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1. Introduction

Let (X, || -||) be a complex Banach space. As usual, for a linear operator A, we denote by D(A) the
domain of A, by o (A) its spectrum, while p(A) :=C — o (A) is the resolvent set of A, and denote by
the family R(z; A) = (zI — A)~', z € p(A) of bounded linear operators the resolvent of A. Moreover,
we denote by .Z (Y, Z) the space of all bounded linear operators between two normed spaces Y and
Z with the operator norm || - || ¢ (y,z), we abbreviate this notation to .Z(Y) when Y = Z, and write
Tl x) as |IT| for every T € Z(X) when it has no loss of the clarity.

When dealing with parabolic evolution equations, it is usually assumed that the partial differential
operator in the linear part is a sectorial operator, stimulated by the fact that this class of operators
appears very often in the applications. For example, one can find from [17,27,37] that many elliptic
differential operators equipped with homogeneous boundary conditions are sectorial when they are
considered in the Lebesgue spaces (e.g. LP-spaces) or in the space of continuous functions. We here
mention that the operator A; in Example 1.1, which acts on a domain of “dumb-bell with a thin
handle”, is sectorial on V. However, as presented in Example 1.1 and Example 1.2, though the resol-
vent set of some partial differential operators considered in some special domains such as the limit
“domain” of dumb-bell with a thin handle or in some spaces of more regular functions such as the
space of Holder continuous functions, contains a sector, but for which the resolvent operators do not
satisfy the required estimate to be a sectorial operator.

Example 1.1. In this notation the “dumb-bell with a thin handle” has the form

2:=D1UQ,UDy (e€(0,1]; small),

where D1 and D, are mutually disjoint bounded domains in RN (N > 2) with smooth boundaries,
joined by a thin channel, Q. (which is not required to be cylindrical), which degenerates to a 1-
dim line segment Qg as ¢ approaches zero. This implies that passing to the limit as ¢ — 0, the limit
“domain” of £2¢ consists of the fixed part D1, D, and the line segment Qg. Without loss of generality,
we may assume that Qg = {(x,0,...,0); 0 <x < 1}. Let Po =(0,0,...,0), P1 =(1,0,...,0) be the
points where the line segment touches the boundary of D1 and D,. Put £2 = Dq U D».

Firstly, consider the evolution equation of parabolic type equipped with Neumann boundary con-
dition in the form

ur—Au+u=f(u), xe€2 t>0,

ou (1.1)
— =0, Xx€08,
on

where A stands for the Laplacian operator with respect to the spatial variable x € £2., 982 is the
boundary of £2, % denotes the outward normal derivative on d§2. and f : R — R is a nonlinearity.

Let VP (1 < p < o0) denote the family of spaces based on LP(£2.), equipped with the norm
1
p 1 p)’
||u||vg: [ul +8N—’1 [ul .
2 Qe
Define the linear operator A, : D(A;) C VP > VE by

on
Acu=—Au—+u, ueD(Ag).

9
D(Ag) = {u e W2P(20); AueV?, o

=o},
082¢
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It follows from a standard argument that the operator A, generates an analytic semigroup on V?’.
Moreover, the following estimate holds

[RO; — forx € X,

C
A0) | par (o < [

where ¥ = {A € C; |arg(A —1)| <6} with 6 > % and C is a constant that does not depend on ¢ (e.g.
see [17,37]).
The limit problem of (1.1) as € — 0 is the following problem studied in [6]

wr—Aw+w=f(w), xe€8,t>0,

ow
— =0, xe€082,
on

1
Vt_g(gvx)x‘i“/:f(v)’ xeQp=1(0,1),
v(0) =w(Pg), v(1)=w(Py),

where w is a function that lives in £ and v lives in the line segment Qg, the function g:[0,1] —
(0, 00) is a smooth function related to the geometry of the channel Q,, more exactly, on the way
the channel Q; collapses to the segment line Q. Observe that the vector (w, v) is continuous in the
junction between £2 and Qg and the variable w does not depend on the variable v, but v depends
on w.

We identify VJ with LP(22) & L§(0,1) (1 < p < co) endowed with the norm lw. vllyp =

([ WP +f01 g|v|P)1/P. Consider the operator Ag: D(Ag) C V{ > V§ defined by

D(Ap) = {(w, V) € V(‘;; weD(Agp), Ve Lg(O, 1),
w(Po) =v(0), w(P1) =v(1)},

Ao(w, v) = (—Aw-{-w,—%(gv’)/-i-v), (w,v)e VP, (1.2)

where Ag is the Laplace operator with homogeneous Neumann boundary conditions in LP(£2) and
D(Ag)={u e W>P(2); Gilae =0).

As pointed out by [4], the operator Ay defined by (1.2) is not a sectorial operator. Its spectrum is
all real and, therefore, it is contained in a sector but the resolvent estimate is different from the case

of sectorial operator. More precisely, the operator Ag has the following properties (see also [3,5]):

(a) the domain D(Ag) is dense in V[P,

(b) if p > % then Ag is a closed operator,

(c) Ap has compact resolvent, and

(d) for some u € (0, %), X ={1eC\{0}; |argAr| <7 — u} U {0} C p(—Ap), and for g <q<pthe
following estimate holds:

c
d

C
foreach0 <y’ <1— % — %(% — %) < 1, where C is a positive constant.

Remark 1.1. In fact, it is easy to prove that the estimate (1.3) with p =q > % is equivalent to

IRG: =)l 2 vp) < M% (b€ Xy \{0}) for 0 <y’ <1— %, where C is a positive constant.
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We refer to [3, Section 2] for a complete and rigorous definition of the dumb-bell domain, and to
[2-5,9,16,21] for related studies of partial differential equations involving dumb-bell domain.

Example 1.2. Assume that £ is a bounded domain in RN (N >1) with boundary 92 of class C4™
(m e N). Let C/(2), 1 € (0, 1), denote the usual Banach space with norm || - ||;. Consider the elliptic
differential operator A’ : D(A) c C'(2) — C(£2) in the form

D(A) = {u e C*™(2); DPu|,, =0, |Bl<m—1},

Au= Y ap®DPux), ueD(A),
|BI<2m

where B is a multiindex in (N U {0})", |8] = Z?:] Bj, DP = ]‘[3!:1(_1'%)6;. The coefficients
ag: 2+ C of A’ are assumed to satisfy
(i) ag € C'(2) for all |B| < 2m,

(ii) ag(x) e R for all x € 2 and |8| =2m, and
(iii) there exists a constant M > 0 such that

MUEP< Y agEf <M|B®, forallg eRN, xe 2.
|Bl=2m

Then, the following statements hold.

(a) A’ is not densely defined in C/(£2),
(b) there exist v, & > 0 such that

o(A'+v)cC Sz_¢= {A e C\ {0}; largr| <

NS

—S}U{O},

C

(c) the exponent ﬁ — 1€ (—1,0) is sharp. In particular, the operator A’ + v is not sectorial.

Notice in particular that the Laplace operator satisfies the conditions (a)-(c) in Example 1.2. For
more details we refer to [42].
Let us recall the following definition:

Definition 1.1. Let —1 <y <0 and 0 < @ < 7 /2. By ®),(X) we denote the family of all linear closed
operators A: D(A) C X — X which satisfy

(1) 0(A) C Sy ={ze C\ {0}; |argz| < w}U {0} and
(2) for every w < u < 7 there exists a constant C,, such that

|R(z; A)|| < Culzl” forallze C\S,,. (14)

A linear operator A will be called an almost sectorial operator on X if A € ®)(X).
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Observe that from Example 1.1 and Remark 1.1, if p > % then Ag € @;V/(Vg) for some y’ €
0,1 - %) and u € (0, %), that is, Ap is an almost sectorial operator on V(’;. Also, from Example 1.2

L —
one can find that (A’ +v) e ®2™ 1(Cl(.Q)), which implies that A’ + v is an almost sectorial operator
2

&
on Cl(£2).
Remark 1.2. Let A € ©),(X), then the definition implies that 0 € p(A).

Remark 1.3. We say that the estimate (1.4) in Definition 1.1 is “deficient” since y > —1. From [38],
note in particular that if A € ®),(X), then A generates a semigroup T(t) with a singular behavior
at t =0 in a sense, called semigroup of growth 1+ y. Moreover, the semigroup T(t) is analytic in
an open sector of the complex plane C, but the strong continuity fails at t =0 for data which are
not sufficiently smooth. Hence, it is impossible to apply to A the general results and techniques on
generation of strongly continuous operator semigroup, as it is developed in [37].

