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solution is also regularly varying at infinity and its exact pointwise rate of decay can
be determined. Moreover, it can be shown that this stationary process has either long

5Z{g:rrgs{megm_differemial equations memory in the sense that the autocovariance function is not integrable over the reals or
Volterra difference equations is subexponential. Under certain conditions upon the kernel, even arbitrarily slow decay
Itd-Volterra integro-differential equations rates of the autocovariance function can be achieved. Analogous results are obtained for
Differential resolvent the corresponding discrete equation.
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1. Introduction

In recent years, much attention in quantitative finance has centred on the question of whether financial markets are
efficient, and whether there is a significant impact of past events on the current state of the system, see e.g. Cont [13].
A mathematical way in which this phenomenon can be captured is through the theory of long range dependence, or long
memory. For continuous time processes, this is measured by the autocovariance function of a stationary process being non-
integrable and polynomially decaying, so it must decay more slowly than exponentially. Processes with long memory also
arise in other areas of science such as data network traffic or hydrology see e.g. Doukhan et al. [14].

In this paper, we describe a class of processes, both in discrete and continuous time which exhibit long range dependence
through non-exponential convergence of their autocovariance functions. In the continuous case, these are solutions of scalar
affine stochastic Volterra equations of the form

t
dX(t) = aX(t)—i—/k(t—s)X(s)ds dt +odB(t) fort>0, (1.1)
0

where B is standard Brownian motion and k is an integrable function. Applications of such equations stochastic Volterra
equations arise in physics and mathematical finance. In physics, for example, the behaviour of viscoelastic materials under
external stochastic loads has been analysed using It6-Volterra equations (cf,, e.g. Drozdov and Kolmanovskii [15]). In finan-
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cial mathematics, the presence of inefficiency in real markets can be modelled by using stochastic functional differential
equations. Anh et al. [1,2] have posited models for the evolution of asset returns using stochastic Volterra equations with
infinite memory.

For affine stochastic functional differential equations with bounded delay, it has been shown that stationary solutions
always have exponentially fading autocovariance function, see e.g. Gushchin and Kiichler [21], Riedle [32]. This is a conse-
quence of the fact that, if an autonomous linear differential equation with finite delay is stable, then its resolvent converges
to zero at an exponentially fast rate, see Hale and Lunel [22].

In order to obtain polynomial convergence results for linear autonomous Volterra equations, it is necessary to consider
kernels k which decay non-exponentially, both for deterministic and stochastic equations. While a substantial literature
exists in the deterministic case (see e.g. [34,19,25,7,5,6]) only a few results for non-exponential convergence phenomena of
linear stochastic autonomous Volterra equations exist, and those that do concern the asymptotic stability of point equilibria.
Examples of such papers include Appleby [3,4] for pointwise convergence rates, Appleby and Riedle [9] for convergence rates
in weighted LP-spaces, and Mao and Riedle for mean square convergence rates [28]. In particular, polynomial convergence
rates of the autocovariance function of (1.1) have not been recorded.

In this paper, we examine the asymptotic behaviour of the autocovariance function of asymptotically stationary solutions
of (1.1). To do this, our first class of results concerns the exact rate of convergence to zero of the solution of the differential
resolvent associated with (1.1), namely

t
r'(t) = ar(t) + / k(t —s)r(s)ds fort >0, r(0)=1. (1.2)
0

We consider first equations for which the kernel k is positive and integrable with infinite first moment. In this case it is
only known to date that the resolvent r converges to zero and is not integrable.

In this paper we first show that if the kernel k additionally satisfies a + f0°° k(s)ds = 0 and the tail integral A(t) :=
ft k(s? ds is a log-convex regularly varying function with index «, then the solution r is decays at a hyperbolic rate,
according to

lim r()e L) = 24T (13)
t—o00 T

where L is a slowly varying function related to k. Corresponding asymptotic results are established in discrete time. The dis-
crete analogue of Eq. (1.2) with positive summable kernel of infinite moment corresponds to the renewal sequence of a
null-recurrent Markov chain [20], and under similar additional assumptions on the kernel, the hyperbolic decay of the
sequence relies upon well-known results by Garsia and Lamperti [18] and Isaac [23].

Our second class of results in this paper employ the convergence rate of the resolvent r to investigate the long memory
properties of the solution of the It6-Volterra differential equation (1.1) and its discrete analogue. It turns out, that under the
same conditions on the kernel k, Eq. (1.1) possesses an asymptotically stationary solution for 0 < o < 1/2. There also exists
a limiting equation which is stationary and its autocovariance function c obeys

o, (1 =2a) (@) sin®(ma)
S TTra-a w2

lim c(t)L?(t)t! 2% = (14)
t—o00

Moreover, because ¢ is non-integrable, the process has long memory. Again, corresponding results hold in discrete
time.

If @ > 1/2, no stationary solutions exist and the case & = 1/2 turns out to be critical. In this situation, we give necessary
and sufficient conditions for the existence of a stationary solution and show not only that its autocovariance function has
long memory, but that it can also decay at an arbitrarily slow rate in the class of slowly varying functions.

In order to give a complete characterization the asymptotic behaviour of the autocovariance function of (1.1), we also
treat the cases a + [, k(s)ds <0 and a+ [;° k(s)ds > 0. While in the latter case no stationary solution exists, we show
in the first case, that under weaker assumptions on the kernel k, the autocovariance function of the stationary solution is
integrable. Nevertheless, its decay is very slow: the rate of convergence to zero is the same as the decay rate of k, that is
hyperbolic.

