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MicroRNAs as a Selective Channel of Communication between Competing
RNAs: a Steady-State Theory
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ABSTRACT It has recently been suggested that the competition for a finite pool of microRNAs (miRNA) gives rise to effective
interactions among their common targets (competing endogenous RNAs or ceRNAs) that could prove to be crucial for posttran-
scriptional regulation. We have studied a minimal model of posttranscriptional regulation where the emergence and the nature of
such interactions can be characterized in detail at steady state. Sensitivity analysis shows that binding free energies and repres-
sion mechanisms are the key ingredients for the cross-talk between ceRNAs to arise. Interactions emerge in specific ranges of
repression values, can be symmetrical (one ceRNA influences another and vice versa) or asymmetrical (one ceRNA influences
another but not the reverse), and may be highly selective, while possibly limited by noise. In addition, we show that nontrivial
correlations among ceRNAs can emerge in experimental readouts due to transcriptional fluctuations even in the absence of
miRNA-mediated cross-talk.
INTRODUCTION
MicroRNAs (miRNAs) are 21–23 nucleotides (nt) long,
endogenous, noncoding RNA molecules, that perform post-
transcriptional regulation by specifically binding target
messenger RNAs (mRNAs), typically leading to a reduction
in the levels of the corresponding proteins (1–3). They are
transcribed from independent miRNA genes or from introns
of protein-coding transcripts. After being processed into
maturity, a miRNA is loaded onto a specialized class of
proteins to form the RNA-induced silencing complex
(RISC), which specifically binds miRNA response elements
(MREs) located in target mRNAs (usually in their 30

untranslated region) through a basepairing recognition
mechanism which requires at least 6-nt complementarity.
The whole process, known as RNA interference, results in
gene silencing through translation inhibition and mRNA
destabilization (3,4).

Each mRNA can typically interact with several miRNAs,
and each miRNA can target many different mRNAs. Within
the complex network of potential interactions that ensues,
miRNAs have long been thought to function mainly as
fine-tuners for regulation by weakly dampening the protein
output (1,5). This view is supported by the fact that
the statistically overrepresented motifs (feed-forward or
feed-back loops) that have been identified in the known
miRNA–mRNA interaction network are indeed capable of
buffering the noise level in the output layer (proteins)
(6–9). More recently, the attention has been directed to
system-level effects. In particular, it has been realized that
miRNA-based regulation is strongly affected by global
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properties like the total concentration of available targets
(a feature known as dilution effect (10)). The combination
of the repressive effects of miRNAs on their targets and of
the weakening of such repression due to dilution effects
lead to effective, positive interactions between joint targets
of a given miRNA (cross-talk interactions). In addition, it is
now known that pseudo-genes and other long noncoding
RNAs also possess MREs and can be bound by the RISC.
This implies that, besides mRNAs, noncoding RNAs
sharing identical MREs compete for common miRNAs
(11,12). Thus, miRNAs appear to mediate the cross-talk
between a broad class of competing endogenous RNAs
(ceRNAs) which includes both mRNAs and noncoding
RNAs commonly targeted by miRNAs, leading to a
large-scale network of indirect interactions across the tran-
scriptome (13,14). Recent studies have shown that such
interactions play a central role in many biological contexts,
from muscle differentiation (12) to cancer (15,16).

Despite the body of experimental evidence, a clear quan-
titative understanding of miRNA-mediated regulation is still
lacking. To address this issue, we formulate a minimal
model of posttranscriptional regulation and analyze its
steady state, aiming at quantifying the intensity of the inter-
actions arising from competition through an analysis of the
sensitivity to changes in the ceRNA transcription rates. We
show that binding free energies and repression mechanisms
are the key ingredients for the cross-talk between ceRNAs to
arise. The emergent interactions can be symmetrical (one
ceRNA influences another and vice versa) or asymmetrical
(one ceRNA influences another but not the reverse) and
may be highly selective, although possibly hampered by
noise.

We furthermore argue that the identification of cross-talk
from gene expression data can be hindered by the fact that
statistically significant correlations among ceRNAs can
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emerge in the experimental readouts simply due to tran-
scriptional fluctuations.
RESULTS

One miRNA species, N ceRNA species

We start by considering a highly simplified system formed
by N different species of ceRNA molecules, labeled mi

(i ¼ 1,.,N), targeted by a single miRNA species labeled
m. Each mi value can reversibly bind m in complexes labeled
ci. Conforming to the experimental evidence (17,18), we
assume that translational repression is fast and precedes
mRNA destabilization, implying that complexes cannot be
translated and repression of translation simply occurs by
sequestration of free ceRNAs. Taking a constant translation
rate, the levels of unbound ceRNA can be used as a direct
proxy for protein concentrations at steady state. The allowed
processes with their respective rates are then as follows (see
Fig. 1):

[#
bi

di
mi; [#

b

d
m; mþ mi#

kþ
i

k�
i

ci

ci/
si

[; ci/
ki

m:

Note that complexes are assumed to be degraded either
through a catalytic channel (which gives back the miRNA
to the cytosol) or through a stoichiometric channel (where
both molecules are degraded with the complex). This choice
serves the purpose of keeping the model as general as
possible. The quantity wi ¼ si/(si þ ki) measures the degree
of stoichiometricity of complex decay: it ranges between 0
(in the case of fully catalytic degradation, si¼ 0, ki> 0) and
1 (in the case of fully stoichiometric degradation, si > 0,
FIGURE 1 Schematic representation of the considered processes for

a system N ¼ 2 ceRNA species and one miRNA.
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ki ¼ 0). It will play an important role in our theory and
we will refer to this as the stoichiometricity ratio. The exact
mechanism of target repression is still a matter of debate,
and during the past few years, several mechanisms have
been reported (2–4). Generically, miRNAs incorporated
into the RISC do not seem to decay with their target,
thus becoming again available for a new round of target
RNA silencing. Nevertheless, complexes may enter in
specific cellular structurelike P-bodies, thus resulting in an
effective stoichiometric sequestration of both the miRNA
and the target.

