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A subring B’ of a division algebra D is called a valuation ring of D if x or x-t is
contained in B’ for every x in D, x # 0. Such a ring is called an extension of the
valuation ring B of K, the centre of D, if B’ n K= B. Let D be a division algebra
finite-dimensional
over its centre K, [D : K] = nz, B a valuation ring of K and
g = {B;l ie I} the set of all extension of B in D. Theorem 1. B possesses at most n
extensions in D, i.e., [@I Qn. Theorem 2. Any two extensions of B in D are
conjugate in D. Theorems 3 and 4. The set T of elements in D which are integral
over B is a subring of D if and only if (11 k 1. In this case T= n Bi, Bi in 9.
0
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1
Theorems about the existence and extensions of valuations are central in
valuation theory in the commutative case. Unfortunately, these results can
not be fully extended to non-commutative rings and fields. We say a subring B is a valuation ring of a division ring D if x or x ~ ’ is contained in B
for every x in D, x # 0. Such a ring is called invariant if dBd-’ = B for
every nonzero d in D. Schilling in [7] deals with invariant valuation rings
and Mathiak in [6] investigates properties of valuations that correspond
to valuation rings in skew tields.
* The first author is partially supported by NSERC.
+ The second author thanks the Mathematics Department
its hospitality.
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In this paper we deal with extensions of valuation rings B in the centre K
of a finite-dimensional division algebra D. This means we want to obtain
information about the set 9 of all valuation rings B’ of D with B’ n K= B.
As the division algebra of quaternions over the field D of rational numbers
shows, this set g can be empty for certain valuation rings B in D, see [2].
Valuation rings of finite-dimensional division algebras are not always
invariant. However, Grater in [4] shows that they are locally invariant in
the following sense: A valuation ring B is called locally invariant if
xP(x) =P(x)x for all non-units x in B where P(x) is the smallest completely prime ideal in B containing x. There it is also shown that locally
invariant valuation rings B with only one proper nonzero prime ideal, i.e.,
of rank 1, are in fact invariant.
Wadsworth in [S] proves the following result, which extends a result of
Cohn in [2]:
LEMMA 1. A valuation ring B of the centre K of a finite-dimensional
division algebra D has an invariant extension B’ in D if and only if B has a
unique extension in every subfield F with KC F c D.
COROLLARY.

If B has an invariant extension B’ in D then IWl= 1.

Proof
Let B’ = B, and B, be elements in ?8. Let a be an element in B,,
not in B, and let F be a subfield of D containing K and a. It follows that
B,nF#B,nF.
LEMMA 2. Let B be a valuation ring of K, the centre of the finite dimensional division algebra D. Then there exists only a finite number of extensions
B’ of B in D.

Let B,, .... Bk be extensions of B in D. We prove k d [D : K]. By
Hilfssatz 11, we know Bi g Bj for i# j. Thus, there are
xl,...,xkEB,n
... nB,
such that the following hold (see [S,
Hilfssatz 3.21):
Proof

[4,

(*)

xi is a unit in Bi, xi is not a unit in B, for i # j.

We show that xi, .... xk are linearly independent: Let 1,) .... lk E K, not all
zero, and let l,x, + ... + fkxk = 0. We can assume that li E B and that I, is
a unit in B. It follows by (*) that /ix, + ... + 1,x, is a unit in B,, a
contradiction.
We conclude this section with the following observation:
LEMMA 3. If B’ is in a and M’ is the maximal ideal of B’, then
[B’IM’ : B/M] < [D : K], where M is the maximal ideal of the valuation
ring B = B’ n K.
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ProoJ Let x,, .... x, be in B’ such that {x, + M’, ,.., x, + M’} is
linearly independent over B/M. Then, {x1, .... x,,,> is linearly independent
over K, since otherwise C clixi= 0 with cli in K, not all zero, leads to
C aixi = 0 with ai E B, not all aj in M.

2
Throughout the rest of the paper let D be a division algebra finite-dimensional over its centre K. Let B # K be a valuation ring of K and let W be the
set of all extensions of B in D.
LEMMA 4.

