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1. Introduction

In learning theory, a widely used approach is regularization, or a penalized version of the classical structural or empirical
risk minimization [1-3]. This approach, given an input metric space X, an output space Y C R and a sample z =
{(x:, yD}L; € (X x Y)™ independently and identically drawn according to an underlying distribution p onZ = X x Y,
searches over a set # of functions from X to Y, called the hypothesis space, for a function

fz = argmin{&(f) + 12(f)}. (1.1)
fex

Here &,(f) = + ZL £(y, f (x)) is the empirical risk with £ : R> — R, a loss function measuring the prediction error as
L(y, f(x)) if f(x) is used to predict the real output y, A is a nonnegative regularization parameter, and £2 : # — R, isa
penalty functional which usually satisfies £2(0) = 0 for 0 € F#.When A = 0, (1.1) becomes the classical empirical risk
minimization (ERM) scheme [1].

Many learning algorithms fall into the setting of (1.1) with specific loss function, hypothesis space and penalty functional,
including regularization networks [3] and support vector machines (SVM) [4]. The choice of the loss function ¢ usually
depends on learning problems, for example, the least square loss (y — f (x))? for regression and the hinge loss (1—yf (x)); =
max {1 — yf (x), 0} for classification with support vector machines.

We are interested in the generalization ability of the scheme (1.1). Our purpose is to bound the (excess) generalization
error €(f) — &(f;"), where

€(f) =ELy.f(x) = /E(y,f(x))dp
z
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is the expected risk and
fi = argmin &(f)

with the minimum taken over all measurable functions is the target function. This has received much attention in the
literature and there have been lot of works on this topic, for cases where the loss function, hypothesis space and penalty
functional are specified, see e.g. [5-10] and the references therein. Among them the most useful case is the regularization
in a reproducing kernel Hilbert space (RKHS) associated with a Mercer kernel.

A Mercer kernel K on X is a continuous symmetric function K : X x X — R which is positive semi-definite in the sense
that the matrix (K (xi, xj)):;.zl is positive semi-definite for any set {x;}{" ; < X. The RKHS associated with the Mercer kernel K
is defined [11] as the completion of the linear span of the set of functions {K (x, -) : x € X} with the inner product satisfying
(K(x, ), KX, )x = K(x, x).

Example 1. Let K be a Mercer kernel on X and # = H, 2(f) = ||f||ﬁ. Then (1.1) becomes the regularization algorithm in
RKHS

Jo = arg min (&) + AIFIF) (12)

A main advantage of such a setting is that this algorithm reduces to a finite dimensional optimization problem due to the
representer theorem [12,13], which holds because of the reproducing property of the RKHS.

The choice of the hypothesis space # and the penalty functional £2 are crucial for the performance of the algorithm (1.1).

One classical approach is to choose the hypothesis space # according to some a priori knowledge on the sampling
distribution p. In this case the hypothesis space is independent of the sample. A typical example is the set of linear functions
in linear regression and linear discrimination analysis.

Another approach in the literature concerns more the fit of the hypothesis space to the data. A large class of learning
algorithms with this approach choose the hypothesis space and the penalty functional according to the sample size only:
H = Hy, and 2 = 2. That is,

fz= argfrg;i(n {&:(F) + A2m (N} . (1.3)

A typical example is tuning the kernel parameter according to the sample size [14-16] where with a Gaussian kernel

Ky (x,y) = exp [— "‘2;322 ] of variance o = oy, depending on m, the hypothesis space is # = Hx, and Q2(f) = ||f||§nm.

In the literature, almost all the results on the error analysis of the scheme (1.1) focus on (1.3), for algorithms with
hypothesis spaces independent of the sample or only depending on the sample size, see [1,6,4,3,17,7,18,14,15,9] and the
references therein. Usually the error bounds are obtained by balancing the sample (estimation) error and the approximation
error, which leads to suitable choices of parameters according to the sample size m. Even when the hypothesis space depends
on the sample size, the error analysis can still be done by first fixing the parameterized hypothesis space and then optimizing
the regularization parameter. So throughout the paper we regard the hypothesis spaces depending only on the sample size
as “sample independent”.

The main purpose of this paper is to study learning algorithms of the form (1.1) with the hypothesis space depending
on the sample z, not only on the sample size m. That is, # = J¢, with a penalty functional also depending on the sample:
£2 = £2,. So the scheme (1.1) now takes the following sample dependent form

fz =argj[2=i}€n{é°z(f)+)»ﬂz(f)}. (1.4)

Learning algorithms of the type (1.4) include model selection via resampling [ 19], adaptive model selection [20], universal
algorithms [21,22], tuning kernel parameter via sample values [23], learning the kernel [24,25] and coefficient based
regularization [26,13,27] in kernel methods. Let us list two special examples here. For more details and mathematical
analysis, see Sections 3-5.

