW, =W "W,y =+ =AU, "W, =0.

Then S is *-congruent to 5,9 S, with

0 J
S =
’ { I 0}
where I= iq and f=fq (see Notation 4.1).

Proof. Since AU, N W, =W N W #0, the integer q is well defined. By
Lemma 4.2 there is an integer k=dim(U, NW,,,)="-- =dim(U, ., N
), and k>0 by the definition of g. Thus there is a nonzero vector
%E U, N W, . Therefore there are also vectors x,,...,%, in V such that

0= Sx,, S$*xq=Sx|, S*x)=Sx,,...,

S*x, 1= 5%, S*x,=0.

Consequently x, €U, NW,_,,, for all i€{0,1,...,q}. (We also take
x,+1=0 when it occurs later). Also each x;70 for 0<i <gq, as otherwise, if

=0 for some index i<q, then x, would be €U, NUW;CU,NUW,=0.
Thus (xg, x4, . is hnearly independent, because by Lemma 4. 2 the g+1
subspaces AU N ZMW psros Wy NW, are independent. Also, by Lemma
3.5(f) and (e) we have

St ES(Uy o N W, _4r) =S*UNSUW, ;1 CUNUWL_4y

7

for all j<gq, whereas x, €U, , N W, _;,, CU+W,_,,, for all i and j in
{0,1,...,q} (to see the latter inclusion, cons1der separately the two cases i <j
and i >). Thus x*Sx;=0 for all i and j.

Next, x, & W, =5+ 1S4, _, (because 07%x, €U, and U, N W, =0), so
Sx,=S*x,& sau; q4—1> and hence there is a vector 2 in YV such that zl ¥Sx, =1
and zfS GUY O (If g=0, this paragraph and the next are vacuous.)
Choose such a vector z;; then z, € S(W,__,)°, which =(S*7!8)7~ 1V by

q—1
Lemma 3.5(d), so there are vectors z,,...,z, with z,€(5*~ 1Y~V for all i
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and S$*z, = Sz, , for all i <g. Thus by Lemma 3.5(c) we have
S*z,E8*(STIS*) T C(S*S ) V= for all g,
S*zES(S*1S)1 T g, C(SS* ) T IV =AY,
forall i<q,

and of course S*z € V*=WL_ , so S*z, €U N W, _, for all i <q. Hence
¥ 8x; = (x*S*%)* =0 for all i7j (consider separately the two cases i >j and
i<j, using €W, NW,_;,,). Furthermore z*Sx;=2z*S*x,_,=z* ,Sx_,
= =z} 8% =1; thus z* Sx; = §; (= the Kronecker delta) for all i and j with
1<i<qand 0<j<q.

Next, let o; =275z, _;,, for alli€{1,2,...,q} and

Y= 2~ X — Qo™ 77 T Qg g1 %y

for each k€{1,...,q}. Then y¥Sx, =z} Sx; =1 (because x*Sx, =0 for all i),
and y¥SUW, _,=2zFSUW,_, —0=0 because S*x,€8*W__,,, cSUW, _, [by
Lemma 3.5(a)], which is CSU,_, CWJ_, if i > 1 [by Lemma 3.5(¢)]. Also

9
* _ Q% —_ *
$*y,=S*z % 415*%
i=k

q
=52 41— 2 &g 15% 1= Sy
i=k

for all k€{1,2,...,q—1}, because x,,,=0. Thus y,,...,y, satisfy all the
properties of z,,...,z, used in the last paragraph to show that z*Sx, = §;;, and
hence y;*Sx;=§; for all i and j (1<i<q, 0<j<gq). Furthermore, we shall
show that y*Sy, =0 for all i and k. To show this, first note that y*Sy, =
Y S =y Sy, ) = (Y% 1S )™ = 4% 1Sy, sO it suffices to show
Yo Sy, =0 for all k > 1 (consider separately the three cases i=q, ¢ >i >k, and
i <k). Now, z*Sx,=4§,, and x}S=(8*x,)* =0, so, omitting all terms having
factors of the form x¥Sx; (since these factors are 0), we have

q
* o . * —_ *
Yq Sth =74 Sz DI 12 5%, — ayx7 S5
i=k

q
i S > %4185 —0=0.
i=k
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Now, let V,, Vi, V}, ¥y be the subspaces of V' given by

V1 =span(xg, x,,. .. JX,), Vo =span(yy,..., Yo)s

V= + Y,

Vo= {521, 8x5,..., 8%,. Sy, Sys, ..., Sy, S*yq}o.

