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Sampling theorems for bandlimited functions or distributions are obtained by
exploiting the topological isomorphism between the space &'(R) of distributions of
compact support on R and the Paley—Wiener space PW of entire functions
satisfying an estimate of the form |f(z)| < A(1 + |z)Ve®'™ I for some constants
A, B, N = 0. We obtain sampling theorems for f in PW by expanding its Fourier
transform T in a series converging in the topology of &’(R) and whose coefficients
are samples taken from f. By Fourier duality, we obtain a sampling theorem for f
in the space PW. These sampling expansions converge, in fact, uniformly on
compact sets of C, since convergence in the topology of PW implies uniform
convergence on compact sets of C. This procedure allows us to recover previous
sampling theorems in a unified way. We also present further expansions of
Paley—Wiener functions obtained by expanding their Fourier transform as a series
involving Legendre or Hermite polynomials.  © 1998 Academic Press
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1. INTRODUCTION

The Whittaker—Shannon—Kotel’'nikov sampling theorem, hereafter the
WSK theorem, states that any function f € L?(R), bandlimited to [— 7, 7],
i.e., such that the support of its Fourier transform is contained in [— 7, 7],
may be reconstructed from its samples {f(n)}, < ; on the integers as

f(z) = X f(n)sinc(z — n), (1)
n= —o
where sinc denotes the cardinal sine sinc(z) = sin 7z /wz (see [15]). The
choice of the interval [— 7, 7] is arbitrary. The same result applies to any
compact interval [ — 7o, o ] taking the samples in {n/o} and replacing 7
with 7/¢ in the cardinal sines.

This theorem and its numerous offsprings have been proved in many
different ways, e.g., using Fourier expansions, the Poisson summation
formula, contour integrals, etc. (see, for instance, [15] and [6]). But the
most elegant proof is probably the one due to Hardy [5], using that the
Fourier transform &% is an isometry between Li[—w, 7] and the
Paley-Wiener space PW, = {f € L*(R) N Z(R), supp f < [—, w]}, where
f denotes the Fourier transform (f) of f. For any f € PW,_ one has

1 .7 A~ )
f(2) = 5= flo)e do,

so any value f(,) of f is the inner product in L?[— =, 7] and f and the
complex exponential e, Furthermore, the classical Paley—Wiener the-
orem shows that PW_ coincides with the space of entire functions of
exponential type at most = whose restriction to the real axis is square
integrable, i.e.,

PW, = {f €#(C): 1f(2)| < Ae™", flg € L} (R)}. (2)

The key point in Hardy’s proof is that an expansion converging in
L*[— m, w]is transformed by .# ~! into another expansion which converges
in the topology of PW_. This implies, in particular, that it converges
uniformly on compact sets of the complex plane (to be precise, it converges
on horizontal strips of C). Choosing the first expansion in such a way that
the coefficients are samples of f, or of some function related to f (its
derivatives, its Hilbert transform, etc.) provides different sampling theo-
rems for functions in PW,_. This Fourier duality technique can also be
applied to the multidimensional case, or to the so-called multiband case of
functions whose Fourier transform has support on the union of a finite
number of disjoint sets of finite Lebesgue measure (see [6] for more
details).
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The set of bandlimited functions can be enlarged tremendously if,
instead of taking the usual Fourier transform, we consider the Fourier
transform in the sense of Schwartz distributions and look for functions
whose Fourier transform is a distribution with compact support. This
enables us, for instance, to consider complex exponentials multiplied by
polynomials, or functions in L”(R) for p > 2. In this case, the functions of
the enlarged space, hereafter denoted by PW, are characterized by the
Paley—Wiener—Schwartz theorem, which asserts that the distributional
Fourier transform

F: PW - &'(R),
f=T=5(f).

such that f(z) = (1/27 )T, e'“?), z € C, is a linear isomorphism between
the space &’'(R) of distributions with compact support and the functional
space PW whose elements are entire functions satisfying an estimate of
the form |f(z)] < A1 + |z)VeB!'™ =l for some constants A4, B, N > 0 (see
[1, Theorem 1.4.15)).

