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Abstract

In this paper, we apply the method of quasilinearization to a family of boundary value
problems for second order dynamic equatiens®Y + g(t)y = H(z, y) on time scales.
The results include a variety of possible cases wHeis either convex or a splitting of
convex and concave parts and whether lower and upper solutions are of natural form or of
natural coupled form.
0 2002 Elsevier Science (USA). All rights reserved.
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1. Introduction

Beginning from the work [3] of Atici and Guseinov, in the literature the ho-
mogeneous Sturm-Liouville equation on time scales is considered in the form

AV (1) +qy(t)=0, tela,bl
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Here we apply the well-known quasilinearization method for the honhomoge-
neous dynamic equation given by the form

-y +qy0)=H(t,y®), 1€la,bl,
with the periodic boundary conditions (not separated boundary conditions)

Y(e@)=y®),  y(p@)=y"®),
as well as with the separated boundary conditions

y(p@)=A4A,  y(ob)) =B,

wherea # b.

The paper is organized in the following manner. In Section 2, we provide
preliminary material about the calculus on time scales. In Section 3, we introduce
the definition of coupled upper and lower solutions for the given type of dynamic
equations. Under certain assumptions orand ¢ which are placed in the de-
composition ofH as sum, the uniqueness result for the solutions of the periodic
boundary value problem is given. In Section 4, we admit a decompositiéh of
into a sum of convex and concave functiorfsand g, assumingg is strictly
decreasing ang satisfies only a one sided Lipschitz condition and develop the
method of quasilinearization. For the periodic boundary value problem we shall
rely heavily on Topal’'s paper [18]. In Section 5, we only state without proof, the
results obtained similar to those in Sections 3 and 4, for separated boundary value
problem. Related papers on time scales are [2,8,12,14,16].

2. Calculuson time scales

For the details of basic notions connected to time scales we refer to [1,3,4,6,
9-11,13].

Let T be a nonempty closed subsétre scaleor measure chainof the real
numbersR. The forward and backward jump operaterso: T — T are well
defined, respectively, by

o@)=inf{seT: s>t} and p()=supseT: s <t}.

In this definition we put in = supT and su@ = inf T, where® denotes the
empty set. A pointt € T is calledleft-denseif ¢+ > infT and p(¢) = ¢, left-
scatteredif o(r) < t, right-denseif ¢+ < supT ando (¢) = ¢, right-scatteredif

o (1) > t. We define the sef§*, T* and T, which are derived from the time scale
T as follows. IfT has a left-scattered maximum thenT* = T — {r1}, otherwise
TK = T. If T has a right-scattered minimurp, thenT; = T — {r»}, otherwise
Ty = T. Finally, T* = T* N T¢. The forward graininesg : T — Ro* and the
backward graininess: Ty — R~ are defined by

u)=o()—t and v()=p() —t,
respectively.
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If £:T — Ris a function and e T, then the “delta derivative” of at the
point ¢ is defined to be the numbgt? (r) (provided it exists) with the property
that for eache > 0 there is a neighborhodd c T of ¢ such that

|fa@®) = f) = fAW[o(t) —s]| <e|o(®) —s| forallseU.

If € Ty, then the “nabla derivative” of at the point is the numberfY ()
(provided it exists) with the property that for each- 0 there is a neighborhood
U c T of t such that

|F(p®) = f) = FYO[p@) —s]| <e|lp@) —s| forallseU.

A function F : T — R is called adelta-antiderivativeof f:T + R provided
FA(t) = f(r) holds for allr € T*. In this case we define the integral piby

t

/f(S)ASZF(t)—F(a)

for all a,t € T. A function G: T, — R is called anabla-antiderivativeof f:
T — R providedGY (1) = f(¢) holds for allt € T,. In this case we define the
integral of f by

t
/f(S) Vs=G(1) = G(a)

foralla,r e T.
Note that in the cas& = R we have

Ao =rYo=ro,

b b b
/f(f)AtZ/f(t)Vt:/f(t)dt.