Although we have mentioned discrete results only briefly in this introduction, there are many reasons to formulate the
models (1.2) and (1.1) in discrete time. When modelling dynamic real-world phenomena, it is desirable that properties
formulated in discrete or continuous time should be consistent. In this paper, our results demonstrate that the long or
subexponential memory are general properties of the Volterra model and do not depend on the continuity assumption.
Secondly, by applying for example a constant step size Euler-Maruyama scheme to the continuous equation (1.1), we obtain
consistent estimates of the decay rate of the autocovariance function. These decay estimates stabilise appropriately to those
obtained in the continuous case in the limit as the step size tends to zero.



816 JA.D. Appleby, K. Krol / J. Math. Anal. Appl. 380 (2011) 814-830

2. Discrete and continuous stochastic Volterra equations
2.1. Mathematical preliminaries

We denote the spaces of real-valued continuous functions by C([0, co); R). Let LP ([0, c0); R), (¢P), p > 1, denote the
space of real-valued measurable functions f (sequences (f;)nen) satisfying

/|f(t)|pdt<oo (Z|fn|" <oo>.
0 n=0

We write f ~ g for x — xo € RU {£o0} if limy_x, f(X)/g(x) =1.
A function L : [0, o0) — (0, o0) is slowly varying at infinity if for all x > 0,

im w =1. (2.1)
t—>o00 L(t)

A function f varies regularly with index o € R, f € RV (@), if it is of the form

f&) =t*L(t) (2.2)

with L slowly varying, see e.g. Feller [17, Chapter VIIL8].
The definition of a regularly varying sequence is a counterpart of the continuous definition [12]: a sequence of positive
numbers (cp)nen is said to be regularly varying of index p € R (c is slowly varying if p = 0), if

. c
lim
n—o0o Cp

=", forevery A >0,

where [x] denotes the integer part of x € R. A regularly varying sequence is embeddable as the integer values of a regularly
varying function: the function c(-), defined on [0, co) by c(x) := c[y is regularly varying of index p.

2.2. Continuous-time Gaussian Volterra equations

We first turn our attention to the deterministic Volterra equation in R:
t
X' (t) = ax(t) + / k(t —s)x(s)ds fort >0, x(0) = Xo. (2.3)
0

For any xp € R there is a unique R-valued function x which satisfies (2.3) on [0, co). The so-called fundamental solution or
resolvent of (2.3) is the real-valued function r: [0, c0) — R, which is the unique solution of Eq. (1.2).

Let (£2, F,P) be a probability space equipped with a filtration (F¢)¢>0, and let B = {B(t): t > 0} be a one-dimensional
Brownian motion on this probability space. We will consider the stochastic integro-differential equation of the form

t
dX(t) = (aX(t) + / k(t —s5)X(s) ds) dt +odB(t) fort>0,
0
X(0) = Xo, (2.4)
where k is a continuous, integrable real-valued function, and o is a non-zero real constant. The initial condition Xg is a
real-valued, Fp-measurable random variable with IE|X0|2 < oo which is independent of B. The existence and uniqueness
of a continuous solution X of (2.4) with X(0) = Xy P-a.s. is covered in Berger and Mizel [10], for instance. Independently,

the existence and uniqueness of solutions of stochastic functional equations was established in It6 and Nisio [24] and
Mohammed [30]. In fact, X has the variation of constants representation

t
X(t) :r(t)Xo+/r(t—s)a dB(s), t>0. (2.5)
0

We first discuss the existence of asymptotically stationary solutions of (2.4). It transpires that the critical condition to
guarantee stationarity is that the fundamental solution r of (2.3) is in L%([0, 00); R).
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Theorem 2.1. Let k € L1([0, o0); R) N C([0, 00); R). Suppose the fundamental solution r of (2.3) obeys r € L2([0, 00); R). Let
o € R\ {0}. Let X be the solution of (2.4). Then there exists a real-valued function c such that

c(t) ::Sl_i)rgOCov(X(s),X(s—i-t)) =02/r(s)r(s+t)d5, t>0. (2.6)
0

The result follows directly from (2.5), and the fact that Xg is independent of B.

The following theorem shows that (2.4) has a limiting equation which possesses a stationary, rather than an asymptot-
ically stationary solution. To this end, let B; = {B1(t): t >0} and B, = {Ba(t): t > 0} be independent standard Brownian
motions, and consider the process B = {B(t): t € R} defined by

B(t)_{&(t), t>0, 2.7)
| Ba(—t), t<o. ‘

Then B is a standard Brownian motion defined on the whole line.

Theorem 2.2. Let k € L([0, c0); R) N C([0, co); R). Suppose the fundamental solution r of (2.3) obeys r € L2([0, o0); R). Let
o € R\ {0}. Let B={B(t): t € R} be the standard one-dimensional Brownian motion defined by (2.7). Then the unique continuous
adapted process which obeys

o0

dX() = (aX(t) + / k(s)X(t —s) ds) dt +o0dB(t), t>0;
0
t
X(t)= / r(t —s)odB(s), t<0, (2.8)
is given by
t
X(t) = / r(t —s)odB(s), teR. (2.9)

Moreover, X is a stationary zero mean Gaussian process with autocovariance function given by

c(t) = Cov(X(s), X(s+ t)) =02 / r(s)r(s+t)ds. (2.10)
0

It is clear that if r is in L2([0, o0); R) that X defined by (2.9) is a stationary zero mean Gaussian process with autoco-
variance function given by (2.10). To show that X satisfies (2.8) requires more work, and a proof is given in Section 6.

Theorem 2.2 provides direction for the investigations in this paper. It is readily seen that r e L1([0, oc); R) implies
c € L'([0, 00); R). Therefore in order to possess long memory but still to have stationary solutions, we need to con-
sider conditions on the kernel k in (2.3) such that the fundamental solution r of (2.3) obeys r e L2([0, c0); R) but
r¢ L1([0,00); R).