Many different authors (among them Campbell, Pfaffelhuber, and Lee)
have obtained in this more general setting sampling expansions converging
either in a functional or in a distributional sense (see [15] for a detailed
account of the results and convergences). However, bear in mind that not
all functions in PW admit a Shannon expansion (1) converging in a
functional sense: the derivative 6, of the Dirac delta in a point a €
(=, m), for instance, has an inverse Fourier transform f(z) = ize "%,
whose samples f(n) are O(|n|) as |n| — . Thus, the corresponding expan-
sion (1) diverges.

The aim of the present paper is to describe the most general framework
in which Fourier duality allows us to recover, in a unified way, some of the
aforementioned sampling theorems on PW. Given a function f € PW, we
expand its Fourier transform in &’(R) in such a way that the coefficients
are either samples of f or other quantities related to f. Applying the
inverse Fourier transform on that expansion leads to another expansion
converging to f in PW. The key point is that, according to the Paley-
Wiener—Schwartz—Ehrenpreis theorem, one can endow PW with an ap-
propriate topology so that the isomorphism (3) becomes topological. Thus,
although we do not have an isometry as in Hardy’s setting, we can still
transfer convergence back and forth from one space to the other through
 or & 1. Furthermore, we do not need to check for uniform convergence
on compact sets, since, as we will see, this is a direct consequence of
convergence in the topology of PW. This suggests that this methodology
may be useful in further developing sampling theory for entire functions
whose Fourier transform is a distribution with compact support.

(3)
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The paper is organized as follows: Section 2 is devoted to reviewing
some basic facts concerning the inductive limit topology on PW associated
with certain subspaces PW,. In particular, we show that convergence in
this topology implies uniform convergence on compact sets of C. In
Section 3 we make use of Fourier duality to prove four well-known
sampling theorems, three in the functional case and one in the distribu-
tional one. Finally, we present in Section 4 some further expansions in
Paley—Wiener space using inverse Fourier transforms of classical orthogo-
nal polynomials.

2. PRELIMINARIES
As stated in the Introduction, we deal with the space
PW={fes(C):34,B>0,N e N U {0},
1f(2)l < A(L + |z)VeP ™= vz € C},

which, according to the Paley—Wiener—Schwartz theorem, is the image of
&'(R) by the distributional inverse Fourier transform & ~ 1. We describe
the topology on PW which makes .# a topological isomorphism. For this,
we first consider, for each n € N U {0}, the space PW, of entire functions
such that

£l = sup (If(2)le=""™ (L + |2[) ") < .

zeC

Each PW, is a Banach space, endowed with the norm || - ||,,. Furthermore,
we have PW, c PW,_ , for each n with continuous inclusion and PW =
U5 _oPW,. The inductive limit topology on PW. is defined as the finest
locally convex topology under which all the inclusions i,: PW, — PW are
continuous (see [10, Chap. V], [7]). Considering this topology in PW, the
Paley—Wiener—Schwartz—Ehrenpreis theorem asserts that the Fourier
transform is a topological isomorphism between PW and &’'(R) equipped
with the strong topology B(&’'(R), £(R)), i.e., the topology of uniform
convergence on weakly bounded sets of £(R) = C*(R) (see [1, Theo-
rem 1.4.16)).

One can easily see that convergence in a particular PW, implies uniform
convergence on compact sets of C. This implies the continuity of every
inclusion i,: PW, — PW, where PW is equipped with the topology of
uniform convergence on compact sets. Now, since the inductive limit
topology is by definition the finest one making the i, continuous, we
obtain the following result.
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LEMMA 1. Any sequence in PW converging in the inductive limit topology
is also uniformly convergent on compact subsets of C.

As a consequence, any expansion converging in &’'(R) is automatically
transformed by .% ~! in an expansion converging uniformly on compact
sets.