In the casel = Z we have

fFAO=fe+D—f@o, fFO=f0) - ft-1),

b b—1 b b
/f(r)Ar=Zf(k> and /f(t)Vr: Y. Sk
a k=a a

k=a+1

wherea, b € T with a < b.
The following theorems either are in the reference [3] or are not difficult to
verify.

Theorem 2.1. For f:T — R andt e T* the following hold
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(i)
(ii)

(iii)

(iv)
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If fis A-differentiable atr, then f is continuous at.
If £ is continuous at and: is right-scattered, therf is A-differentiable at
t and

A So@)— fQ)
f (t)——a(t)_t .
If ¢ is right-dense, therf is A-differentiable at if and only if the limit
lim J@—f(s)

s—t r—s

exists as a finite number. In this cagé (¢) is equal to this limit.
If fis A-differentiable atr, then

fle®)=f) +[o@®) —t]f20).

Theorem 2.2. For f: T — R ands € Ty the following hold

(i
(ii)

(iii)

(iv)

If fis V-differentiable at, then f is continuous at.
If f is continuous at andt is left-scattered, therf is V-differentiable att
and

v, Jp@)=f®
T
If ¢ is left-dense, therf is V-differentiable at if and only if the limit
im J@®) —f(s)
s—>t r—s

exists as a finite number. In this cag& (¢) is equal to this limit.
If fis V-differentiable at, then

fle®)=f®) +[p@) —t]f¥@.

Theorem 2.3. The following inequality holds

b b

</\f(t)g(t)\vt< (0(£?g><<b\f(t)\)/\g(t)lvt.

b
/ f()eg) Ve

3. Coupled lower and upper solutions

We shall study the periodic boundary value problem (PBVP)

—y2V(O) +qy) = f(t,y®) +g(t, y@®)), 1 €la,bl, (3.1
y(e@)=y®),  y(e@)=y2b), 3.2)
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wherea,b € T, [a,b]={t € T: a <t < b} is closed and bounded subset and
lv(a)| = n(b). Assume that the following conditions are satisfied throughout this
section:

(H1) ¢ (¢) is continuousg (t) > 0 andg(¢) # O for eacty € [a, b].
(H2) f, g e C(la,b] x R) with respect to standard topology @hx R.

We now present a method of upper and lower solutions which is well-known
for ordinary differential equations [5,7,15,17], and recently developed by Akin
[2] for separated boundary value problems on time scales.

We define the set

D:= {y € B: y# is continuous of* andV-differentiable oril*,
y4V is continuous orT*}

where the Banach spae= C([p(a), o (b)]) is the set of real-valued continuous
(in the topology ofT") functionsy(¢) defined o p(a), o (b)] with the norm

Iyll=_—max [y(r)].
g ze[p(a),a(b)]‘y |

Definition 3.1. Real valued function&(z), 8(t) € D on [p(a), o (b)] are called
natural coupled lower and upper solutiorisr (3.1), (3.2) if respectively the
following hold:

—aV (1) + gOa(®) < f(1, @) + g, a(0)
for ¢ in [a, b], a(p(a)) = a®d) anda? (p(a)) > a2 (),
BV +qB® = [ (1, ) +8(t, (1))
for zin [a, b], B(p(a)) = B(b) andB* (p(a)) < B2 (D).
Theorem 3.2 [18]. Assume tha& and 8 are coupled lower and upper solutions

for (3.1), (3.2)anda () < B(t) on[p(a), o (b)]. Then problen{3.1), (3.2)has a
solutiony(¢) with a(¢) < y(#) < B@¢) fort in[p(a), o (b)].

Some results concerning monotone methods and the method of quasilineariza-
tion for second order dynamic equations require the use of second derivative test.
The next lemma deals with the sign of the delta and the delta—nabla derivatives of
a function at a point of local maximum. The proof of the lemma follows from a
related result in [2] and Theorem 2.5 in [3] which gives the relationship between
delta and nabla derivatives.