Examples of almost sectorial operators which are not sectorial were first introduced by W.von Wahl
in [42]. Since then, some other examples for such operators were also presented, see [27, Exam-
ple 3.1.33] and [38]. Recently, the study of evolution equations involving almost sectorial operators
has been investigated to a large extent. We would like to mention that F. Periago and B. Straub [38]
give a functional calculus for almost sectorial operators, and using the semigroup of growth 1+ y
which is defined by this functional calculus, obtained the existence and uniqueness of mild solutions
and classical solutions for Cauchy problems of abstract evolution equations involving almost sectorial
operators, that, by constructing an evolution process of growth 1+ y, A.N. Carvalho et al. [6] estab-
lished the existence of mild solutions for Cauchy problem for non-autonomous evolution equation, in
which the operator in the linear part depends on time t and for each ¢, it is almost sectorial, and
that J.M. Arrieta et al. [4,5] analyzed the behavior of the asymptotic dynamics of a reaction-diffusion
equation in a dumb-bell domain as the channel shrinks to a line segment, where the partial differen-
tial operator in equation forms an almost sectorial operator in appropriate space. Moreover, from [12],
one can find results on linear abstract Cauchy problem with almost sectorial operators, whenever the
part of this operator in the closure of its domain is sectorial. Notice also that most of the previous
research concerns the case of derivative of first order (integer order) in time, there has been little
regarding the case of derivative of fractional order in time.

On the other hand, starting from some speculations of Leibniz and Euler, followed by the works of
other eminent mathematicians including Laplace, Fourier, Abel, Liouville and Riemann, the fractional
calculus which allows us to consider integration and differentiation of any order, not necessarily in-
teger, has been the object of extensive study for analyzing not only stochastic processes driven by
fractional Brownian motion, but also nonrandom fractional phenomena in physics, nonrandom frac-
tional optimal control, see [1,7,13,22,26,34,40] and references therein. One of the emerging branches
of this study is the theory of abstract partial differential equations that involve fractional derivatives
in time (including fractional diffusion equations), for short, we call fractional evolution equations. Let
us point out that a strong motivation for investigating such equations comes from physics. For exam-
ple, as stated in [15], fractional diffusion equations describe anomalous diffusion on fractals (physical
objects of fractional dimension, like some amorphous semiconductors or strongly porous materials;
see [1,33] and references therein). In normal diffusion (described by, such as the heat equation) the
mean square displacement of a diffusive particle behaves like const -t for t — oco. A typical behavior
for anomalous diffusion is const - t* for some 0 < o < 1. Also, as indicated in [11,19,28,32], this class
of equations can provide a nice instrument for the description of memory and hereditary properties
of various materials and processes. What we want to emphasize is that this is the main advantage of
fractional models in comparison with classical integer-order models, in which such effects are in fact
neglected. At present, much interest has developed regarding the class of equations (see, e.g., [15,25,
30,36,39]). In particular, in [15] S.D. Eidelman and A.N. Kochubei considered the Cauchy problem of
an evolution equation with the fractional derivative with respect to the time variable and a uniformly
elliptic operator with variable coefficients acting in the spatial variables, where a fundamental solu-
tion of the Cauchy problem was constructed and investigated. We mention that much of the previous
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research on the fractional evolution equations was done provided that the operator in the linear part
is the infinitesimal generator of a strongly continuous operator semigroup, an analytic semigroup, or
a compact semigroup, or a Hille-Yosida operator, much less is known about the fractional evolution
equations with almost sectorial operators.
To explain the results better we need to introduce some terminology. We set I = (0, T) for some
_1_p-1

T > 0 and use the following notation for 8 > 0, gg(t) = i I (B) . t>0,

and t) = 0, where
0. <o, go(t)

I’ (B) is the Gamma function.
Definition 1.2. Let f € L1(I; X) and « > 0. Then the expression

t

o . _ 1 _ aa-1
]tf(t)~—(ga*f)(t)——1_,(a)/(t )T f(s)ds, t>0, x>0,

0
with ]?f(t) = f(¢), is called Riemann-Liouville integral of order o of f.

Definition 1.3. Let f(t) € C™ 1(I; X), gmn—a * f € W™I(I,X) (meN, 0 <m—1 <« < m). The regular-
ized Caputo fractional derivative of order o of f is defined by

m—1
Dff®)=DF"JI" (f(t) =Y fPOgin (r)>, (15)

i=0

m

m._ d
where D{" := gm.

In this work, motivated by the above consideration, we are interested in studying the Cauchy
problem for the linear evolution equation

D¥u(t) + Au(t) = f(t), t>0,
{ct (&) + Au(t) = f(t) > (LCP)
u(0) = uo,
as well as the Cauchy problem for the corresponding semilinear fractional evolution equation
D¥ A =
[c fu(t) + Au(t) = f(t,u@®), t>0, (SLCP)
u(0) =ug

in X, where :Df, 0 <« < 1, is the regularized Caputo fractional derivative of order o and A is
an almost sectorial operator, that is, A € @4 (X) (-1 < y <0, 0 < w < m/2). The main purpose is
to study the existence and uniqueness of mild solutions and classical solutions of Cauchy problems
(LCP) and (SLCP). To do this, we construct two operator families based on the generalized Mittag-
Leffler-type functions and the resolvent operators associated with A, present deep analysis on basic
properties for these families including the study of the compactness, and prove that, under natural
assumptions, reasonable concepts of solutions can be given to problems (LCP) and (SLCP), which in
turn is used to find solutions to the Cauchy problems.

Remark 1.4. We make no assumption on the density of the domain of A.

Remark 1.5. (i) M.M. Dzhrbashyan and A.B. Nersessyan in [14] (see also [34]) showed that the solution
of the Cauchy problem
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{CD?u(t)JrAu(t) =0, t>0,
u@®=1, 0<a<l,

has the form u(t) = Eo(—At%), where E, is the known Mittag-Leffler function. This result issues
a warning to us that no matter how smooth the data ug is, it is inappropriate to define the mild
solution of problem (LCP) as follows

u(t)_T(t)uo+m/(t ) IT(t —s)f(s)ds,

where T (t) is the semigroup generated by A (see Remark 1.3 ), though this fashion was used in some
situations of previous research (see, e.g., [20]).

(ii) Let us point out that in the treatment of problems (LCP) and (SLCP), one of the difficult points
is to give reasonable concept of solutions (see also the work of E. Hernandez et al. [18]). Another is
that even though the operator A generates a semigroup T (t) in X, it will not be continuous at t =0
for nonsmooth initial data ug.

(iii) It is worth mentioning that if it is the case when A is a matrix (or even bounded linear
operators) then A.A. Kilbas et al. [23, Section 7.4] obtained an explicit representation of mild solution
to problem (LCP).

Let us now give a short summary of this paper, which is organized in a way close to that given by
A.N. Carvalho et al. [6]. In Section 2 we give brief overview of the construction of functional calculus
about almost sectorial operators, state some results about the analytic semigroups of growth order
1+ y, describe the necessity to use the regularized fractional derivative (1.5), and summarize some
properties on Caputo fractional derivative and two special functions. In Section 3, we construct a pair
of families of operators and present a deep analysis on the properties for these families. Based on the
families of operators defined in Section 3, a reasonable concept of solution is given in Section 4 to
problems (LCP), which in turn is used to analyze the existence of mild solutions and classical solutions
to the Cauchy problem. The corresponding semilinear problem (SLCP) is studied in Section 5. We first
investigate the existence of mild solutions, and then the existence of classical solutions. Finally, based
mainly on [6,38], we present three examples in Section 6 to illustrate our results.

Remark 1.6. Let us note that results in this paper can be easily extended to the case of (general)
sectorial operators.

2. Preliminaries
We first introduce some special functions and classes of functions which will be used in the fol-

lowing, for more details, we refer to [29,38]. Let —1 <y <0, and let 52 with 0 < u < 7 be the open
sector {ze C\ {0}; l|argz| < u} and S, be its closure, that is S, :={ze C\ {0}; |argz| < u}U{0}. Set

Fo(s0) =J ¥ (%) Lo (sh).

s<0

]-'(S?L) ={fe H(Sg); there k,n € N such that fyX e }'O(SEL)},

where

H(Sg) ={f: Sg + C; f is holomorphic},
HOO(SZ) ={fe H(Sz); f is bounded},
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zZ
900(2)21—1-2’ Yn(2) == dro" ze C\{-1}, ne NU {0},
0y _ 0). f@
ity = {revist sl <o)

and for each s <0,

lI/Sy(S?L) = {f € H(Sg); sup [Y3(2) f(2)] < oo},

0
zeSy

where n is the smallest integer such thatn>2 and y +1 < —(n — 1)s.
Observe that the classes of functions introduced above satisfy the inclusions

Fo (Sp) € H*(Sp) € F(Sp) € H(Sp)-

Moreover, taking k,n € NU {0} with n > k, one easily sees that 1[/,’,‘ € .7-"(7)/ (Sg).

Assume that A € @), (X) with —1 <y <0 and 0 < w < /2. Following F. Periago and B. Straub [38]
(see also A. McIntosh [31] and M. Cowling et al. [8]), a closed linear operator f — f(A) can be
constructed for every f € F (S%) via an extended functional calculus. In the following we give a short
overview to this construction.

For f € }"g(sg), via the Dunford-Riesz integral, the operator f(A) is defined by

1
f(A) = ﬁ/f(Z)R(z; A)dz, (2.1)
Iy

where the integral contour I := {R e’} U {R, e}, is oriented counter-clockwise and w < 6 <
u < m. It follows that the integral is absolutely convergent and defines a bounded linear operator
on X, and its value does not depend on the choice of 6.