We conclude with a remark on convergence in &'(R). Since C*(R) is a
Montel space [12, Sect. 34.4], every weakly converging sequence in its
strong dual space &'(R) is also strongly converging. Hence, we have that
T,— T in &R if and only if <T,, ) — (T, @) for every ¢ € £(R) (see
[12, Corollary 2 in Section 34.4]).

3. SAMPLING THEOREMS

We begin this section by recovering classical sampling theorems in the
functional case. For this, we use the fact that convergence in L[ -, 7]
implies convergence in &'(R), since if £, - 0in L [— 7, w]and ¢ € &(R),
one can use the Cauchy—Schwarz inequality to bound

/ _:f @

which goes to zero as n — © ( x,_ . ,, denotes the characteristic function
of the interval [— 7, 7 ].

We now apply the duality argument to prove the WSK theorem and its
nonuniform version, the Paley—Wiener—Levinson (hereafter PWL) theo-
rem.

THEOREM 3.1 (WSK theorem). Let f € PW,, then

M) = % f(n)

n=—wx

< llzllex;— o mll2, (4)

sinm(z —n)
m(z—n) '
where the convergence is uniform on compact sets of C.

Proof. We expand the Fourier transform f of f as
flo)y="¥ f(nye "

in the orthonormal basis {e ="}, ., of L*—m, w]. This series converges
in &'(R), since it converges in L*[—, 7]. Taking inverse Fourier trans-
forms, we obtain

f(z) =7 Y f)(2) = X f(n)F e ") (z)

n=—x

in PW. 1
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Instead of an orthonormal basis, we may use a Riesz basis of complex
exponentials {e~"“} _,, where {¢,}, . ; € R. A sufficient condition for this
to be a Riesz basis is the so-called Kadec condition

suplt, —nl < 3 (5)

nez

(see [14]). Now, if we denote by {g,(w)},., the biorthogonal basis of
{e7"}, < 4, itis a well-known fact that the inverse Fourier transform of g,
is given by

F g (2) = L' (6)
" (Z - tn)G,(tn)
where G(z) denotes the infinite product
L e I

(see [9] and [8]; see also [4] for an alternative proof, using results from
[11]). Now we prove the PWL theorem.

THEOREM 3.2 (PWL theorem). Letf € PW,_, let {t,}, ., C R satisfy (5),
and let G(z) be given by (7). Then

- G(2)
f(z) = n:ziwf(t”)—(z — )G (1)

uniformly on compact sets of the complex plane.

Proof.  We expand the Fourier transform ﬂw) of f with respect to
{g,()}, the biorthogonal basis of {e *""’}. The coefficients of this expan-
sion are the inner products (f, e™"""“);2_ ., i.e., the samples f(z,). Now,
since

flo)y =¥ f(t,)8.(w)

n=—ow

in L?[—a, ] (and, hence, also in &'(R)), taking inverse Fourier trans-
forms we obtain

f2) = X F(1)F 2 (8)(2)

n=—wx

in PW. Thus, the result follows from (6). |
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We may also use Fourier duality to obtain the following sampling
theorem [6, Sect. 6.4] for the Paley-Wiener spaces PW? of functions
whose Fourier transform is in L?[— &, w]for 1 <p < 2 (the case p > 2 is
covered by the WSK theorem, since in that case L?[— 7, 7] € L*[— =, 7]).

THEOREM 3.3. Let f € PW be such that its Fourier transform f is in
LP[—a, 7] for 1 <p < 2. Then

sinm(z —n)

i) = ¥ f(n)

n=—ow

w(z —n)

uniformly on compact sets of the complex plane.

Proof. We may expand f in L?[—, 7] as

f( w) = Z Cne_ian[—ﬂ',‘n']’

neZ

since {e~""“} is a Schauder basis of L?[—, 7] for 1 < p < = (see [14]).

