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1. Introduction

Presently, science and technology is featured with complex processes and phenomena
for which complete information is not always available. For such cases, mathematical
models are developed to handle various types of systems containing elements of un-
certainty. A large number of these models is based on an extension of the ordinary set
theory, namely, fuzzy sets. Graph theory has numerous applications to problems in
computer science, electrical engineering, system analysis, operations research, eco-
nomics, networking routing, and transportation. The graph isomorphic transforma-
tions are reduced to redefinition of vertices and edges. This redefinition does not
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change properties of the graph determined by an adjacent and an incidence of its ver-
tices and edges. Fuzzy independent sets, domination fuzzy sets, and fuzzy chromatic
sets are invariants concerning the isomorphism transformations of the fuzzy graphs
and fuzzy hyper graph and allow theirs structural analysis [7]. In 1975, Zadeh [27]
introduced the notion of fuzzy sets as a method for representing uncertainty. Since
then, the theory of fuzzy sets has become a vigorous area of research in different
disciplines including logic, topology, algebra, analysis, information theory, artificial
intelligence, operations research, neural networks and planning etc. [6, 10]. The
fuzzy graphs theory as a generalization of Eulers graph theory was first introduced
by Rosenfeld [14] in 1975. The fuzzy relations between fuzzy sets were also consid-
ered by Rosenfeld and he developed the structure of fuzzy graphs obtaining analogs
of several graphs theoretical concepts. Later, Bhattacharya [5] gave some remarks on
fuzzy graphs, and Mordeson and Peng [9] introduced some operation of fuzzy graphs.
In 1994, Zhang [28, 29] initiated the concept of bipolar fuzzy sets as a generalization
of fuzzy sets. Bipolar fuzzy sets are an extension of fuzzy sets whose membership
degree range is [—1, 1]. In a bipolar fuzzy set, the membership degree 0 of an element
means that the element is irrelevant to the corresponding property, the membership
degree (0, 1] of an element indicates that the element somewhat satisfies the property,
and the membership degree [—1, 0) of an element indicates that the element somewhat
satisfies the implicit counter-property. Although bipolar fuzzy sets and intuitionistic
fuzzy sets look similar to each other, they are essentially different sets. It is noted
that positive information represents what is granted to be possible, while negative in-
formation represents what is considered to be impossible. This domain has recently
motivated new research in several directions. For instance, when we assess the po-
sition of an object in space, we may have positive information expressed as a set of
possible places and negative information expressed as a set of impossible places. This
corresponds to the idea that the union of positive and negative information does not
cover the whole space.

In 2011, Akram [2] defined bipolar fuzzy graphs. Akram and Davvaz [3] inves-
tigated strong intuitionistic fuzzy graphs. Then Akram and Karunambigai [4] de-
fined length, distance, eccentricity, radius and diameter of a bipolar fuzzy graph and
introduced the concept of self centered bipolar fuzzy graphs. Akram and Dudek
[1] defined interval-valued fuzzy graphs. Samanta and Pal defined fuzzy tolerance
graphs [19], fuzzy threshold graphs [20], irregular bipolar fuzzy graphs [21], fuzzy
k-competition graphs and p-competition fuzzy graphs [22] and some results on bipo-
lar fuzzy sets and bipolar fuzzy intersection graphs [23]. Talebi and Rashmanlou [24]
studied properties of isomorphism and complement on interval-valued fuzzy graphs.
Likewise, they defined isomorphism on vague graphs [25]. Irregular interval-valued
fuzzy graphs were studied by Pal and Rashmanlou [13]. Recently, Rashmanlou
and Pal defined antipodal interval-valued fuzzy graphs [15], balanced interval-valued
fuzzy graphs [16], some properties of highly irregular interval-valued fuzzy graphs
[18] and isometry on interval-valued fuzzy graphs [17]. Nagoorgani and Malarvizhi
[11, 12] investigated isomorphism properties on fuzzy graphs. Also they defined the
self complementary fuzzy graphs. Bhutani [6] introduced the concept of weak iso-
morphism and isomorphism between fuzzy graphs.
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In this paper, we defined the self complement and self weak complement bipolar
fuzzy graphs with some properties of its discussed. We also study some properties of
isomorphism and complement on bipolar fuzzy graphs.