Notice in particular that for k,n € NU {0} with n >k,

KAy =AA+DT"

and the operator 1//,’.,‘(A) is injective. Notice also that if f € ]—'(52), then there exist k,n € N such that
fw,’; € }'g(sg). Hence, for f € }'(Sg), one can define a closed linear operator, still denoted by f(A),

D(f(A) = {xe X; (fyy)(A)xe D(A"DK)},
FA) = (wk@) " (Fe) @),

and the definition of f(A) does not depend on the choice of k and n. We emphasize that f(A) is
indeed an extension of the original one and the triple (}'&’(S%),}'(S%), f(A)) is called an abstract
functional calculus on X (see [29]).

With respect to this construction we collect some basic properties. For more details, we refer
to [38].

Proposition 2.1. The following assertions hold.

(i) af(A)+ Bg(A) = (@ f + BL)(A), (f8)(A) = f(A)g(A) forall f, g € FJ (S)), o, BC;

(i) f(A)g(A) C (fg)(A)forall f,ge F(SY); and
(iii) f(A)g(A) = (fg)(A), provided that g(A) is bounded or D((fg)(A)) C D(g(A)).
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Since for each g e C, 28 € ]—'(S%) (ze C\ (—00,0], 0 < u < ), one can define, via the triple
(.7-"3’(52), F(SY), f(A)), the complex powers of A which are closed by AP =z#(A) (B € C). However,
in difference to the case of sectorial operators, having 0 € p(A) does not imply that the complex
powers A~# with Reg > 0, are bounded. The operator A—# belongs to £ (X) whenever vRef >
1+ y. So, in this situation, the linear space X? := D(A?), B > 1+ y, endowed with the graph norm
lxllg = IIAPx|| (x € XP), is a Banach space.

Next, we turn our attention to the semigroup associated with A. Since given t € So%iw, ez e

H”(Sﬁ) satisfies the conditions (a) and (b) of [38, Lemma 2.13], the family

1
T(t) =e ¥ (A) = —,/e‘“R(z; Aydz, teS%
2mi 2

Iy

(2.2)

w’

here w <6 < u < % — |argt|, forms an analytic semigroup of growth order 1+ y. For more properties
on T(t), please see the following proposition.

Proposition 2.2. (See [38, Theorem 3.9].) Let A € ®},(X) with —1 <y < 0 and 0 < w < /2. Then the
following properties remain true.

(i) T(t) is analyticin $% _ and $:T(t) = (=A)"T(t) (t€S%_ )
2 2
(ii) The functional equation T(s +t) =T(s)T(t) forall s,t Sol o holds;
2

(iii) There is a constant Co = Co(y) > 0 such that ||T(t)| < Cot™V~1(t>0);
(iv) Therange R(T(t)) of T(t),t € Soliw, is contained in D(A®). Particularly, R(T (t)) C D(AP) forall € C
2

with Re 8 > 0,
B L
APT(x = T zPe""“R(z; A)xdz, forallx e X,
Iy
and hence there exists a constant C' = C'(y, B) > 0 such that
[APT@O)|| < C'eVReF=1] forallt > 0;

(V) If 8> 14y, then D(AP) C Z1 = {x € X; lim_0. 0 T(D)Xx =X).
Remark 2.1. We note that the condition (ii) of the proposition does not satisfy for t =0 or s =0.

Recall that semigroups of growth 1+ y were investigated earlier in [10,41].
The relation between the resolvent operators of A and the semigroup T(t) is characterized by

Proposition 2.3. (See [38, Theorem 3.13].) Let A € O}, (X) with —1 < Yy <0and 0 < w < 7 /2. Then for
every A € C with Re 1. > 0, one has R(., —A) = [;° e ™ T(t) dt.

Below we briefly state the necessary notions and facts on fractional calculus. Let us begin with the
following definition.

Definition 2.1. Let f(t) € L'(I.X), gm_o * f € W™'(LX) (meN, 0<m —1 <a <m). The
Riemann-Liouville fractional derivative of order « of f is defined by rDY f(t) := D" (gm—a * f)(t) =
D" J" f(t), where DJ* := 47
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Assume that 0 < o < 1. We mention that the Caputo definition for the fractional derivative incor-
porates the initial values of the function and of its integer derivatives of lower order and the relevant
property that the derivative of a constant is zero is preserved. Moreover, the setting in (LCP) or (SLCP)
determines the necessity to use the regularized fractional derivative (1.5). In particular, if, for exam-
ple, one considers instead of (1.5) the Riemann-Liouville fractional derivative, but without subtracting
t~“u(0), then the appropriate initial data will be the limit value, as t — 0, of the fractional integral of
a solution of the order 1 — «, not the limit value of the solution itself. On the other hand, note that
for a smooth enough function u(t), the Caputo fractional derivative D u can be written as

t
D%u(t) = _ (t —s)"Yu'(s)ds.
! ra-o
0

In the physical literature the expression on the right is used as the basic object for formulating frac-
tional diffusion equations (cf., e.g., [15]).

We summarize some properties on Riemann-Liouville integral and Caputo fractional derivative as
follows (cf., e.g., [34,39,40]):

Proposition 2.4. Let o, 8 > 0. The following properties hold.

() J9JPF =12 f forall f e L1(I; X);
(i) JE(f+xg)=JFf=gforalg, felP(;X) (1<p<+00);
(iii) The Caputo fractional derivative . DY is a left inverse of J':

DYJef=Ff, forall felLl(;X),

but in general not a right inverse, in fact, for all f(t) € C™~1(I; X) with gm_g * f € W™1(I, X) (m €N,
0<m—1<a <m) onehas

m—1

JEDEFO =FO =Y fY 0.

k=0

At the end of this section, we present some properties of two special functions. Denote by Eq g
the generalized Mittag-Leffler special function (cf,, e.g., [29,34,39]) defined by

0 k a—B A
V4 1 A e
E z) = —=— [ ———d), , 0, zeC,
a.p(?) %F(ak—i—ﬁ) Zni/)ﬂ—z . p> <
= T

where 7 is a contour which starts and ends at —oo and encircles the disc |A| < |z|'/® counter-
clockwise. If 0 < o < 1, 8 > 0, then the asymptotic expansion of Ey g as z— oo is given by

1

Ea,ﬁ(z) =1 1
Ea,p(2), larg(—=2)| < (1 — ;)7,

Z0-P/% exp(z1/%) + £q 5(2), largz| < Lo, (2.3)

where

N-1 “n
Ea,p(2) =— Z ﬁ + O(|z|_N), as z — oo.

n=1
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For short, set

Eq(2) :=Ey1(2), eq(2) :=Eq a(2).
Then we have
DYE(wt*) = wE(wt®), e (t“‘lea (wt¥)) = Eq(t®).

Consider also the function of Wright-type

% (—2)" C1& (D" .
Wy (2) ._’;mr(_anH g s ; . 1)!F(na)sm(n7rot), zeC,

with 0 < < 1. For —1 <1 < 00, A > 0, the following results hold.

(W1) ¥(t) >0, t>0;

(W2) [5° i Ya(g)e M dt =e";
(W3) fo~ Va0 dt = 5505

(Wa) [5° Wa(t)e 2 dt = Eq(—2), z€ C;
(Ws) [o° oty (e dt =eq(—2), z€ C.

3. Properties of the operators S, (t) and Py (t)

Throughout this section we let A be an operator in the class 7 (X) and —1 < Yy <0,0<w<m/2.
In the sequel, we will define two families of operators based on the generalized Mittag-Leffler-type
functions and the resolvent operators associated with A. They will be two families of linear and
bounded operators. In order to check the properties of the families, we will need a third object,
namely the semigroup associated with A. We stress that these families will be used very frequently
throughout the rest of this paper. Below the letter C will denote various positive constants.

Define operator families {Sy (t)}|t€59T , {Pa(t)}|[6591 by

27 27®

Su(t) := Eq(—2t*)(A) = ﬁ/Ea(—zt“)R(z; A)dz,
Iy

Po(t) :=eq(—2t%)(A) = ﬁ/ea(—zto‘)R(z; A)dz,
Iy

where the integral contour Iy := {R, e’} U {R e} is oriented counter-clockwise and w <6 < p <
Z — |argt|.
We need some basic properties of these families which are used further in this paper.