Clearly, this setup represents a coarse-graining of the real
biological processes, which typically requires multiple cata-
lyzed elementary steps (e.g., in the formation of the RISC).
However, such details may be disregarded if, in presence of
many different targets, the only rate-limiting factor is the
miRNA concentration. This will indeed be our main
assumption (together with the fact that mi values can only
interact through m).

Denoting the concentration of species x by [x], we can
write the mass-action kinetic rate equations for the above
system as

d

dt
½mi� ¼ �di½mi� þ bi � kþi ½m�½mi� þ k�i ½ci�;

d

dt
½m� ¼ �d½m� þ b�

X
i

kþi ½m�½mi� þ
X
i

�
k�i þ ki

�½ci�;
d

dt
½ci� ¼ ��si þ k�i þ ki

�½ci� þ kþi ½m�½mi�:
(1)

In turn, they lead to the steady-state equations
½mi� ¼ bi þ k�i ½ci�
di þ kþi ½m�

hm+
i Fið½m�Þ;

½m� ¼
bþP

i

�
k�i þ ki

�½ci�
dþP

i

kþi ½mi� ;

½ci� ¼ kþi ½m�½mi�
si þ k�i þ ki

hc+i
½m�
m0;i

Fið½m�Þ;

(2)

where we defined mi
+ ¼ bi/di, ci

+ ¼ bi/(si þ ki), and
Fið½m�Þ ¼ m0;i

½m� þ m0;i

;

m0;i ¼
di
kþi

ð1þ fiÞ
(3)

with fi ¼ ki
�/(si þ ki). Note that mi

+ and ci
+ represent the
maximum concentrations of free ceRNAs and complexes,
achievable in absence of miRNAs and in the limit of infinite
miRNA concentration, respectively. A simple calculation
shows that the binding free energy of the complex (in units
of kBT) is given by
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DGi ¼ �log
kþi ½mi�½m�
k�i ½ci�

¼ �log
1þ fi

fi

: (4)

This clarifies the physical meaning of fi: if fi >> 1, then
FIGURE 2 (Top) Steady-state concentrations in a system with N ¼ 2

ceRNAs, obtained by fixing all parameters but the transcription rate b1 of

ceRNA 1. (Bottom) Fractions of free molecules, namely f1 ¼ ½m1�=
ð½m1� þ ½c1�Þ, f2 ¼ ½m2�=ð½m2� þ ½c2�Þ, and fm ¼ ½m�=ð½m� þ ½c1� þ ½c2�Þ,
versus b1. The dynamical range of the cross-talk interaction between the

two ceRNAs corresponds to the window where free and bound molecules

have similar concentration, i.e., to the S-regime. Parameters for this case

(in their respective units) are as follows: b2 ¼ 10, d1 ¼ d2 ¼ d ¼ 1,

kþ1 ¼ 103, kþ2 ¼ 1, k�1 ¼ k�2 ¼ 10�3, s1 ¼ s2 ¼ 10, and k1 ¼ k2 ¼ 1.
complex formation is close to equilibrium; if fi << 1
instead, the process is unbalanced toward association.

On the other hand, one sees that the quantity m0,i defined
in Eq. 3 (which only depends on the kinetic parameters of
ceRNA mi) gives the miRNA level for which the concentra-
tions of free ceRNAs and of complexes equal half of their
theoretical maxima. Therefore, in practice, we have the
following situation:

Case 1. If [m] << m0,i (or [m]/m0,ij ¼ O(e)), then [mi] <<
mi

+ and [ci] << ci
+: here the levels of free ceRNAs

are largest, while complexes are roughly absent; spon-
taneous degradation is the dominant channel of
ceRNA decay.

Case 2. If [m] x m0,i (or j1 � [m]/m0,ij ¼ O(e)), then
[mi] x mi

+/2 and ci x ci
+/2: here free ceRNA

concentration is roughly half the theoretical maxi-
mum; spontaneous ceRNAs decay and miRNA-medi-
ated degradations have similar weight.

Case 3. If [m] >> m0,i (or m0,i/[m] ¼ O(e)), then [mi] <<
mi

+ and [ci] x ci
+: here the levels of complexes

are largest, while free ceRNAs are roughly absent;
miRNA-mediated degradation is the prevailing
channel of ceRNA decay.

It is reasonable to expect that in Cases 1 and 3, the steady-
state level of free ceRNA [mi] will only be weakly sensible
to (small) variations in [m]. We shall call these regimes Free
and Bound (F and B for brevity), respectively. In Case 2,
instead, the microRNA concentration lies in the dynamical
range of Fi, so that [mi] will respond to (small) variations
in [m]. We will call this regime Susceptible (S for brevity).
The outlook is that once the kinetic parameters of the
ceRNAs are given, the m0,i values are given as well, and
the miRNA level suffices to show whether a ceRNA is in
the F -, S-, or B-regime.

Biologically reasonable values of the model parameters
(ki

þ ~ 10�3 nM�1 s�1 and di ~ 10�4 s�1 as used in Wang
et al. (19)) suggest that di/ki

þ ~ m0,i should approximatively
have a nanomolar order of magnitude, which is comparable
to the range of miRNA concentrations (20,21). Note,
however, that analysis of the RNA interference enzyme
complex has shown that its kinetics can vary substantially
across different targets and that it is strongly affected by
the degree of complementarity (22).