Section 3 gives an example of how this can be achieved. The crucial hypotheses on k is that it is regularly varying and
its tail integral is log-convex: this enables us to prove that r is regularly varying and to determine the exact rate of decay
of r. We then show how the asymptotic behaviour of ¢ can be inferred from r when r is regularly varying in such a way
that r € L2([0, c0); R) but r ¢ L1([0, o0); R). The results enable us to determine the exact rate of decay of the autocovariance
function c in terms of the rate of decay of k.

2.3. Discrete-time Volterra equations

Let (£2, F,P) be a probability space equipped with a filtration (F;;)nen. We consider the discrete version of (2.4):

n
Xny1 — Xp=aXy + ijxn—j +&n41, n=0,
j=1
Xo = Xo, (2.11)
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where k is a positive summable kernel, a := —Z;; ki and & = {&: n e N} is a sequence of independent, identically

distributed random variables with E(&,) =0, E(g,%) =02>0 for all ne€N. xg is an Fp-measurable random variable with
]E(x%) < oo which is independent of &. Let r = {r,: n € N} denote the fundamental solution of (2.11), i.e., the unique solution
of

n
rn+1—rn=arn+2kjrn_j, n>1, ro=1. (212)
j=1

For more information on Volterra difference equations, the reader is referred to the book of Elaydi [16]. An analogous result
to Theorem 2.2 holds for (2.11):

Theorem 2.3. Suppose that k € £! and the fundamental solution (2.12) obeys r € £2. Then there is a unique adapted process X which
obeys

)
Xnt1 — Xn=0aXp + ijxn—j +&n11, n=0;
j=1
n

Xo= Y fn_jtj, n<o0, (213)

j=—00

where & is extended to n € Z by taking an independent copy €' of & (defined on the same probability space) and setting &_, = énl,
n € N. X is a stationary zero mean process with autocovariance function given by

oo
c(h) = Cov(Xn. Xnsn) =02 falnpn. heN. (214)
n=0

Again, we are able to show that if (k;)nen is a so-called Kaluza-sequence, then r satisfies r € £2 but r ¢ £' with exact
rate of decay specified. From (2.14) we can deduce the exact asymptotic behaviour of the autocovariance function of the
stationary solution.

3. Long memory in the continuous equation
3.1. Asymptotic behaviour of the deterministic resolvent

This section gives the exact rate of decay of the solution of a scalar linear Volterra differential equation with a non-
integrable solution r which nonetheless obeys r(t) — 0 as t — oo. Suppose that a + fo°° k(s)ds =0 and let k satisfy the
following conditions

(C1) k€ L'([0, 00); (0, 00)) N C([0, 0); (0, 00)),
(C2) t— logA(t) is a convex function, where

o0

At) ::/k(s) ds, (3.1)
t
(C3) A(t) =L(t)t™ with @ € (0,1) and a slowly varying at infinity function L.

Remark 3.1. The last two conditions are satisfied, if k is a completely monotone function such that k € RV (—1 — ).
Condition (C2) is equivalent to

(C2%) A();:E)T) is non-increasing in t for all T > 0.

Proofs can be found in Miller [29].

Condition (C1) implies existence of a unique continuous function r which is a solution of the integro-differential equa-
tion (1.2). In particular, it follows from (C3) that k obeys

oo

/sk(s) ds = oo. (3.2)

0
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In this case it is only known that the differential resolvent r satisfies

Jim r()=0. r¢ L'((0, 00); (0, 00)). (3.3)

Theorem 3.2. Suppose that k obeys (C1)-(C3). If r is the unique continuous solution of (1.2), then

lim r()e—L() = 24T (3.4)
t—00 T

Hence for « € (0,1/2) we have r € L2([0, c0); (0, o)) but r ¢ L1([0, 00); (0, 00)) due to r € RVyo () for p=a — 1€
(=1,-1/2).

Proof of Theorem 3.2. We note that A € C1((0, c0); (0, 00)). Evidently A is positive, non-increasing, satisfies A(t) — 0 as
t — oo. Though, by virtue of (C3) this happens so slowly that A ¢ L1([0, c0); R).

Since r € C1((0, o0); (0, 00)), we can also introduce the function p = —r".

By differentiation of the function f(t) =r(t) + fék(t — s)r(s)ds, and using (1.2), we see that f’(t) = 0. Since f(0) =

r(0) =1, we have

t

r(t) + / At —9)r@s)ds=1, t=>0. (3.5)
0
Therefore,
t
, d
pt)y=—-r't)= i (—1 +/A(s)r(t —5) ds)
0
t t
=/A(S)r/(t—S)dS+A(t)r(0)=A(t)—/A(t—s)p(s)ds.
0 0

Hence p is the integral resolvent of . Now by (C2) and Theorem 1.2 in [27], it follows that
o
0< p(t) <A(t) forallt >0, /,o(t) dt =1, (3.6)
0
particularly implying 0 <r(t) <1 for all t > 0. Since A(t) > 0, we may define a measure A by A([0, t]) = fotk(s) ds. Then
00
wA(2) :=/e—zfA(dt)=i(z).
0
By (C3), it follows that A € RV, (1 — @), so as 1 —«a > 0, we can apply Theorem XIIL5.1 in [17] to get

AT =wa(t) ~T(—a+2)A(1/T), asT — 0. (3.7)

Next, as r(t) > 0 for all t > 0, we may define the measure U by U([0,t]) = fé r(s)ds. Then u(t) := U’(t) = r(t) obeys
u'(t) =1r'(t) = —p(t) <0 for all t > 0. Furthermore

wy(2) = / e 2 Ut = / e Ar(t)dt =7(2).
0 0

Since A(t) - 0 and r(t) > 0 as t — oo, ):(z) and 7(z) exist for 9i(z) > 0. Therefore, by (3.5), we have
. A 1
r(z) + A(2)1r(2) = 7’ N(z) > 0.