Example 2. Let X C R" and K, (x, y) = exp {—%] be Gaussian kernels with 0 < o < oo. Define

o, =arg min min {&()+ Allfllg, }-

0<o <oo feH,

Taking # = H,, and £2(f) = ||f||,2<aZ in (1.1) yields a special example of the sample dependent scheme (1.4) for learning
the kernel:

f, = arg min [SZ(f) + AR, ] :
feHo, z
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Example 3. Llet 1 < p < oo and K € C(X x X) (not necessarily positive semi-definite). Choose

m
i=

H, = {ZO{J((X,', ) : (0{], feey CVm) S Rm} and -Qz (ZaiK(xiv )) = Z |ai|p'
i i=1

1 i=1

Then (1.1) becomes a special example of the sample dependent scheme (1.4) where f, = Z?ll oz iK(x;, -) with o =
(0tz.15 -+ ., azm)T given by

m m
o, = arg min {81 (Z ik (%, -)) + ; Iailp} :

i=1

In the literature, no much attention has been paid to the error analysis of the sample dependent scheme (1.4) which
is of the same importance. To the best of our knowledge, only two special cases have been considered. One is for those
algorithms that can be written as two-stage minimization problems with the first layer minimization associated with a
sample independent hypothesis space. The error analysis can be done by making full use of this special feature of these
algorithms, for example, in [20-22] for the adaptive model selection and universal estimators. The other is the linear
programming SVM for which the error analysis is done in [28] by relating it to the well-known classical SVM.

An immediate question is whether methods for analyzing the scheme (1.3) still work for (1.4). Unfortunately, this is not
the case. We shall point out in Section 2 that the error analysis for the scheme (1.4) with sample dependent hypothesis
space is essentially different from and more difficult than that for (1.3). Then we will focus on the error analysis for the
scheme (1.4). Our main contribution is to provide a general approach, by which we study two classes of algorithms in kernel
methods: learning the kernel (like Example 2) and coefficient based regularization (like Example 3). The main advantage
of our approach is its generality and wide applicability. Of course, for particular algorithms, better error bounds might be
obtained by means of special features of specific algorithms.

2. Error decomposition in mathematical analysis

When the hypothesis space # is independent of the sample or depends only on the sample size, a widely used and
powerful method for the error analysis of the scheme (1.1) based on ERM and regularization is the error decomposition
method which bounds the generalization error by the sum of sample error and approximation (or regularization) error. The
sample error is usually estimated by concentration inequalities [29,2,3,30] and the approximation error by rich knowledge
from approximation theory [14,8,31,32,18]. This method has been well understood. Let us explain this briefly for f; given
by (1.1).

2.1. Error decomposition with sample independent hypothesis

The main idea of error decomposition is the law of large numbers by which we have &,(f) — &(f) in probability (as
m — oo) for a fixed function f. So we expect that f, defined by (1.1) is a good approximation of its sample independent or
noise-free limit defined by

fune =argfrrég{){8(f)+m(f)}. (2.1)
Write
g(fz) - g(fe*) = {g(fz) - gz(fz)} + {(8z(fz) + }\Q(fz)) - (gz(fk,ﬂ) + )\Q(fk,,%))}

+ {&(frx) — €z} +{€(s) — () + A2 n)} — 12(F).
Since f, is a minimizer of the penalized empirical risk, the second term is < 0. Also, —A£2(f;) < 0. So we have the following
error decomposition

g(fz) - 8(f4z*) = {8(fz) - gz(fz) + gz(fk,&() - g(f)\ﬂ)} + i)()\) (2-2)

where
D) = {€ () = 8G) + 220} = inf {6() — € +22(D}

The first term in the error decomposition (2.2) is called the sample error. Here the quantity &,(f; ») — & (fi.s) can be
estimated by applying standard probability inequalities to the random variable £(y, fi_#(x)) in (Z, p). The other quantity
&(f,) — &,(f,) involves a set of random variables £(y, f (x)) with f running over a subset of J¢, which leads to the theory of
uniform convergence [1] studying those function sets ¥ satisfying supsc & |&,(f) —€(f)| — 0 with confidence (as m — 00).
Thus bounds for the sample error for a specific hypothesis space # can be derived by concentration inequalities [2] and
depend on the capacity of the hypothesis space [33,34].