This means that, in principle, different targets may have
very different m0,i values and may thus be located in distinct
regimes of regulation at fixed [m] and that the three states
(F , S, B) are actually assumed by ceRNAs. Furthermore,
different miRNAs species may have concentrations span-
ning many orders of magnitude in a given cell type (23).
For instance, it has been experimentally demonstrated that
only the most abundant miRNAs have significant impact
on gene expression and mediate target suppression (23),
suggesting that ceRNAs are free from miRNAs when their
regulators have very low concentrations. Moreover, it has
been observed that protein production in the presence of
miRNA is highly repressed below a given threshold level
for mRNA transcriptional activity and it responds sensi-
tively to transcription above this threshold (24), suggesting
the transition from an unexpressed, bound regime to an ex-
pressed, susceptible one.

To illustrate the emergent interactions between ceRNAs,
we plot in Fig. 2 the steady-state levels of m1, m2, and m

as a function of b1 in a system with N ¼ 2 in which all other
kinetic parameters are fixed. One clearly sees that, even
within this basic model, a change in the transcription rate
of a ceRNA can affect the steady-state concentration of
a different ceRNA. The shaded area in the top panel of
Fig. 2 highlights the difference between the steady-state
level of ceRNA2 with or without (i.e., for b1 ¼ 0) its
competitor m1: [m2] is sensible to variations of b1 (via the
change of the free miRNA concentration [m], which is corre-
spondingly dropping) only in an intermediate, narrow
interval.

We will show that the intensity of such a cross-talk
depends on the regimes to which the ceRNAs belong. In
essence, strong interactions can be achieved only (symmet-
rically) between ceRNAs in the S-regimes, and (asymmetri-
cally) from a ceRNA in the B-regime to a ceRNA in the
S-regime. This scenario will define a selective, possibly
asymmetric channel of communication that links ceRNAs
targeted by a common miRNA.
Biophysical Journal 104(5) 1203–1213
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Our goal here is to characterize cross-talk interactions
quantitatively by computing the susceptibilities (i, j ¼
1,., N),

cij ¼
v½mi�
vbj

; (5)

which for i s j measure the magnitude of the interaction
between ceRNA mi and ceRNA mj. Using Eq. 2, we get

cij ¼
v

vbj

�
m+

i Fið½m�Þ
� ¼ FiðmÞ

di
dij þ m+

i

vFi

v½m�
v½m�
vbj

: (6)

The cross-susceptibility (the last term in Eq. 6) can thus be
seen as the product of two factors: the response of the
miRNA level to perturbations of the transcription rate of
ceRNA mj, and the response of the level of ceRNA mi

([mi] ¼ mi
+Fi) to perturbations of the miRNA level. For

the latter, we get

vFi

v½m� ¼ � m0;i�
m0;i þ ½m��2x

8<:
�1=m0;i i˛F
�1=

�
4m0;i

�
i˛S

�m0;i=½m�2 i˛B
: (7)

Note that, expectedly, this function is negative and is largest
for [m] x m0,i, i.e., when the ceRNA is in the S-regime. To
compute v[m]/vbj, we need an explicit expression for [m],
which should be obtained from the steady-state condition
in Eq. 2. We rewrite this as

½m�
"
dþ

X
i

biziFið½m�Þ
#

¼ b; (8)

where zi ¼ si=½m0;iðsi þ kiÞ�. Equation 8 tells us that if
si ¼ 0 for all i (i.e., if complex decay is purely catalytic),
then [m] ¼ b/d and no cross-talk is achievable because
[m] is independent of bj. If, however, si s 0 for some i,
then other solutions are possible. In particular, Eq. 8 is an
algebraic equation of order N þ 1 at most, an approximate
solution of which can be obtained under the assumption
that ceRNAs can be separated in the different regimes
defined above. Using the fact that, up to next-to-leading
order in << 1,

Fið½m�Þx

8>>><>>>:
1� ½m�=m0;i i˛F
1

2
� �½m� � m0;i

���
4m0;i

�
i˛S

m0;i=½m� i˛B
(9)

and neglecting (when necessary) terms of order 2 or higher,
one finds that (see Derivation of the miRNA Concentration
at Steady-State in the Supporting Material for a detailed
derivation)
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bizi
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One now sees that

cmjh
v½m�
vbj

x� wjcmm�
8<: ½m�=m0;j j˛F�

m0;j þ ½m����4m0;j

�
j˛S

1 j˛B
; (11)

where we have defined the shorthand

cmmh
v½m�
vb

¼
 
dþ

X
i˛F

bizi þ 1

4

X
i˛S

bizi

!�1

: (12)

Given a shift in the level of a ceRNA, the response of the
miRNA is always negative (because an increase in bj causes
an increase in the level of complexes cj). Also, if mj ˛ F ,
then [m]/m0,j << 1, i.e., the level of microRNA is roughly
insensitive to small changes of the production rate of
ceRNAs in the Free regime.

Finally, combining Eqs. 7 and 11, we obtain for cij,

cij ¼
1

di

�
FiðmÞdij þ

biwjcmm

4½m� WRðiÞ;RðjÞ

�
; (13)

where WR(i),R(j) is a coefficient that depends only on the
regimes R(i) and R(j) to which i and j belong. In other words,
R(i),R(j) ˛ {F ,S,B} and the 3�3 matrix bW is given by

bW¼

0BBBBBBBBBB@

4
½m�2
m0im0j

½m�
m0i

m0j þ ½m�
m0j

4
½m�
m0i

½m�2
m0im0j

½m�
m0i

m0j þ ½m�
4m0j

½m�
m0i

4
m0i

m0j

m0i

½m�
m0j þ ½m�

m0j

4
m0i

½m�

1CCCCCCCCCCA
¼

0B@Oðe2Þ OðeÞ OðeÞ
OðeÞ Oð1Þ Oð1Þ
Oðe2Þ OðeÞ OðeÞ

1CA:

