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1. Let (E, &, u) be a complete measure space of total mass one and
let A" be the set of all 4 € & such that u(4) = 0. We shall write A = B
whenever u(4 A B) =0; obviously 4 = B is an equivalence relation
in &. The tribes (== g-algebras) .7 € & considered below, will be always
supposed to contain A

Let now J € & be a tribe and let p be a mapping of 4 into . Prop-
erties of p, such as those listed here, will be considered in what follows:

0 pld)=4;

(I) A = B implies p(4) = p(B);
(1) pig) =, p(E) = E;

(1) p(AﬂB) = p(4) N p(B);

(V) p(4UB) = p(4)Up(B).

Using the results of [1], Maharam showed in [2] that:

(M) Given a tribe J C© & there exists a mapping p of 7 into 7
satisfying (I)-(V).

As a matter of fact, in [2] Maharam proved in detail only the existence
of a mapping y of J into J having the properties (I)-(IV). Once this
is achieved, the existence of p satisfying (I)-~(V) follows, as it was remarked
in [2], by repeating an argument due to von Neumann [3, pp. 111-112].
The validity of property (M) had been previously established by
von Neumann (see [3]; see also [4, Chap. VI] and [5]) for the case when
E =10,1] and (E, 7, u) is the usual Lebesgue space.

* This paper was sponsored by the Office of Ordnance Research under Grant
No. DA-ORD-12.

! For the notations and terminology concerning integration theory see [4]
and [97.
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We shall give here (Theorem 1) a different proof of property (M).
In particular, we shall work directly on the abstract measure space
(E, &, u) avoiding thus the use of any isomorphism theorem “with infinite
products of unit intervals or 2-point spaces.” Also, we shall not use the
results of [1]; the classical martingale theorem (see [6]) will be enough
for our purpose. Propositions 3 and 4 of this paper could be avoided,
and instead we could essentially repeat the (above-mentioned) argument
of von Neumann to deduce the existence of a mapping p of J into J
satisfying (I)-(V), once we know the existence of a mapping y of 7 into J
satisfying (I)-(IV). However, we included here the detailed proofs of
these propositions since they give an entirely different approach than
that devised in [3]. Moreover, they provide supplementary information
about the property (M) and make the paper self-contained.

The last part of the paper contains various applications of the above
results.

2. The results given in this and the next section will be used in
the proof of Theorem 1.

Let FC& be a tribe, He & and .7 the smallest tribe containing
Z and H; every set X € .7 can be written under the form

X=(AnH)u(BnCH)
with 4 e #, Be%. We shall prove now the:

PROPOSITION 1. Suppose that there is a mapping 4 of F into F having
the properties (I)-(V). Then there is a mapping p of T into T verifying
(I)—(V) and coinciding with 4 on F.

We shall divide the proof into five parts.

(a) For each X €& let #(X) be the set of all 4 €% such that
AnX =¢and X, = UseFx) A(4). It is easy to see thatX,, € F(X).
In fact, let (4,),n be a sequence (which we may suppose increasing)
of elements of #(X) such that

SUP 4 e 7 (x) #(A) = Supuen u(dn) = u(B);

here B = | Jnen 44 It is obvious that B € #(X). Now if 4 € #(X) then
AUBe#(X) and hence u(4d U B) = u(B); thus A(4)Ci(B). We
deduce? that X, = A(B) e #(X) (see also [2, p. 993)).

We remark that

X N(CX)e = ¢ (1)

2 Note that A(X ) = X -
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In fact,
X N (0X) = (X (€X)N X) U (X0 (€X) N CX) = ¢
and hence
XN (CX) o = A(Xw) N A(CX)w) = Ag) = 6.
(b) For each set X € & write O(X) = X 0 X,,. Define now:
p(H) = (H U O(CH)) n CO(H) = (H n CO(H)) U O(CH), @)
p(CH) = (CH U O(H)) n CO(CH) = (CH NCOCH)) L O(H).  (3)

From {2) and (3) we deduce that p{(CH) = Cp(H).
{c) For every C € #(H) we have {C) np(H) = ¢. Since A(C)C H,,
we deduce

MONHNCOH) = AC)NnHN(CHUCH,,) = ¢;
on the other hand, by (1),
ACYNOCH) = AC)nCHn (CH),, = ¢.

Hence (c) is proved.

(d) For every C € #(CH) we have A(C) n p(CH) = ¢. To prove (d)
it is sufficient to replace H by CH in (c).

(¢) For an arbitrary X = (AN H)U (BN CH) €7 (4, B € %) define

p(X) = (A4) N p(H)) U (A(B) N p(CH)).