Theorem 3.1. For each fixed t € S%iw, Sy (t) and Py (t) are linear and bounded operators on X. Moreover,
2
there exist constants Cs = C(at, y) > 0, Cp = C(ct, ) > 0 such that forall t > 0,

o ~ - £ o X . .
HS () H < Ct™o0HY) HP (t) || < Cpt_“(l‘W) (3.1)
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Proof. Note, from the asymptotic expansion of E4 g that for each fixed t e S%_w, Eq(—zt%),

eq(—zt%) e ]-'g (Sg). Therefore, by (2.1), the operator families {S, (t)}ltesgr {Py(®)} are well
7 o]

o |te$9,
(0] 77&
defined, and for each t € Soz,wv Sy (t) and Py (t) are linear bounded operators on X. So, to prove the
2
theorem, it is sufficient to prove that the estimates in (3.1) hold.
Let T(t), te S%iw, be the semigroup defined by (2.2). Then by (W4) and the Fubini Theorem, we
2

get

Sy ()x = %/Ea(—zto‘)R(z; A)xdz

Iy
1 o0
=— [ ¥, / e R(z; A)xdzdx
2mi
0 Iy
oo
= / Wo (5)T (st)xds, teSy . xeX. (3.2)
2
0
A similar argument shows that
x
Po(t)x = /oeslllo,(s)T(st“)xds, te Soliw, xeX. (3.3)
2
0

Hence, by (3.2), (3.3), Proposition 2.2(iii), (W1) and (W3), we have

o0
S ®)x] < Co / W (5)s~ TV |1x| ds
0
1_‘ —
oY) g £ 0, xeX,
ra—ad+y))
o0
IPaox] <aCo [ wats)s 7E <1 s
0

0 ra-y) = (1+y)
ra—-uay)

~

x|, t>0,xeX.

Therefore the estimates in (3.1) hold. This completes the proof. O

From now on, we will frequently use the representations (3.2) and (3.3) for operators Sy (t) and
Py (1), Tespectively.

Theorem 3.2. For t > 0, Sy (t) and Py (t) are continuous in the uniform operator topology. Moreover, for every
r > 0, the continuity is uniform on [r, co).

Proof. Let € > 0 be given. For every r > 0, it follows from (W3) that we may choose 81,8, > 0 such
that
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5 ~
2Co _ € 2Co _ €
ra(+y) /llfa(s)s 7 ds < 3’ m/dfa(s)s a+¥) gs < 3 (3.4)
0 5

Then we deduce, by Proposition 2.2(i), that there exists a positive constant § such that

)
[l - 1(5s) s <

81

: (3.5)

W[ m

for t1,t >r and |t; — t3] < 4.
On the other hand, using (3.4), (3.5) and Theorem 3.1, we get

” Sa (t1)x — Sq (t2)x ”

81 )
< [ (Ts)|+ 1T Dixids+ [ a7 (e55) - T Ixids
0 81
o0
+ [ () |+ 17(s) Dixi s
8
2 | Vi
< ra(l—fy)/Wa(s)s_(l+y)||x||ds+/lI/a(s)”T(t‘]"s) —T(¢5s) | lIxll ds
0 5
20 [
+ W—f}/)/lpa(s)s_(”y)nxnds
)

<€|x||, foranyxe X,

that is,

|Sa(t1) = Sa(t2) | <,

which implies that Sy (t) is uniformly continuous on [r,c0) in the uniform operator topology and
hence, by the arbitrariness of r > 0, S, (t) is continuous in the uniform operator topology for t > 0.
A similar argument enables us to give the characterization of continuity on Py (t). This completes the
proof. O

Theorem 3.3. Let 0 < 8 <1 — y. Then

(i) the range R(Py(t)) of Py (t) for t > 0, is contained in D(AP);
(ii) S, (Hx = —t*"TAPy(0)x (x € X), and S, (t)x for x € D(A) is locally integrable on (0, 00);
(iii) forall x e D(A) and t > 0, || ASy ()x|| < Ct=*(+V)|| Ax||, here C is a constant depending on y , ct.

Proof. It follows from Proposition 2.2(iv) that for all x € X, t > 0, T(t)x € D(A#) with g > 0. Therefore,
in view of (3.3), Proposition 2.2(iv) and (W3), we have
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o0
| AP Py (t)x] < / asWo ()| APT (¢%s) | Ixll ds
0
oo
< aC/t—o+B+1) f lI/a(S)S_(ﬁ'H/)dS IxIl
0

I'l—a(B+y+1)
which implies that the assertion (i) holds.

From (i), it is easy to see that for all x € X, S}, (t)x= —t2=1AP, (t)x. Moreover, for every x € D(A),
one has by Proposition 2.2(iv),

o0
[e* T AP, (x| <t Ofocsllla(s) IT(¢%s) | 1 Ax]l ds gac()%r“%lnmn.

Since —ay —1 > —1, this shows that S, (t)x for each x € D(A) is locally integrable on (0, co0), that is,
(ii) is true.
Moreover, Proposition 2.2(iv) and (3.2) imply that

o0
|ASy (x| < Cot =1 +7) / Wy (s)s~ 1Y ds| Ax||
0
[‘ —
<C ¢t_a“+y)||AX|l, xe D(A).

‘TaA—a(+y))
This means that (iii) holds, and completes the proof. O

Remark 3.1. Particularly, from the proof of Theorem 3.3(i) we can conclude that

|APa ()| < Cem*@HP),

where C is a constant depending on y, . Moreover, using a similar argument with that in Theo-
rem 3.2, we have that AP, (t) for t > 0 is continuous in the uniform operator topology.

Theorem 3.4. The following properties hold.

(i) Let B > 1+ y. Forall x € D(AP), lim;_.q.¢50 S ()X = X;
(ii) Forall x € D(A), (Sa(t) — Dx = [y —s*~ 1 APy(s)xds;
(iii) Forallx € D(A), t > 0, DY Sy (t)x = —ASy (t)x;
(iv) Forallt > 0, S/(t) = J/ ¥ (t* " Py (t)).

- Z

Proof. For any x € X, note by (3.2) and (W3) that

o0

SeO)x —x= / Wy (5)(T (t%s)x — x) ds.

0
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On the other hand, by Theorem 2.2(v) it follows that D(A?) c T in view of 8 > 1 + y. Therefore,
we deduce, using Proposition 2.2(iii), that for any x € D(A#), there exists a function 1(s) € L (0, +-00)
depending on ¥, (s) such that

[Wa () (T (t%s)x — x)| < 0(s).
Hence, by means of the Lebesgue dominated convergence theorem we obtain
Sqgt)x—x—0, ast— 0,

that is, the assertion (i) remains true.
From (i) and Theorem 3.3(ii) we get for all x € D(A),

t
(Sa(t) —I)x= lim (Sa ()X — Se(s)x) = / —ATTAP, (MxdA,
0

which implies that the assertion (ii) holds.
To prove (iii), first it is easy to see that — .7-"(5 ) and the operator ¢o(A) is injective. Taking

x € D(A), by Proposition 2.1(iii) one has

1
Sa(O)x=Eq(—2t*)(A)x = (Eq(— zt“)goo)(A)(¢ )(A)x
Moreover, by (2.3), we have sup,_, o |zt* Eq (—2zt%)| < oo, which implies that
|zEo (—2t*)(1 +2)7 ' < Clz|'t%, asz— oo,
where C is a constant which is independent of t. Consequently,
—2Eq (—2t*)(1+2)"" € 7§ (S},)- (36)
Notice also that
D¥Eq(—2t*)(1 +2)7'R(z; A) = (—2)Eq (—2t*) (1 +2) ' R(z; A).

Combining Proposition 2.1(ii) and (3.6), we get

D ((Ea(—2t*)(1+2°))(A)) = /( 2)Eq(—2t%)(1+2)"'R(z; A) dz
Iy

= (—2)(A) (Ea (~2t*) (1 +271)(A)
= —A(Ea(-2t)(1+2)7")(A).

Hence, we obtain
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DY Sa(Ox=—A(Ea(=2t%)(1+2)7") (A1 + 2)(A)X
=—A(Eq(—2t%))(A)x
= —ASy (DX.
This proves (iii).

For (iv), by a similar argument with (iii), one can prove that t*~ e, (—zt%) belongs to ]—'&’(52) for
t > 0 and hence

JEE T Pa) = JE (¢ Tea (—2t*) (A)) = (Ea(—2t%)) (A) = Sa (),
in view of ]f‘(t"“1em(—zt°‘)) = Eq(—2zt*). This completes the proof. O
Before proceeding with our theory further, we present the following result.
Lemma 3.1. If R(\, —A) is compact for every A > 0, then T (t) is compact for every t > 0.

Proof. Note first that as a consequence of Theorem 3.13 in [38], for every A € C with Rex > 0,
R(A; —A) = 0°° e *ST(s)ds defines a bounded linear operator on X. Therefore, we obtain

ARQ —A)T() —T(t) = A/e*“(T(t +5) = T(t))ds. (3.7)
0

Let € > 0 be given. For every A > 0 and t > 0, it follows from Theorem 3.2 that there exists a v > 0
such that supcjo ) IT(s +t) — T(®)|| < 5. So

v

€
x/e*SA [TE+s)—T®|ds < 5 (3.8)
0
On the other hand, by Theorem 2.2(iii), we get
oo oo
A /e—“(r(s+t) —T())ds @c/e—s*((ws)—“y +t77 ) ds
v %
<2077 e,
which implies that there exists a A¢ > 0 large enough such that
o
€
A /e’s’\(T(sﬁ-t) —T())ds| < 3 A > Ag. (3.9)

v
Thus, for all A > Ag, using (3.7), (3.8) and (3.9) we deduce that

[AR(; —AT @) — T < xfe—“ [TE+s)—T@®|ds
0
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o0

+A/e’“||T(s+t) —T(t)|ds

< €.

It follows from the arbitrariness of v > 0 that

lim |AR(x; —A)T(t) — T(®)|| = 0.