Therefore, for 7 > 0,

wy(t)=1(1)= —F—.
T4+ TA(T)
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Now, by (3.7)

TA(T) ~T(—a +2)TA(1/T), ast — 0.

Because A € RVyo(—a + 1), A1(t) := tA(1/T) obeys A1 € RVp(x). Since o € (0,1), T + ri(r) ~TI2—-—a)A(T) =
Ir2—-ou)tA(1/T) as T — 0. Thus

1 1 1

wy(t) = " ti(t) ~ F2—atAd/D) =Ta L(1/t), ast—0, (3.8)
where
La/o):= 1 ,
r'2-—a) AQ1/7)

which is a slowly varying function by virtue of the fact that A € RV (—a + 1). Then, as U has a monotone derivative u,
and (3.8) holds, Theorem XIII.5.4 in [17] implies that

u(t) ~ ﬁt“*li(r), ast — oo.

Since u(t) =r(t), by the definition of L

1 ta_1 . 1 t701+1 _ 1 1
I'(a) r2—-—ow) A T rR-—a) A’
Moreover, we have from Proposition 1.5.8 in [11], that

r(t) ~ ast — oo.

t
A(t)=/s_°‘L(s)ds~ ﬁtl—“m), ast — oo.
0
Hence,
1—« sinam
rar2—a =

lim r(t)t'~L(t) = ,
t—00
as required. O

For the sake of completeness, we also study the case where A, defined as in (3.1), satisfies A € RV, (—) with a > 1. It
turns out that in this case r converges to a positive limit and hence cannot be asymptotically stable.

Corollary 3.3. Suppose that k satisfies (C1) and (C3) with o > 1 and that a + fooo k(s)ds = 0 holds true. Then, fooo sk(s)ds < oo and
00 -1
lim r(t) = (1 +/sk(s) ds) . (3.9)
t—o00
0

Proof. Since )\ is continuous satisfying A(0) = f0°°k(s)ds < o0 and A € RV (—a) with o > 1, we also have X €
L1([0, 00); (0, 50)) N C([0, 00); (0, 00)). Moreover

/A(s) ds = /sk(s) ds < 0.
0 0

Then, Theorem 4.2 in [8] yields (3.9). O

3.2. Asymptotic behaviour of the autocovariance function

In this section we state our second main result, Theorem 3.4, which characterizes completely the asymptotic rate of
convergence of the autocovariance function c(t) of the solution of (2.8) for the case when a = — f0°° k(s)ds. In the case
where 0 < o < 1/2, it turns out that for the kernels k satisfying (C1)-(C3), c(t) resembles the power law function t2*~1
for large values of t and hence exhibits long memory. The case where o = 1/2 is more subtle; indeed, for some such k we
have r ¢ L%([0, co); R). If r € L?([0, c0); R), it is still possible to determine the rate of decay of ¢, which continues to exhibit
long memory. Perhaps the most interesting aspect of this result is that arbitrarily slow rates of decay of ¢ in RV, (0) can be
obtained.
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Theorem 3.4. Suppose that k satisfies (C1)-(C3) with o € (0, 1/2). Let r be the solution of (1.2). Let 0 € R\ {0} and B = {B(t): t € R}
be the standard one-dimensional Brownian motion defined by (2.7). Then there is a unique stationary Gaussian process X which
obeys (2.8):

oo

dX(t) = (aX(t) +/k(s)X(t —s) ds) dt + o dB(t), t>0;
0
t

X(t):/r(t—s)adB(s), t<0.

—00

The autocovariance function c(-) = Cov(X(s), X(s + -)) satisfies

G2l =20l @) sin® (o)

tlln;oc(t)Lz(t)tH“ = - = (3.10)
Proof. The proof of the theorem can be found in Section 7. O
Example 3.5. Let o € (0, 1/2) and

k(t) t>0. (3.11)

= 1+ t)ot—H ’

Then, A(t) =1/(x(1 +t)*), t >0, and since L(t) - 1/« as t — oo, we obtain the following convergence rate of the autoco-
variance function:

. c(t) ysin(am) (1 - 2a)
lim =
t— o0 t20—1 ﬂr(_a)z

We now consider the interesting and critical case where o = 1/2. Depending on the properties of the slowly varying
function L, both r ¢ L2([0, o0); R) as well as r € L?([0, o0); R) is possible. In the latter case, we can achieve arbitrary slow
decay rates of the autocovariance function. We first determine the rate of convergence of the autocovariance function.

Theorem 3.6. Suppose that k satisfies (C1), (C2) and A(t) = L(t)t—1/2, t > 0, with a slowly varying function L. Then, r € L2([0, c0); R)
if and only if

T 1
/—dt <. (312)
tL(t)?
1
Moreover, if (3.12) holds true, then

T2
t

o? 1

Proof. Theorem 3.2 yields that
. 1/2 . 1
lim r(t)t/<L(t) = lim r()A(t)t = —. (3.14)
t—00 t—o00 T

Since r is continuous on [0, 00), r € L%([0, 0o); R) if and only if
o0 o

1 1
——dt= | ——=dt .
/ £2(s)2 / oz~
1

1

In this case we denote by

o2 1
t):=— [ ———ds, t=0.
f@® JTZ/SZA(S)Z s,
t
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The integrand of f is regularly varying with index —1. Then, by Karamata’s theorem (see e.g. [11, Theorem 1.5.11]) we
obtain

t
L222(t) f ()
Moreover, with (3.14) and (3.15) it holds that

. tr(t)z 2
tl_l)rgo O l_l)m r(t) t2 At) llm W

We write

— 0, fort— oo. (3.15)

(3.16)

2

L0} —G—Z/tr(s)r(t+s)ds+U—]or(s)r(t+s)ds—-1 © + (), t>0
o~ o) [G) ! AR

t

By (3.6), r is positive and non-increasing, hence we obtain the following upper bound for I, (t):

() < o [ 1o ds, t>0 (317)
2( S f(t)[r(S) S, = U. .