Let W # 0. Then there exists a valuation ring R # D in D
with B’ c R for all B’ in &9.
ProojI We show first that Bi and dB, d-’ have a common completely
prime ideal P # (0) where Bi is in @ and d in D, d # 0. If d is a unit in Bi
then Bi = dB, d-l. If d is a non-unit in Bi and Pi(d) is the completely prime
ideal of Bi minimal with the property of containing d then
dPi(d) d-’ = Pi(d) (see [4]), since Bi is locally invariant. We choose
P = Pi(d) in this case.If d is not contained in Bj, one considers d&’ instead
of d.
By Lemma 2, @ is finite and hence the number of valuation rings conjugate to Bi is finite. Thus, there exists a completely prime ideal P, P # 0, in
Bi which is contained in all valuation rings conjugate to Bi. Form
RI = (Bi)P, the localization of Bi at P. Every valuation ring B( conjugate to
Bi is contained in RI: Let x be in B(. If x is in Bi, then x is in Ri. If x is not
in Bi, then x-’ is in Bi and not in PG B,! and x= (x-l))’
is in RI. Let Ri
be the subring of D minimal with the property of containing all valuation
rings conjugate to Bi. This ring is an invariant valuation ring in D and
satisfies Ri # D.
Let Bi, Bi be arbitrary elements in S3 and Ri, Ri the rings as defined
above. We can assume that Kn Ri E Kn Rj holds, since these intersections
are overrings of the valuation ring B in K. The smallest subring
& = R,(Kn Rj) of D containing Ri and Kn Rj is an invariant valuation
ring of D with &n K= Rj n K. Hence, Ri c wi = R, by the corollary to
Lemma 1. The set 33 is finite and there exists therefore a subring R #D of
D minimal with the property of containing all B, in .C@.

In the following, let R be the subring of D minimal with the property of
containing all Bi in S? and let N be its maximal ideal. R is an invariant
valuation ring of D with R # D.
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LEMMA 5. Let IS??1
> 1, let Z be the centre of R/N, and let S be the
maximal separable extension of (R n K)/(N n K) in Z. Then, the following
hold

( 1)

(R n K)/( N n K) is a proper subfield of Z.

(2) S is a Galois extension of (R n K)/(N n K) and each
(R n K)/(N n K)-automorphism of S is induced by an inner automorphism of
D.
Proof
(1) We assume that (R n K)/(N n K) is equal to Z. Then
{B,/NI Bi E W} is the set of all extensions of B/(N n K) to R/N, where
B/(N n K) is a valuation ring of the centre of R/N. Since B/(N n K) has
more than one extension in R/N, we have B/(N n K) # 2 and there exists a
proper subring R’ of R/N which contains all the B,/N, Bi E 99.Thus, there is
a proper subring of R which contains all the Bi, contradicting the
minimality of R.
(2) By the theorem of the primitive element for finite separable extensions there exists an element r in R with
S= [(Rn

K)/(Nn

K)](r+

N).

Let f (x) = Irr(r, K) be the manic irreducible polynomial of r in K[x] and
f(x)=(x-a,)(x-a,)...(x-a,)ED[x]
follows with
a,=r
and
ai= d,rd;’
for i= 1, .... t and certain elements di in D, di # 0 (see [9,
pp. 130-1311. Since r is in R and R is invariant, we have ai in R for all i. If
we denote by id the inner automorphism of D that sends x to dxd-’ we see
that id induces an automorphism of R with idj(r) = aj and an automorphism
id of R/N, since id(N) = N. The element r + N is the centre of R/N and
hence all elements ai + N are in Z. We obtain
y(x)=(X-al)(x-r12).

-.. . b - 4) E C(Rn KWn

WI [xl,

where tii = ai + N. Let g(x) = Irr(J, (R n K)/(N n K)) be the irreducible
separable polynomial of J= r + N in CM n KYWn K)lCxl
and
g(x) = (x - &,)(x - ii/J. . . . . (x -C&J follows for certain iik,, .... Lik, in
id 1, ..*,ij,}. We reorder the ai if necessary and write
g(x)=(x-a,)*(x-ti*).

... *(X-c?,).

