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1. INTRODUCTION

We extend Ito’s lemma ([5] or [8], for example) to a Hilbert space context
in this paper. Our proof is analogous to that given by Gikhman and
Skorokhod ([5]) for the real random variable case. Thus, the crucial points in
our treatment involve the proper formulation and juxtaposition of concepts
such as Wiener process and stochastic differential in a Hilbert space context.
For this, we rely on a modification of the ideas in [1] and [4].

We let (2,2, ) be a probability space with & as Borel field and p as
measure throughout the paper. We assume that the reader is somewhat
familiar with the theory of Banach space valued random variables (see, for
example, [7]); however, for convenience, we include a brief appendix con-
taining the definitions and results used in the paper.

We introduce the basic notions of a Hilbert space valued Wiener process
and the corresponding stochastic integral in Section 2. Then, we state and
prove the extension of Ito’s lemma in Section 3. In essence, we show that if
H, K, and G are Hilbert spaces and if #(¢) is a K-valued stochastic process
with stochastic differential du = ¢(¢t) dt - (¢) dw where w(t) is an H-valued
Wiener process, ¢(¢) is 2 K-valued stochastic process, and @(2) is a suitable
F(H, K)! valued stochastic process, then the stochastic differential of the
G-valued stochastic process 2(t) = g(t, u(t)), where g is a sufficiently smooth
nonrandom map of T x K into G (T = [Ty, T,] a real interval), can be
written down in terms of the derivatives of g.

* Division of Applied Mathematics, Brown University, Providence, R.I. This
Research was supported by the National Science Foundation, under grants NSF-GP
7471, NSF-GK 2788 and NSF-GP 9024. Dr. Curtain is currently at the Aerospace
Eng. Department, Purdue University.

1 #(H, K) is the space of bounded linear maps of H into K.
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2. WIENER PROCESSES AND STOCHASTIC INTEGRALS

We define Hilbert space valued Wiener processes and develop the con-
comitant stochastic integral in this section.

DerFiniTION 2.1. Let w(t) be an H-valued random process on T. Then
w(t) is called a Wiener process if

(1) E{w(t) — w(s)} =0 foralls, tin T}

(ii) w(¢) is continuous in ¢ w.p.1.;2

(1) E{[z() — w(s)] o [aw(t) — w(s)]}® = (¢t — s) W for all s, t in T where
W is a compact, positive, bounded, trace class operator mapping H into
itself;

() E{|w(t) — w(s)F} < co for all 5, ¢ in T and,

(v) w(t,) — w(t,) and w(s,) — w(s,) are independent for all s, , 55,12, , 2,
in T such that s, <<s, < #; <t,.

We note that the operator W has countably many eigenvalues {A,;}, that
A; =0 for all 7, and that tr(W) = ¥ o A, . If {¢;} is an orthonormal set of
eigenvectors of Wand if {e, , f,} is an orthonormal basis for H, then We; = Ae;
and Wf, = 0.

We also observe that several alternative versions of Definition 2.1 can be
obtained by replacing (v) by either of the weaker conditions

V) <w(ty) — w(ty), by and {w(sy) — w(s,y), by are independent for all
$158, 4, 8, in T such that s; <5, < #; << ¢, and all 4, , &, in H; or,

(v)  <w(ty) — w(ty), ;> and <{w(sy) — w(sy), e;> are independent for all
$1, 82, 8, 2y in T such that s; < s, < 8 <1,

These alternative versions of the definition produce deintical results
(see [2]).

If w(z) is an H-valued Wiener process, then it can be shown that there are
complex-valued stochastic processes {8,(t)} on T such that

w(t) = Zﬁm 22)

almost everywhere in (¢, ), where {¢;} is an orthonormal set of eigenvectors
of W. Moreover, Re{B(t)} and Im{B,(¢)} are real Wiener processes. Thus,
there is no essential difference between Wiener processes in separable and

2 w.p.1. is shorthand for with probability one.
31If hy and h, are elements of H, then k, o hy is the element of #(H, H) given by
(hy o )b = i<k, By (cf. [4]).
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nonseparable Hilbert spaces and so, we shall assume from now on that H
is separable.

ProposiTiON 2.3. If w(t) is an H-valued Wiener process, then

E{ w(t) — w(s), w(t) — w(s))>} = te(W) |t — 5|
and
E{|{w(t) — w(s)l*} <3[te(W)PF |t —s].

A proof of this simple proposition is given in [2].