(14)

Three important observations can now be made about cij:

1. Because both terms in Eqs. 7 and 11 are negative, the
cross-talk between ceRNAs tends to correlate their
levels.

2. The matrix bW is not symmetric, as might perhaps have
been expected.

3. For i s j, all of the elements of bW are of order ε or
smaller except WS;S and WS;B, which are of order 1.

This implies that, in this scenario, two types of effective
interactions arise: the first one encodes the response of
a ceRNA in the S-regime to a perturbation of another



FIGURE 3 Susceptibilities cij in a system ofN¼ 4 ceRNAs, as a function

of miRNA transcription rate b (all other parameters being fixed). In this

example, ceRNAs are cast in two groups: group A, formed by ceRNAs m1

and m3, and group B, formed by ceRNAs m2 and m4. CeRNAs belonging

to the same group share identical kinetic parameters. In particular,

m0;1 ¼ m0;3 � m0;2 ¼ m0;4. For b smaller than ~500, no cross-talk is

observed; however, as b increases, a symmetric interaction between

ceRNAs in group A (of magnitude comparable to the self-susceptibilities)

appears: c31 ¼ c13xc11 ¼ c33. As b increases further, this interaction is

switched off, and ceRNAs in group B begin to cross-talk instead:

c42 ¼ c24xc22 ¼ c44. In this region, a change of transcription of a ceRNA

in group A can affect the level of ceRNAs in group B, but not vice

versa (asymmetric cross-talk): c21 ¼ c23 ¼ c41 ¼ c43[c12 ¼ c32 ¼
c14 ¼ c34. Finally, for sufficiently large b, no cross-talk takes place.
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ceRNA in the S-regime, and it is symmetric; the second one
encodes the response of a ceRNA in the S-regime to a pertur-
bation of a ceRNA in the B-regime, and it is not symmetric
(i.e., perturbing the susceptible ceRNA the bound one will
not respond).

In other words, the scenario described here corresponds to
a linear response theory in which a change in the transcrip-
tion rate of a ceRNA (i.e., bj / bj þ dbj) induces a shift in
[mj] (i.e., ½mj�/½mj� þ cjjdbj with cij > 0) and a shift in the
level of miRNA (i.e., ½m�/½m� þ cmjdbj with cmj<0). In turn,
this affects [mi] (i.e., ½mi�/½mi� þ cijdbj with cij > 0). So,
for instance, if dbj > 0, then [mj] increases, [m] decreases,
and [mi] increases. The quantities m0;if1=kþi can be seen
to induce a hierarchy of interactions: ceRNAs in the
B-regime (higher binding affinity) can unidirectionally
affect ceRNAs in the S-regime, which in turn may influence
other ceRNAs in the S-regime. On the other hand, ceRNAs
in the F -regime (lower binding affinity) interact weakly
with the rest of the system and fluctuations in their transcrip-
tion rates do not propagate to other ceRNAs. It is important
to remark that cross-talk appears only when the miRNA
level is in a specific range, implying that the structure of
the emergent interaction network is flexible and dynamical:
the set of ceRNA species that interact may change upon
varying [m].

The emergence of selectivity and directionality as
features of the cross-talk can be seen in a concrete case in
Fig. 3, where we plot the susceptibilities for a system of
N ¼ 4 ceRNAs. One sees that different interactions are
switched on in different ranges of values for the miRNA
transcription rate, leading to a gradual modification of the
structure of the interaction network as b changes. Note
that heterogeneity in the quantities m0,i leads to interaction
asymmetry. A schematic summary of the cross-talk in this
system is given in Fig. 4.

We note that the intensity of the cross-talk described by
Eq. 13 is modulated by the factor

biwjcmm

4½m� x
biwj

4½m�dþP
k˛S

bkwk

; (15)

where we used [m]x m0,k for k˛ S and neglected the contri-

bution to [m] due to ceRNAs in the F -regime (see Eq. 10),
which is of order ε. Again, we see that an effective interac-
tion requires some degree of stoichiometric degradation: if
wj ¼ 0 (i.e., if the complex decays in a purely catalytic
manner) the cross-susceptibility vanishes. In addition, Eq.
15 suggests that the magnitude of the interaction is weak-
ened only by ceRNAs lying in the S-regime, so that, even
in the presence of a large number of interacting ceRNA
species, cross-talk can be large if the overall population of
ceRNAs in the S-regime is restricted. On the other hand,
many factors, such as the overall population of ceRNAs in
the B-regime, affect the rate of miRNA transcription
required in order for a given ceRNA to be susceptible.
A rough approximate expression for the range Db of
values of the miRNA transcription rate where ceRNA mi

is most responsive to the miRNA can be derived, consid-
ering as susceptible a window Dm of [m] values such that
m0;i=2<½m�<3m0;i=2. If so, then

Dbx
Dm

cmm

x
m0;i

cmm

x

 
m0;idþ

X
k˛S

bkwk

!
; (16)

where we used Dmxm0;i. One sees that Db mainly depends
on the transcription rate of the overall population of ceRNAs
in the susceptible regime and on the degree of stoichiome-
tricity of degradation.