If (4,nH)U(B;nCH) =(4,nH)U(B,NnCH) then A4, 24,e%#(H)
and B; a B, e #(CH). From (c) and (d) it follows that p is well defined
on  and that p coincides with 4 on #.

An immediate computation shows that p has the properties (I)-(V).
Hence the proposition is completely proved.

3. For each tribe J €& denote with M*(7) the Banach algebra
of all bounded real-valued .9 -measurable functions, defined on E,
endowed with the norm [ — ||f||o = sup,eg |[f(2)]. We shall denote
by #(J) the vector subspace of M*®(7) consisting of all functions
f=2]_icjpa, where c,,...,c, are real numbers and A4,,...,4,€T
(@4 is the characteristic function of the set 4). Let A4"* be the ideal
of all f e M*®(F) which are equal to zero almost everywhere (A" does
not depend on J7). We shall write f = g whenever f — g e A4, it is
obvious that / = g is an equivalence relation on M*(Z") and that 4 = B
(A, BeZ) if and only if ¢, = ¢p. We shall denote by f - N _(f) the
essential supremum semi-norm on M*(7).
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Let now T: f — T, be a mapping of M*(7") into M*(J"). Properties
of T, such as those listed below, will be considered in what follows:

) Ii=f

(I'Y [ =g implies T; = T,;

Iy 1, =1,

(IV') f > 0 implies T, > 0;

(V) Topy gy =aTy+ T

(VI'Y T4 =T,T

Let us remark that if T7: f — T, is a mapping of M®(7) into M*(7)
satisfying (I')—(V’), then

||Ty||lw = Nwff) for each fe M®(T). 4)

We shall denote below by €(J) the set of all mappings T: f — T,
of M*(7) into M®(J) satisfying (I")-(V’).

ReEMARK. If Te¥(J) and f,ge M™(T), then T (x) = Ty(x)T,(x)
for each x € E such that {x} ¢ 7.

In fact, let D = {y|T,(y) % T{y)T,(y)}. It follows from (I') that
DeA. Hence if xe€E is such that {x} ¢ 7, then x ¢ D and thus
Ty (x) = T((x)Ty().

PROPOSITION 2. The tribe T has the property (M) if and only if there
is a mapping T: | —T; of M®(T) into M*(T) having the properties
{IN-(vr).

Suppose that 7 has the property (M) and let p be a mapping of
g into J satisfying (I)-(V). For f=2Z]_ ¢ ps;€ F(T), define
Ty= Z{_1¢@oa;). It is easy to see that T} is well defined and that
|1T]|lo = Nolf) for each fe #(J); the properties (I')-(VI') are also
satisfied by f — T, on &(J"). Since £ (J) is dense in M=(J") (for the
topology defined by N), T: f — I; can be extended by continuity to
M>*(7) and the extension continues to satisfy the conditions (I')-(VI’).
Conversely, if there is a mapping T: f — T; of M®(J) into M*®(J)
verifying the conditions (I')~(VI’) and if for 4 € 7 we set g, = Ty,
(it is obvious that T, is a characteristic function), we obtain a mapping
p of J into J having the properties (I)-(V).

ReMARK. The mappings p and T considered in the above proof verify
the equations @, = Ty, for all Aec 7.

We shall denote below by R! the locally convex space Il;,e; R
where I = M*(7) x E and R%#* = R (= the real line with the usual
topology) for all (f, x) e I. Every T € 4(7) can be identified with the
element (Ty(x))4ner of RY; hence €(J) can be identified with a
convex part of RI
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We denote by L®(J) the quotient Banach algebra M>(7)/4"* and
by f — f the canonical mapping of M*(7") onto L*(J). The norm on
L=(T) is given by [ - N, (f) = N,(/). Let now £ be the set of all
¥ e (L°(J)) verifying the relations: 1) x'(I) =1, and ii) #'(f) = 0 if
7> 0. We recall that the set of extremal points of # coincides with the
set of all characters of L®(J") (see, for instance, [7, p. 443)).

ProrosITION 3. Let 0/, 0" be two mappings of T into T and let D be
the set of all T € €(T) such that go 4y < Ty, < Qor(a) for each A€ T .
Then 2 C6(T) is convex and T € D is extremal in D if and only if T is
extremal in €(T).