Each of the iii, i= 1, .... m is in S and this shows that S is a Galois extension of (R n K)/(N n K) with Galois group G = {I,,,, 1j = 1, .... m].
TI-EOREM

1. Let [D : K] = n*. Then B possesses at most n extensions in

D, i.e., Ig’( <,/m.
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Proof: We prove the theorem by induction on n. The statement is
trivial for n = 1 or (gI < 1. Let n > 1 and I!?81> 1. We use the notations of
Lemma 5. It is well-known that there exists a maximal commutative subfield S’ of R/N which is a separable extension of Z, the centre of R/N. Let
I = [S: (Kn R)/(Kn N)] and d2 = [R/N : Z], i.e., [S’ : Z] = d. If S”
denotes the maximal separable extension of (Kn R)/(K n N) in S’ then
[S”: (Kn R)/(Kn

N)]=[S':Z].[S:(KnR)/(KnN)]

(see [l, 3.7.71). Thus, [S": (Kn R)/(Kn N)] = d.1. Furthermore, there is
an element r E R such that (Kn R)/(K n N)(T) = S" where ? = r + N. Since
K(r) is a commutative subfield of D, we get [K(r) : K] <n and
[(KnR)/(KnN)(T):(KnR)/(KnN)]<n,
i.e., d.Z<n.
Theorem1 is
proved if we show ]SYj<d. 1. By Lemma 5, (R n K)/((N n K) is a proper
subfield of Z, i.e., d < n. Since Z is a purely inseparable extension of S,
B/(Kn N) has at most 1 extensions to the commutative field Z (see [7,
p. 571). By induction, each of these extensions has at most d extensions in
R/N. Altogether, B/(Kn N) possessesat most d. 1 extensions to R/N, i.e.,
Is?i?‘(
<d.I.
THEOREM 2.

Let D be a division algebra finite dimensional over its centre
K and let B # K be a valuation ring of K. If B,, B, are two valuation rings of
D extending B, then B, and B, are conjugate, i.e., B2 = dB, d-’ for some
nonzero d in D.
ProoJ We prove the theorem by induction on n = [D : K]. The
statement is trivial for n= 1 and /&‘I < 1. Let n> 1 and ]9Y(> 1. We use the
notations of Lemma 5. Since S is a Galois extension of (R n K)/(Nn K),
there exists a nonzero dE D such that (dB, d-‘/N)n
S= (B,/N)n S by
Lemma 5(2). Z is a purely inseparable extension of S and (by [7, p. 573 we
get (dB, d-‘/N) n Z = (B,/N) n Z. We use induction for the division
algebra R/N with centre Z to conclude that there exists an element r E R,
r # 0, with B,/N= rdB, d-‘r-‘/N
and B, = rdB, d-‘r-l
follows.

Lemma 5 and the proof of Theorem 2 show how to obtain all extensions
of a given valuation ring of the centre using the fact that S is a Galois
extension of (R n K)/(Nn K). An example of this is given at the end of this
paper.

3
The next results describe the integral closure of a valuation ring of the
centre K in the division algebra D.
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THEOREM 3. Let D be a division algebra finite dimensional over its centre
K. Let B be a valuation ring of K. Assume that there is at least one valuation
ring B, of D with B, n K = B. Then T = n Bi, Bi E &I, the intersection of all
extensions of B, is the integral closure of B in D.

Proof. Let t be any element in D, integral over B and let B, be a
valuation ring of D with B,nK=B.
Then t”+b,-,t”-l+
... +b,t+
b, = 0 for certain bi in B. If t is not in Bi, then t- ’ is in Bi and
1 = -(t-lb,-,
+ . . . + tt”b,)
is in the maximal ideal of Bi, a contradiction. Hence, any t E D\T is not integral over B. It remains to show that
every t in T is integral over B. Let f(x) = Irr(t, K) be the manic irreducible
...
polynomial of t in K[x]. By [9, pp. 130-1311 we have f(x)= (x-a,).
. (x - a,) for a, = d, td; 1 and di in D, di # 0. However, T is invariant and
every ai is therefore contained in T. This means that the coefficients off(x)
are in T n K = B and t is integral over B.
COROLLARY. Let 24 # 0 and let L be a commutative subfield of D containing K. If B’ is a valuation ring of L extending B then there exists a
valuation ring B” in D extending B’.