Finally, we observe that an analogous cross-talk scenario
emerges for a system in which M miRNA species share
the same target RNA: the level of a miRNA species may
be highly susceptible to a change in the transcription rate
of a different miRNA when the level of the target RNA
lies in a specific window (for details, see The Mirror
System: One Target, M miRNA Species in the Supporting
Material).
N ceRNA SPECIES, M miRNA SPECIES

Let us now consider the general case of a system formed by
M miRNA species ma (a ¼ 1,., M) and N ceRNA species
mi (i ¼ 1,., N), defined by the rates
Biophysical Journal 104(5) 1203–1213



FIGURE 4 Schematic representation of the patterns of interactions arising in a system of N ¼ 4 ceRNAs at different miRNA levels (increasing from A

to D). (A) All ceRNAs are in the F -regime (½m� � m0;i ci) and there is no interaction between them. (B) ceRNAs 1 and 3 are in the S-regime

(½m�xm0;1xm0;3) and a symmetrical interaction between them is switched on. (C) ceRNAs 1 and 3 are now in the B-regime (½m�[m0;1xm0;3) while ceRNAs

2 and 4 are in the S-regime (½m�xm0;2xm0;4): the resulting interactions are symmetric between 2 and 4, and asymmetric between ceRNAs 1 and 3 on ceRNAs

2 and 4. (D) All ceRNAs are in the B-regime (½m�[m0;i ci) and no cross-talk occurs.

1208 Figliuzzi et al.
[#
bi

di
mi; [#

ba

da
ma; ma þ mi#

kþ
ia

k�
ia

cia

cia/
sia

[; cia/
kia

ma;

and for which the following steady-state equations hold:P

½mi� ¼

bi þ
a

k�ia½cia�
di þ

P
a

kþia½ma�
;

½ma� ¼
ba þ

P
i

�
k�ia þ kia

�½cia�
da þ

P
i

k�ia½mi� ;

½cia� ¼ kþia½ma�½mi�
sia þ k�ia þ kia

:

(17)

Again, we shall focus on computing ceRNA sensitivities to
perturbations of transcription rates of other ceRNAs.Neglect-

ing higher-order interactions involving two or more miRNAs
(which is justified for a large, sparsemiRNA-ceRNAnetwork
in the absence of connectivity correlations), we have

cij ¼
v½mi�
vbj

x
X
a

v½mi�
v½ma�

v½ma�
vbj

h
X
a

cij;a: (18)
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The NM þ N þM steady-state expressions in Eq. 17 can be
reduced to N þ M coupled equations for the N þ M
unknown {ma, mi} by eliminating the complexes. After
some straightforward algebra, we get ½mi� ¼ m+

i Fiðf½ma�gÞ
and ma ¼ m+

a Faðf½mi�gÞ with

Fi ¼
	
1þP

a

½ma�
m0;ia

!�1

;

Fa ¼
	
1þP

i

½mi�
m0;ia

!�1

;

(19)

where
m0;ia ¼ di
kþia

ð1þ fiaÞ;

m0;ia ¼ da

kþia
ð1þ jiaÞ;

(20)

f ¼ k�ia ;
ia
sia þ kia

jia ¼ k�ia þ kia
sia

:

(21)
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In turn, the levels of free miRNA and ceRNA are
described by

½ma�
"
da þ

X
i

biziaFi

#
¼ ba (22)

" X #

½mi� di þ

a

baziaFa ¼ bi (23)

with zia ¼ sia=½m0;iaðsia þ kiaÞ� and zia ¼ ðsia þ kiaÞ=
ðm0;iasiaÞ. The quantity Fi can be rewritten as

Fi ¼ 1

Z
ðaÞ
i

1

1þ ½ma�=~m0;ia

; (24)

where

Z
ðaÞ
i ¼ 1þ

X
gsa

�
mg

�
m0;ig

and ~m0;ia ¼ m0;iaZ
ðaÞ
i :

Note that sum in Zi
(a) includes all miRNA species except

for ma.
Equation 24 tells us that, in the presence of many miRNA

species, we may account for the effect of species ma on
ceRNA mi by just rescaling Fi by Zi

(a) and shifting the refer-
ence level m0i,a by Zi

(a). A simple interpretation of the above
expressions can be gained by introducing an effective decay
rate di

(a) ¼ diZi
(a) and noting that

½mi� ¼ bi

d
ðaÞ
i

~m0;ia

½m� þ ~m0;ia

;

~m0;ia ¼ d
ðaÞ
i

kþia
ð1þ fiaÞ:

(25)

One immediately recognizes the same form of the steady-
state equation, Eq. 3, for the case M ¼ 1, and sees that
Zi

(a) ultimately plays the role of a factor accelerating the
effective turnover. Note that all miRNAs targeting ceRNA
i give positive contributions to the sum Zi

(a) and thus
increase the effective turnover, but the most important
contributions come from those miRNAs whose level [mg]
is high with respect to the term m0i,g.

By analogy with the caseM¼ 1, we will say that a ceRNA
is free with respect to miRNA ma (and write i ˛ F (a)) if
½ma� � ~m0;ia; it will be susceptible with respect to ma (or
i ˛ S(a)) if ½ma�x~m0;ia; it will be bound with respect to
ma (or i ˛ B(a)) if ½ma�[~m0;ia. Note that being bound
with respect to a miRNA species is sufficient for a ceRNA
to be translationally repressed. For consistency, a ceRNA
can only be bound with respect to one miRNA species (in
that case, it will be free with respect to all other miRNAs).
Separating the different regimes, we have
Fix

8>>>><>>>>:
h
Z
ðaÞ
i

i�1�
1� ½ma�=~m0;ia

�
i˛FðaÞ;

1

2

h
Z
ðaÞ
i

i�1�
1� �m� ~m0;ia

���
2~m0;ia

��
i˛SðaÞ;

~m0;ia=½ma� i˛BðaÞ:
(26)