The last term D ()) in the error decomposition (2.2) is independent of the sample. It characterizes the approximation
ability of the hypothesis space # (with respect to the target function f) and is called the approximation error or
regularization error [35,32].
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The above error decomposition procedure is now standard in learning theory and also works for the scheme (1.3). Its
key feature provided by the sample independent scheme (1.3) is that the approximation error £ (1) does not depend on the
sample z.

2.2. Error decomposition with sample dependent hypothesis

Things become completely different for the scheme (1.4) where the hypothesis space depends on the sample. At first
glance, it seems that the error decomposition procedure (2.2) is still valid. However, this needs us to formally define a
function f;_ s, as a minimizer of the penalized expected risk over #, and then the approximation error as € (f;_ s,) — € (f;") +
A82;(fo. 3,). This quantity depends on the sample z. So the approximation error defined in such a way involves not only the
approximation ability of a fixed hypothesis space with respect to the target function but also the variance of the sample.
This is the essential difficulty of the problem. As we know there is no general approach in the literature to overcome this
difficulty. Error decomposition methods like (2.2) cannot be applied directly to analyze the generalization performance of
algorithms with sample dependent hypothesis spaces.

In this paper we propose an error decomposition method which works for sample dependent hypothesis spaces. The key
idea lies in a universal hypothesis and proper definition of the approximation error.

Definition 1. We say that a class J¢, of functions on X is a universal hypothesis associated with the scheme (1.4) if
UmGN UzeZm H, C FHo. The approximation error associated with #, and a penalty functional §2¢ : #y — R, is defined as

Do(k) = inf {£() = EG7) + 22} 2> 0. (2.3)

Note that the universal hypothesis is not necessarily a linear space. The approximation error (2.3) is independent of the
sample z. A minimizer

fros = argfrgg (6(F) + 120(N)} (2.4)

of the approximation error will help to realize the error decomposition: write
&(f) — g(fg*) ={&(f) — &)} + {(8z(fz) + A82:(f) — (8z(fA,J{0) + A-Qo(fx,,%o))}
+ {&(frs) — €} + {€Fs) — EF) +A20(Fr )} — 22:(f,).
Define the sample error as
8z, 1) = () — &)Y + {&(frne) — €(Frn) ] (25)

which may be estimated in terms of the capacity of #,.
If we define further the hypothesis error (z, A) as

Pz, 1) = (&(f) + 22:(f) — (&(Frmp) + 220(Fr50)) » (2.6)
then we obtain an error decomposition for the algorithm (1.4) with the sample dependent hypothesis space as
) — €(f)) <8z, 1)+ P(z, 1) + Do(A). (2.7)

This procedure may be regarded as a generalization of the error decomposition technique in (2.2): if the hypothesis space
is sample independent, one can take #y = # and £2o = £2. Then the hypothesis error is at most zero and (2.7) reduces
to (2.2).

2.3. Choosing the universal hypothesis

For the sample dependent case, in general the hypothesis error $(z, 1) does not satisfy #(z, ) < 0: the functional £2,
is different from the functional £2, in the definition of f,. Hence the sum of the sample error and the approximation error
need not bound the generalization error €(f;) — &(f;"). This forms the essential difference and difficulty.

The error decomposition (2.7) still yields satisfactory error analysis if we can choose the universal hypothesis J, properly.
A proper choice of (J, £29) is important not only for estimating the hypothesis error #(z, A) (mainly caused by the
difference between the penalty functionals §2y and £2,), but also for bounding the sample error §(z, A) (depending mainly on
the capacity of #,) as well as the approximation error Dy (1) (measuring the approximation ability of (#,, §2)). Fortunately
this is possible for many algorithms. Here we propose two approaches for choosing (#y, £2).

The first approach to choose the universal hypothesis J#, works for learning algorithms which can be formulated as two-
stage optimization problems (see Example 2). Let {#, : 0 € X'} be a set of function spaces together with penalty functionals
{82, }. Take

0, = arg min min {&,(f) + A2, ()}
ocelX fedHy
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and define f, by (1.4) with #, = #,, and §2, = £2,,. For such learning algorithms, we can take #y = U,cx #, and
20(f) = inf{2,(f) : f € H#H,,0 € X}. Then the error decomposition (2.7) can be applied. This approach will be
demonstrated in Section 3 for the algorithm of learning the kernel via regularization.