2. Preliminaries

A fuzzy graph with V, a non-empty finite set as the underlying set is a pair G = (o, 1)
where o : V — (0, 1) is a fuzzy subset of V, u: VXV — (0, 1) is a symmetric fuzzy
relation on the fuzzy subset o such that u(x,y) < min(o(x), o(y)) forall x,y e V. A
fuzzy relation u is symmetric if u(x, y) = u(y, x) for all x,y € V. The underlying crisp
graph of the fuzzy graph G = (o, u) is denoted as G* = (0", u*) where o = {x € V|
o(x) > 0} and p* = {(x,y) € VXV | u(x,y) > 0}. If u(x,y) > 0, then x and y are
called neighbors. For simplicity, an edge (x,y) will be denoted by xy.

Let X be a non-empty set. A bipolar fuzzy set B in X is an object having the form
B = {(x, uP(x), N (x)) | x € X}, where u” : X — (0,1) and V¥ : X — (~1,0) are
mappings.

Let X be a non-empty set. Then we call a mapping A = (pﬁ,pﬁ’) 1 XXX - (-1, 1)x
(—1, 1) a bipolar fuzzy relation on X such that x5 (x,y) € [0, 1] and i} (x,y) € (-1,0).
LetA = (;12’ , ,uﬁ’ ) be a bipolar fuzzy relation on a set X and B = (;12,,1111;’ ) be bipolar
fuzzy set on X. Then, A = (uf, 7)) is called a bipolar fuzzy relation on B = (ub, ul¥)
if uf(x, y) < min(ub(x), u5(»)) and p (x, y) > max(ul (x), u§ () for all x,y € X.

Let G = (o, ) be a fuzzy graph on underlying set V. The complement of G is
defined as G = (o, 1) where [i(x, y) = min(o (), o(y)) — u(x,y) for all x,y € V. When
G = (o, ) is a fuzzy graph, G = (o, Ji) is also a fuzzy graph. Let G = (o, ) and
G’ = (0’/,1') be two fuzzy graphs with underlying sets V and V’, respectively. A
homomorphism from G to G’ isamap & : V — V’ which satisfies o-(x) < o”’(h(x))
for all x € V and u(x,y) < ' (h(x), h(y)) forall x,y € V.

An isomorphism 4 from G to G’ is a bijective homomorphism satisfing o(x) =
o’ (h(x)) for all x € V and u(x,y) = pu(h(x), h(y)) for all x,y € V.

A weak isomorphism 4 from G to G’ is a bijective homomorphism that satisfies
o(x) = o’(h(x)) forall x € V.

A co-weak isomorphism 4 from G to G’ is a bijective homomorphism that satisfies
p(x,y) = (' (h(x), h(y)) for all x,y € V. Series system models are developed and work
out under the following notations.

Definition 1 [2] A bipolar fuzzy graph with an underlying set V is defined to be a
pair G = (A, B) where A = (,uf:,,uﬁ’) is a bipolar fuzzy set in V and B = (yg,,ug’) isa
bipolar fuzzy set in E C V? where V? = {{x,y}|x,y € V,x # y} such that ,uZ(x, y) <
min(yi(x),uﬁ(y)), ,uz,;’(x,y) > max(yﬁ’(x),;zﬁ’(y)) for all {x,y} € E. We call A the
bipolar fuzzy vertex set of V, B the bipolar fuzzy edge set of E, respectively. We use
the notation xy for an element of E. Thus, G = (A, B) is a bipolar fuzzy graph
of G* = (V.E) if uh(xy) < min(uf(x), b)), w(xy) > max(uel (), 1} ) for all
xy € E.

Definition 2 The complement of a bipolar fuzzy graph G = (A, B) of a graph G* =
(V,E) is a bipolar fuzzy graph G = (A, B) of G* = (V,V?), where A = A = (yﬁ,pﬁl)
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and B = (uf.p}) is defined by ph(xy) = min(uf(0).p5() — phxy), u(xy) =
max(pg(x),yz/(y)) - ﬂg(xy)for all x,yeV.