ProrosiTioN 2.4. If w(t) is an H-valued Wiener process, then there is a

family {#, , t € T} of o-algebras such that
) FLCHFCP fors <t

(i) w(t) is measurable relative to , for all t in T;

(i) w(t) — w(s) is independent of F, for s < t;

(iv) [aw(r) — w(s)] o [w(t) — w(s)] is independent of F, for s < t.

Proof. Take, for example, &#; to be the o-algebra generated by the sets
w(s) 1 (0), se T, s < t, 0 a Borel set in H. Properties (i), (ii), and (iii) are
obvious. As for property (iv), this is an immediate consequence of (iii) and

the fact that the mapping ¢ of HPH into F(H, H) given by
Y(hy , by) = hy o hy is continuous (see [4], Propositions 2.2 and 2.4).

CoROLLARY 2.5. If by and h, are elements of H, then
Ceo(t) — w(s)] o [w(2) — w(s)] Ay 5 Bn)
is independent of F, for s < t.

If w(t) is a Wiener process, then, for convenience, we fix a family {&}
satisfying the conditions of Proposition 2.4 and associate it with w@(t). We
then have

DrrinNiTION 2.6. Let K be a Hilbert space. Then #(H, K) ={®(, ) :
@ is an P(H, K)-valued stochastic process on T X £4 such that D(¢) is
measurable relative to &, for ali ¢t in T}, #(H, K) ={D(", ") e #(H, K) :
@ is a t-step function on T}, and

M(H, K) = (0, ) e MH, K): [ E(I D@} dt < oo .

4 This means that @ is measurable with respect to the pair (¢, w). Although this is
somewhat more restrictive than usual ([3]), it is adequate for our purposes.
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If @ is an element of #(H, K), then the K-valued stochastic integral,
Jr ®(t, w) dw, can be defined in an analogous way to that used in
the scalar case by Skorokhod ([8]). More precisely, if @ is an element of
M(H, K) " A (H, K), then [ D(t, w) dw is given by a finite sum of the form
3 B(t;, ) (w(t;,) — w(2y)). It is easily checked that E{ [; D(¢, w) duw} =0
and we shall soon show that

E

H j B(t, w) duw sz = te(W) [ E{ PP} at @.7)
T T
for @ in A (H, K) N #,(H, K). Now if @ is any element of .#(H, K), then

there is a sequence {P,} of elements of #(H, K) N #(H, K) such that
@, — P almost everywhere on T X 2 and

lim | E{® — &, |2 dt = 0. (2.8)
n->w T

Moreover, { fr ®,(t, w) dw} has a unique limit in L,(R, K). This limit is the
stochastic integral, [;D(2, w) dw.

ProrositioN 2.9. If ©is an element of #,(H, K),then E{ fr P(t, w) dw} =0
and

E

1l Ot ) dw ”2% < (W) fTE{ll B(1))|% dt. 2.10)

Proof. A simple limiting argument shows that E{ [ ®(t, w) dw} = 0. So
let us turn our attention to (2.10).

Let {®,} be an approximating sequence of #-step functions used to define
f7r® dw. Then

£l 0uf) <2

[0 —2)ae]|[ 0 al]

+E||[ o] [ @0 dol} +2{ ] 0l

Suppose, for the moment, that (2.7) holds for elements of

M(H, K)n #,(H, K).
Then

E

” f Qdw 22 < lim (W) - fTE{H%Hz} dt (2.11)
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by virtue of Schwartz’s inequality and (2.8). However, (2.8) also implies that

tim [ B(I®, [ dt = [ E(@de
T T
and so, (2.10) follows.

Thus, all that remains is to verify (2.7) for @ in (H, K) N #(H, K).
For such a @,

[, 00 =¥ 0, 0) (o(t) — 5t )

where {¢; ,..., £,} is a finite partition of T. Let
;= Pt;, w),  Aw; =w(ty,) —w(t)

and
At; =t — 4.
Then

efl | 0du “2% — T BKO; 4wy, O D) 2.13)

But E{{D; dw; , D, dw,>} = 0 if j = k. For, if j > &, then
E{{D; dw; , Dy Awip} = EKD; dw; , Py dwyy | F}} =0
since the conditional expectation E{<K®P; dw;, P, dw,> | '%,} vanishes by

virtue of the measurability of @, and @, dw, relative to %5 and the independ-
ence of dw; of Z, . It follows that

Ef|f @ [ =% B0, 40,1 = 3 B0, (L 4wy 3. 2.14)

(Note that || 9, || and || 4w, || are independent since @; is measurable relative
to 3‘}5 .) But, E{j| 4w, ||} = tr(W) 4¢; and so,

X E{l1 0,117} E{ll dw; |7} = w(W) 3, EX|| &;17%} 4t; = (W) fT E{|| @1} de.