Lemma 3.1. Assume: € D. Choose € (a, b) such that

x(c)=max{x(t): t € [a, b]}
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and
x(t) <x(c) forte(cb].
Then

x2()<0 and x?)V(c)<O.
Theorem 3.3. Assume that

() «a(r), B(r) are coupled lower and upper solutions ¢B.1), (3.2) on
[p(a), o (b)];

(i) the functiong is strictly decreasing iry;

(iii) foreachr € [a,b], f(t,x) — f(t,y) < q@)(x —y) wherey < x.

Thena (1) < B(1) on[p(a), o (b)].

Proof. Defineh = o — 8. For the sake of contradiction, let us assume the resultis
false. Letc be such thak(z) has a positive maximum at somén [a, b] such that
¢ satisfies the hypothesis of Lemma 3.1. Consequently, we (aaves)? (¢) < 0
and(a — )2V (c) < 0. On the other hand,
@—=p)V () =a?V () - B4V ()
> —f(c,a(0)) = g(c, a(e)) +gq()ale)
+ f(c. B©) + g(c, B(©) —gq(c)B(c)
> 0.

This implies thath2V > 0 which is a contradiction. In view of the boundary
conditions that:(¢) satisfies, the result follows. O

Corollary 3.4. Under the hypotheses of Theorén?, the solution of the BVP
(3.1), (3.2)is unique.
4. Main results

First, we denote the sector for everyv € D such that
[u,v] = {w el ult) <w(@) <v@), te [,o(a), o(b)]}.

In the following results, note that, and f,, are the usual partial derivatives
of f over the time scal&.

Theorem 4.1. In addition to the hypotheses of Theor8rBassume that

(i) ao, Bo are coupled lower and upper solutions (&.1), (3.2)on[p(a), o (b)],
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(i) f.g € C?(la,b] x [ao, fol) satisfy
fyy(f,)’)>O, gyy(t,Y)<0 for(tay)e[avb]X[QOaﬂo]

Then there exist monotone sequeniegs, {8,} which converge uniformly to the
unique solution 013.1), (3.2)in [«o, Bol.

Proof. First we note that the assumptiofis, (z, y) > 0 andg,, (¢, y) < 0 along
with using mean value theorem &yield the following inequalities

f,w) = fe,v)+ f,¢,v)(w—v) and 4.1)
g(t,u) = g(t,v) + gy, u)(w —v) (4.2)
foru>v.

Define two linearizationg andG of f + g as follows:
F(t, a0, Bo; y) = f(t, ag) + fy(t, 00)(y — o) + g(t, @0)
+ gy, Bo)(y — @o),
G(t, a0, Bo; y) = f(t, Bo) + fy(t, a0)(y — Bo) + g(t, Bo)

+8y(1, Bo)(y — Bo)-
In addition to the PBVP (3.1), (3.2) we also consider the following PBVP’s

—y2V(0) 4+ q(0)y(t) = F(t,a0, fo; ¥), 1t €la,bl, 4.3)
with boundary conditiong3.2) and
AV (1) +q(0)y(t) = G(t, a0, Bo; ¥), 1 €la,bl, (4.9

with boundary conditiong3.2).
The inequalities (4.1), (4.2) and hypothesis (i) imply
—a0®Y + g (D)o < [ (1, @0) + g (1, @0) = F (1, a0, fo; @),
—B0™Y +q (o> f(t, Po) + g (1, Bo)
= f(t, a0) + fy(t, 20)(Bo — o) + g(t, @o) + gy (t, Bo)(Bo — o)
= F(t, ao, Bo; Po)-
Hence by Theorem 3.2 there exist a solutier(z) of (4.3), (3.2) such that
ao(r) < a1 (?) < Po(?) on[p(a), o (b)].
Similarly, using (4.1), (4.2) and hypothesis (i), we obtain
—a0”Y + g (o < f(t, 20) + g(t, x0)
< f(2, Bo) + fy(t, ap)(ao — Bo) + g(z, Bo) + gy (¢, Bo) (a0 — Bo)
=G (1, a0, Bo; @0),
—B0™Y +q()o = £ (1, Bo) + &(1, Bo) = G(1, a0, Bo; Bo),
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and therefore, as before, there exists a solufigfr) of (4.4), (3.2) such that
ao(r) < Ba1(7) < Bo(r) on[p(a), o (b)].
Now since—a14Y + g ()a1(r) = F(t, ao, Bo; @1), We get that
—a1?V + g (o
= f(t,a0) + fy(t, ap) (a1 — ag) + g(t, 00) + gy (¢, Bo) (@1 — o)
< f(t o) + g o) + gy (7, a1) (@0 — @1) + 8y (7, Bo) (a1 — o)
< f(t,a1) + g(1, a1) + [gy (1, Bo) — gy (1, a1) ] (o1 — o)
< f@t 1)+ g, 1)
in view of the factg, (¢, u) is nonincreasing im anda < fo. Similarly we obtain