Our second approach works when all the sample dependent hypothesis spaces #, are subspaces of a Banach space or
even a Hilbert space (see Example 3). We naturally choose this Banach space as the universal hypothesis #,. If we can find
a penalty functional §2y on #, such that the quantity

(&:(fz) + A82,(f) — (gz(fp,) + MQO(fu_)) (2.8)
can be bounded efficiently where

fu = argmin {&(f) + u$20(f)}
fe#o

for some i = w(A) > 0, then the error decomposition (2.7) can be used to provide satisfactory error bounds. Here to bound
(2.8) the penalty functional §2y on J, should be closely related to the penalty functional £2, on #¢,. This approach will be
demonstrated for the algorithm of coefficient based regularization, with a positive semi-definite kernel in Section 4 and a
general kernel in Section 5.

3. Learning the Kkernel via regularization

If the Mercer kernel K is fixed, the algorithm (1.2) is well understood, see e.g. [7,8,14,35,31] and the references therein. A
crucial problem for this algorithm is the choice of the kernel. It essentially determines the performance of the algorithm, as
has been proved both practically and theoretically. This has recently motivated the research topic of learning the kernel, see
e.g. [24,23,36,37,25]. These learning algorithms construct a kernel K, which depends on the sample z. With such a kernel,
(1.2) becomes an algorithm with sample dependent hypothesis space and the classical analysis for regularization schemes
with a fixed kernel does not work. Here we show how our idea can be applied to this setting.

Let X be a set of Mercer kernels on X. For every K € X, let

@.(K) = min {&() + AIf I} -

The approach of learning the kernel via regularization finds a kernel K, € X by
K, = argmin @, (K). (3.1)
KeX
Note that Example 2 is a special case where X is a set of Gaussians. Under very mild conditions, this approach is shown to
be solvable [25,31] and prevent overfitting [38].

Consider the function f, defined by (1.2) with the kernel being K, learned by (3.1). The hypothesis space here is the RKHS
Hy, and the penalty functional is 22,(f) = A|f ||§z. We use our idea of error decomposition in this setting. Define #, =

Ukex Hx.Itis easy to check that | J, #x,  H, for every K, € XK. Define, for f € H#o, 20(f) = inf{|[f|1%,f € Hx. K € X}
and let

Jrse = argmin {€(f) + A20(f)} .
fedty
Proposition 2. Let f, be the solution of (1.2) with the kernel K, given by (3.1). With #,, $29 and f,_ 5, defined as above, there

holds
P, 1) = (&) + MflE,) — (&(Fn) + 120(F.5)) < O.

Proof. Since f, %, € o, there exists a subset X of X such that f; s, € J for every K € X, and 2(f, 5%, =
infyex, Ifi. 1% By the definition of K, and f,, we have

A AR A

@, (K;) = min @, (K) < min @, (K)
KeXx KeX),

IA

. 2
min (&) + M i}

= & (fu, %) + 2201, 5,)-
This proves the conclusion. ®

By Proposition 2, the hypothesis error $(z, 1) vanishes and the error decomposition (2.7) reduces to (2.2). Then one can
estimate the error bounds and find the learning rates, as done in [38,39].

The learning algorithm (1.2) with K, given by (3.1) is also known as learning in the multi-kernel spaces #, in [31,38],
since it can be formulated as

f, = argmin min {& () + Alf Iz} -
KeX feHy
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In this formulation, it is a regularization scheme with sample independent hypothesis space and the conclusion in
Proposition 2 is an easy consequence of the definition of f, and f; s,. Here we give a different point of view. Note that
not all algorithms for learning the kernel can be written as double layer minimization problems. Though our idea presented
here does not provide new results, we hope it may shed light on the study of other approaches for learning the kernel.

4. Coefficient based regularization with positive semi-definite kernels

The research on coefficient based regularization dates back to the study of ridge regression in the 1970’s [26]. It is usually
used in statistics and learning theory when one needs to fit the data in certain trend, for instance, a linear function in ridge
regression and a linear combination of simple classifiers in boosting. It searches for a function over the linear span of a set
of base functions. To be precise, denote by I an index set and {h;};; a set of functions on X. Then the hypothesis space is
H = span {h;};.; and the penalty functional is

Q@) =) Sle) forf=> ahi e #,
iel iel
where S : R — R, is even and nondecreasing on [0, +00). Typical choices are S(t) = [t|’, 1 < p < 4009, in the £P
regularization. This method has attracted much attention recently because it leads to sparse solutions and may be useful in
signal processing and feature subset selection [13,27].

Whether the hypothesis space of the coefficient based regularization scheme is sample dependent or sample independent
is determined by the choice of base functions h;. In kernel methods, the base functions have the form h;(x) = K(x;, x) with
K : X x X — Ragiven kernel. When x; coincides with the sample pattern x;, it leads to the sample dependent hypothesis
space

Hez = fu: fo®) =) K& X), 0= (a1, ..., o) € R’”} ) (4.1)
i=1

The coefficient based regularization algorithm with the hypothesis space # ; is
fo = fo, = arg_min {&(fo) + A2(fu)}. (4.2)
fa€k 2

We see that Example 3 belongs to this model.