Thus, the proposition is established.
We now prove a useful convergence lemma.

LemMa 2.15. Let {®,} be a sequence of elements of M (H, K). Suppose that
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(i) there is a @ in M(H, K) such that D, — D almost everywhere on T X Q;
and, (ii) there is an oft) in Ly(T) such that || D,(t)|| < oft) w.p.L. for all n. Then

lim | @) dw = f B(t) dw (2.16)
T T

in L(Q, K).
Proof. Since

flf @—o)m|l<utm| Bl -0, a

the lemma is an immediate consequence of the Lebesgue dominated con-
vergence theorem.

Derinition 2.17. Let u(t), t € T, be the K-valued stochastic process
given by

u(t) — u(Ty) = f ; qls, ) ds + f tT B(s, w) dw (2.18)

where w(¢) is an H-valued Wiener process, @ is an element of 4 (H, K), and
g(s, w) is a K-valued stochastic process with [r||g(s, w)||ds < o0 w.p.lL
which is measurable relative to &, for all ¢ in T. Then u is said to have the
stochastic differential gdt + ¢ dw and we write du = q dt + D dw.

We observe that if  has a stochastic differential, then the real stochastic
process || #(2)]| may be viewed as a separable real process since #(t) is continu-
ous in ¢ w.p.l. (this is proved in [2]) and since u(?) is only determined w.p.l.
(See [3] for a discussion of the separability of real processes.) This observation
will be useful in the sequel and enables us to avoid the question of generalizing
the notion of separability for a random process to the Hilbert space context.

3. Ito’s LEmMMA

We are now prepared to state and prove Ito’s lemma in a Hilbert space
context. Since the proof is essentially along the same lines as that given by
Gikhman and Skorokhod ([5]) for the finite dimensional case, we omit many
of the details. We begin with the following lemma which is an important
tool in the proof of the main theorem.

Lemma 3.1. Let H, K and G be Hilbert spaces and let w(t) be an H-valued
Wiener process. Suppose that (i) O(t, w) is an L (K, L(K, G))-valued stochastic
process which is measurable relative to F, for all t in T; (ii) E{| O(t)F} < ©
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Jor all tin T (iii) Dy is an L(H, K)-valued random variable which is measurable
relative to Fr ; (iv) E{|| Py |I'} < oo, and, (v) w(t) is real, i.., w(t) = w(t)
on T X . Then

E{O[®, dw, By dw] | F} = (t — 5) f B[Py Vae; , By VAl wpl.  (32)

i=0

and
E{O[®, dw, Py duw]} = (t — s} E gi B[D, VAei, Dy VAe,] (3.3)

for almost all s, t with s <t where @ = O(s, w), dw = w(t) — w(s), and the
{e;} form an orthonormal basis of H consisting of eigenveciors of W and with the
A; as corresponding eigenvalues.

Proof. Clearly, (3.3) follows from (3.2).

Now, recall that w(t) =Y, Bit)e; and set 4B; = Bi(t) — Bs) and
Aw, = w,(t) — w,(s) for s < t where w,(t) = 37 o B{t) e;. We note that
since w(t) is real, 48; = 4B;, and so, it follows from Schwartz’s inequality
that

E{| 4B, 4B, [} < E{| 4B; MR E{| 4B, P2 < (1 — ) VAL (34)

for all 7 and j. Since || @ ||| D, |? is measurable relative to %, and | 48, 4B; | is
independent of &, (as w(z) — w(s) is), we have

E{| 48, 48; 11 @111l Do} < (r — &) VAME(| O BN E(] O, |42 (3.5)

so that E{| 4B; 4B; | || @ ||| Py |[*} is finite. Since || O] Pye; , Poes]l| <[ O 11} P [I*
and since O[Pye; , Pye;] is measurable relative to %, we have

E(H[®, 4w, , B, 4] | F) — i S BB, 48, | F) Ole;, D] (3.6)
i=0 j=0

w.p.l. for all n. But E{48; 48; | #,} = E{4B; AB;} since 48, 4B; is independent
of #,. In view of property (iii) of definition 2.1, E{4B; 48;} = (t — s} Ady;
and so,

E{6[0, 4w, , By du,]} — (t — ) Y, 0186 VAei, Vel (3.7)