—B12Y +q(1)B1
= f(t, Bo) + fy(t,a0)(B1— Bo) + g(z, Po) + &y (¢, Bo)(B1 — Po)
= f(t, B1) + fy(t, B1)(Bo— B1) + fy(t, a0)(B1 — Po) + g(t, B1)
> f(t, Br) + g, B1) + [~ fy (. BD) + fy(t, @0)](B1— Bo)
= f(t, B1) + g, 1)

because of the facf, (¢, u) is nondecreasing in andog < f1. We can conclude
from the above estimates that and 81 are coupled lower and upper solutions,
respectively, for the PBVP (3.1), (3.2) and it then follows from Theorem 3.2 that
a1(t) < B1(t) on[p(a), o (b)]. Consequently these results yield

ao(t) < ax(r) < B1(t) < Po(t) on[p(a),o(b)].
Next we consider the following PBVP’s

—yV (O +qW)yt) =F(t, a1, s y), 1 €la,bl, (4.5)
with boundary conditiong3.2) and
=V +q)y1) =G, a1, 13 y), 1 €la,bl, (4.6)
with boundary condition$3.2).
Observe that

—a1?Y + g1 < f(t,a1) + g(t,01) = F(t, 01, p1; a1),

1Y +q0B1L= f . B1) + 8, B1)
> g(t,a1) + fy(t, 1) (B1 — 1) + g(t, 01) + gy (t, B1)(B1 — 1)
= F(t, 01, B1; B1)

in view of (4.1) and (4.2).
Consequently by Theorem 3.2, we obtain, as before, a solutign of (4.5)
exists such that

a1(t) <az(r) < B1(t) < Po(t)  on[p(a), o ()]
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Similarly, since

—a1?Y 4+ q(er < f(t, a1) + g(t, a1)
< f@, By + fr(t, an)(ar — Br) + g, Br) + gy (¢, o) (a1 — B1)
=G (1, a1, B1; 1),
1Y + gL = £, Br) +8(1, Br) = G(1, a1, B1; Bu),
we conclude that there exists a solutjgy(r) of (4.6), (3.2) satisfying

a1(t) < B2(1) < Ba(t),  on[p(a),o(b)].

Again one can see thap and g, are coupled lower and upper solutions, respec-
tively for PBVP (3.1), (3.2). The validity of the inequalityy < 82 follows from
Theorem 3.3.

Following the similar arguments as before, we have that

n (1) < ap41(1) < g1 () < B (), 1€[p(a@),0(b)], n=0,1,2,...,

where for each, «,,41 is a solution of the PBVP

=y +q®)y=F(t,om, Bu;y), tela,bl,
and the boundary conditions (3.2), a1 is a solution of the PBVP’s

2V 4 q(t)y=G(t,an, Bu; y), t€la,bl,

with the boundary conditions (3.2).

Since[a, b] is compact, it follows that the convergence of each sequgnge
or {B,} is uniform.