Throughout this paper, G| = (A, B)) and G, = (A;, B) are taken to be the bipolar
fuzzy graphs of G} = (Vi, E1) and G} = (V2, E»), respectively.

Example 1 Consider a graph G* = (V,E) with V = {a,b,c,d}, E = {ab,ad, bd, bc}.
Let A = (uf, ) be a bipolar fuzzy subset of V and let B = (uf, i) be a bipolar
fuzzy subset of E C V X V defined by

Table 1: Weight of vertices. Table 2: Weight of edges.
a b c d ab ad bd bc

1 1 1 Pl 1 1 1
T/ R My x5 5 d
py -1o-1 -1 -l Mp 3 T3 T3 73

Fig. 1 Bipolar fuzzy graphs G and G

It is not difficult to show that G is a bipolar fuzzy graph.
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Definition 3 [2] Let G| and G, be the bipolar fuzzy graphs. A homomorphism f
from G to G, is a mapping [ : Vi — V, which satisfies the following conditions:

(@) uh (x) < plf, (Fe0), ) (o) 2 g (F o) for all xi € V1.

(0) ph (i) < ey, (D) FOD) ) i) = iy, (Fa) f)
forall x,y, € E|.

Definition 4 [2] Let G| and G, be bipolar fuzzy graphs. An isomorphism f from G,
to G, is a bijective mapping f : Vi — V, which satisfies the following conditions:

(@ pf () = ph (F0) ) () = pf (F(x1) for all x, € Vy.

(b) uf (xiy) = uzz(f(xl)f(m),uﬁl (x1y1) = ng(f(h)f()’l))
forall x\y, € E;.

We denote G| = G, if there is an isomorphism from G to G,.

Definition 5 [2] Let G, and G, be the bipolar fuzzy graphs. Then, a weak iso-
morphism f from G| to G, is a bijective mapping f : Vi — V, which satisfies the
following conditions:

(a) f is homomorphism,
(b) wf (x1) = ply (FOe), ) (x1) = i (fCx)) for all xy € Vi

Definition 6 [2] Let G| and G, be the bipolar fuzzy graphs. A co-weak isomorphism
f from G| to G, is a bijective mapping f : Vi — V, which satisfies,

(a) fis homomorphism,
() pp Gayn) = pp, (F0fO0), iy, Gaayn) = wy, (Fe0) f o) for all xiyn € En.

Definition 7 [2] The union G\ UG, = (A} UA,, B; U By) of two bipolar fuzzy graphs
G and G, is defined as follows:

Wl Ut () = b (), if x€Vi,x ¢ Vs,
(A) (e, Yy )() = ply (x), if xeVa,x¢ Vi,

(yﬁl U,ugz)(x) = max(yf; (x),,uf;(x)), if xeViNVy

W ) = (), ifxeVixg Vs,
(B) 2 vl = (), ifxeVoxeV,

(Ul )0 = min(u) (), w1 (), if xeVinVy

(uf, Vg Yoy = pf (o), if xy € E1,xy ¢ Es,
(©) { (g, Vup )(xy) = uf (o), if xy € Ex,xy ¢ Ej,

(uf U pl )(xy) = max(up (xy), ufy (1)), if xy € Ey N Ey;

(g5, U g )(xy) = g (xy), if xy € Ey,xy ¢ En,
(D) < (uf, Uy )(xy) = pf (xy), if xy € Bz, xy ¢ E),

(uy, U g )(xy) = minuf (xy), gy (x), if xy € E{ N E,.



510 Ali Asghar Talebi - Hossein Rashmanlou (2014)

Definition 8 [2] The join G| + G, = (A + Az, By + By) of two bipolar fuzzy graphs
G and G, is defined as follows:

A) (;123‘ +,u§2)(x) = (/15] U,uﬁz)(x), forallx e Vi U V,,
() + )@ = Gl U ) ()

) | ¥+ KO0 = iy, U (),
B, +H11¥2)(XY) = 1,}" qug’z)(xy), if x,y € ViUVy;

© P +#§2)(xy) = min(pil (X),/.li)z(y))’ if xy€E,
(HB. +#gz)(xy) = max(y'Xl (x)’”]AYZ(y));

where E’ is the set of all edges joining the nodes of V| and V,.