The denominator and the numerator in (3.17) tend to zero as t tends to infinity, therefore, we may apply L’'Hospital’s rule
to obtain

o0
.o’ 2 : 2002429 (2
tgrgom/r(s) ds:tl_1>rrolon r)“t°at)- =1. (3.18)
t
On the other hand,
o0 o0
I (t)>0—2/r(s+t)2ds—G—z/r(s)zds £>0 (319)
2 Gy, o, S '
t

By (3.16) we have

tr(t)>
Hoom/ (s ds < lim, o -2 (3.20)

Combining (3.17), (3.18), (3.19) and (3.20) we obtain lim;_. o I2(t) = 1. The term I (t) vanishes as t tends to infinity: apply-
ing Karamata’s theorem to r € RV (—1/2) and using (3.16), we obtain

t 2 2
lim ho < lim — e r(s)ds lim M o =2 lim o

t>oo o2 t—>oof t) t—oo  tr(t) f®® I f®® =0

This completes the proof. O

To see that it is possible to obtain arbitrary rates of decay for c in the class of slowly varying functions which tend to
zero, we consider such a function y € RV, (0). We demonstrate this claim, under a mild technical assumption on y.

Corollary 3.7. Suppose that y is in C1((0, c0); (0, 00)), ¥ (t) — 0 as t — oo and that —y’ € RV, (—1). Then y € RV, (0) and there
exists L € RV, (0) which satisfies (3.12) and

oo

/sLZ(s) ds~y(t), ast— oo. (3.21)
t

Proof. For any T >t > 0, we have y(T) — y(t) = ftT y'(s)ds. Letting T — oo, we see that y(t) = ftoo—y/(s)ds. —y’ is
integrable because y (t) — 0 as t — oo. The fact that —y’ € RV, (—1) and is integrable forces y to be in RV (0). Define
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the function L :[1, c0) — (0, c0) by

Lt)=——. 3.22
() 0 (3.22)
Clearly L € RV (0). Moreover for any T > 1
T . T
——ds= [ —y/(s)ds=y (1) — y(T).
/st(s) s / y'(s)ds =y (1) — y(T)
1 1

Since y(T) — 0 as T — oo, it follows that L obeys (3.12). The asymptotic relation (3.21) is an obvious consequence of the
construction of L. O

Remark 3.8. By applying Theorem 3.6, it can be seen that if k(t) ~ t=3/2L(t) as t — oo, where L is given by (3.22),
then c(t) ~ o2 /nzy(t) as t — oo. Therefore, functions k exist such that the rate of convergence of the autocovariance
function is an (essentially) arbitrary function in RV, (0). For example, c(t) can decay to zero at a rate asymptotic to
(logloglog - - -logt)~! as t — oo, where there are finitely but arbitrarily many compositions of logarithms.

4. Long memory in the discrete equation
In this section we study the discrete counterparts to Egs. (1.2) and (2.4) for some summable kernels k with infinite mean.
4.1. Asymptotic behaviour of the deterministic resolvent

Let us first consider the deterministic equation (2.12) with a + Z;’o:] kj=0.1f 14+a> 0 and (k;)n>1 has infinite mean,
the classical renewal theorem yields that r, converges to zero as n tends to infinity. If (k;);>1 has a regularly varying
tail (Garsia and Lamperti [18, Theorem 1.1]) and (r;)pen iS monotone non-increasing (Isaac [23, Theorem 3.1]), the exact
convergence rates are also known.

In this section we prove that if the tail (Z;’-in kj)n>1 is a so-called Kaluza sequence, which is a discrete analogue of
log-convexity, then the sequence (r)ncry iS monotone non-increasing and we can apply the above mentioned theorems.

Theorem 4.1. Let (kn)n>1 be a positive sequence such that 210‘0:1 k; < 1. Moreover, let A, := Z?O:n kj,n>1, satisfy:

(C2") (An)n>1 is a Kaluza sequence, that is Aﬁ < An—1inyr foralln > 1,
(C3") Ap=L(m)n~%, where 0 < o < 1 and L(n) is a slowly varying sequence.

Then

. 1—a sinamw
lim n' " %L(n)r, = .
n—o0 T

Proof. Since (L(n))nen is slowly varying, so is the function x +— L([x]). Since 1+ a > 0, we can apply Theorem 1.1 in [18] to
obtain the result for 1/2 <« < 1. For a < 1/2 the claim follows from [23, Theorem 3.1] if the sequence (r;;)n>0 is monotone
non-increasing. To show this, we define

n—1
Uy :=Tn+ Y Tjknp1-j. n>0,
j=1
to obtain
n—1
an41 —an =Tpy1 —Tn + Z()\n-t-]—j — An—j)Tj +TnAq
j=0
n—1
=Tpy1—Tn— an,jrj +ra
j=0
=0.