L—00

Since AR(A; —A)T(t) is compact for every A >0 and t > 0, T(t) is compact for every t > 0. O
With the help of this lemma we now show the following result.

Theorem 3.5. If R(A, —A) is compact for every A > 0, then S, (t), Py (t) are compact for every t > 0.

Proof. Let € > 0 be arbitrary. Put

Ge(t) :=[ll/a(s)T(st“—6t“)ds, Ze(t) :=/%,(S)T(st“)ds.

Then, ¢c(t) = T(etY)ce(t), and it is easy to prove that for every t > 0, ¢¢(t) is a bounded linear
operator on X. Therefore, by the compactness of T(t), t > 0, we see that Z(t) is compact for every
t>0.

On the other hand, note that

€
< Cot~*1+Y) f W (s)s™ 177 ds.
0

[¢e) —Sa®)| <

/ Wy ()T (st%) ds
0

Hence, it follows from the compactness of ¢ (t), t > 0, that S, (t) is compact for every t > 0. By a
similar technique we can conclude that P, (t) is compact for every t > 0. The proof is completed. O

4. Linear problems

Let A € ®)(X) with —1 < y <0 and 0 < w < /2. We discuss the existence and uniqueness of
mild solution and classical solutions for the inhomogeneous linear abstract Cauchy problem

{CDI u(t) + Au(t) = f(t), 0<t<T, e

u(0) =uo,

where (D¥, 0 <« < 1, is the Caputo fractional derivative of order «, and ug is given belonging to a
subset of X.

Assumption. Assume that u(-): [0, T] — X is a function such that

(H*) ueC(0, Tl; X), g1—a*u € CL((0, T1; X), u(t) € D(A) for t € (0, T], Au € L' ((0, T); X), and u sat-
isfies (LCP).
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Then, by Definitions 1.2 and 1.3, one can rewrite (LCP) as

t
u(t)_uo—m/(t—s)"‘ TAu(s)ds + :a) /(t—s)“’lf(s)ds, (4.1)
0

for t € [0, T].

Before presenting the definition of mild solution of problem (LCP), we first prove the following
lemma.

Lemmad4.l.Ifu: [0, T] — X is a function satisfying Assumption (H*), then u(t) satisfies the following integral
equation

u(t) = Sy (Hug + /(t — )% Pyt —s)f(s)ds, te(0,T].

Proof. Note that the Laplace transform of an abstract function f € LI(R*, X) is defined by T(A) =
f°° e M f(t)dt (» > 0). Applying the Laplace transform to (4.1) we get (L) = % — —Au(k) + f/\(i),
that is,

-1

T =29109 + A) Mg+ (A% + 4) T,

On the other hand, using Proposition 2.3 and (W) we deduce that

AT+ A) g+ (A% + A) T T

o0 o0
:,\“—1/e—”‘fr(t)uodur/e—”’fr(t)f(x)dt
0

e~ GO T (¢¥)ug dt +

S=

0\8 e

oo
/ at® e~ DT (1) f(s)e > dsdt
0

0\8 0\8

ot 1 —AT o

oo 0 1 o

@ g1 e € —sh
[/rTat“ W(t—a>e T<t—a)f(s)e Shdrdsdt
00
o 1 oM
(D)o aea

o0 00
//art"“llI/(t)T(t"‘f)f(s)e_(SH)Adtdsdt
00

+

Il
0\8
0\8 0\8 O\a8 0\8

_|._
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oo
[
0
o0

o0 t
+/e_“/(t—s)“_]f(S)(/afW(f)T((f—S)af)df) dsdt
0 0

Yo (DT (t%7) dr dt

\8

0

0
o0 [e%e) t
:/e‘“Sa(t)dt+/e_“f(t—s)“Po,(t—s)f(s)dsdt
0 0 0

t

= / e~ M (Sa (Huo + /(t — )Py (t —5) f(5) ds) dt.
0

0

This implies that

[e%s) t
ﬁ(k)=/e‘“(Sa(t)uo—i—/(t—s)“‘lPa(t—s)f(s)ds) dt.
0 0

Now using the uniqueness of the Laplace transform (cf. [43, Theorem 1.1.6]), we deduce that the
assertion of the lemma holds. This completes the proof. O

Motivated by Lemma 4.1, we adopt the following concept of mild solution to problem (LCP).

Definition 4.1. By a mild solution of problem (LCP), we mean a function u € C((0, T]; X) satisfying

u(t) = Sy (t)ug + /(t — s)“‘173a (t—s)f(s)ds, te(0,T].

Remark 4.1. It is to be noted that:

(a) Unlike the case of strongly continuous operator semigroups, we do not require the mild solution
of problem (LCP) to be continuous at t = 0. Moreover, in general, since the operator Sy (t) is
singular at t = 0, solutions to problem (LCP) are assumed to have the same kind of singularity
at t = 0 as the operator Sy (t). This is the case, for instance, if f =0 so that we have that
u(t) = Sq (t)up, which presents a discontinuity at the initial time;

(b) When ug € D(A?), 8 > 1+, it follows from Theorem 3.4(i) that the mild solution is continuous
att=0.

For f e L1((0, T); X), the initial problem (LCP) has a unique mild solution for every ug € X. We
will now be interested in imposing further condition on f and ug so that the mild solution will
become a classical solution. To this end we first introduce the following definition.

Definition 4.2. By a classical solution to problem (LCP), we mean a function u(t) € C([0, T]; X) with
¢DFu(t) € C((0, T1; X), which, for all t € (0, T], takes values in D(A) and satisfies (LCP).

We are now ready to state our main result in this section.
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Theorem 4.1. Let A € @g (X) with 0 < w < % Suppose that f(t) € D(A) forall 0 <t < T, Af(t) €

L%°((0, T); X), and f (t) is Holder continuous with an exponent 6’ > (1 + y), that is,

lf©) = fF&)| <Kt —sI”, forallo<t,s<T.
Then, for every ug € D(A), there exists a classical solution to problem (LCP) and this solution is unique.

Proof. For ug € D(A), let u(t) = Sy (t)ug (t > 0). Then it follows from Theorem 3.4(i), (iii) that u(t) is
a classical solution of the following problem

{CD‘txu(t)—i—Au(t):O, 0<t<T, 4.2)

u(0) =up.

Moreover, from Lemma 4.1, it is easy to see that u(t) is the only solution to problem (4.2). Put

t
w(t) = f(t — )Pyt —s5)f(s)ds, 0<t<T.
0

Then from the assumptions on f and Theorem 3.1 we obtain
t
Aw©] < [ €= 9% Pt =9 1AFO 1.1y 95
0

|
<G ”Af(t) ”Lw((o,r);mwt e,

which implies that w(t) € D(A) for all 0 <t < T.
Next, we show (D w(t) € C((0, T]; X). Since w(0) =0 and hence

Dfw(t) =D} J{~*w(t) =D} ((J{ 7% Qu) * f) = D} (Su * f). (43)

in view of Proposition 2.4 and Theorem 3.4(iv), where Qg (t) :=t*~1Py (t), it remains to prove v(t) :=
(Su * f)(t) € C1((0, T]; X). Let h > 0 and h < T —t. Then it is easy to verify the identity

t t-+h
vt+h) —v() =/Sa(t+h_s)_8a(t_s)f(s)ds+%/Sa(t—i-h—s)f(s)ds.
t

h h
0

Again by the assumptions on f and Theorem 3.1, we have, for t > 0 fixed,

[& = $)* 1 APL(t =) f()] < Cpt — )7 T Af(9)] € L' ((0, T); X),
for all s € [0, t). Therefore, using Theorem 3.3(ii) and the Dominated Convergence Theorem we get

t
. /Sa(t—i—h—s)—sa(t—s
lim

h—0 h
0

t
)f(S)dS= / (t —)* N (=A)Pu(t — ) f(s)ds
0

=—Aw(t). (4.4)
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Furthermore, note that

t+h h
%/Sa(t—i-h—s)f(s)ds:%/Sa(s)f(t—i-h—s)ds
t 0
h
%/Sa(s) (ftt+h—s)— f(t—s))ds
0

h
1
E/ () (ft—s)— fO)ds+ - /Sa(s)f(t)ds
0

From Theorem 3.1 and the Hdélder continuity on f we have

h
K 0'—a(1+y)
5 /So,(s)(f(t—l—h—s)—f(t—s))ds < GKp” 777

S 1—a(l+y)’
0
. h C I<h0/—01(1+)/)
: / O =9 = fO)ds| < =77
0

Also, since f(t) e D(A) (0<t<T), limy_g % fg Sy () f(t)ds = f(t) in view of Theorem 3.4(i). Hence,

t+h
%/Sa(t+h—s)f(s)ds—>f(t) ash— 07, (4.5)

t

Combining (4.4) and (4.5) we deduce that v is differentiable from the right at t and v/_(t) = f(t) —
Aw(t) (t € (0,T]). By a similar argument with the above, one has that v is differentiable from the
left at t and v/_(t) = f(t) — Aw(t) (t € (0, T]). Next, we prove Aw(t) € C((0, T]; X). To the end, let
Aw(t) = I1(t) + I5(t), where

Ii(t) = /(t — ) APt —5)(f(5) — f(D))ds
0

t

I(t) ::/A(t — )Py (t — ) f(t)ds.