=0

The result then follows by a simple application of [7], Theorem 2.5.
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As a suggestive shorthand, we write fr(@) [®,£,] in place of
Y. 9[, Ve, PV Ne]  where £, = ¥ Ve, .
=0 i=0

Tuaeorem 3.8 (Ito’s Lemma). Let H, K and G be Hilbert spaces and let
w(t) be an H-valued Wiener process. Suppose that g(t, c) is a continuous map of
T x K into G and that u(t) is a K-valued stochastic process with stochastic
differential du = q dt + @ dw such that

(1) gdt, c) is continuous on T X K;

(1) g(2, *) is twice differentiable on K for each fixed t in T;

(iil) gut, ¢) and g, (¢, c) are continuous in (t,c)on T X K;

(iv) q(t) is @ K-valued process which is measurable relative to F#,, te T,
and integrable on T w.p.1. (i.e., [rllg(s)]ds < o w.p.l.);

(v) @ is an element of M(H, K) with [ E{|® |} dt < c0; and,
(vi) w(2) is real.

Then 2(t) = g(t, u(t)) has the G-valued stochastic differential

dz = {gt, u(t)) + g(t, w(t)) [g(O)] + } Tr(gelt, u(2))) [D(2) £,]} dt
+ £t u(2)) [P(2)] dw. (3.9)
Proof (cf. [S]). Let us suppose for the moment that the theorem holds if
g and @ are t-step functions. Then the general case will follow by a straight-

forward limiting argument. In other words, we consider sequences {g,(t)},
{@,()} of t-step functions such that

lim [ 114(t) — g0l dt = 0 wpl.

and

lim f E(|® — @, 4 dt =0 wpl.

where the g,(t) satisfy (iv) and the @,(¢t) satisfy (v). Letting u,(¢) be the K-
valued process with stochastic differential du, = ¢, dt + @, dw, we can
show just as in [5] that u,(¢) converges uniformly to u(t) on T w.pl, i.e.,
that lim,,_, super{]| #,(2) — #(t)||} = 0 w.p.l. It follows that there is a sub-
sequence {u, (£)} of {u,(#)} such that

8(t, un(8)) > 8(t, u(®)),  gilE un (1) —> £4(2, u(t)),

&dt, uni(t)) — g, u(t)), and g2, u,,,,(t)) — geolt, u(t)),
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all uniformly on 7' w.p.1. For simplicity, we write v,(t) = 1y (2), 7{2) = g (2)
and ¥W(t) = @, (). Then, simple inequality computations show that

tim [ gl o) de= [ gifs, u(s) ds
T T

i [ e ool d = | gl ulgelds  @10)

lim [ guls, o) P40 1 = || e, ) [909) 61 s

all w.p.l. Thus, to show that z(f) = g(¢, #(t)) has the required stochastic
differential, it will be enough to prove that

tim [ g0l P do= | gls w06 do (1)

where the convergence is in probability.
Now let x™)(+) be the real random variable given by

(I i Ju@)| <N for Ty <s<t

(V) —
X = 30 otherwise. (3.12)

Then, for sufficiently large ¢,

85 uls) [P() xM()]  and (s, vils)) [Pils) x™M(9)]
will be elements of ./#,(H, G). It then follows from the inequality (2.10) that
¢ ¢
lim | gs, vi(s)) [#i(s) xN(s)] dw = f £e(s u)) [P(5) xV(s)} dw (3.13)
o J o T
for all finite N (where the convergence is in probability). But

{1 T (et o) 1090 — g5 () (09 s

— [ s w9 1209 X060 — s, w(9) [966) x V(] doo| 7 0
fori =1, 2,...$

< e sup | uft, w)| > N2

% Note that this probability exists since [| #(2)|| may be viewed as a separable real
process.
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Since p{w : supser |l u(t, w)| > N} goes to zero as N approaches infinity,
(3.11) is established.

Now it remains to prove the theorem for case of ¢-step functions ¢ and .
To do this, it will be enough to prove the theorem for the special case where ¢
and @ are constant, i.e., are independent of 7.

So let us assume that g and @ are constant. Let ¢ be a fixed (but arbitrary)
element of (T}, T,) and let &, 1y ,..., £, be elements of T with

Ti=t, <t <ty<<<t,=t<T,.