Another advantage of this setting is that the kernel K is not necessarily positive semi-definite. This may be useful in some
cases and will be studied in detail in the next section.

In this section we consider the case when the kernel is positive semi-definite. We will show that (4.2) is closely related
to (1.2) in this case. Firstly, the reproducing kernel Hilbert space is well studied and hence the approximation error can be
well estimated. Secondly, the hypothesis error can be well estimated by bounding the quantity (2.8). Lastly, rich knowledge
about the algorithm (1.2) enhances our understanding of (4.2).

Now assume that the kernel K involved in the algorithm (4.2) is positive semi-definite. Choose #y, = F# and §2o(f) =
n ||f||§ for f € Hx withn > 0 a parameter to be determined later. Obviously | J,,cy U,ezm k.2 S Ho, S0 Hy is a universal
hypothesis.

To estimate the hypothesis error & (z, A) and hence activate the error decomposition (2.7), we relate (4.2) to (1.2).

Let « = nX. To avoid confusion, here we denote by ZTH the solution to (1.2) with regularization parameter u, i.e.,

+ _ : 2
S = arg min {&(F) + uIf e} (43)
It will play the role of a stepping stone between f, and f, %, = f,, defined by

=arg min {&(f) + 21
= arg min {6(6) + I}

The representer theorem (see e.g. [12,13]) asserts that z-fu = fu, € Hyoforsomeea, = (o;1,...,%,m) € R™ Hencea

comparison between f, and f;fu is possible. On the other hand, f,, is a data-free limit of ;fﬂ. The following result bounds the
hypothesis error with satisfactory rates.

Proposition 3. Let z € Z™. Assume £(y,0) < M almost surely for some M > 0. If there exist two nonnegative constants
C; = Ci(, m) and C; = Cy(u, m) such that

m
Q) = S(an) < G&) + GIET Ik (44)
i=1
and n is chosen to satisfy n > ]f—fcl (thatis, u > 11&%1 ), then

(&) + 12() — (&(F) + wllfl2) < ACM.
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Proof. By the fact f,", € # ,, we know that

&(f) +22(f) < &) + A2, ).
The relation (4.4) and the assumptlon on 7 further bound the right—hand side by

A+ ACDEE) +AG UL 1% = (1+Acl>< )+ 1+Ac If; ||K)

< (1440 (&) + w1 -
But
D)l R < &0) 410 <M
and
) A pllf Ik < &) + wilflik-
Our conclusmn follows. W

From Proposition 3, #(z, 1) < AC11\~/1 when (4.4) holds. Thus the key for an efficient error decomposition of scheme (4.2)
is an inequality of form (4.4) for the scheme (1.2). Moreover, for the bound AC;M of the hypothesis error to be effective, we
would require AC; — 0 as m — oo with proper choice of A to guarantee the consistency. Fortunately, this is true in most
cases. Next we illustrate this for two particular learning algorithms: the kernel regression and linear programming SVM.

4.1. Kernel regression

Ridge regression tries to fit the data by a linear model. If we fit the data by linear combinations of kernel functions

evaluated at the sampling points, this is just the scheme (4.2) with least square loss and penalty functional £2 (f,) = Zf;l oziz :

. 1 2 2
fz =fo, where &, = arg min 75 (fa i) =y + Allellz ¢ - (4.5)
acR™ | M =1

By computing the partial derivatives, we see that the solution of (4.5) is given by f, = f,, with &, satisfying the linear system
(umly + (K[XD?)ee = K[x]y,

where K[x] = (K(xi, x)){;_; andy = (y1, ... Ly
For this algorithm, we have the following conclusion.