In turn, for the levels of free miRNAs, we obtain

½ma�x
ba �

P
i˛BðaÞ

biwia � 1

4

X
i˛SðaÞ

biwia

da þ
P

i˛FðaÞ
bi~zia þ 1

4

X
i˛SðaÞ

bi~zia

; (27)

where
wia ¼ sia

ðsia þ kiaÞ and ~zia ¼ sia�
~m0;iaðsia þ kiaÞ

�:
One may now compute the different terms of the susceptibil-
ities. For the quantity cij,a (see Eq. 18), we finally get the
M > 1 analog of Eq. 13, i.e.,

cij;a ¼ 1

di

"
Fidij þ bi~wjacaa

4Z
ðaÞ
i ½ma�

Wa;RðiÞ;RðjÞ

#
; (28)

where the matrices bWa are given by

bW a ¼

0BBBBBBBBB@

4
½ma�2

~m0;ia~m0;ja

½ma�
~m0;ia

~m0;ja þ ½ma�
~m0;ja

4
½ma�
~m0;ia

½ma�2
~m0;ia~m0;ja

½ma�
~m0;ia

~m0;ja þ ½ma�
4~m0;ja

½ma�
~m0;ia

4
~m0;ia

~m0;ja

~m0;ia

½ma�
~m0;ja þ ½ma�

~m0;ja

4
~m0;ia

½ma�

1CCCCCCCCCA
: (29)

In this case, the intensity of the cross-talk described by
Eq. 28 is modulated by the factor

biwjacaa

4Z
ðaÞ
i ½ma�

x
biwj

Z
ðaÞ
i

 
4½ma�da þ

P
k˛SðaÞ

bkwka

!: (30)

We therefore conclude that miRNA ma gives a relevant
contribution to the overall susceptibility cij if any of the
following apply:

1. i ˛ S(a);
2. j ˛ S(a) or j ˛ B(a) (in the latter case, ma is the main

repressor of mj);
3. Zi

(a) x 1, i.e., ceRNA mi has few repressors besides
ma; or

4. Few ceRNA species belong to S(a), so that dilution is
limited.
Biophysical Journal 104(5) 1203–1213
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In summary, the effect of background miRNAs, which do
not mediate interactions, is an increase in the effective rate
of decay, and consequently a shift in the susceptibility
threshold. On the other hand, the effect of background
ceRNAs is a dilution of the cross-talk among ceRNAs, as
seen in the caseM ¼ 1. An illustrative example of the inter-
actions arising among ceRNAs in a system with N ¼ 4 and
M ¼ 3 is shown in Fig. 5.

To conclude, we note that network topology can play an
important role as interaction enhancer. For instance (see
The Role of Topology in the Supporting Material), cross-
talk can take place among ceRNAs in the Free regime
(despite the small cij,a), provided they are commonly tar-
geted by a large number of miRNA species. In other terms:
interactions between ceRNAs can be mediated by a large
number of miRNA species which, individually, would
only weakly dampen ceRNA levels. However, to achieve
efficient cross-talk, strong correlations in the network
connectivity are needed, so that highly clustered networks
can allow for much stronger cross-talk than random graphs.
STEADY-STATE FLUCTUATIONS

Genetic circuits that regulate cellular functions are subject
to stochastic fluctuations, specifically in the levels of the
different molecular species that interact (25,26). Noise,
far from being just a nuisance, plays an essential role in
cellular activities—for example, by enabling coordination
of gene expression across large regulons, or by allowing
for probabilistic differentiation of otherwise identical cells
(27). On the other side, a noisy gene expression is poten-
tially harmful in many situations: in developmental circuits,
for example, it can lead either to arrested development,
FIGURE 5 Schematic representation of a system of N ¼ 4 ceRNAs

species and N ¼ 3 miRNA species. (Continuous blue arrows) Linkage of

miRNA a to ceRNA i if i ˛ B(a); (dashed red arrows) if i ˛ S(a); (dotted
green arrows) if i˛F (a). In this case, ceRNAs 1 and 3 are both in S(A) and
S(B), ceRNAs 3 and 4 are in S(C), and ceRNA is 1 in B(A). This situation
results in the following interactions: symmetric cross-talk between ceRNAs

1 and 3, mediated by miRNAs A and B; symmetric cross-talk between

ceRNAs 3 and 4, mediated by miRNA C; asymmetric cross-talk from

ceRNA 2 to ceRNA 1, mediated by miRNA B; asymmetric cross-talk

from ceRNA 2 to ceRNA 3, mediated by miRNA B.
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aberrant positional expression of tissue-specific genes, or
overrepresentation of specific cell types (28). If there is
only a relatively narrow protein level which is optimal,
some sort of tuning must act to prevent fluctuations outside
the functional range. Cross-talk of the type discussed so
far may either result in an amplification of upstream
fluctuations or represent an efficient noise buffering mech-
anism. To analyze this issue in some detail, we focus on the
role of transcriptional noise, the primary cause of vari-
ability in gene expression among cells in isogenic popula-
tions (29). If one assumes that extrinsic transcriptional
noise is the dominant source of stochasticity and neglects
molecular noise entirely, it is possible to estimate con-
centration fluctuations in the ceRNA-miRNA networks
at steady state, obtaining expressions valid in the linear
response regime.

Let us consider for simplicity a system of N ¼ 2 ceRNA
species and M ¼ 1 miRNA species, and let P(r) denote
a distribution of transcription rates (where r ¼ {b1,b2,b}),
such that an ensemble of systems at steady state can be con-
structed by sampling a vector r from P(r) for each system in
the ensemble. For P(r), one may, for simplicity, take
a Gaussian, i.e.,

PðrÞfexp

�
� 1

2
ðr� rÞTS�1ðr� rÞ

�
; (31)

where r ¼ fb1; b2; bg is the mean and S is the correlation
matrix of inputs. Clearly, a distribution of transcription rates
induces a distribution of steady-state concentrations. The
latter is what we aim at characterizing.