We set Aty = tyq — ty, we = w(ty), & = &(t , we), dwp = w3 — uy,, and
dg, = gpq —gx for k=0,1,..,n — 1. Then

2(t) — 2(Ty) = g(t, u(t)) — &(Ty , W(Ty))

= ]Z_,O {(grsa — &t s #1) + (8l s ¥rsa) — &)} (3.14)

n-1
=y dg,.
k=0
In view of the differentiability assumptions,

g, = gty en) Aty + golte s we) [duwy] + 3 geety s we) [duy, dug] + 1y, + 8
(3.15)

where

Il yell < dty, sup || gty + 048y, upsy) — golte > wpiall
0<o<t

and
|8 || < IV Aug |2 sup || geelte , #re + 04uz) — gecliy » 1)l -
0<o<1

Just as in [5], Z::, (lvell - | 85 1) — O w.p.L. as max; 4t;, — 0. It follows
that
n—1
(1) — AT = Y, {gdte » ) Ati + gt » wi) [duy)
0

3.
b gulte, w) [duy, duy + 6, 19

where || 8, (| — 0 w.p.l. as max, 4z, — 0. Substituting du, = qdt, - Pdw,
in (3.16), we obtain the relation

() — &(Ty) = 2y + By + Ty + Iy + 5+ 6, (3.17)

409/31(2-14



444 CURTAIN AND FALB

where

n—1

2= Z (g4t » we) + gl » we) [9]) 4t (3.18)
=0
n—1

Zy =Y 8t » ) [P) du, (3.19)
k=0
n—1

23 = Z %gcc(tk ’ uk) [(D A'wk , @ Awk] (320)
k=0
n—1

=Y badte, wm) g, g1 (48)? (3.21)
k=0
n-1

=Y &oltn,w) [q 4t , P duwy). (3.22)
=0

In view of the continuity assumptions and the boundedness of u(¢) on 7,
we immediately deduce that, as max,, 4¢; goes to 0,

2~ f ; (g:(t, u(t)) + &1, u(t)) [q]) dt w.p.L. (3.23)
Z,—0w.pl (3.24)
Z,—0wpl (3:25)

In other words, the limiting sums converge to the usual Bochner integral.
We now claim that

t
Z,— f &t () [#] dw in probability (3.26)

and

t ~
4 f F(goo(t, u(t))) [DE,] dt in probability (3.27)
7 '
as max,, 4t — 0. Let x¥)(+) be the real random variable given by (3.12). Then

| Blgdt, ue) [0y @It dt < sup (gt ut)F [ E(I® |3 dr < oo
T (<N T

for all N by virtue of assumptions (iii) and (iv). Since #(t) is bounded w.p.1.,
it follows that [r E{||g.(¢, u(2)) [P]l*} d# < co and hence, that gz, u(?)) [P]
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is in M (H, G) as g (¢, u(¢)) [P] is measurable relative to &, for all tin T. Thus,
_[T 2.2, u(t)) [P] dw exists. Consider the sequence {g,"[®P]} where

85°(t, w(®) [D] = £.(t; , w;) [P]

fortin [, t;,4), j = 0,..., n — 1. Then g,"[®] is an element of .#,(H, G) for

every n. Moreover, since g, is continuous, || g,*[P]|| << M w.p.l for all » and

some constant M. Thus, Lemma 2.15 applies and (3.26) is established.
Finally, we prove that (3.27) holds. Let i be given by

o) 1 if lu; | <N for i<k
Xe ' =10 otherwise.

(3.28)

Then

Eflgitte, w) 31 < sup gt ) <o forall N,

Since (2 , 1) X3 is measurable relative to &, , we deduce from (3.3) that

E{g. oty , u) [P duwy, , ® Aw] My = ALE{r(g. (b , w)xi™ [ Eu))-

Setting

Pr = Zeelty » #p) [P dwy, , @ dwy]
and
O = pi — Aty t(Zeoltr » 1)) (D],

we have E{v,x\™} = 0 for all N. Moreover, by virtue of (3.2),

E{p® | F} = Aty tr(geelty , w)) [PE] XAV (3.29)
and so,

By | F3=0 (3.30)

for all N. [Note that g.(t, , u;) [PAw, , PAw,] is measurable relative to
e%k and that

E{l| geotr » wie) [P dwy, , P Aw,] X(N) I}

<u(W)EI sup gt ) < oo for all N]

It is clear that both E{|| p,x'" |’} and E{|| v,x}"|[?} are finite for all N and 4.