Hence, (an)n>0 is a constant sequence and equals ag =ro = 1. With A, := —(r; — rp—1) we have
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n—1 n—2
O=ap—ap_1=—An+ erkn,j — er)»n,1,j
Jj=0 j=0

n—1
=—Ap+ an,j(rj —Tj_1) +An
=1
n—1
=—An— Y AnojAj+hn
=1

Therefore, (Ap)n>o satisfies the recurrence relation

n—1

An=hn— Y In_jAj. (4.1)
j=1

Since (An)n>0 is a Kaluza sequence, it follows from [33] that A, is non-negative for all n > 0. Hence, the sequence (r;)n>0
is non-increasing and the claim follows. O

4.2. Asymptotic behaviour of the autocovariance function

Now we are able to state the discrete analogue of Theorem 3.4:

Theorem 4.2. Suppose that k satisfies the assumptions of Theorem 4.1 with o € (0,1/2). Let r be the solution of (2.12) and
& = {&,: n € Z} be a sequence of random variables defined as in Theorem 2.3. Then there is a unique stationary process X which
obeys (2.13):

o0
Xnt1 = Xn=—aXn+ ) KkiXn—j+Enr1, n>0;
j=1
n

Xn: Z T'n_j%'j, n <0.

j=—00

The autocovariance function c(-) = Cov(Xp, Xy+.) obeys

2l =20r@ sin® (T o)

li hL2(h)h' 2% =
hL"SoC( L) rd—ow) 72

(4.2)
Proof. The stationary solution is given by X(n) = Z?‘:wo rm—j&j, n € Z, and its autocovariance function obviously satis-
fies (2.14). Since the sequence (L(n))nen is slowly varying we obtain with Theorem 4.1 for all A > 0

n L(mn'~ . nl-«

lim = —_— = lim ———
n—oo Iy n—oo [An]1=®L([An]) n—oo [An]l—¢

anl — A a—1
= lim (A+ M) =1
n

Hence the positive sequence (r;)nen is regularly varying with index o — 1. Therefore, as mentioned in Section 2.1, the
function r(x) :=r, x > 0, is also regularly varying and we may write

o0
c(h) =0 / r@r(x+h), heN.
0
With Theorem 7.1 we obtain
h—o0 hrh

Following the steps of the proof of Theorem 3.4 we obtain (4.2). O
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5. Subexponential decay of the autocovariance function

In this section we study the properties of the autocovariance function of the stationary solution of the main continuous-
and discrete-time equations (1.1) and (2.11) if the kernel k is again regularly varying with index —1 — o, @ > 0 but now
a+ f0°° k(s)ds <0 or a+ > o2 ko <0 holds respectively.

Then, k is a subexponential function or sequence in the sense of Appleby et al. [5,6]. In this case, the fundamental
solution in both discrete- (Theorem 3.2 in [6]) and continuous-time (Theorem 15 in [5]) decays at the same rate as the
kernel k. Since k is regularly varying with parameter —a — 1 < —1, r € L%([0, 00); R) N L1 ([0, c0); R). This implies that the
autocovariance function of the stationary solution is integrable. The next results show that nevertheless the autocovariance
function decays very slowly: it converges to zero at same rate as the kernel k, that is polynomially.

Remark 5.1. If a + foook(s) ds > 0, then the fundamental solution grows exponentially: The characteristic function of r,
a function h which satisfies 7(z) = 1/h(z) is given by h(z) =z —a — IAc(z), z € C, and satisfies h(0) = —a — f0°° k(s)ds < 0.
Since k is positive, we obtain for x > 0

[e¢] [e¢]
h(x):x—a—/e’“k(s)ds>x—a—/k(s)ds,
0 0

which is positive if x > a + foook(s) ds > 0. Therefore, by the intermediate value theorem, there exists a positive root of
the characteristic function. By the standard theory of Volterra equations this implies that the fundamental solution grows
exponentially. Hence, the case a + fo k(s)ds > 0 is not interesting for our research.

5.1. Continuous-time stochastic equation with subexponentially decaying memory
Suppose k € C([0, 00); (0, 00)) satisfies

(S1) k € RV (—1 — ) for a > 0,
(S2) a+ [y k(s)ds <O0.
Theorem 15 in [5] yields, that the fundamental solution of (1.2) converges to zero at the same rate as k:
r(t) 1
im —=——o———=1
t>oo k() (a+ [y k(s)ds)?

Moreover, r is also subexponential. Since r is also square integrable, the stationary solution of (2.8) exists and the exact rate
of decay of the autocovariance function can be determined.

(5.1)

Theorem 5.2. Suppose k satisfies (S1) and (S2). Let r be solution of (1.2). Let o € R \ {0} and B be the Brownian motion defined
by (2.7). Then, the autocovariance function c(-) = Cov(X(s), X(s + -)) of the stationary solution of (2.8) satisfies

im @ = o? >0
oo k() (—a— fg7kis)ds)?

(5.2)

Proof. The autocovariance function of the stationary solution is again given by (2.10). Theorem 1.8.3 in [11] yields, that
there exists a decaying function A with k(t) ~ A(t) for t — oo. Since r is integrable, we choose for an arbitrary € > 0 a
sufficiently large T > 0, so that 2L, fTOO [r(s)|ds < €. We now write

Tre+9re) . [rE+s)ke+s) T rE+5) At+s)
[7ds=/ r(s)ds—l—/—
k(t) k(t+s) k() k() At +5s) A(t)

r(s)ds. (5.3)

The second integral is negligible: since A is decreasing and r(t)/A(t) — L. for t — oo, the integrand is bounded for suffi-
ciently large t by 2L¢|r(s)|. Hence

oo

/‘ r(t+s)r(s) ds

lim sup kO

t—o00

o0
< 2LC/|r(s)| ds < €.
T

Let us now consider the first integral in (5.3). With Potter’s bound (cf. [11, Theorem 1.5.6]) we obtain

k(t +s) N
k(t)