3. Self Complement and Self Weak Complement Bipolar Fuzzy Graphs

In 1965, Zadeh [24] first introduced fuzzy sets as a mathematical way of representing
impreciseness or vagueness in everyday life.

Definition 9 A bipolar fuzzy graph G = (A, B) of a graph G* = (V, E) is said to be
self weak complement if G is weak isomorphism with its complement G,i.e., there
exist a bijective homomorphism f from G to G such that for all x,y € V,

b o) = b (£, 1 (x) = 1 (£ ()

and
H(xy) < ,g(f (0 )), iy (xy) = py K (FQFO).
Definition 10 A bipolar fuzzy graph G is said to be self complement if G = G.

Example 2 Consider a graph G* = (V, E) such that V = {a, b, ¢}, E = {ab, bc}. Then a
bipolar fuzzy graph G = (A, B), where

a b ¢ b c
Az«ﬁﬁo_ Zoa 04 05 0.4)>

ab bc ab bc
B={G7 515" %07 502

is self weak complement. In fact, identity bijective mapping is an weak isomorphism
from G to G.
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([0.3,—0.5] ————{[0.2, -0.4]

0.15,—0.2]

— ¢

Fig. 2 Self weak complement bipolar fuzzy graph G

Example 3 Consider a graph G* = (V,E) with V = {a,b,c}, E = {ab,bc}. Then a
bipolar fuzzy graph G = (A, B), where

02703037 -04"-0.5"-0.5

ab  bc ab bc
B={((—,—

<( 2’ 15)’ 0.4’ 025)>

is self complementary. In fact, bijective mapping f from G to G defined by a — a,
b — ¢, ¢ — b is an isomorphism.

b a

B [0.2,-0.4] , "\

[[03,-0.5) ———{[02,-0.4))

N N

[0.15,—-0.25]

N\

[ [03,-05 )

NP/

Fig. 3 Self complementary bipolar fuzzy graph G

Theorem 1 Let G = (A, B) be a self complement bipolar fuzzy graph of a graph
G* = (V,E). Then

1
DR = 5 D min(u (). 1509

XEY XFEY

and

1
Do) = 5 3 max(el (0. 1) ).

X#y X#y
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Proof LetG = (A, B) be a self complement bipolar fuzzy graph of a graph G* =
(V,E). Then, there exist a weak isomorphism g from G to G such that for every
x,y € V we have

h() = b (g(x)), 1 () = 1 (g(x)) for allx e V

and
1) = i (g(x)g), 1 (xy) = 1 (g(x)g()for all x,y € V.

Now by definition of G, for every x,y € V, we have
{@(g(x)g(y)) = min(u} (g 1 (50))) — 1 (8(DZL)),
HY(g(0)g()) = max(u) (g(x)), i} (8())) — pj (8(x)g(»)),
le {uﬁ(xy) = min(uf (x), 15 ) — 15 (g(x)g(»)).
Ty (ry) = max (el (1), w1 () — pi(e(0)0)),

D) + Y HEE(IG)) = ) min( (0, i),

i.e., XEY XEY XEY
DN + a0 = Y max(ul (x), K ),
XEY XY Xy
2 Z HhGy) = Z min(uh (x), kh ),
-.e.’ X#Y XEY
2D e = S max o).
XEY XEY
1 .
;yﬂg(xﬁ =3 Z; min(; (), (),
R v
1
;yuﬁ () =3 Z max () (x), 1y ()-

Example 4 1In this example, we show that the reverse of the above theorem in the
general is not true. We suppose that G = (A, B) is the bipolar fuzzy graph defined as
follows.

a

N B2 YN

f\[O,Q. —0.2]} 307 30 ([0_3‘,0,3]\]
N N4
110 7110] [g"g]
60" 60
(j0.4,—0.4]
\\\ //
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4

4
35>~ 39!