0

By Theorem 3.4(ii), we obtain I (t) = —(Sy(t) — I) f(t). So, by the assumption of f and Theorem 3.2,
we see that I»(t) is continuous for 0 <t < T. To prove the same conclusion for I;(t), we let 0 < h <
T —t and write

I1(t +h) — I1(t)

t
= /((t+h — )Y AP (t+h —5) — (t —)* TAPL(t — 9)) (f(s) — f(D)ds
0
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t
+/(t+h — )Y TAPL(t+h —s)(f(©) — f(E+h))ds
0

t+h
+ /(t+h =) APt +h =) (f(s) — f(t+h)ds
t

:=hq(t) + hy(t) + hs(t).

For hq(t), on the one hand, it follows from Theorem 3.2 that

I}i_r}})(t—i—h — ) AP (t +h —$)(f(s) — f(D)
= (=9 APt =5)(f(5) — fO)).
On the other hand, for t € (0, T] fixed, by Remark 3.1 and the assumption on f, we get
|t +h =) TAP(t+h—s)(f(s) — FO)]
<CHK(t+h—s5) @M1 — g
<CHK(t— )= ¢ [1((0,1); X).
Thus, by means of the Dominated Convergence Theorem one has

t

’!imO/(t—kh — )Y TAP(t +h —$s)(f(s) — f(D)ds
0

t
= /(t — ) AP (t — $)(f(s) — f(D))ds,
0

which implies that hq(t) — 0 as h — 0.
For hy(t), using Theorem 3.3(i) and Remark 3.1, we obtain

t
/(H—h — O APL(E+h— )| | FO = FE+ )] ds
0

t
</c;K(tJrh—s)*““ﬂ’)*]h@’ds
0
i 4
C,Kh

=ty T o),

This yields hy(t) — 0 as h — 0.

223
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Moreover, h3(t) — 0 as h — 0T by the following estimate

t+h
/(H—h — )% 1Pyt +h—5)(Af(s) — Af (t +h))ds

t

2C _
< j”Af(s) “LOO(O,T;X)h e

in view of Af(s) € L*°((0, T); X) and Theorem 3.2.

The same reasoning gives I1(t —h) — I1(h) — 0 as h — 0. Consequently, Aw € C((0, T]; X), which
implies that v’ € C((0, T]; X), provided that f is continuous on (0, T]. Thus, by (4.3) we have .Dfw €
C((0, T]; X). Hence, we prove that u + w is a classical solution to problem (LCP), and Lemma 4.1
implies that it is unique. This completes the proof. O

5. Nonlinear problems

In this section we apply the theory developed in the previous sections to the nonlinear fractional
abstract Cauchy problem

{CDf‘u(t)—i-Au(t)Zf(tsu(t))v t>0, (SLCP)

u(0) =uo,
where A € ) (X) with 0 <w < Z,and (DY, 0 <& < 1, is the Caputo fractional derivative of order c.

Definition 5.1. By a mild solution to problem (SLCP), we mean a function u € C((0, T]; X) satisfying
u(t) = S (Ouo + [y (t — )% 1Py (t — ) f (s, u(s))ds (t € (0, T]).

Theorem 5.1. Let A € O} (X) with —1 <y < —% and 0 < w < 7. Suppose that the nonlinear mapping
f:(0,T] x X — X is continuous with respect to t and there exist constants M, N > 0 such that

|f@&, = fae | <MA+ 1P+ IylP = ix -yl
[fe. x| <N +I1x1"),

forallt € (0, T] and for each x, y € X, where v is a constant in [1, —%). Then, for every ug € X, there exists
a Ty > 0 such that the problem (SLCP) has a unique mild solution defined on (0, Tq].

Proof. For fixed r > 0, we introduce the metric space

Fr(T,ug) = {u € C((0, T]; X); pr(u, Su(t)ug) <1},

pr(ur,up) = sup |lu(t) —uz(0)].
te(0,T]

It is not difficult to see that, with this metric, F,(T,up) is a complete metric space. Take L :=
T¢+Y)r 4 Csllugll. Then for any u € F(T, ug), we have

[s* T u(s)|| < s*T|u — Sy (Ouo | + s | Se (Duo] < L.

Choose 0 < Tg < T such that
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T,
cpN_gyy + CpNLY T VI gLy 1 —va(1 + ) <, (5.1)
T, % 1 1 1
MCPOTV +2L,0—1 T()—(X(y+( +y)(v— )),3(—00/,1 _ Ot(] + y)(v _ 1)) < 5, (52)
where B(n1,n2) with n; >0, i =1, 2, denotes the Beta function. Assume that ug € X. Consider the

mapping I'% given by

t
(F“@G%:&Aﬂmrkfﬁ—sf’ﬁha—Qf@u@»da u € Fr(To, o).
0

By the assumptions on f, Theorems 3.1 and 3.2, we see that (I"*u)(t) € C((0, T]; X) and

|(reu) ) — Sa()uol|
t

ngfa—gﬂ%4o+w6w5w

0
T
<CpN-2L 5 +/cpNL”(r—s)—“V—1s—“°‘“+y>ds
T, _
<CpN an +CpNL"T, a(”(]ﬂ/)”)ﬂ(—ya,l —va(l+y))

<r

’

in view of (5.1). So, I'* maps F,(To, ug) into itself. Next, for any u, v € F,(Tg, up), by the assumptions
on f and Theorem 3.1 we have

[(ru)® — (rv)o
t
<%M/ﬁ—9ﬂW”O+Wm9W4+MWQM4Wm9—v@H¢
0
t

< CpMpe(u, v) /(t —5)7@V (1 4 2LV T D)) g
0

2P THETDB Cay 1~ a1 4 y) (v = 1)) pry(u, v)
T, "

+MCp—— pr, (u, v).
This yields that I"* is a contraction on F,(Tg, ug) due to (5.2). So I, has a unique fixed point u €

Fr(Tp, ug) by the Banach Fixed Point Theorem, which is a mild solution to problem (SLCP) on (0, To].
The proof is completed. O

By a similar argument as in the proof of Theorem 5.1 we have



226 R.-N. Wang et al. / J. Differential Equations 252 (2012) 202-235

Corollary 5.1. Let A € O} (X) with —1 <y < —% and 0 < w < Z. Suppose that f : (0,T] x Xf — X
(B e (1+y,—1—2y)) is continuous with respect to t and there exist constants M, N > 0 such that

| f&.0—Fe | <M+ Ix~" + 1yl ") ix =yl
£ @& 0] <N+ Ixlp),

forall t € (0, T] and for each x, y € X, where v is a constant in [1, —%). Then, for every ug € XP, there

exists a To > 0 such that the problem (SLCP) has a unique mild solution u € C((0, Tol; X#).

Remark 5.1. If A € ©)(X) with —1 < y<0and 0 <w < % then we can derive the local existence

and uniqueness of mild solutions to problem (SLCP), under the conditions:

(1) ug € X# with g > 1+ y;
(2) the nonlinear mapping f :[0,T] x X — X is continuous with respect to t and there exists a
continuous function L¢(-) :Rt — RT such that

|f&, 0= fF&, | <Lrmlx—=yll,

for all 0 <t < T and for each x, y € X satisfying ||x]||, [|y|| <.

—ay

Indeed, for r > C”_Tlgy suPsepo, 11 | f (¢, uo) || fixed, we may choose 0 < To < T such that

CpTo*”
sup H(Sa(t)—l)uou+T(Lf(r)r+ sup Hf(t,uo)H)<r (5.3)
T 14 te[0,To]

te[0,To]

in view of Theorem 3.4(i). Assume that the map I'* is defined the same as in Theorem 5.1 and the
space Fr(Tg, ug) is replaced by the following Banach space:

F}(To, uo) = {u € C([0, Tol: X); u(®) =ugand sup fju—uol <r}.
t€[0,Tol

Then, it is easy to verify, thanks to the assumptions on f and (5.3), that I'® maps F/(Tg, ug) into
itself and is a contraction on F/(Tp, up), which implies that the problem (SLCP) has a unique mild
solution defined on [0, Ty].

Since 1>14+y (-1<y < —%), X! = D(A) is a Banach space endowed with the graph norm
Ixllx1 = [|AX]| (x € X1). The following is the existence of X'-smooth solutions.