If variability in transcription rates is sufficiently small,
we can expand the steady-state levels ‘ ¼ f½m1�; ½m2�; ½m�g
(note that ‘ h ‘(r)) around r (small noise expansion),
obtaining

‘ix‘i þ
P
k

cikðrk � rkÞ;

cik ¼ v‘i
vrk

;

(32)

where ‘ih‘iðrÞ. In this approximation,

Probð‘ ¼ xÞ ¼ R
PðrÞd½‘ðrÞ � x�dr

¼ Nexp

�
� 1

2

�
‘� ‘

�T
X
�
‘� ‘

��
;

(33)

where X ¼ ðbc�1ÞTS�1bc�1, bc being the matrix of suscepti-
bilities defined in Eq. 32. The joint probability distribution
and the susceptibility matrix can then be used to charac-
terize steady-state fluctuations and correlations, e.g.,

s2
ih


‘i � ‘i

�2
¼
X
j;k

cijcikSjk: (34)
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For uncorrelated transcription rates, the covariance matrix S
is diagonal, and Eq. 34 reduces to

s2
i ¼

X
k

c2
ikSkk;

where, as expected, each term positively contributes to
increase the noise. As shown in Fig. 6, fluctuations can

become very large in the susceptible regime as the system
is strongly coupled, possibly limiting the efficiency of
signaling in the ceRNA network.

In presence of correlations at the transcriptional level,
however, the signs of off-diagonal terms become crucial.
Recalling that, generically, ci,m < 0, ci,m > 0, and cm,i <
0, one sees that anti-correlated ceRNA transcriptions and
correlated miRNA-ceRNAs transcriptions may lead to
a reduction of fluctuations with respect to the uncorrelated
case, as shown again in Fig. 6. On the other hand, negative
miRNA-ceRNA correlations and positive ceRNA-ceRNA
correlations strongly amplify fluctuations. In other terms,
miRNA-mediated cross-talk coupled with correlation of
transcriptional inputs may represent a powerful noise-pro-
cessing mechanism.
FIGURE 6 Level fluctuations induced by transcriptional noise in a system

with N ¼ 2 ceRNA species and M ¼ 1 miRNA species. We took Gaussian

distributions for the transcription rates b, b1, and b2, keeping the ratio

between the average and the width fixed in each case. All parameters and

distributions of rates are also kept fixed, except for the miRNA transcription

rate distribution P(b), which is parameterized by its average value b. In this

case: b1 ¼ b2 ¼ 103, d1 ¼ d2 ¼ d ¼ 1, kþ1 ¼ kþ2 ¼ 102, k�1 ¼ k�2 ¼ 0,

s1 ¼ s2 ¼ 10, and k1 ¼ k2 ¼ 1. (Top) Normalized fluctuations (ratio

between the width of the fluctuations in the interacting and the noninter-

acting system, the latter corresponding to kþ1 ¼ kþ2 ¼ 0) for uncorrelated

distributions of transcription rates. (Center) Ratio between the normalized

fluctuations of the level of ceRNA 1 obtained in the presence of correlations

and in the uncorrelated case. (Yellow line) Maximal anti-correlation

between b1 and b2 (S12 ¼ �1); (purple line) maximal correlation between

b1 and b (S13 ¼ 1); and (blue line) maximal correlation between b2 and

b (S23 ¼ 1). (Bottom) Average molecular levels.
DETECTION OF miRNA-MEDIATED CROSS-TALK
FROM GENE EXPRESSION DATA

A key issue of the ceRNA scenario concerns the detection of
cross-talk in gene expression data, typically from correla-
tions or related quantities. It is important to note that, within
the theoretical framework we discuss, the presence of
statistically significant correlations between ceRNAs is not
necessarily a signature in this sense. Indeed, the Pearson
correlation coefficient between ceRNAs, for independent
transcription rates, reads

r12 ¼
P
k

c1kc2ks
2
kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi	P

k

c2
1ks

2
k

	P
k

c2
2ks

2
k

s ; (35)

where sk
2 is the variance of rk. However, if c12 ¼ 0, then
r12 ¼ A
v½m1�
vb

v½m2�
vb

(36)

with A > 0 as a constant. Because both susceptibilities on

the right-hand side are negative, a positive correlation
between ceRNAs can emerge also in absence of miRNA-
mediated cross-talk.

More recently, information theoretical quantities have
been employed as a means to detect miRNA-mediated
cross-talk. In Sumazin et al. (14), for instance, the functional

DIð½m1�; ½m�; ½m2�Þ ¼ h½Ið½m1�; ½m�Þ�i½m2� � Ið½m1�; ½m�Þ; (37)

(I (x,y) denoting the mutual information of random variables

x and y, h,,,iz denoting the average with respect to the
random variable z) has been proposed, with the rationale
that if DI > 0, then the knowledge of [m2] increases the
mutual dependence of [m1] and [m], which can be inter-
preted as a signature of cross-talk between m1 and m2.

In the previous section, we have shown that by neglecting
molecular noise entirely and assuming that extrinsic tran-
scriptional noise is the dominant source of stochasticity, it
is possible to characterize concentration fluctuations at sta-
tionarity using mean-field steady-state equations once input
noise is known. We note, however, that under the expres-
sions in Eq. 17, free ceRNA levels depend only on the levels
of the miRNA they interact with, so that the joint proba-
bility distribution of the levels of the various molecular
species involved can be factorized, e.g., for N ¼ 2 and
M ¼ 1,

Pð½m1�; ½m2�j½m�Þ ¼ P1ð½m1�j½m�ÞP2ð½m2�j½m�Þ: (38)

This in turn implies that, within this mean field steady-state

framework, the three-species correlation functions can also
be factorized,

Pð½m1�; ½m2�; ½m�Þ ¼ P1ð½m1�j½m�ÞP2ð½m2�j½m�ÞPmð½m�Þ;
Biophysical Journal 104(5) 1203–1213
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leading to DI ¼ 0 independently of there being cross-talk
or not.