409/31/2-14%*
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Thus, if j > &, we have (by Proposition A.9 and (3.30))
E{wp®, vy | £} =0 (3.31)
since vy}, is measurable relative to &, . It follows that
Eox™, v} =0

if j 5 k and hence that

n—1 2
EY| T ool || = L Bl oa” P (332

A simple computation using the independence of || @ || and || dw, || leads to
the estimate

Y Efload” Iy <12 sup () gety D} B 21 w(W) E (e (3.33)

We immediately conclude that 3775 v, —0 in probability as max;, 44,—0.
Since

n—1

¥ (o — o) 0] < plsup 10}l > ),

73

we also see that 37— v, — 0 in probability as max; 4z, — 0. But

n—1

Z_: Atk a:(gvc(tk ’ uk)) [¢£w]

k=0
is an approximating sum for the integral j}li;(gcc(t, u(t)) [P£,)] dt. Thus,
(3.27) and with it, the theorem, are established.

CoroLLARY 3.34. Suppose that, in addition to the hypotheses of the theorem,
H = K and G = § (or R). Then dz can be written in form

dz = {g {2, u(t)) + {g(t), Veg(t, w(t))) + } te[D(t) WO(2) O08(t, u(1))]} dt
(3.35)
-+ <¢*(t) ch(t: u(t)), dw)

where V,g and ©,.g are the gradient and Hessian, respectively, of g with respect
to c.
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APPENDIX. INrmNITE DIMENSIONAL RANDOM VARIABLES

We collect some of the standard definitions and results of the theory of
Banach space valued random variables in this appendix as a convenience for
the reader. The treatment is along the lines of that given by Scalora [7].

Let (2, 2, p) be a probability space with # as Borel field and p as measure.
We assume that u is complete. Also, let X be a Banach space. We then have

DeriNITION A.l. A strongly measurable mapping %(-) of £ into X is
called a random variable.

A random variable x(-) is integrable on 2 if, and only if, there is a sequence
{x,(*)} of finitely valued random variables such that (i) x,(-) converges to
x(-) almost everywhere, and (ii) lim,,,po0 [o il Z(w) — 2p(w)]| dp = 0.

DeriniTioN A.2. If x(7) is integrable on £, then the expectation of x,
E{x}, is the element of X given by

E{x) = f _ lw) du = lim f ) dp. (A.3)

DerFINITION A4, Let & be a Borel field with % CZ and let x(-) be
integrable on Q. The conditional expectation of x relative to &, E{x | #},
is a random variable such that

[ r@)dn= | EBix|#})du (A.5)

for all Fin &
We note that E{x | Z} is unique w.p.l., is integrable on £, and is measurable
relative to &

DerFiNiTION A.6. Let T'=[T;,T,] be a finite interval. A mapping
x(t, w) of T X Qinto X is called a stochastic process on T if (-, -) is measur-
able in the pair (¢, w) (using Lebesgue measure on T).

Definition A.6 is more restrictive than the usual one (cf. Doob [3]) but is
adequate for our purposes. Also, we usually write x() in place of x(t, w)
when discussing stochastic processes.

DeFINITION A.7. Two measurable sets F, and F, in & are independent if
w(Fy N Fp) = u(Fy) p(Fy). If x(°) is a random variable mapping £ into X and
¥(*) is a random variable mapping 2 into Y, then x(-) and y(-) are independent
if the sets {w : ¥(w) € 4} and {w : ¥(w) € B} are independent for all Borel sets
4 of X and all Borel sets B of Y. Finally, a random variable x(-) is inde-
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pendent of the Borel field # C 2 if the sets F and {w : x(w) € A} are inde-
pendent for all ' in & and all Borel sets 4 of X.

The following propositions contain various results needed in the paper.
These propositions are easy extensions of similar results for the ordinary case
and are proven in detail in [2].

ProrosiTION A.8. If x(-) and () are independent X and Y valued random
variables, respectively, and if f and g are nonrandom Baire functions mapping X
and Y, respectively, into the complex numbers €, then f(x()) and g(¥()) are
independent random variables.

ProrositioN A9. Let F be a Borel field with % C 2. Let f, x and @ be
random variables on 2 to €, X and L(X, Y), respectively. Then

() i Eflix|} < oo, then E{E{x| F}} = E{x};
(i) & E{|| x|} < oo and x is measurable relative to F, then E{x | #} = x
w.p.L;
(i) f E{|| x|} < oo, E{|f|[| x|} < co, and x is measurable relative to F
then E{fx | #} = E{f| %} x w.p.l; and
(iv) f E{{x|} < oo, E{l|x]|]]| @I} < 0 and D is measurable relative to 7,
then E{®x | F} = OE{x | ¥} w.p.L
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