Theorem 5.2. Let A € @Z (X) with -1 <y < —%, O<w< % and ug € X'. Let there exist a continuous
function M () : RT — R™ and a constant Ny > 0 such that the mapping f : (0, T] x X! — X! satisfies

[ft.2) = Ft. )| SMplIx—ylix1,
1 £(t. Sa(®uo) | 1 < Np(14 T |jug]| 1),
forall 0 <t < T and for each x, y € X' satisfying SUPre(o, 11 1X(8) — S (Dtiollx1 < T, supre(o, 7y 1Y (6) —

Sa(H)ugllx1 < 1. Then there is a To > 0 such that the problem (SLCP) has a unique mild solution defined on
(0, Tol.
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Proof. For ug € X' and r > 0, set

F(T,uo)={uec(©. 71 X"): sup [lu—Su@uoly <rl.
t€(0,T]

For any u € F//(T, up), by the assumptions on f and Theorem 3.1 we have

[ (réu) ) — Su(t)uo| 41

t
< /(t—S)‘)H |Pact =) ||| f (5. u(s)) — f (5. Sa(®uag) | 1 ds
0

t

+ / (t =) Patt = )| £ (5. Su(®uo) | 41 ds
0
t

<G /(t — ) YN M+ Nyg+ Nps~ @ o)) ds
0

—ay

T
< Cp(My(r)r+ Ny)

" CoNs T~V g(—ya, 1 —a(1+y))lluol.-

Using this result and an analogous idea as in Theorem 5.1, we obtain the conclusion of the theorem.
Here we omit the details. O

Next, we will derive mild solutions under the condition of compactness on the resolvent of A.
Theorem 5.3. Let A € O/ (X) with —1 <y <0and 0 <w < Z. Let
(H1) R(A,—A) be compact for every A > 0;

(Hz) f:[0,T] x X — X be a Carathéodory function and for any r > 0, there exists a function m,(t) €
LP((0, T); RT) withp > —% such that

t
[F&. 0| <mt), and liminfw =0 <00

r——+o0 r

forae. t €[0,T]and all x € X satisfying ||x|| <.

Then for every ug € D(AP) with 8 > 1+ y, the problem (SLCP) has at least a mild solution, provided that

T1-(+ay)q %

CPG<7) <1, (5.4)
1-(+ay)

whereq=p/(p — 1).

Proof. Assume that ug € D(A?). On C([0, T]; X) define the map

t
(r“u)(t) = Sq (Hug + /(t — ) Py (t — ) f (s, u(s)) ds.
0
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From our assumptions it is easy to see that I', is well defined and maps C([0, T]; X) into itself. Put

2, ={ueC([0,T]; X); ull <r, forall0<t < T},

for r > 0 as selected below. We seek for solutions in £2,. We claim that there exists an integer r > 0
such that I' maps £2, into £2;. In fact, if this is not the case, then for each r > 0, there would exist
u" € 2, and t" € [0, T] such that ||(I"'*u")(t")|| > r. On the other hand, by (H;) and Theorem 3.1 we
get

r<|(reu) ()]

<Jsul@yuol + [ 1€ =9 Pule =9 (s.us) ds

tr

< sup [ Sa(®uol + / Cp(t =) my(s)ds
te[0,T] 0

tr

< sup S @®)uo +Cp</5—(l+ay)q ds)
¢€[0,T] )

tr

%
( / m? (s) ds)

0

Q=

[t ey
< sup (|Sa®uo| + Cpllmelireco,T (7) ,
seio ] PITHIOD T (T + ay)g

where ¢ = p/(p — 1). Dividing both sides by r and taking the lower limit as r — oo, one has 1 <
T1-(+ay)qg

Cpo(m)”q, which contradicts (5.4). Hence for some positive integer r, I'*(£2;) C £2;.

The rest of the proof is divided into three steps.

Step 1. I'*% is continuous on £2;.

Take {up};2; C £y with up — u in C([0, T]; X). Then by the continuity of f with respect to the
second argument we deduce that

f(s,un(s)) > f(s,u(s)) forae.se[0,T].

Moreover, observe from (H;) and Theorem 3.1 that for a fixed 0 <t < T,

(t =) Palt =) f (s, un(®) ] < Cpt — )77V my(s) € L (0, ).
Thus, by means of the Lebesgue dominated convergence theorem we obtain

t

/(t =) [Pt =) - [ f(s. un(®)) — f(s.u(s))| ds — 0,
0
which means that lim,_ oo |7%up — I'*U]loo = 0. So I'%* is continuous on £2;.

Step 2. P:={(I'*u)(-); - €[0, T], u € £2;} is equicontinuous.
For 0 <ty <t; < T and § > 0 small enough, we have

| (reu) ) — (Fu) )| < I+ T2 + 13+ Lo + s,
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where

’

I = || Sa (t1)uo — Se(t2)uo

t
I, = /(tz — ) | Po(t2 —9) f (s, u(s)) | ds,
t1
t1—§8

Is = / (t1 = 9| Pults — 5) — Puts — )| | £ (5. u(s) | ds.
0

t
li= / (t1 = 9| Pults — 5) — Puts — )| | £ (5. u(s)) | ds.

t1—48

t
Is = /|(t2 =) — (1 =) || Pa(ta = 9)|||| f (5, uls))| ds.
0

From Theorem 3.2 and Theorem 3.4(i) it is easy to see that I{ — 0 when t; — t;. Moreover, using
(H3) and Theorem 3.1 we get

1
q
lmyllLr 0,1y,

ty — t1)1—(+ay)q
I < Cp(( 2—t1)
1-(14+ay)q
t1—6 7
I3 < sup ||73a(tz —5) — Pul(t1 —5) ||< / (t1 — )1 g dS) lmrllLro,T)
se[0,t1—6]
0
t}+q(a—1) _ gl+at@-1)
< sup |Pyltz2 —S) — Palti —$) ( )Ilm llLr0,1)s
sel0,t1 5] [P * ” 1+q@—-1) ritre.n
t
I4 < Cp f (1 =) 2(t1 — )™V Vmy(s)ds
t1—§8
t1 %
< Cp </((t] — S)—q(ya—H) — (tz — S)—q(ay+l)) dS) ||mr||Lp(o,T)
0

t1 7
< Cp (/(h — ) 1@ _ (g, —s)yavetD dS) Ilmelleo,1)
0

_ 1-(1+ay) 1-(1+ay)
e ((tz _ t1)1 (1+ay)q t ( v _ ) v)q
- -p

1
q
+ mel||Lr.7)-
1—(+ay) 1-(+ay) ) e
It follows from Theorem 3.2 that I; (i =2, 3,4, 5) tends to zero independent of u € §2; as t; —t; — 0,
8§ — 0. Hence, we can conclude that ||[(I'%u)(t1) — (I'*u)(t)|| — 0 as ty — t; — 0, and the limit is
independent of u € £2,. For the case when 0 =t; <t < T, since
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1—q(ay+1) 1

t
/(tz —s5)%1 ” P(t; — S)f(S, U(S)) ” ds < Cp (1—2TM> lmellLeco.1),
0

in view of (Hy) and Theorem 3.1, ||(I"%u)(t2)|| can be made small when t; is small independently of
u € £2;. Thus, the assertion in Step 2 holds.

Step 3. For each t € [0, T], {(I"*u)(t); u € §2;} is precompact in X.

For the case when t =0, it is not difficult to see that {(I"'*u)(0); u € £2,;} = {ug: u € £2;} is com-
pact. Let t € (0, T] be fixed and €, § > 0. For u € £2;, define the map I‘;‘S by

t—e oo

(F&su) ) = Sa(t)uo + / /at(t — s)“‘ltlla(t)T((t —9)%T) f(s,u(s))dr ds.
0 8

Since A has compact resolvent, {T(t)};~o is compact in view of Theorem 3.5. Thus, for each t €
0, T], {F:{Su)(t); uesf, §>0, 0<e<t}is precompact in X. On the other hand, by (H») and
Theorem 3.1, a direct calculation yields

[(rw)® - (rEu) o)

<

t s
//at(t—s)“’llPa(t)T((t—s)“r)f(s,u(s))drds
00

t oo
f /ar(t—s)“”wa(r)T((t—s)“r)f(s,u(s)) drds
t—e §
t )
</Cp(t—s)_l_“er(s)ds/t_VlI/a(r)dr
0 0

+

t 00

+ / Cp(t—s)_l_"”’mr(s)ds/T_Vllfa(t)dr

t—e )

s
T17(1+ay)q 7 -
S P( ) ||mr||LP(0,T)/T Yy, (t)dt

1-(+4ay)q
0
1
el=-(+ay)g Ng ra—-y)
Co\ ———————— _—.
+ p(.l —a _ny)q) ||mr||LP(0,T)F(1 )

Using the total boundedness we have that for each t € (0, T], {(I"'*u)(t); u € £2;} is precompact in X.
Therefore, for each t € [0, T], {(I"'*u)(t); u € §2;} is precompact in X.

Finally, by Steps 1-3 and the Arzela-Ascoli theorem, I'“ is a compact operator. So, by Schauder’s
second fixed point theorem, I'* has a fixed point, which gives a mild solution. This completes the
proof. O

Theorem 5.4. Let A € O}, (X) with 0 < w < Zand -1 <y < —%. Suppose that there exists a continuous
function M/f(~) :RT — RT and a constant k > «(1 + y) such that the mapping f : [0, T] x X — X satisfies
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[ £t — Fs. | <Mpm) (1t = sl + Ix = yll).

forall 0 <t <Tandx,y e X satisfying ||x||, ||yl| <r. In addition, let the assumptions of Theorem 5.2 be
satisfied and u be a mild solution corresponding to ug, defined on [0, To]. Then u is the unique classical solution
to problem (SLCP) on [0, To], provided that ug € D(A) with Aug € D(AP), B> (1 +y).