If T &2 is extremal in €(J), then obviously T is extremal in Z.
Conversely, suppose that 7 € Z is extremal in & but is not extremal
in €(7). There exist then TW, T® e @(7), TV £ T®, and 0 <t < 1
such that T =(T® + (1 —T®. Let now AeJ; we have
Ty (%) =tT o) (%) 4 (1 — ) Ty (%) for all xeE. If x€0'(4) then Ty (x) =1
and hence T9i(x) =1 for j =1,2; if x ¢ 6'(4), then gy, (1) = 0.

It follows that for all x € E, ngi(x) = pe(x), 1 =1,2). Ifx¢67'(4)
then Ty,(x) = 0 and hence T.(,f;(x) =0 for j': 1,2; if x€0”(4) then
Pora)(*) = L. It follows that for all x € E, T} (%) < goray(®), (f = 1, 2).
Hence TW e @ for § = 1,2, and this leads to a contradiction. This

completes the proof of the proposition.

ProposITION 4. Suppose that €(T) is nonvoid. Then there is a mapping
T*: [ —T* of M®(T) into M>(T) satisfying (I')-(VI'). Moreover, if
Te¥€(T) is given, we can choose T* so that T:A =Ty, for AT,
whenever Ty, is a characteristic function.

Let T e €(J) be given. We shall divide the proof into five parts:

(a) For each 4 €7 define 6'(4) = {#|To (x) =1} and 67(4)
={x|Ty,(x) £ 0}; we have obviously 6(4) =6"(4) =4 and
Py < Toy < Qorra)y

(b} Denote by 2 the set of all mappings S e%(J) such that
Vo) < Spy K Qorqy for all 4 €7

We shall identify & with a part of RY; @ ¢ R! is obviously convex
and by hypothesis nonvoid. For S €2 and (f, x) € I, we have by (4),
IS(x)| < N(f); hence @ is a bounded part of R'.

(c) We shall show now that Z is a closed part of R!. Denote by B*
the Banach algebra of all bounded real-valued functions on E, with the
norm f — ||fll,, = sup,cg |f(2)]. Let now (TUW); ; be a filtering family
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of elements of & converging to an element of R’. For each fe M*(T)
and x € E we have

limie] T/m (x) = T/w(x). (5)

It is obvious that 7°, as a mapping of M*(J") into B* satisfies the
conditions (II')—(V'); in particular, it follows that ||T,°||, < N(f) for
each f e M*(7). From (b) and (5) we deduce:

Po’(4) < T;OA < Do’ (4) for all Aed. (6)

But (6) implies that T.;: e M®(7) and that T, = @4 foreachd e 7.
Hence T;* e M®(7) and T, = f for each fe€ &(J). Since SF(T) is
dense in M*(J") and f — T~ is a continuous mapping of M*(J") into B*,
it follows that 7, = ffor all f e M*(J). Thus T € & and 2 is closed.

(@) Since @ is a convex compact part of R, there exists an extremal
point T* € Z (see [8, Chap. II, p. 84] and [7, p. 440]). We shall show
that T* satisfies also (VI’). By Proposition 3, T* is extremal in €(J).
Now every extremal point of ¥(7) satisfies (VI').® For the sake of
completeness, we shall give here a direct proof of this assertion:

(e) Let T* €¥(7) be an extremal point of ¥(J) and let x, € E. If
{xo} ¢ 7 we have, by the remark preceding Proposition 2, T*(%,)
= T*(xg) To*(xp) forallf, g e M®(T). If {x} € F and u({x,}) > O then
obviously Tp*(xg) = T *(xg) T *(%p) for all f,ge M=(J). Finally, if
{%} € 7 and u({x,}) = 0, consider the mapping yz,,: f— T;*(xy) of L=(T)
into R; it is clear that y, € #. We shall show that y,, is extremal in 2.
In fact, otherwise there would exist yy, y3 €2 3 7 %2 and 0 < ¢ << 1
such that y, =ty; + (1 — #)y,. Define now T by T\ (y) = T*(y)
fory # xgand T (xg) = x;(f) (f = 1, 2); it is clear that T, T®e ¥(T),
TW 3 T®, and that T* =(T® + (1 — #7T®. But this contradicts
the fact that T* is extremal in €(7); hence x,, must be a character of
L*(7) and thus Tp*(xg) = Tp*(%,) T,*(xp) forallf, g € M*(T). Therefore
T* satisfies (VI').

Since the last assertion of Proposition 4 is obvious, the proposition is
completely proved.

4. We shall show now that (E, &, ) has always the property (M).

3 In fact, a more general result is valid: Let Z, and Z, be two compact spaces,
C{(Z,) and C(Z,) the corresponding Banach algebras of continuous real-valued func-
tions on Z, and Z,, respectively, and & the convex set of all linear positive mappings
T of C(Z,) into C(Z,) mapping 1 into 1. Then T €% is extremal in & if and only
if it is multiplicative.