Fig. 4 Bipolar fuzzy graphs G and G

By a routine computations, it is easy to see that G satisfies the conditions

Lo
DR = 5 D min(u (). 15 09)

XFEY XFY

and

1
DLy = 5 > max(e (0. 1y 0)),

XEY XEY

but G is not self complement because there is not an isomorphism between G and G.

Theorem 2 Let G = (A, B) be a self weak complement bipolar fuzzy graph of a graph
G* = (V,E). Then

1
D HHE) < 5 Y min(u (). 15 0))

XY XEy

and

1
D) 2 5 3 max(el (). 1) ).

XEY XEY

Proof Let G = (A, B) be a self weak complement bipolar fuzzy graph of a graph
G* = (V,E). Then there exist a weak isomorphism & from G to G such that for all
x,y € V, we have

500 = 1P (h(x) = i (h0), 1 () = k() = Y (h(x)

and

() < b (RRR(Y)), Y (xy) 2 1 (h(DR()).
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Using the definition of complement in the above inequality, for all x,y € V, we
have

ph(xy) < ph(h(0R()) = min(u (A()). 1y () = p(AR()).
1 (xy) = e (hCOR(y) = max(u (R, 1) () = Y (CORG)).

So,
pp() + Hp(h(DR(Y)) < miney (h(x)), 1 (h())
and
1 xy) + Y ()R(y) = max(u) (h(). 1y ().
Hence,
D HE) + D HERORG)) < min(f(h(0), ()
and XEY Xty XEY
D HBC) + ) Uy (RCORG)) = max(u) (R(x), 1y ().
X£y XEY XEY
Thus
2 ) < Y minGef (. 150))
and XEY x#y
23 o) 2 ) max(u) (0, 1) (D).
xXEy xXEy
Therefore, )
D HA() < 5 3 min(uf (). 150))
and XEy x#y

1
D) 2 5 3 max(al (). 1) ).

Xty Ey

Remark 1 Example 4 shows the converse of above theorem is not true.

Theorem 3 Let G = (A, B) be a bipolar fuzzy graph of a graph G* = (V,E). If for

1 1
all x,y € V, pb(xy) < zmm(.uA(X) L Hh () and (@ (xy) > zmaX(uA(x) LMY (), then
= (A, B) is a self weak complement bipolar fuzzy graph.

Proof  Consider the identity map I : V — V, thatfor all x € V, uf(x) = t£(/(x)) and
wY 4 (x) = u 4 (1(x)). By definition of ug, we have yl’;(xy) = min(u W (0, 1 A(y)) yg(xy)
forall x,y € V, and pp (xy) = max(y (x), 1 (y)) My ¥ (xy). Hence, for every x,y € V,
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we have

— |
b (ey) > min(uf (), 1 () - 5 min(uf (x), 1k ()

1 .
=5 min(ul (x), k() > pE(xy),

and
1 (xy) < max(u (), 1} ) — maX(/lA (0, 1y 7))
= 2 max} 00, 1Y) < ).
So,

ph(xy) < phI(I() for all x,y € V and p (xy) = @ IOI)).

4. Complement and Isomorphism on Bipolar Fuzzy Graphs

In this section, we discuss some of the properties of isomorphism and complement
on bipolar fuzzy graphs.

Theorem 4 Let G| = (A1, By) and G, = (A, By) be two bipolar fuzzy graphs such
that Vi NV, = @. Then G| + G, EG_IUG_Z

Proof  We shall prove that the identity map is the required isomorphism.
Letl:V, UV, - V; UV, be the identity map. We prove that for all x,y € V

(#A1 +#AZ)(X) ( Hyr UﬂAP)(X) (,UA, +NA,)(X) —( Hyx UﬂAN)(X)

and

(NBl +#Bz)(xy) ( Hpr UﬂBP)(xy) (#B1 +.u32)(xy) ( Hpy U yBN)(xy)
Let x,y € V. Then