Now we show that each sequenfe,}, {8,} converges to the solution of
the PBVP (3.1), (3.2). Topal [18] has constructed the Green’s funciigns),
associated with the PBVP (3.1), (3.2)(z, s) can be employed to solve nonlinear
dynamic equations through the following observatignis a solution of the
PBVP (3.1), (3.2) if and only i is continuous ofT and

b
Y0 = [ G.9[f(5.56) + 8l y)] 5. e [pt@.o®)]
p(a)
Hence for the solutiom(z), t € [p(a), o (b)] of the PBVP (3.1), (3.2) the equation

b
y(r) = / G, ) f(s.y(®) +&(s.y(®))] Vs, te€[p(a).b] (4.7)
pla)

holds. Conversely, if a function(t), t € [p(a), b] is a solution of Eq. (4.7), then
the extensiony (), t € [p(a), o (b)] of this function, where
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b
Yo ®) = [ Glo®)s)[F(s.36) + gls.3(5)] V.
p(a)

will be a solution of the PBVP (3.1), (3.2).

Thus between solutions of the PBVP (3.1), (3.2) and Eq. (4.7) there is a one-
to-one correspondence. Consequently, the existence and unigueness of solution
of the PBVP (3.1), (3.2) is equivalent to that Eq. (4.7). As a result of this,
we investigate Eq. (4.7) in the Banach spd@te- C([p(a), b]) of real valued
functionsy(¢) defined o p(a), b] with the norm

Iyl = _max |y@)].
Y tE[ﬂ(a),b]|y |

Now define

b
anp1(t) = / G, s)F(s,an, Bu;ant1) Vs, tela,bl.

p(a)
Note that{c,} converges monotonically and uniformly to some functioand

F(s,an, Bn; ant1) — f(sv ()[(S)) + g(s, Ol(S))
where the convergence is uniform pin »]. Now by Theorem 2.3,

b
max / |G(t, )| Vs < max G(t,5)(b—p(@).
telp(a),b] (t,5)€lp(a),blx[p(a),b]

p(a)

We have desired result
b

a(t) = / G(t,s)[f(s,a(s))—}—g(s,ot(s))]Vs, t €la,bl]. O

p(a)

Corollary 4.2. Assume that

(i) «o, Bo are coupled lower and upper solutions@.1), (3.2)on[p(a), o (b)],
(i) f.g € C?(la,b] x [ao, fob),
(i) fy(r,y)<Oandg,(t,y) <0on(,y) €la, bl x [ao, Bol,
(V) fyy(t, y) >0andgyy(r,y) <0on(,y) € la, b] x [ao, Pol.

Then the conclusion of the Theordmi is true.
The above theorem also contains the following result which is new because

we get simultaneously lower and upper bounds by means of monotone sequences
that converge to the unique solution of the PBVP
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V(O +qy@) = f(t.y®), tela,bl, (4.8)
y(p@)=yb),  y(p@)=y*®). (4.9)

Corollary 4.3. Assume that

(i) «o, Bo are lower and upper solutions @#.7), (4.8)on[p(a), o (b)],
(i) f € C?(la, bl x [ao, Po)),
(”I) fy(t’ )7) < Oandfyy(tv )’) g Oon (tv )’) € [Cl, b] X [a07 ,30]

Then there exist monotone sequeniegs, {8,} which converge uniformly to the
unique solutiory of (4.7), (4.8)in [«o, Bol.

We now prove the following lemma which plays an important role in the proof
of the result concerning the order of convergence of the sequémgieand{s,}.

Lemmad4.l. Let G, (z, s) be a Green’s function for PBVP

V@) + g y(®) = h(t), tela,bl,
y(e@)=y®),  y(p@)=y"®),

whereg,(t) > 0, g,(t) #0 for all t € T andn € N. If ¢,(¢) < ¢gn4+1(), then
G,(t,s) is decreasing as a sequencelgra), b] x [p(a), b].

Proof. First one can observe th@i, (¢, s) — G,+1(t, s) is sufficiently smooth and
satisfies the PBVP
=3O + gu(Oy(®) = (qn42() = gu () Grya(t,s), t€la,b],
Y(p@)=y®).  y*(p@)=y*®).
for fixeds. Hence we have

Gn(ts S) - Gl‘l+1(t7 S)
b

_ / Gt ) (@ s1(F) — Gn () G 1 (o) Vr, 1 € [a. bl.
p(a)

The integrand on the right hand side is positive in view of the positivity property of
the Green'’s function (see [18), (¢, s) and monotonicity of the sequengg().
Then the result follows. O

To get the quadratic convergence result, in addition to (iii) of Theorem 3.3, we
assume that for eache [a, b], f(t,x) — f(t,y) Zq(@)(x — y), wherey < x.