Theorem 4. With the least square loss, the solution ', = fy, to (4.3) satisfies
m
1
2 +
E af = —=6&(," ).
i 2 Z
i=1 mu

Hence with the choice n = 1 (so that u© = 1) we have

MZ
<8z(fz) +)LZ(¥1 l) gz(fu) +M”f#||1() H

if ly| < M almost surely.
Proof. Recall that the coefficient «,, for f;", satisfies

(umly, + K[x])“/t =Yy
This gives uma,, =y — K[X]et,,. But f; (xl) = ij:l a,, jK (x;, x;) is just the ith component of the vector K[X]e,,. We have
m m
wmy el =i — £ 0)? = m& ().
i=1

i=1

ACy
14+1Cq°

This proves the first claim. It shows that (4.4) holds with C; = #M and G, = 0.Thechoicen = 1impliesu = A > 0 =
Hence our conclusion follows from Proposition 3 and the bound £(y, 0) = y> < M?. =

By Theorem 4, in the error decomposition (2.7) of scheme (4.5), the hypothesis error is well bounded: #(z, A) < %
It decays of order O(ﬁ). This is rather fast. We will not go into the details of estimating error bounds and learning rates
because they are standard in learning theory and out of the scope of this paper. But we refer the reader to [9] for some
techniques.
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4.2. Linear programming SVM classification

Support vector machine classification algorithms use the hinge loss £(y, f (x)) = (1 —yf(x)); with Y = {+1} containing
only two labels. The classical kernel SVM searches for a classifier sgn(f;) by taking signs of a real-valued function f, €
obtained by a regularization scheme of form (1.2). It is implemented by convex quadratic programming optimization [1].
The linear programming SVM was motivated by the idea of having a solution with sparser representation [1]. It searches for
a classifier sgn(f;) generated by a real-valued function f, produced in # , by the algorithm

. 1 ¢
fz =fo, wherea, = arg min | — E (1 = yifa )+ + Alla]] 1
oacRM m =1

It can be implemented by convex linear programming optimization and have the ability of handling huge data. For this
algorithm, we have the following result.

Theorem 5. With the hinge loss, the solution f;" = fa,, to (4.3) satisfies

AT

m
1
D il = —&@E) + 115, Ik
i=1 2p
Hence with a choice n > 1/2 we have

< 1
<gz(fz) +A Z |az,i|> - (8Z(f/l.) + /¢L”fp.||§) =< %
i=1

The first part follows from the KKT conditions of the optimization problem for (4.3) while the second follows from
Proposition 3. This result holds true even when an offset term is involved (see [28]). In order to show the consistency or
find learning rates, one needs to choose n = n(m, A) — oo asm — oo and at the same time u = nA — 0as i — 0.
This, in general, will lead to learning rates slightly worse than that of the classical quadratic programming SVM. But when
the kernel space # has low capacity, they may have the same rates. For details we refer to [28].

4.3. Sharper bound for noise-free distributions

We have given a general clue to activate the error decomposition (2.7) for the coefficient based regularization scheme
(4.2) by bounding the hypothesis error in Proposition 3. This bound is independent of the underlying distribution from
which the sample is drawn. It might be improved if the distribution is noise free in the sense that & (f;) = 0. This noise-free
condition means to reconstruct a function from exact data in regression, or the underlying distribution is deterministic in
classification problems.

Proposition 6. Under the assumptions of Proposition 3, if in addition & (f;*) = 0, then there holds

(&) + A2(f) — (&) + wlfl) < AC {(& () — €(f) + D)} (4.6)

where
D(w) = inf {6(¢) +ulflic}

is just the approximation error.

Proof. By the proof of Proposition 3 we know that

&) +22(f) < (1+10) (&) + llfIR) < (1+2C) (&F) + wlful}) -
The conclusion follows by writing

gz(fu) + M”fu”lz( = (gz(f,u) - g(fu)) + (8(fu) + /'L”fu”Iz()

and using the fact that the second term on the right-hand side equals D (i) by the definition of f,,. Since & (f;*) = 0, itis just
the approximation error. W

In many situations, there holds D (1) — 0as u — 0 (otherwise, the algorithms would not lead to a good approximation
of the target function f;*). Then the term in the brace on the right-hand side of (4.6) decaysto 0 asm — oo and u — 0.
Hence the bound in (4.6) is sharper than that given in Proposition 3. By Proposition 6, to guarantee the consistency for the
noise-free setting it suffices to choose the parameter 5 so that AC; is bounded. This also leads to faster learning rates. For an
example, see [28].

We remark that in order to establish results in this section we provided some relations to the classical regularization
schemes in the corresponding RKHS, which is of independent interest.
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5. Coefficient based regularization with general kernels

A main advantage of coefficient based regularization schemes lies in that one may use very general kernels instead of
positive semi-definite ones. This may be useful when a priori knowledge is available or one hopes to fit the data for some
trends.

When a general kernel is used, a Hilbert space approach may be insufficient for characterizing the approximation error.
Instead, we will use a Banach space depending on the kernel K.