1, t— oo, (5.4)
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uniformly in s for all s < T. Therefore for all sufficiently large ¢

k(t +s)
k(t)

r(t+5s)
k(t +s)

<2 and sup <2L.. (5.5)

s>0

s<T
Using dominated convergence theorem we obtain

T T

. r(t +5) k(t +s) .
tl_l)rgo/ kers) kO r(s)ds=1L. / r(s)ds.
0

Hence, the left-hand side of (5.2) converges to L. f0°° r(s)ds and the claim follows from the fact that f0°° r(s)ds =
—1/(a+ [y k(s)ds). O

Example 5.3. Let o > 0 and

k(t) >0. (5.6)

T A+ et
We obtain the following convergence rate of the autocovariance function:

o2

lim c(t)t't = ——— .
t—00 (—a—1/a)3

Remark 5.4. Examples 3.5 and 5.3 make clear that there is a very different impact on the rate of convergence of the autoco-
variance function from the decay rate of the kernel k according as to whether we are in the long-memory or subexponential
case. In the latter case, the rate of decay of the autocovariance function c is proportional to the rate of decay of the ker-
nel k, so slow decay in the memory as measured by the rate of decay of k is reflected exactly in the statistical memory, as
measured by c. On the contrary, in the long-memory case, a faster rate of decay of the kernel k results in a slower rate of
decay of c.

5.2. Discrete-time stochastic equation with subexponentially decaying memory
Let us now consider Eq. (2.11) with a discrete kernel k = {k;: n > 1} satisfying

(S1') k is a regularly varying sequence with index —1 — « for @ > 0,
(S2') a+ 332 kj <0.

Then k satisfies the assumptions of Theorem 3.2 in [6] and the fundamental solution of (1.2) converges to zero at the same
rate as k:

n 1

lim —=———— =:14. 5.7
o kn (a4 Z]?; kj)? d (5.7)

Again, the stationary solution of (2.11) exists and the exact rate of decay of the autocovariance function can be determined.

Theorem 5.5. Suppose k satisfy (S1’) and (S2'). Let r be solution of (2.12). Let & = {&,: n € Z} be a sequence of random variables
defined as in Theorem 2.3. Then, the autocovariance function c(-) = Cov(Xy, Xn+.) of the stationary process defined in (2.13) satisfies

c(h) o2
lim —=—————>0. (5.8)
h—oo kp (—a— Z?C:}l kj)3
Proof. The autocovariance function of the stationary solution is again given by (2.14). Since (kp)nen is a regularly varying
sequence, the function x — k(x) := kj is a regularly varying function with index —1—o. Hence, we may choose the function
A as in the proof of Theorem 5.2. Since r is absolutely summable, we choose for an arbitrary € > 0 a sufficiently large N, so
that 2Ly Z,ﬁNH |rn| < €. Similarly to the continuous case, we split the sum and study each term separately:

oo N oo

TnthTn _ Tnth k(4 h) M Tnth A +h)
2 ke _ka Ky " =ZN:+1 k) A+ h) Ay ™ (59)

n=0 n=0

The sequence r,/A(h) converges to Ly as h — oo, so the terms of the second sum are bounded for sufficiently large h
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by 2L4|ry|. Therefore,

oo
Yy
kn

n=N+1

lim sup
h—o0

o0
<2Lg Y Iml<e.

n=N+1

Let us now consider the first term in (5.9). Applying Potter’s bound to the function k(x) as in (5.4) we obtain the discrete
version of (5.5). Thus,

lim ZM_L Zrn
0

h—o0
n=
Similarly, Y52 = —1/(a+ >_72, k;) and the claim follows. 0
6. Proof of Theorem 2.2

First we show that the process defined by (2.9) has a continuous modification. Applying It6’s lemma, Cauchy-Schwarz
inequality and Fubini’s theorem we obtain

E((X(t) — X(u))2) =02 /(r(t — )5y — (U — s)1[s<u})2 ds

R
t 2
:02/(/r/(v—s)dv> ds
R ‘u

t
gaz(t—u)//(r’(v—s))zdvds
R u
t
:az(t—u)//(r/(s))zdsdvaz(t—u)Z/(r’(s))zds
u R R

Now, r is square integrable and with ||k |2 < ||k|;1 7]l 2, we have I’ € L2((0, 00); R). Here, (k x1)(-) denotes the convo-
lution of k and r, given by fo k(s)r(- — s)ds. The Kolmogorov-Chentsov theorem (see e.g. [26, Theorem 2.8]) yields that X
has a continuous modification. It remains to show that the process defined by (2.9) solves (2.8). We write, using r(t) =0 for
t<0,

0 t
Xt —X0) =0 / (r(t—s)—r(—s))dB(s)—i—a/r(t—s)dB(s)
—00 0

t u-—s
=0 /(ar(u —s)+ / r(u—s—v)k(v) dv)du dB(s) + o B(t)
0 0

u—v

t oo
ar(u—s)dB(s)du+0/// r(u—s—v)dB(s)k(v)dvdu + o B(t)
0 0 —o0

t oo
:/aX(u)du+//k(v)X(u—v)dvdu + o B(t).
0 0 0

Since r and B are continuous, we are able to apply stochastic Fubini’s theorem (e.g. [31, Chapter IV.6, Theorem 65]), if

t t 2
//r(u—s)zduds<oo, //( /r(u—s—v)k(v)dv) duds < 0.