Now, recall that convergence in L?[—ar,a] implies convergence in
&'(R) (the argument is the same used to obtain (4) with Holder’s inequal-
ity replacing Cauchy—Schwarz's). Thus, making use of standard distribu-
tional calculus one readily identifies the coefficients {c,} in the expansion
of f, since

1 . 1 A .
, elma) = C” e—ll’lm m elmm
277<f > 2 ngl < X[ a >

f(m)

1
— Y ¢,2m8,, =C,,
2

where { -, - ) stands for the integral from — 7 to #. In this way, we arrive
at

flo) = X f(n)e ™x_ .

nez

in £'(R). Applying & ! leads to the result. |

Note that a function f in the conditions of Theorem 3.3 is also in the
Bernstein space BZ of entire functions of exponential type at most
whose restriction to the real axis belongs to L/(R) for (1/p) + (1/q) =1
(see [6] for more details).

In the remainder of this section we focus on sampling theorems for
functions of PW which are the inverse Fourier transform of some distribu-
tion with compact support on the real line. Let T € &'(R) be a distribution
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with support supp 7 contained, say, in the open interval (—, 7) and
consider its 27-periodic extension

Tper =Tx A2‘n-l

where A, =237__.8,,, is the Dirac comb with period 27. Then it is
well known [13] that T per 18 1IN Z'(R), the space of tempered distributions,
and that it admits a Fourier expansion

o

— —inw
Tper - Z c,€

n= —ow

converging in the topology of .%’(R). Furthermore, the coefficients above
are ¢, = (1/2aXT,e"*) = f(n) for f =5 ~XT), and ¢, = O(|n|") for
some p € Z. To apply our duality argument, however, we need conver-
gence to T in the space &'(R). To do this we introduce a convergence
factor, i.e., a smooth function which is identically 1 on a neighborhood of
supp T (note that we may always choose this function to be even, so that
its Fourier transform is a real function). Making use of this device, one can
prove

LEMMA 2. Let T € &'(R) with support contained in the open interval
(—m,m), f= XT) e PW, and 6 € 2(R) with supp 6 € (— m, ) and
0(x) = 1 on an open set containing supp T. Then

T= T f(n)e

n=—wx

with convergence in &' (R).

__Proof.  First, since 6(x) = 1 on an open set containing supp 7', one has
0T = T. Multiplication by 9 is a continuous operation in .'(R), so

T= Y ce "

n=—wx

in &'(R). Furthermore, the convergence is also in &'(R), since for any
¢ € £(R) we have (T, ¢) = (6T, verr @ = (T, ). This implies

N . A N o
(T, ¢) = lim < Y. c, e, g00> = lim < Y c,e "9, cp>,
-N

N-oow N-> _N

which concludes the proof. |
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We are now in the position of proving Campbell’s theorem [2]:

THEOREM 3.4 (Campbell’s theorem). Let f € PW, T = F(f), and 8 €
2(R) as in the statement of Lemma 2. Then

f(z2)= ¥ f(n)o(z—n) (8)

n=—ow

with uniform convergence on compact sets of C.

Proof.  Applying the inverse Fourier transform to the equality in Lemma
2 we obtain

f(z) = :Z_mf(n)yfl(ef"”“’g(w))(Z) = wa(n)(?(z —n) (9)

in PW. 1

We end with two final comments related to expansion (8). The first
concerns the convergence factor 6 introduced in Lemma 2 to obtain
convergence in &'(R). The price we have to pay for this convergence is
that it forces us to oversample, i.e., to sample f(z) at frequency 1, which is
larger than the Nyquist frequency m(supp T) /2, where m(-) denotes the
Lebesgue measure in R. Note, finally, that (8) lacks the appearance of a
cardinal series. However, we may introduce the characteristic function
X(- = =1 In (9), obtaining

f(z) if(n)fl(e-i"wx[_,,,ﬂé(w))(z)

T S )+ 0)2)

Y F(n)(s, sinc = 0)(z),

n=—ow

where 7, sinc(z) = sinc(+ — n). Thus, the sampling functions of (8) are
given through a convolution involving the inverse Fourier transform of the
convergence factor. This convolution structure in the sampling expansion
is not unusual and, in fact, has previously appeared in the work of
Feichtinger and Grdchenig [3].
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4. ORTHOGONAL POLYNOMIAL EXPANSIONS