Assume that K : X x X — R is continuous. We consider the Banach space F of all functions of the form

o0
fx) = ZaiK(xg,x), X eX
i=1

with the norm

IfIl = inf{z leal 1 f(x) = DK (%, %), %] € x} :
i=1

i=1
It is easy to see that ¢ can be embedded into L*°(X) and
Ifllc < klfIl Vf e Fk

with ¥ = ||K]|«. Moreover, for every z € Z™, there holds #x, € Fx. Hence Fx may play the role of #, for the error
decomposition.

Note that one cannot use Fi as the hypothesis space and ||f || the regularizer in the regularization scheme. It may cause
serious computational difficulty since no representer theorem guarantees the solution to have a simple form. But £x may be
used as a universal hypothesis to characterize the approximation error and hence be useful for the mathematical analysis.
To realize the error decomposition via Fi, define #y = F, £2o(f) = |If || and

fi= al'gfier}ﬁf< (&) +AlfIN -

The existence of f, is not known. But this is not essential in our analysis because a sequence of approximating functions
plays the same role.

Now we can proceed the error decomposition procedure. To bound the hypothesis error, we need some basic assumptions
on the algorithm and some elementary concepts.

Let us illustrate the idea by studying the following algorithm:

i=1

fz= argfugg(l,z {Sz(fa) +A Z Iai|> . (5.1)

Firstly, we assume that the loss function £(y, f (x)) is locally Lipschitz in the sense that for every B > 0 there exists L(B)
such that

1€y, f(x)) — £y, g(x)] = LB)If (x) —g()]

for every x € X and any functions f, g with ||f|/, [1g]lcc < B. Obviously L(B) is increasing. Since we do not need the bound
to be sharp, we assume below that L(B) is continuous from the right.
We need the following notation concerning the uniform continuity of the kernel K on the metric space (X, d):

wg(8) =sup sup [K(x,t) =KX, ).
teX d(x,x')<8

It is easy to see that lims_, ¢ wi (§) = 0 due to the compactness of X.

Definition 7. A point set {1, ..., x,} C X is said to be A-dense if for every x € X there exists some 1 < i < m such that
d(x, x;) < A.
If A > sup,cx Miny<j<m d(x, X;), then {x;, ..., x,} is A-dense.

The following bound on f; is an easy consequence of the fact

MAN <€) +AlIfIN < €©O) +4-0 <M.
Lemma 8. If £(y,0) < M almost surely, there holds

Ifille = &Ifill < &

>
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Now we can bound the quantity (2.8) and hence the hypothesis error in the error decomposition (2.7).

Theorem 9. If {x1, ..., xn} is A-dense in X, then the solution f, to (5.1) with £2(f) = |l«||,1 satisfies

~

M\ M
(&:(fz) +A82(f) — (&(f) + Alfil) <L (3) wa(A)-

Proof. Forany 0 < 7 < 1, there exists an expression
o0
A& =" K, »)
=1
such that {t;} C X and
> M
Il < Y I8 < Ifill+7 < —+7
=1

the last by Lemma 8. Choose Ny € Z;. such that 3%\ ., || < 7. Then

No o0
=Y BK@G. | <k| D BK®G. | <.
=1 o j=No+1
Since {x1, ..., xn} is A-dense in X, for every t;, there exists some x(t;) € {x1, ..., X} such that d(x(t;), ;) < A. So we have

No No
D BKE®G). ) =Y BK (G, )
j=1 Jj=1

No M
< Z |Bjlwk (A) < (k + T) wg (4).
=

o]

M s
< ()\ + ‘L’) wg(A) +kT.

It is easy to see that both ZJN=01 BiK(x(t;), -) and f; are bounded in L*°(X) by & Zf; 1Bil < E(% + 7). Since £(y, f(x)) is

locally Lipschitz, we have
_ (M M i
o (E ) (o).

No
& (Z BiK (x(t;), -)) — &(f)
=1
Notice the fact Z;\J:"I BiK (x(t;), -) € H . There holds
m No No
&)+ Y ol < & (Z BiK (x(t), -)) +2) I8
i=1 j=1 j=1

(M M N
&) +1L (K (A +r>> ((x + r) wg (A) +KT> +AdfAl+1).

i M M
E(fy) + 1 ) |zl < &) + M +LE ) —wx(A).

i=1

It follows that

No
> BK (). ) —f

j=1

oo

A

IA

Let T — 0. We obtain

This completes the proof. =

Remark 1. One may also consider the algorithms with regularizer 2(f) = ZL |oj|P for p > 1.In that case, one need to
use £2o(f) = n|If|| with a suitable choice of the parameter 7.