ON THE LIFTING PROPERTY 543

THEOREM 1. Let (E, &, p) be a complete measure space of total mass one.
Then there is a mapping T: f— T, of M®(&E) into M*®(E) satisfying the
conditions (I')—(VI').

Let H be the set of all pairs (7, 1‘7) where 7 € & is a tribe and 77
a mapping of M*(J") into M*(J) having the properties (I')—(VI’); it is

clear that H is nonvoid.4 We shall order the set H as follows: (& ,Tg:)
< (9, Tg) if #C % and if the restriction of 7Y to M *®(#) coincides

with Ty. It is obvious that to prove the theorem, it is enough to show
that every totally ordered part of H has an upper bound in H. In fact,

by Zorn’s theorem, there is then a maximal element (%, T"g) in H;
by Proposition 1 (and Proposition 2}, it follows that & = & and hence

that there is a mapping T = ¢ of M ®(€) into M™®(&) satisfying
(I')-(VI).

To prove that every totally ordered part of H has an upper bound
in H we shall reason as follows: Let @ = (7, T%W),.; be a totally

ordered family of elements of H (we denote here 77 = T for each
€ J) and let I, be the tribe spanned by {J;c; 7;. We have to distin-
guish two cases:

{a) There is no countable cofinal part in J.

Let fe M*(J ,); there is then a countable part I € J such that
e M*(7 ) where J; is the tribe spanned by U]-e, ;. Whefisan
element superior to all j € 1, then f € M®(7,). Define T;* = T/M; it is
clear that 7,° is well defined and that T®: f— T,® is a mapping of
M®=(T ) into M®(T ) satisfying (I')-(VI') and the equation T, = T,
for all feJ and fe M*(7,). This shows that (J , T®) is an upper
bound of the family @.

(b) There is a countable cofinal part K in J.

We may suppose that K is the set of elements of an increasing sequence
(j(n))nen (the case when J is finite is obvious). Remark that in
this case 7, is the tribe spanned by \J,cy 7 . For each f e M*(T )
and # €N, denote by f, (an arbitrary bounded determination of)

the conditional expectation of f with respect to 7, ; we have ][T;ﬁ”))llm
= N(fs) < NL(f). Let now % be an wultrafilter® on N finer than the
Fréchet filter. For each fe M*(J ,) and x € E define:

Ty (x) = limg, T}, U™ (x).

4 It is sufficient to take for J the tribe consisting of all the sets 4 €.4" and
CA with 4 € A, to define p(B) = ¢ it B € 4 and p(B) = E if CB € A" and to
use Proposition 2.

5 The use of the ultrafilter % was suggested in [5].
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By the martingale theorem (see [6]) the sequence (7 gf"”(x)),, N Converges
to f(x) for almost every x € E, and hence Ty e M*(7 ) and T} ={.
It is easy to see that 7”: f— T, is a mapping of M*(J ) into M™(T )
having the properties (I')—~(V’). By Proposition 4, there is a mapping 7
J—= T, of M®(7 ,) into M*(J ) satisfying (1')—(V1') and the equation
T ;; = T; 4 for 4 € 7, whenever T:,, , is a characteristic function. If
A e T for some j €], then for all » sufficiently large 4 € 7, and
hence T;, 4 = Tg‘f!"” = Tgi is a characteristic function. It follows that
To, = To 4= T,(,Z for every j € ], A € 7, and therefore T,° = T/ for
all fe M®(J), 1 € J. This shows that (7 ,, T®) is an upper bound of
the family @.

Hence the theorem is completely proved.

COROLLARY 1. Let (E, &, u) be a complete totally o-finite measure space.
Then there ©s a mapping T: f— T, of M*(&) into M (&) satisfying the
conditions (I)-(VI').

The algebra M*(&) is defined here as before.

COROLLARY 2. Let Z be a locally compact space and p a positive Radon
measure on Z. Then there is a mapping T [ T; of M®(Z) into M=(Z)
satisfying the conditions (I')-(VI').

We denote here by M=(Z) the (Banach) algebra of all real-valued
bounded u-measurable functions [4, Chap. IV] defined on Z and by A7
the ideal of all locally u-negligible functions [4, Chap. IV] belonging to
M=(2); N, is the essential supremum seminorm on M*=(Z) [4, Chap. IV].
Corollary 2 is a consequence of Theorem 1 above and of Proposition 4 in
4, Chap. V, pp. 6-7].