,uf;l (x), ifxeV

(Har + #ar ) = (e, L )00 = { W), ifxe Vs

(x) ifxeV
(x) ifxeV,

= (.UAf U llAg’)(x),
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,uﬁ’l (x), ifxeV,

e = o= T

i . itxew
W, ifxevs
~ ).
Also
(.UB{’ + ﬂgg)(Xy)
= min ((uf, + 1), (f, + 1)) = (f, + 1))
_Jmin (@, 0 pf )0 W, U RG))) = (uf, Vg o) ifxy € By U E
| min (G, U )00 (W, U e )0)) = min (G0, ) i xy € EY
min (i, (). 1§, () = e, (), if xy € E,
= { min (f (). 15, ) — e, (). ifxe B
min (y2f, (). 5, 09) = min{uf, (o). 1, ). if xy € B
/Tl;(xy), if xy € E} s
= Vil (), if xy € By = (uf, Ui )0
0, ifxy € E
()
= max ((ay + a0, Gy + 1a))) = Uy + ppy)(y)
_ max (e, Ui W D) = (WY, Vi ). ifxy € ELUE,
| max (), U )00, G, U Y)0)) = max (i (0. 4,00, if xy € EY

max (/,lg‘ ()c),yf;’z (y)) - ,ugl (xy), if xy € E;
= § max (4, (0. 1), ) = 4, (o), ifxy € E

max (i), (0,2, (0) = max () (0.1}, 0).  if ay € E7
uy (), ifxyeEr

= o), ifave By = (uy U)o,
0, if xy € E’

Theorem 5 Let G| = (Ay, By) and G, = (A, By) be two bipolar fuzzy graphs such
that Vi N\ Vs = ¢. Then G, U G; = G, + G».

Proof  We shall prove that the identity map is the required isomorphism. For all
x,y € Vi U V,, then we have

uil x), ifxeV

(/JAf U par )(X) = (ﬂﬁl u uﬁz)(x) = { ph (), ifxeV,

= ([ VB )0) = (a7 + ag) o
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;12’] (x), ifxeV

(ar Uy )00 = (U ) )x) = {ﬂﬁ’z(x)’ ifxeV,

i . ifxew
W, ifxeV,

= (i VRa)o) = (g + Fg ).

(Hpr O g ) Cxy) = min (G, U gy )00, Gy, U sty ) = (1, U g, )(oy)
min (i} (), 1§ ) = 1y (xy),if xy € By

min (g, ()., ) = i (). if 2y € By

min (i, (), 15 () - 0, ifxeV,yeV,

LS if xy € E;
Hh o), if xy € E;
min (ﬂﬁl (x),,ugz(y)), ifxeV,yeV,

{(ug U i )0, if xy € Ey

(yg] Upgz)(xy), if xy € E,
min (i}, (0.5, )). i xy € B

= (b, +ﬂ_§2)(xy),

(1, U p,Jeew) = max (G, U D00 G, U )9) = (o, U ) o)

[max (1, 0.1 ) = (o). if ey € E
={ max (/,tf{z (x),,ufz(y)) - ,ugz(xy), if xy € E;
max (s (x), 1, (7)) = 0, ifxeViyeV,
y_]l;’l(xy), ifxy e E;
= [;ngz(xy), if xy € E
max (i (0), 1} (), ifx€Vi,y eV,
(1 Uy ). if xy € E,
= [(E U ,u_gz)(xy), if xy e Ey
max (,ui:'1 (x),,uf;’l (y)), if xy e E/

(ke + E )y
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Remark 2 If there is a weak isomorphism between two bipolar fuzzy graphs G, and
G-, there need not to be a weak isomorphism between G, and G,.

Consider the following example.