(Exception: when g =0 here, we let Y, be any subspace complementary to
V=% in V.) Then dim V}, =g +1, dlmcﬂxl <2g+1, and dim VY, > dim VY
—(2g+1) because Y, is defined as the annihilator of 2¢ + 1 vectors. Thus, in
order to show that dimV; =2¢+1 and V="V, @Y, it suffices (when g > 1
here) to suppose that x€V,;, y=B,y,+ - + By, (ET), and x+y €
(and show that consequently we must have x=0=y and every ,=0). We
may put x=oagxy+ - - +a,x, here, and hence x*Sx;=0 for all i.
Thus 0= (x+ y)*Sx; = y*Sx;, =X, B,y* Sx, =g, for all i > 1, so y=0. Also 0=
(Sy)*(x+y)=y*S*x=y*2,0,S* 5, =2,0,4*Sx; =0, _; for z2il i<q, and
hence x+y=x=a,x, and 0=(S*y,)*(x+y) =y S(a,x,) = a,. Thus x=0 (as
well as all B8,=0), so (dim VY, =2¢+1 and) V="V] EB‘V
Finally, there remains only to show that V] and Y are S-orthogonal and
S*-orthogonal, i.e., that z€ Y, implies z*SV; =0=2*S$*V|. (The matrix of
the V| -restricted *—bilinear form u*Sv is clearly in the desired form S, if we
choose the basis (%,,...,%,, 4., y,) for V,.) These orthogonalities are trivial
if =0, so assume g > 1 Then 7*5%=0 for all i > 1 (by definition of V) and
for i=0 (because x, €U, =S ~'0), and z*Sy, =0 for all i > 1 and z*S*yq-—()
(by definition of V). Also 2*S*x, =0 because x, € W,. Lastly, for all i<q,
we have z*S*x, =2*Sx,, , =0 and 2*S*y,=2z*Sy,, ;=0 (by definition of V).
Thus indeed z*S V; = 0= 2*S$*V}, and the lemma is proved. ]

THEORFM 4.4. Each nXn matrix S over F is *-congruent to LOM,
where M+ tM* is a nonsingular pencil (i.e., det(M+ tM*)+0 in F[t]) and
the pencil L+ tL* has no elementary divisors; in fact, L can be taken here

” :

(see Notation 4.1). An alternate form for L here is L= @,=0®£(_f)1]2,+1.

Y

i=0 i

R PR )
(=B
| S
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Proof. The main result follows by a routine induction on Lemma 4.3.
The alternate form follows by noting that

Phar=t 1]

if P=P* ! is the permutation matrix whose columns are (in order)
€)1,€3,...,€5,,1,69,€4...,6, Where the columns (in order) ot I, , are
€1,€9,..+,€5i 41 [ |

ReMaRk 4.5.

(1) For each j the number I(j) in Theorem 4.4 is of course just the
multiplicity of j as a column-minimal index (likewise as a row-minimal index)
of the pencil S+ tS* (see [6, Vol. II, p. 38]). Thus the F-equivalence class of
the pencil S+ tS* determines the *-congruence class of L, and hence so does
the (F, E)-congruence class of S. In Corollary 4.7 (below) we shall show that
the latter class determines the (F, E)-congruence class of M and give another
way to see that it determines the numbers [( f).

(2) If C*SC=T with C nonsingular, then (as in the proof of Corollary
3.12)

S, =(T* Ty, CTHSW,°=(T* )V,

for all i > 0, and hence the *-congruence class of S determines, among other
things, dim U, dim U, dim(%U,; N U;) (for all nonnegatlve i and j), and the
*_congruence class of the matrix of the [(S*W)°+ (S UW)°]-restricted *-bilin-
ear form x*Sy (as in [3, p. 66, following (7)]).

(3) When S=L®M in Theorem 4.4, the subspaces AU N U and (S*AU)°
+(SU)° turn out to be coordinate subspaces, but they can be more easily
identified as such after a reordering of the blocks of L by means of a
permutation *-congruence. To that end, we make the following definitions.

(4) Let L be a square matrix such that the pencil L+ ¢L* has no e.d.’s.
We say L is in first standard form provided L is a direct sum of neutrally

partitioned matrices [ O I , in second standard form provided it is a direct
I 0

sum of matrices Jy; ., and in third standard form provided it is a neutrally

partitioned matrix (1)’ g where P+ tQ* has no nonzero row-minimal

indices and Q+ tP* has no nonzero column-minimal indices [6, Vol. II, p.
38].
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(5) Thus Theorem 4.4 says that each such matrix L is *-congruent to
matrices in the first and second standard form, and hence to a matrix in third
standard form. For example we can take for P, in addition to some zero
columns, the direct sum of the rectangular blocks I occurring in the first
standard form, and for Q, in addition to some zero rows, the direct sum of
the rectangular blocks J.