Corollary 4.4. The convergence of each sequefwgg and {3, } is quadratic.
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Proof. Setu, =y —a, andv, =8, — y.
We only show the quadratic convergence with Applying the mean value
theorem, there exist, s2, s3 such that

oy < 51,52,53< B

and

—un1?Y + [q(0) = £yt Bo) |unsa
=f@,y)+gt,y)— f(t,an) — gt an)
— [ fy (., an) + gy (t, B) | (@1 — o) — fo(t, Bu)ttns1
= (f +Q)y(t, sDun — [ [yt otn) + gy (t. B) ] (ns1 — )
- fy(t’ Br)unia
=[fy(t.s1) — fy(t, on) |un + [8y(t, 51) — &y (1, Bn) Jun
+ [ Syt o) + gy(t, B Junsa — Sy (1, Bu)uns1
Syy(t,52) (51— an)itn — gyy(t,53)(Bn — 51)ttn
Foy (1, 52)ttn® — gyy (1, 53) (tn + V)it

Then using the inequality, v, < (1/2)[u,? + v,?] and the hypothesis ofi,, we
have that

<
<

3 N
—tn1?Y +[q(®) — £y, B) Juns1 < (M + EN) llnl1? + > l[on |1

where| fyy| < M, |gyy| < N. Since
b
Unt1 () = / G (t, ) {—uns1®Y + [q(5) — fy (s, Bu) Juns1} Vs,

p(a)
teT,

andG, (¢, s) > 0 for eachwn, it follows that

0 < Mn+l(t) < max an (tv S)(b - ,O(Cl))
(t,s)€lp(a),bIx[p(a),b]

M+ 28 ) a2+ a2
X — " —lvn
R A 2

whereG,, (1, s) is the Green’s function for the dynamic equation

—y2V +[q) = fy(t, B)]y =0, tela,bl,

with the boundary conditions (3.2). Singg(r) = g (t) — f, (¢, Bn) is a positive

and monotone increasing sequence, as a result of Lemma 4.1 the sequence
{Gy, (t,5)} is uniformly bounded ofio (@), b] x [p(a), b]. Similar quadratic con-
vergence result can be drawn fgras well. O



F.M. Atici et al. / J. Math. Anal. Appl. 276 (2002) 357-372 369
Example 4.1. Let T be any time scale. Consider the following PBVP:

—yAV(t)er(t):%(er;) —¢¥, 1ela.bl, (4.10)

y(p@)=yb),  y*(p@)=y*®). (4.11)
Since

1 9
5=—0)" (O +aon) < 7 —e'?
andag(p(a)) = ao(b), af (p(a)) = af' (b), ao(t) = 1/2 is a lower solution of
PBVP (4.10), (4.11). SimilarlyBo(¢) = 1 is an upper solution of PBVP (4.10),
(4.11) since

3
1=—p57 () +Po) > 5 — e
andBo(p(a)) = Bo(b), B§ (p(a)) = BE (b).
If we choosef (t, y) = (1/2)(y+2/y) andg(¢, y) = —e”, then these functions
satisfy the hypotheses of Theorem 4.1[anb] x [ao, Bo]. Therefore there is a
unique solution of the PBVP (4.10), (4.11) betweeytr) = 1/2 andBo(z) = 1.