Example 5 Let V| = {a,b,c,d} and V, = {u,v, x,w}. Consider two bipolar fuzzy
graphs G| = (A1, By) and G, = (A, B,) defined by

Table 3: Weight of vertices and edges of G.

a b c d

,u/’; 0.2 0.3 0.3 0.2

,uﬁ’l -04 -05 -05 -0.6

ab ac bc bd cd

,ugl 0.1 0.1 0.2 0.1 0.1

,u%’l -03 -03 -03 -04 -04

Table 4: Weight of vertices and edges of G,.

u v X w

,uﬁz 02 03 0.3 0.2
,ux -04 -05 -05 -0.6

uv VX ux vw xw

,ugz 0.15 025 0.15 0.1 0.1
'“11\311 -04 -04 -04 -05 -0.5
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v
e | [0.15, ~0.4] /\

[0.25,—0.4]

[0.1,-0,5] [0.15,-0.4]
(o2-06) ___ [0.3,-0.5)
N N

Fig. 5 Bipolar fuzzy graphs G, and G»

It is easy to check that the mapping g : V| — V», g(a) = u, g(b) = v, g(c) = x and
g(d) = w, is a weak isomorphism from G to G,. Now by definition of complement,
we have

(b (ab) = 0.1, (ab) = ~0.1, 15, (ac) = 0.1, 1} (ac) = ~0.1, b, (bc) = 0.1,
f (be) = ~0.2, b (bd) = 0.1, 41 (bd) = ~0.1, b (ed) = 0.1,y (cd) = ~0.1.
b (uv) = 0.05, 1) (uv) = 0, 1h (vx) = 0.05, 1 (vx) = ~0.1, 45 (ux) = 0.05
plgz(ux) = O,ugz(vw) = 0.1,,ugz(vw) = O,/JZZ(XW) =0.1,

pgz (xw) = 0.
Hence, there is not a weak isomorphism between G, and G,, because
fh () = 0.05 < 0.1 = b (xy) forallx,y € Vi,

Remark 3 If there is a co-weak isomorphism between bipolar fuzzy graphs G; and
G>, then there need not to be a co-weak isomorphism between G, and G,.

The following example shows the above statement.
Example 6 Let V| = {a,b,c} and V, = {u,v,w}. Consider two bipolar fuzzy graphs
G = (A1, By) and G, = (A3, B,) as follows.

a b

‘[0/_2' 70\_1]‘ [0.1,-0.3] (0.3, 7}5}“
o

[0.1,-0.3] [0.2,-0.3]
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u v

\[06_7(;]\ [0.1,-0.3] [0/40\/6]

Fig. 6 Bipolar fuzzy graphs G, and G»

There is a co-weak isomorphism £ : V| — V, with h(a) = u, h(b) = v, h(c) = w. Also
we have

1b (ab) = 0.1, (ab) = ~0.1, 5 (ac) = 0.1, (ac) = ~0.1,
ph (be) = 0.1, (be) = ~0.2,ub (uv) = 02,44 (uv) = ~0.2,

,ugz(uw) = O.Z,ygz(uw) = —O.Z,ygz(vw) = 0.2,,ugz(vw) =-0.3.
So, G, is not a co-weak isomorphism with G, because
fh (uw) = 0.2 # 0.1 = b (xy) forall x,y € V.

Theorem 6 Let G = (A, B) be a bipolar fuzzy graph of a graph G* = (V,E). Then
the automorphism group G and G are identical.

Proof We show that for any injective map 4 : V — V, h € Aut(G) if and only if
h € Aut(G), we have

HE () = Wi h(x) = () = () forall x e V,
w1 (h(x)) = @Y (h(x)) = 1 (x) = (x) forall x € V.

Also, for all x,y e V,

HhHCOR()) = h(xy)
& min (e (h(x), far (h(Y)) = ph(R(R()) = min (e (x), ar (v))
—H(xy)
& upr(h(Oh()) = pgr (xy),
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and

Ky (RCORG)) = p(xy)
& min (pa (h(0), v (h(Y)) = gy (hOA(Y)) = min (pav (), sav (1)
—H (xy)
© ppy (R(OA(y)) = ppy (xy).

This complete the proof.
5. Conclusion

Graph theory is an extremely useful tool in solving the combinatorial problems in
different areas including geometry, algebra, topology, optimization and computer sci-
ence. In this paper, we discussed some properties of the self complement and self
weak complement bipolar fuzzy graphs, and get a sufficient condition for a bipolar
fuzzy graph to be the self-weak complement bipolar fuzzy graph. Also we inves-
tigated relations between operations union, join, and complement on bipolar fuzzy
graphs.
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