LEMMA 4.6,

a) If S is a single block 0 J of order 2m +1 (with I=I,andJ=],)
I o
and e, ey,...,€,, ,, is the standard ordered basis for V, then, for i <m+1,

cnan/ i
“n\em—fi+2""’em’em+i>’

U, =span(ey, ey, ....€;),

QL= =(S*U)"=(SU)° =span(e}, €z, - -, €» € 4.1)-

»“mryEm+1

(b) If S=M DL (with M and L as in Theorem 4.4) and

11§
P 0
is in third standard form (Remark 4.5(4){, and if V=%, 8, conforms to

M®L and V=V, &V, conforms to ;)) g], then U N W =V, and
(S*U)O+(SAUW)° =V, B,

Proof. The proof of (a) is a routine computation using the special form
of the blocks I, and J,,. One finds also that

(S*QL:')O= Uiy 1 +5PAN(€ 400 rCom 1 i)

( 6215‘) Um+l+span( Cmt2+ire e2m+1>

for i <m; and (S*QU,)°=(SW,)° =11 = Wpe1 =W =W fori>m.

The proof of (b) is also routine: we start by assuming L is in first standard
form and use [3, Lemma 1, p. 63] [and the corresponding result for (S ~I1y0]
to reduce the computations to those in (a) (plus the obvious computations for
the case S=M), and then rearrange the blocks in L [via a permutation
*_congruence, as suggested in Remark 4.5(5)] to third standard form, keeping
track of what happens to the coordinate subspaces in the process. [ ]
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COROLLARY 4.7.

(a) In Theorem 4.4 the *-congruence class of S determines the numbers
I({) by the fact that

1(7) =dim(621“7‘+1 N W,) "dim((’u'f N u,),
and determines the *-congruence class of M by the fact that the matrix of
the [(S*W)°+(SU)%-restricted *-bilinear form x*Sy is *-congruent to
M@0, in which the 0 direct summand has order =dim(U NW)=3 (j+
().

(b) Furthermore, if C*SC=T with C nonsingular and S=M®L, T=N
DR, and M+ tM* and N+ tN* are nonsingular pencils and

L=[(1)) g] and R=[?} ‘(;V]

are in third standard form (and the pencils L+ tL* and R+ tR* have no
e.d.’s), then

Ch 0 Cyp
C=|Cy Gy Cy
0 0 Cy

conformably with

M 0 0
S=j0 0 Q and T=
0O P O

N O
0 0
0 Vv

ogo

},

and hence C,, is nonsingular, N=C}HMC,,, and M is *-congruent to the
matrix of the restriction of the form x*Sy to any subspace complementary to
UMW in (S*A)Y°+(SU)° _

(Note that C= C 7! here implies C;;=C,;’, and that C=C~"' implies
Cy=Cin")

Proof. (a): By Lemma 4.6(a), if

1 4
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is a single block of order 2m+ 1, then dim(U; N W;)=0 for j<m and =1
for j >m. Thus, if S is any square matrix in Theorem 4.4, then

dim (U, A A,) =10) + (1) + -+ +1(j~1)

for all j >0. (Recall that Q,=0 and, for S=M in Theorem 4.4, A N W =0
by Lemma 3.3.) This proves the formula for I(j) in (a). The rest of (a) follows
from Lemma 4.6 and Remark 4.5(2). Part (b) follows routinely from Lemma
4.6(b) and Remark 4.5(2) in much the same way as the second proof of
Corollary 3.12 was carried out. [ ]

Remark (about Corollary 4.7). Notice that the uniqueness result in (b)
of Corollary 4.7 is stronger than the uniqueness result for M in (a). It is clear
that this stronger form of uniqueness must also hold for pencils A + ¢B in the
following three cases (namely, those mentioned in [3] as having the weaker
form of uniqueness): (1) where (F,E) is admissible and A=A* and B=B*,
(2) where (F,E) is simplic and A is symmetric and B is alternating, and
(3) where (F,E) is simplic and A and B are both alternating.

Next we summarize some of the existence and uniqueness results from
this seetion and last section.

CoroLLARY 4.8. Let (F,E) be an admissible pair of fields, and let S be
a square matrix over F. Then S is (F,E)-congruent to a direct sum S;DS,
with S, nonsingular and every e.d. of the pencil S;®tS§ at 0 or co.
Moreover, S, here is (F,E)-congruent to n :"=(’l)]7), and the numbers m(j),
as well as the (F,E)-congruence class of S,, are uniquely determined by the
(F,E)-congruence class of S. Finally, if C is a nonsingular matrix over F
partitioned as

COO COl

C=
ClO Cl 1

s

conformably with S,®S,, and C*(S,D S,)C=TyDT,, where T is nonsingu-
lar and every e.d. of Ty+tT§ is at 0 or oo, then C}8,C,,=T, and S, is
(F,E)-congruent to T,; also C;;=Cy;" here if C=C™", and C,,=Cy’ if
c=C™L

Proof. The existence part comes from Theorems 4.4 and 3.7 (plus
Remark 3.13). The rest comes from Corollaries 4.7 and 3.12.