In the previous section we have made use of complex exponential
expansions in &’(R) as a starting point to apply Fourier duality. However,
one may also consider different expansions in &'(R), involving, for in-
stance, classical families of orthogonal polynomials. We devote this section
to present a couple of examples of what kind of expansions may be
obtained in this way. It is important to note that these are not sampling
theorems, since the coefficients of the series are no longer samples of the
Paley—Wiener function.

We may take, for instance, the Legendre polynomials P,(x), leading to
so-called Bessel-Neumann expansions in

PW, = {f € L*(R) n Z(R),supp f < [-1,1]}.

It is well known that {y/n + (1/2) P,(x)} is an orthonormal basis of
L?[—1,1] and that

F(L,)(x) =Pn(x)X[—1,1](x)
for any n € N U {0}, where

l'n

L(1) = \/ﬁfl/zjnﬂ/z(t) (10)

and J,, ; ,,(¢) is the Bessel function of half odd integer order. We first deal
with the functional case.

THEOREM 4.1. Let f € PW,. Then

l'l’l

f(Z) = ngoanmz_l/z‘ln+l/2(z) (11)

uniformly on compact subsets of C, where
(ln = (I’l + %)<f\, Pn>L2[—l,l]-
Proof. We expand the Fourier transform f of f as

flo) = £ a,p(x)

in the orthonormalized Legendre basis of L2[—1, 1]. The result is obtained
applying the inverse Fourier transform. |
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As in the previous section, the same kind of result may be extended to
the distributional case. To obtain an analogue of the Bessel-Neumann
expansion (11) for functions whose Fourier transform is a distribution 7 of
&'(R) with suppT < (—1,1) we need to expand T with respect to the
Legendre polynomials with convergence in &'(R). Again, this forces us to
introduce a convergence factor 6 as in Section 3.

THEOREM 4.2. Let T € &'(R) with suppT < (—1,1) and 0 ca(R)
with supp 6 € (—1,1) and 68(x) =1 on an open set containing supp T. If
f=9"XT), then

f(z) = X a,(L,*0)(2), (12)

n=0

with uniform convergence on compact sets of C, where a, = {T, P,) and
T(¢) is given by (10).

Proof. We may mirror the proof of [13], Proposition 6.3, to ensure that
Z anPn X[—l,l]ol
=0

with convergence in &'(R). Again using Fourier duality we obtain (12). |

We may also use Hermite functions instead of exponentials. The Fourier
transform of the normalized Hermite functions

H,(x)e /2
hn(x) = 771/42,,/2(”!)1/2'

n e N U {0},

is h (cu) = (=D"V27h,(w), n € N U {0}, where H, denotes the nth Her-
mite orthogonal polynomlal Now, the Fourier transform f ofany f € PW,
may be expanded as

o

flo) = X a,hy, xi—n,mi( @)

n=0

converging in L[ —, 7] (hence, also in &'(R)), where
a, = fr )i m . (13)
Thus, applying the inverse Fourier transform we obtain
THEOREM 4.3. Let f € PW,. Then

o

f(z) = £ —a,(h,xsinc)(2),

n=0

with uniform convergence on compact subsets of C, where a,, is given by (13).
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In the distributional case we need, as usual, to introduce a suitable
convergence factor 6 to achieve convergence in &'(R) of the Hermite
series, which is known to converge in .’(R) (see [13, Theorem 6.7]).

THEOREM 4.4. Let f€ PW, T =5(f) with suppT C (—A, A), and
8 € 2(R) with supp 6 C (—A, A) and 6(x) = 1 on an open set containing
supp T. Then

0

Y a,h )
with convergence in &'(R), where a, = (T h, . Furthermore,

2 = X (s 0) (),

with uniform convergence on compact sets of C.
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