Quite importantly, however, in a typical experimental
output (e.g., by microarray or deep sequencing analysis),
it is hard to disentangle the contribution of free and bound
ceRNAs and the experimental readouts give proxies for
the quantities

½mi�xp ¼ ½mi� þ ½ci�; ½m�xp ¼ ½m� þ ½ci�: (39)

Based on Eq. 2, one has, in particular,

½mi�xp ¼ c+i

�
1þ

	
si þ ki

di
� 1


Fið½m�Þ

�
; (40)

" X #

½m�xp ¼ ½m� 1þ

i

c+i
Fið½m�Þ
m0;i

: (41)

Note that if the lifetime of complexes (si þ ki) is shorter
than that of ceRNAs di, as it is reasonable to expect,
[mi]xp is, like [mi], a decreasing function of [m]. One sees
that, in general, it is not possible to express the experimental
ceRNA levels in terms of the miRNA levels only. Therefore,
the quantity in Eq. 37, computed using the experimental
readouts in Eq. 39, can be different from zero. Again,
however, this is not necessarily a signature of cross-talk.
An argument is given on the significance of conditional
mutual information as a means to signal cross-talk in
the Supporting Material, where it is shown how nonzero
values of

DI


½m1�xp; ½m�xp; ½m2�xp

�
can be obtained even in absence of stoichiometric complex
degradation (and hence of cross-talk at stationarity).

In summary, more refined detection methods are likely to
be needed to identify cross-talk among ceRNAs from gene
expression data.
DISCUSSION

Recent experimental studies have suggested that the
miRNA-mediated competition between ceRNAs could
constitute an additional level of posttranscriptional regula-
tion, playing important roles in many biological contexts.
Trying to achieve a clear quantitative understanding of the
emergence of this effect has been the goal of this work.
We have presented a minimal, rate-equation-based model
that is able to describe the cross-talk arising from com-
petition at steady state through a systematic analytical char-
acterization of the sensitivity to small changes in the
transcription rates. To keep mathematical complexities to
a minimum, we have adopted a coarse-grained view of the
Biophysical Journal 104(5) 1203–1213
real biological process, even neglecting details of the
miRNA-mediated regulation that could impact the emer-
gence of cross-talk among ceRNAs. For instance, binding
to the Argonaute/Ago protein (the catalytic component of
the RISC) may represent a significant rate-limiting step
(30), and the competition for Ago has been shown
to contribute to the emergence of ceRNA-ceRNA cross-
talk (31).

The emerging scenario, valid in the linear response
regime, is rather rich and complex. Interestingly, the
competitive interactions can give rise to a rather selective
communication channel: only ceRNAs in an intermediate,
susceptible regime are responsive to miRNA perturbations
and significantly contribute to diluting the strength of the
interaction. Thus, even in the case of a dense miRNA-
ceRNA network, the resulting ceRNA-ceRNA cross-talk
pattern may be rather sparse. Moreover, interactions switch
on only in specific ranges of miRNA concentrations, so that
the structure of the emergent ceRNA-ceRNA network can
adjust in response to variations in the miRNA levels.
Perhaps unexpectedly, heterogeneity of kinetic parameters
can give rise both to symmetric and asymmetric couplings.
Furthermore, an analogous cross-talk scenario emerges
between different miRNA species sharing the same target
RNA. And, finally, the topology of the ceRNA-miRNA
network may play an important role as strong correlations
in connectivity in that network can enhance the ceRNA-
ceRNA cross-talk.

The above picture requires that miRNA-ceRNA
complexes decay, at least partially, through a stoichiometric
channel of degradation: for purely catalytic decay, no cross-
talk is possible at stationarity, and perturbations of transcrip-
tion rates only cause a transient response. Dynamical effects
may nevertheless play an important role on the timescales of
many cellular processes, and will be explored in a forth-
coming work.

To evaluate the robustness of the miRNA-mediated
coupling, we have also performed a basic analysis of the
impact of noise. Assuming extrinsic transcriptional noise
as the dominant source of stochasticity, we estimated level
fluctuations in the ceRNA-miRNA networks at steady state,
again obtaining expressions valid in the linear response
regime. It turns out that miRNA-mediated cross-talk,
coupled with correlated transcriptional inputs, represents
a powerful noise-processing mechanism that can lead to
either noise reduction or amplification. It is interesting to
observe that a circuit displaying specific transcriptional
correlations has been discussed in Cesana et al. (12), where
a muscle-specific miRNA (miR-133b) embedded in a non-
coding transcript (linc-MD1) has been identified. Clearly,
linc-MD1’s transcript acts as a very efficient decoy for
miR-133b. A theory for this case is worked out in The
miRNA-Decoy Transcript in the Supporting Material.

It would be important to carry the analysis of the role of
noise beyond the steps discussed here. Posttranscriptional
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regulation based on stoichiometric repression has been
shown to cause large intrinsic fluctuations in intermediate
regimes of repression (32), effectively posing a limit to
the possibility of having an efficient quantitative sig-
naling between ceRNAs. Our analysis suggests, on the other
hand, that cross-talk mediated by a large number of miRNAs
might be more robust. A more thorough mathematical/
computational analysis, including molecular noise, may be
able to shed light on this important aspect.

We have finally shown that nontrivial correlations among
ceRNAs can emerge in experimental readouts due to tran-
scriptional fluctuations even in absence of miRNA-mediated
cross-talk.
SUPPORTING MATERIAL

Five sections and four figures are available at http://www.biophysj.org/
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