196 C. S. BALLANTINE AND E. L. YIP

REMARK 4.9.

(a) Let S be nXn in Corollary 4.8 (thus n=dim V) and S, be n; X n,.
Then from Theorems 4.4 and 3.7 one sees that

ny=dim[ ($*2)°+(SU)°] - dim(U + )

=dim ($*)° — dim U =dim ($ U)° — dim U,

etc., and in fact dim @, =dim %, and dim $*?, =dim SW, for every i. Also
the order of S, is 2 jm(j)=n—n;=dim U +dim $*%U, etc.

(b) The (F,E)-congruence class of S; in Corollary 4.8 [as well as the
number n, in (a)] can be characterized by the following maximality property:
for every direct sum Ry®R; which is (F,E)-congruent to S with R,
nonsingular, the order of R, is less than or equal to the order of S, with
equality only if R, is (F, E)-congruent to S, and R, is (F, E)-congruent to S,
[Proof: first apply Corollary 4.8 to R, in place of S, getting that R, is
(F, E)-congruent to Ry® R,, with R, nonsingular and every e.d. of Ryy+
tR, at O or oo, so that S is (F, E)-congruent to Ry,® (R, D R,); then apply
Corollary 4.8 to S, getting that S, is (F, E)-congruent to Ry, ® R,.]

ReMARK 4.10.  If B is a nonsingular matrix over F, and A is a matrix over
F conforming to B, it is known [6, Vol. I, Theorem 6, p. 145] that the
F[t]-equivalence class of the pencil A+ tB determines the F-equivalence
class of A + B (i.e., the similarity class of B ~'A). This no longer holds if B is
singular, even if the pencil A + tB is still nonsingular, but it does hold for a
nonsingular pencil of the form S+ £5*, since in the latter case the e.d.’s at o©
are the same as those at 0 (and the e.d.’s at O are determined by the
F[t]-equivalence class). Of course the F-equivalence class of S+ £5* does not
determine the (F, E)-congruence class of S+ ¢S* (which is essentially that of
S) in general, but does if S is (F,E)-neutral (as we shall see in Corollary
4.12).

Note that Corollary 4.8 reduces the study of (F,E)-congruence of arbi-
trary square matrices over F to the case of nonsingular matrices over F. (An
analogous remark in [5, p. 67] failed to take into account the uniqueness
aspect of this reduction.)

CoroLrary 4.11. If S is an (F, E)-neutral matrix, then so is M in
Theorem 4.4 and so is S, in Corollary 4.8.

Proof. The proof is practically the same as that of Corollary 3.14, except
that here we use [6, Vol. II, pp. 35-40] and the uniqueness results in
Corollaries 4.7 and 4.8. ]
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CoroLLary 4.12.  If S is (F, E)-neutral, then the (F, E)-congruence class
of S+ tS* (which is essentially that of S) is determined by its F-equivalence
class and hence, if nonsingular, by its F|(t]-equivalence class.

Proof. Let S be (F,E)-neutral. Then § is (F, E)-congruent by Corollary
4.8 to S,PS,, and hence S+ ¢S* is correspondingly (F,E)-congruent to
(Sy+ tSH)D(S, + tSF), with S, nonsingular and every e.d. of S,+ 15§ at O or
o0. Here S, is (F,E)-neutral by Corollary 4.11, so by Theorem 2.11(d) its
(F, E)-congruence class is determined by the similarity class of S} ~1g 1» which
is essentially the same as the F-equivalence class of S+ ¢Sf. Thus the
(F,E)-congruence class of S, is determined by the F-equivalence class of
S+1tS* (in fact by the e.d.’s of S+ tS* other than those at 0 or ). By
Corollary 4.8 the (F,E)-congruence class of S; also is determined by the
F-equivalence class of S+ (¢£5* (in fact by the minimal indices and the e.d.’s
at 0). |

ADDENDUM

After this paper was prepared, the authors became aware of the paper by
C. Riehm and M. A. Shrader-Frechette, The equivalence of sesquilinear
forms, J. Algebra 42:495-530 (1976), which deals with the complic cases
[over semisimple (Artinian) rings] but considers generally deeper questions
than those considered here. In particular, it proves a generalization of part of
the complic case of Theorem 2.4 (in its Proposition 25, p. 516) and “reduces”
the singular complic cases to the nonsingular ones (in its Section 9, pp.
526-529) and, unlike [5], also considers the uniqueness aspect (in pp.
528--529); one of the referees assures us that the uniqueness is “very easy” to
prove also in the context of [5].

The first author did some of his share of this research while on sabbatical
leave from Oregon State University, for whose support he is grateful.
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