REMARK. In connection with the corollary on p. 993 in [2], we wish
to remark that the Haar measure on a compact group is completion regular
(see [9, pp. 288-289]). This gives immediately the above mentioned
corollary.

5. Using Corollary 2 above, we deduce that Theorem 1 and the
Corollaries 1, 2, and 3 in [4, Chap. VI, § 2, No 5] remain valid without
the assumption that the locally convex space F contains a countable

dense set.® In the case when F is a normed space, the norm on Li'f/s should
be defined by (f— f is the canonical mapping of £, onto Li):

No(f) = inf {N((g]) (ge.?}",s,g' = f}. (7)
6 The assertion of corollary 3 in (4, Chap. VI, § 2, No 5] that there is a

determination of f such that f(§) e H’ for each ¢ ¢ T, can be proved using “‘the exist-
ence of a lifting” given by Theorem 1 of this paper.
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We wish to mention explicitly that the above results show in particular
that the Dunford-Pettis theorem (see [10] and {7, pp. 503-504]) holds
without any countability hypothesis (this was shown in [5], at least for
the case of Banach spaces, assuming that the result of Corollary 2 of this
paper was valid).

The Proposition 10 in [4, Chap. VI, § 2, No 6], giving the dual of
the space Lz!, remains also valid without assuming that F contains a
countable dense set [the norm on L;‘?,s is again defined by formula (7).

Let now Z be a locally compact space, u a positive Radon measure
on Z and F a separated locally convex space; let P be the set of all
continuous seminorms on F. For each mapping f of Z into F let

Nip(f) = g p(f(2) du(z)

z

Denote by F ! the vector space of all mappings f of Z into F such that
Ny, (f) is finite for each p € P (IN;, is obviously a seminorm on F ).
Consider on & 7+ the locally convex topology defined by the family of
seminorms (N, ,),ep. Let o FC.;" ! be the vector space of all contin-
uous mappings of Z into F having compact support. Denote by jF‘
the closure of 5 in F41, by L;! the associated separated space and by
f— ] the canonical mapping of £z! onto Lz'. It can be shown that:

() If feZpl, ¢ € £r, and g'(Z) is an equicontinuous part of F’,
then z— (f(2), ¢'(2)}) is essentially integrable:

(i) If f,=Ffels, ¢ =¢" €Lr, and ¢'(Z), ¢"(Z) are equicontin-
uous parts of F’, then {f,, g') = ({5, ¢'") locally almost everywhere.

It follows that

b(8): f~>§<f,g'>d/t
z

(here g’ is an element belonging to the class g € LE':O/S such that g'(Z) is
an equicontinuous part of I} is a well defined (continuous linear) mapping
of Lpl into R. Moreover, we have the following

THEOREM 2. Let F be a separated locally convex space. Then 9: g~ 0(g)
is a onme-to-one linear mapping of Li/, onto the dual of Lgt.

We shall not give here the proof of Theorem 2 (it can be obtained
using essentially the same method as in the proof of Proposition 10 in
(4, Chap. VI, § 2, No 5]).



546

[

10.

TULCEA AND TULCEA

REFERENCES

. ManARAM, D., On two theorems of Jessen. Proc. Am. Math. Soc. 9, No. 6,

995-999 (1958).

. MauaraM, D., On a theorem of von Neumann. Proc. Am. Math. Soc. 9, No. 6

987-994 (1958).

. voN NEUMANN, J., Algebraische Reprisentanten der Funktionen bis auf eine

Menge von Masse Null. J. Crelle 185, 109-115 (1931).

. BourBaki, N., “Intégration,” Chaps. I-VI. Hermann, Paris, 1952-1960.
. DiEuDoNNE, J., Sur le théoréme de Lebesgue-Nikodym (IV). [. Indian Math.

Soc. (N.S.) 15, 77-86 (1951).

. ANDERSEN, E. SPARRE AND JEsseEN, B., Some limit theorems on set-func-

tions. Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 25, No. 5 (1948).

. Dunrorp, N, aND ScuwarTz, J. T., “Linear Operators,” Part I. Interscience,

New York, 1958.

. BourBaxki, N., “Espaces vectoriels topologiques,”” Chaps. I-II. Hermann,

Paris, 1953.

. Harmos, P. R., “Measure Theory.” Van Nostrand, New York, 1950.

Dunrorp, N. anD PETTIS, B. J., Linear operations on summable functions.
Trans. Am. Math. Soc. 47, 323-392 (1940).