Remark 2. Though we have activated the error decomposition (2.7) for the algorithm with general kernels, it is still hard to
estimate the error bounds and learning rates. The reason is that F is only a Banach space. Its capacity is not easy to control.
The approximation error associated with Fi is also difficult. We will not go into the details of these problems but leave
them for future research. But the hypothesis error is not so hard in this case. Theorem 9 tells that it depends on the quantity
wi (A).
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Let us present some discussions on this term in what follows.

Definition 10. A probability P is nondegenerate on X if its support is X, i.e., every open subset of X has positive probability
measure.

Proposition 11. Suppose P is nondegenerate and {x;}I* ; are random samples drawn according to P. Then for every ¢ > 0, there
exists some (1, > 0 such that {x;}[*, are e-dense with probability at least 1 — .# (X, £) exp(—mpu), where 4 (X, £) is the
covering number of X by balls of radius ¢ /2.

Proof. LetB;, j = 1,...,.4/ = 4/ (X, %) be the balls with radius % covering X. Then p, = min; P(B;j) > 0 since P is
nondegenerate. Let

B ={ ) <X bl ()8 # 9]

and E = ﬂj E;. It is easy to check that every element in E forms an e-dense set. Thus, the conclusion follows from the fact
that the measure of the set E is atleast 1 — 4 (1 — u)™ > 1 — 4 exp(—mu,). W

Proposition 11 shows that A usually converges fast if the marginal distribution py is nondegenerate. This means for large
data setting, the term wy (A) will be very small for a smooth kernel.

Theorem 9 tells that the performance of coefficient based regularization schemes depends on the distribution of the
sampling points {x;}{"; in X. The quantity A and hence wk(A) becomes smaller as the sample size increases. This fact
verifies the idea of improving the performance by semi-supervised learning [40,41], i.e., adding some unlabelled data into
the sample. Intuitively, this is somewhat equivalent to an idea of using a relatively larger hypothesis space.

6. Conclusions and discussions

We observed that many algorithms in the literature use hypothesis spaces trained from samples. However, little
theoretical work has been devoted to the study of these algorithms. We showed some essential differences between these
algorithms and those with sample independent hypothesis spaces. We also point out the difficulty to deal with these
algorithms: the lack of a proper characterization of the approximation error. To overcome this difficulty, we propose the idea
of using a universal hypothesis containing the union of all possible hypothesis spaces (varying with the sample) to measure
the approximation ability of the algorithm. When this is used in the error decomposition procedure, an additional nontrivial
term called hypothesis error appears, comparing with the algorithms with sample independent hypothesis spaces. We show
that the hypothesis error can be estimated satisfactorily in many cases by bounding the quantity (2.8). This is illustrated for
two particular classes of learning algorithms in kernel methods: learning the kernel via regularization and coefficient based
regularization. It shows that our approach is widely applicable.

Note that our approach involves a universal hypothesis and is a rather general clue. Such a generality is sometimes also
a drawback. We provided two approaches for choosing the universal hypothesis #, where the penalty §2 should be closely
related to the data dependent penalty so that the hypothesis error can be controlled. However, there is no general theory
yet and further study for choosing (F, £29) is needed.

Recall the error decomposition (2.7). Except the estimation of the hypothesis error, another concern is how much is lost
in the estimation of the sample error by taking the relatively large function class #. This may depend on the underlying
distribution, the algorithm, #, and the penalty functional £2,. See for example the results in [28,38].

As a very general approach we do not expect the derived error estimate to be tight in most cases. One may find some
other approaches to study the performance of algorithms with sample dependent hypothesis spaces, especially when the
algorithm has some special structures and special efficient methods are available. For example, when the algorithm has
a two-layer minimization form, one may use the methods in [20,31,38,21,22]. As for the kernel regression via coefficient
based regularization, one can bound the difference between f, and fzfﬂ directly because of their explicit forms. But for the
coefficient based regularization with loss functions other than the square loss, no evidence shows this approach works. Our
approach shows its power by a uniform solution (Proposition 3) to these problems.

There are many other algorithms falling into the setting of learning with sample dependent hypothesis spaces. We cannot
work on them completely in this paper. However, we believe our idea will shed light on the study of these algorithms.

Two topics in kernel method may be interesting for the future work. One is on the learning of kernel functions. There
are many methods to construct a kernel through samples, see e.g. [23,42,37]. The analysis should not be so easy as we have
done in Section 3 for the regularization method. Another is the regularization scheme with the sample dependent choice
of the regularization parameter. The regularization parameter restricts the space that f, lies in. When it is chosen in such a
way that depends on the sample, the regularization scheme becomes one with sample dependent hypothesis space. As far
as we know, this problem is far from being well understood, even for the classical choice via cross validation [12].
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