Example 4.2. Let T be any time scale. Consider the following PBVP:

-y +y@)=—y*—4y, 1e[0,4], (4.12)
YO =y@), y0)=y*@). (4.13)
Thenag(r) = —1 and Bo(r) = 1 are lower and upper solutions for the PBVP

(4.12), (4.13), respectively. As in the proof of the Theorem 4.1, for @aah) 1
is a solution of the PBVP

=y 4 (1) = g(t,0n) + gy (1, B)(y — ), 1[0, 4],
with the boundary conditions (4.13), afig 1 is a solution of the PBVP’s

AV b y(0) = g(t, Bu) + gy(t, By — Bn), 1 €[0,4],

with the boundary conditions (4.13), wheyé, y) = —y2 — 4y.
One can easily see that andg, are obtained by

_ an—1(2Bn—1—op—1) — ,Bn—l2
" 2Bp-1+5 2Bp—1+5
We see that the sequengg is monotone decreasing and its limit is zero and

the sequence,, is monotone increasing and its limit is zero. Therefore they both
converge to the unique solution, whichyis= 0, of this PBVP (4.12), (4.13).

’ ﬁl‘l
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5. Separated boundary conditions

In this section, we will study the separated boundary value problems and state
results similar to those in Sections 3 and 4. Once again, we shall only state results
whose proofs can be obtained using analogous arguments.

We are concerned with the boundary value problem

=V @) +qy@) = f(t.y®) +g(t. y@), 1€la,b], (5.1)

y(p@)=4,  y(o®)=B, (5.2)
wherea, b € T, [a,b] ={t € T: a <t < b}. Assume that the following conditions
are satisfied throughout this section:

(S1) ¢(¢) is continuousg (z) > O for eactr € [a, b].
(S2) f, g € C([a, b] x R) with respect to the standard topologybf R.

Definition 5.1. Real valued function&(t), 8(t) € D on[p(a), o (b)] are called
natural coupled lower and upper solutiofigr (5.1), (5.2) if respectively the
following hold:

—a®V (1) +qat) < f(t,a0) +g(t, )
forzin[a,b], a(p(a)) < A anda(o (b)) < B,

=BV () +qB®) = f(t. B®) +g(t. B(1))
for¢in [a, b], B(p(a)) > A andB(o (b)) > B.

Consider Banach space of a set of continuous functiorig @r), o (b)],
B= C[p(a), U(b)],

with the norm

lyll= —max |y(@)|
Y te{p(a),o(b)]| |
Define
b
L:= max /G(t,s)Vs
te[p(a),o (b)]
p(a)

whereG(t, s) is the Green'’s function for the nonhomogeneous dynamic equation
(5.1) with following boundary conditions

y(p(a)) =0, y(o () =0

on a time scaldl'. The positivity property of this Green’s function has been ob-
tained in [3].
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Theorem 5.1. If M > 0 satisfiesM > max{|A|, |B|} andLQ < M, whereQ > 0
satisfies

> , , f b,
0 HyTgaz)‘M'f(’ Y +g, | forte[p),b]

then the BVR5.1), (5.2)has a solution.

Theorem 5.2. Assume tha& and 8 are coupled lower and upper solutions for
(5.1), (5.2)and a(t) < B(t) on [p(a),o(b)]. Then problem5.1), (5.2)has a
solutiony(¢) with () < y(#) < B@¢) fort € [p(a), o (b)].

Theorem 5.3. Assume that

(i) «a(t),B(r) are coupled lower and upper solutions db.1), (5.2) on
[p(a), o (b)],

(ii) the functiong is strictly decreasing iry,

(i) foreachr €[a,b], f(t,x)— f(t,y) <qg(t)(x —y) wherey < x.

Thena (1) < B(1) on[p(a), o (b)].

Corollary 5.4. Under the hypotheses of Theorén3, solution of the BVR5.1),
(5.2)is unique.

Theorem 5.5. In addition to the hypothesé#) and (iii) of Theorenb.3 assume
that

(i) «o, Bo are coupled lower and upper solutions &.1), (5.2)on[p(a), o (b)],
(i) f.& e C?(la,b] x [0, fo)) satisfy

fyy(t’Y)>O, gyy(t’Y)<0 for(tay)e[avb]X[QOaﬂo]

Then there exist monotone sequenees, {8, which converge uniformly to the
unique solution 0f5.1), (5.2)in [«o, Bol.

Corollary 5.6. The convergence of each sequefwgg and {3, } is quadratic.
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