—00 0 —o0 0

The statement follows from classical Fubini’s theorem and the fact that r € L%([0, 00); R) and ||k *r|/;2 < [[k]| 1 [I7]l 2.
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7. Proof of Theorem 3.4
Suppose that r € C([0, 00); (0, 00)) obeys

r € RV (p) forsome p € (—1,—1/2). (7.1)
Since r € L2([0, 00); R), there exists c : [0, c0) — (0, 00) such that
00
c(t) = / r(s)r(s+t)ds, t=0. (7.2)
0

By assuming (7.1), we exclude the possibility that r € L1([0, 00); R). Our first result is the following rate of decay of c.
Theorem 7.1. Suppose that r is a positive continuous function which obeys (7.1) for some . € (—1, —1/2). Then the function c in (7.2)
is well defined and moreover obeys

ct)y T'(=1=2p)I'A+w
m = =
t—00 tr2(t) (-

:L>0. (7.3)

Proof. For u € (—1,—1/2) we have fO°° x*(x + 1)* dx = L. First we suppose that r is decreasing. In this case we choose for

an arbitrary 0 <€ <1 a § =§(¢) > 0 such that f(f x*(x+1)* dx < €. The Uniform Convergence Theorem [11, Theorem 1.5.2]
yields that

r(tx
rtx) — x*, uniformly in x, for all x > §.
r(t)

Hence, there exists a tgp =tp(8) such that
rtx)rit(x+1))

<2xP(x+1DH*, forallt >tg, x> 6.
r(t)?

The function on the right-hand side is integrable, hence, the dominated convergence theorem yields that

TrorCx+ ) [ ot 1)
llmfidx:/ lim ———M~~

02 Jim O dx = /x“ x4+ D dx.

t—o00

There exists a t; =t1(8) > to such that

L_/r(s)r(t+s) il — L_fr(tx)r(t(x—i—l)) i
tr(t)? r(t)2
3t
<€+ /x“(x—i—l)“dx—/%dx < 2e (74)
3 3

for all t > t;. On the other hand, using the monotonicity of r we obtain

St St
/r(s)r(t—i—s) ds < f 6 4 RO REO
tr(t)? tr(t) r(t R(t)
0

where R(t) = fot r(s)ds € RV, (i + 1). It follows from Karamata’s theorem [11, Theorem 1.5.11], that

R(t) 1
—_— = —.
tr(t) m+1
Choosing § small enough and a t3(§) > t1(8) large enough we obtain

St
/wdsgz lim ROROH 5 1 s <e, (7.5)
tr(t)2 t—oo r(t)t R(t) n+1
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for all t > t,. Hence, combining (7.5) and (7.4) we get for all t > t,

00 )
_/‘ r(s)r(t+s) ds‘ /[r(s)r(t +5)

ds| < |L
s tr(t)? tr(t)?

~

‘L—/ r(s)r(t+s) ds < 3e.

tr(t)?

ot

Now, for arbitrary r obeying (7.1), let p(t) := sup{r(t): t > x}. Then p is a positive decreasing function, continuous on [0, co)
and satisfying p(x) ~ r(x) for x — oo [11, Theorem 1.5.3]. For an arbitrary € > 0 we choose ty = to(€) such that for all t > tg
we have

o0

1 t+s)ds—L
T / PPt +5)ds
0

<E€.

Since r(t)/p(t) = 1 as t — oo for every € € (0, 1) there exists t; =t1(¢) > tp such that 1 — & <r(t)/p(t) <1+ ¢ for all
t > t1. Therefore

Cr(s)r(s +t)ds
a—sfg‘@ <(1+8)2 (7.6)
Je. p(s)p(s+1b)ds
For € sufficiently small we obtain
Cr(s)r(s +t)ds
ff;o G+ —1‘<3e. (7.7)
ft1 p(S)p(s+t)ds

Now, since p is decreasing, we have for t > t;

tq t1 t
! _ s+ pis+o)
5 Of F(S)r(s + 0 ds = O/ oD S ds < (14 e) 0/ () ds. 78)

Therefore as t > tp(t) is in RVoo( + 1) and w + 1 > 0, we have tp(t) — oo as t — oo, and so there exists a t; =t(€) > tq
such that

<e€ and €

t1 t
1 1
10 / r(s)r(s+t)ds 220 f 0(s)p(s +t)ds
0 0

for all t > ty. Therefore,

1 (e}
W 0/ rris+t)yds—1L

< +

[e%s) t1
1 1
mofp(s)p(s—i-t)ds—L m(}/r(s)r(s—i—t)ds

t
1
20 / p(S)p(s+t)ds
0

1 T 1 r
+ + %/r(s)r(swtt)ds— %[p(s)p(swtt)ds
t1 t
<3e+ ! ]O() (s+t)d i TS + D ds ‘
<3+ —— $)p(s S| s -
o ) I p©)p(s+0ds
1

<3e+3eL=B+3L)e.

Finally we note that

im O _ oy €O p©° L c©
im —= = lim = lim .
t=oo ()2 t=oo p(t)? 1(t)2 o0 p(t)?

We now explicitly connect the result of Theorem 7.1 to the autocovariance function of the stationary solution of (2.8) in
the case when a = — f0°° k(s)ds to prove our main result.
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Proof of Theorem 3.4. It follows from Theorem 3.2 that
sinf am
72

Since « € (0, 1/2) we have that r € L2([0, 00); (0, 00)) N C([0, 00); (0, 00)) and r € RV (o —1) with p:=a —1 € (=1, —1/2).
Therefore by Theorem 7.1 and Theorem 2.2 obtain

lim tr(t) - L2(t)t' 2% = (7.9)
t—o00

: 220 _ o SO 5o 9
tl_l)ngoc(t)L Ot _tl_l)rgo 20 re(t)L“(t)t
L, =20I () sin’(ra)
= TTra-—w  x2

as claimed. O
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