Proof. In order to prove that u is a classical solution, by Theorem 4.1 and the condition on f, we
only have to verify that u is Holder continuous with an exponent ¢ > «(1+ ) on (0, To]. For fixed
t € (0, To], take 0 < h < 1 such that h +t < Tg. We estimate the difference

Jute+hm) —u@®|

< HSO((t +hup — Sa(t)UOH +

h
/(t +h—*""P(t+h—s)f(s,u(s))ds
0

t
+ f(t—s)o‘_lp(t—s)[f(s+h,u(s+h)) — f(s,u(s))]ds
0
=h+L+Is.

By Theorem 3.1, Theorem 3.3(ii) and the assumptions on f we obtain

I = < Cp ((t+h)~@Y —727),

_ay

t
/ —s* AP, (s)uods
0

t
I3 <M'Cp f(t — )" (€ + |u(s +h) —u(s)|) ds
0

<

/

M'Cp__
TO

t
R £ M'C, /(f =)™ Hus+h) —u(s)| ds.

Put N3 :=sup;co,1y) | f (€, u())]l. Then, it follows from Theorem 3.1 that

h
L<Cp /(t—i—h — )" f (s, u(9)) | ds < C_pTI\;f((tJrh)*“V — 7).
0

Collecting these estimates and using the inequality (t +h)~%Y —t=*Y <h~ (0 < —ay < 1) we have

||u(t+h)—u(t)|| < ((t—i—h)_ay _t—ay)+_PT0—o:th

CpN2 + Cp M;

t
+M'Cp /(t -7 Hu(s +h) —u(s)| ds
0
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t
C,N> +Cp +M'C
< pN2 =+ py+ phg +M/Cp/(t_s)*a771 Hu(s—i-h) —U(S)” dS7
—
0

where ¢ = min{k, —ay} > a(y + 1). Now, it follows from the Gronwall inequality that u is Holder
continuous on (0, Tg]. This completes the proof of the theorem. O

6. Applications

In this section, we present three examples (Examples 6.1-6.3) motivated from physics, which do
not aim at generality but indicate how our theorems can be applied to concrete problems. Exam-
ples 6.1 and 6.2 are inspired directly from the work of A.N. Carvalho et al. [6], and they describe
anomalous diffusion on fractals (physical objects of fractional dimension, like some amorphous semi-
conductors or strongly porous materials; see [1,33] and references therein). Example 6.1 is the limit
problem of certain fractional diffusion equations in complex systems on domains of “dumb-bell with
a thin handle” (see, e.g., [1,33]). Example 6.2 displays anomalous dynamical behavior of anomalous
transport processes (see, e.g., [1,33]). Example 6.3 is a modified fractional Schrodinger equation with
fractional Laplacians whose physical background is statistical physics and fractional quantum mechan-
ics (see, e.g., [22,39]). We refer the reader to M. Kirane et al. [24] and references therein for more
research results related to fractional Laplacians.

Example 6.1. Consider the system of fractional partial differential equations in the form

Dfw—Aw+w=f(w), x€,t>0,
ow

— =0, xe€0d82,

on
o 1
thv—g(gvx)x-i-v:f(V), xe€(0,1),

v(0) =w(Po), v(1)=w(Py),
w(x,0) =wo((x), xe€8£, v 0 =vok), xe(0,1),

(6.1)

where 2 = Dy U D, and D and D, are mutually disjoint bounded domains in RN (N > 2) with
smooth boundaries, joined by the line segment Qo, and Df, 0 <« < 1, is the regularized Caputo
fractional derivative of order «, that is,

t

o _ 1 9 - —o

(CDtu)(t,x)_m<§/(t—s) u(s,x)ds —t u(O,x)). (6.2)
0

When o =1, we regard (6.1) as the limit problem of (1.1) as € — 0, which is described more detail in
Example 1.1. Here, our objective is to show that system (6.1) is well posed in Vg =LP(2)® Lg(o, 1)
(1< p<o0).

Let the operators Ag : D(Ag) C Vg > Vg be defined by

D(Ao) = {(w,v) e V§; we D(Ag), velh(0,1),
w(Pg) =v(0), w(P1) =v(1)},

1 N P
Ao(w, v) = —Aw—i—w,—g(gv) +v)], (w,v)eV?P

where Ay, is the Laplace operator with homogeneous Neumann boundary conditions in LP(£2) and
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~ol.
092

From Example 1.1, if p > %, then Ag € (?«),IV’(V(‘;) for some y’' € (0,1 — %) and u € (0, Z). Therefore,
system (6.1) can be seen as an abstract evolution equation in the form

2 ou
D(Ag) = {ueW=P(2); n

{CDtu+Aou=f(u), t>0, (6.3)

u(0) = ug = (wo, vo) € V.

We assume that the nonlinearity f :RR — R is globally Lipschitz continuous. It can define a Nemytskit
operator from Vé’ into itself by f(w,v) = (fo(w), fi(v)) with fo(wW)Xx) = f(w(x)), x € 2, and
fiv)(x) = f(v(x)), x € (0, 1), such that

[f@) =5 @) lve <O fu=u]yp.

for all u,u’ e Vg satisfying ||u||Vg, ||u/||V[;)> < r. Hence, from Remark 5.1, (6.3) (that is, (6.1)) has a

unique mild solution provided that ug € D(Ag) with B > 1 — ¢’ (in particular, ug € D(Ap)).

Example 6.2. Let §2 be a bounded domain in RN (N > 1) with boundary 852 of class C*. Consider the
fractional initial-boundary value problem

(cDfu)(t, x) — Au(t,x) = f(u(t,x)), t>0,xe8,
Ulge =0, (6.4)
u(0,x) =ug(x), xe$2,

in the space C!(£2) (0 <I < 1), where A stands for the Laplacian with respect to the spatial variable
and .D¥, representing the regularized Caputo fractional derivative of order @ (0 <« < 1), is given
by (6.2). Set

A=-A, DA ={uec®(@); u=00nds2}.

~ 1 _
It follows from Example 1.2 that there exist v, & > 0 such that A+ v € @éil (C1(£2)). Then, problem
2
(6.4) can be written abstractly as

{CD?‘u(t) +Au(t)=fu), t>0,
u(0) =up.

With respect to the nonlinearity f, we assume that f :R — R is continuously differentiable and
satisfies the condition

k(r)
!f(X)—f(y)KTIX—J/I, X, [yl <, (6.5)
for any r > 0. It defines a Nemytskil operator from C!(£2) into C!(£2) by f(u)(x) = f(u(x)) with

[ f@) = FW) | <kOlu=viag,.  Viag): lulag, <.
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Noting % —-1le(-1, —%), we then obtain (i) according to Remark 5.1, (6.4) has a unique mild solution
for each ug € D(Zﬁ) with 8 > % Moreover, (ii) if f’, f” are continuously differentiable functions
satisfying the condition (6.5), then one finds that the Nemytskil operator satisfies the assumptlons of
Theorem 5.2 and Theorem 5.4, which implies that for each ug € D(A) with Auo € D(Aﬁ) (B> 5 ) the
corresponding mild solution to (6.4) is also a unique classical solution.

Example 6.3. Consider the following fractional Cauchy problem

(cD%u)(t, X) + (—iA + o) 2u(t,x) = f(u(t,x)), t>0, xeR2,

(6.6)
u(0,) =uo(x), xeR?,

in L3(R?), where o > 0 is a suitable constant, iA is the Schrédinger operator and D O<a<1)is

given by (6.2). Let

A=(—iA+0)2, D@A)= w'3(R?) (aSobolev space).

Then iA generates a p-times integrated semigroup SP(t) with g = 2 on L3(R?) such that
||Sﬁ(t)||$(L3(Rz)) < M¢tP for all t >0 and some constants M > 0 (see [35]). Therefore, by virtue of
[43, Theorem 1.3.5(P.15), Definition 1.3.1 for C =1 (P.12)], we deduce that the operator iA + o belongs
to @gfl(ﬁ (R?)), which denotes the family of all linear closed operators A : D(A) C L3(R?) — L3(R?)

satisfying o (A) C S% ={zeC\{0}; largz|] < %} U {0}, and for every % < | < 7 there exists a con-
stant C, such that |[R(z; A)|| < Cu|z|/3‘l for all ze C\ Sy. Thus, it follows from [38, Proposition 3.6]

that A € @w_l”ﬁ(ﬁ(Rz)) for some 0 < w < % Moreover, the system (6.6) can be rewritten as fol-
lows:

D%u+Au=f(), t>0
u(0,x) = ug € L3(R?).

Assume that f:C — C is globally Lipschitz continuous. Then we have a Nemytskil operator from
L3(R?) to itself given by f(u)(x) = f(u(x)), and | f(u) — FWI3 2y <L)l —v]3ge) for a constant

T(r) and all u,v e [3(R?) such that llull3gzy) <7 and [[v]|;3g2) < r. Consequently, it follows from

Remark 5.1 that (6.6) has a unique mild solution provided ug € D(X)r with 7 > %.
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