Proof
Let T be the integral closure of B in D. Then, Tn L is the intersection of the finite number of extensions of B in L, since Tn L is the
integral closure of B in L. By Theorem 3, T is the intersection of the finite
number of extensions of B in D. Thus, there must exist a B” in W with
B” n L = B’.
THEOREM 4. Let D be a division algebra finite dimensional over its centre
K. Let B be a valuation ring of K. The integral closure T of B in D is a subring of D if and only if B has an extension to D.

Proof
If B has an extension to D then T is a subring of D by
Theorem 3. Conversely, assume that the set T of elements in D integral
over B is a subring of D.
We observe that T is invariant, since dxd -’ (d E D, d # 0) is integral over
B whenever x is integral over B. We prove: MT is a proper ideal of T
where M is the maximal ideal of B. Assume that 1 = ml t, + . . . + mk tk
with m 1, .... mkEM and t,, .... tk E T. We can also assume that m,B c m, B
for all iE { 1, .... k}. Thus, m,-‘m,EB
and m;l=tl+m;lm,t,+
..+ +m;‘mktk9
where t,, m;‘m,t2, ...) m;‘mktkE T. Since T is a ring, we
get m; ’ E T, a contradiction.
There exists a maximal ideal N of T containing MT and N n B = M
follows. The set T\N is a left and right Ore-set in T, since T is invariant
and T, = { ts-’ ( t E T, s E T\N), the localization of T on N, can be formed.
We show that B’ = T, satisfies B’ n K = B. Otherwise, there exists an
481/120/l-7
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element u E K\B and u = ts- ‘, t E T, s E T\N. That implies s = u-It,
u -I E M, s E N-a contradiction.
It remains to prove that B’ is a valuation ring of D. Let x E D, x $ B’ and
consider the commutative subfield K(x) of D. Then TnK(x) =A is the
integral closure of B in K(x) and L = B’n K(x) is a local overring of A
which in turn is a Priifer ring. Hence, L is a valuation ring and
X ~ ’ E L s TN = B’ follows.
The next theorem shows that not every valuation ring in the centre of a
finite-dimensional division algebra D is extendible to D. At first, we need
the following:
DEFINITION.
Let F be a set of valuation rings in K. F is of finite character if for each k E K there is only a finite number of valuation rings B in F
such that k$ B.

Clearly, if F is of finite character and k E K, k # 0, there is only a finite
number of valuation rings B in F such that k is not a unit in B.
THEOREM 5. Let D be a finite-dimensional division algebra with centre K,
(D # K) and let F be a set of valuation rings in K offinite character. rffor
each BE F the residue class field B/M is finite then only a finite number of B
in F are extendible to D.

Proof: Since D # K there exist a, b E D with ab - ba #O. Let f,(x) =
Irr(a, K), f?(x) = Irr(b, K), f3(x) = Irr(ab - ba, K) be the manic irreducible
polynomials in K[x] of a, b and ab - ba, respectively. Since F is of finite
character, there exists a finite subset G of F such that for each B in F\G
each coefficient of f,(x), f*(x), f3( x ) is either equal to zero or a unit in B.
We prove that each B in F\G is not extendible to D. Let BE F\G and
assume there is an extension B’ of B to D with the maximal ideal M’. We
are done if we show that a, b and ab - ba are in B’\M’, since this leads to
the contradiction that B’/M’ is a non-commutative finite field. We prove
that a E B’\M’, the other proofs are similar. Let f,(x) = fnx” + ... +
fi x + fO. We can assumea E B’-otherwise consider a- ’ instead of a. Since
a #O, we know that fO is a unit in B’. Thus, aE M’ implies 0= f,(a) =
f, a” + . . . + fi a + fO EfO + M’ $ M’, a contradiction.

A global field K is either an algebraic number field (i.e., a finite extension
of the rational number field D) or a function field (i.e., a finite extension of
a field k(x) of rational functions in one indeterminate x over a finite
field k).
COROLLARY. Let D be a finite-dimensional division algebra over a global
field K. Only a finite number of valuation rings in K are extendible to D.
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4
We consider examples in this section. Let L be a commutative field and
xi, .... x, indeterminates over L. For each xi let L(xi)(ui) be a cyclic Galois
extension of L(xJ of degree n, with Galois group (a,) such that the
following two conditions hold:
(i) If B is the xradic valuation ring of L(xi) and B’ any extension of
B to L(x,)(a,) with maximal ideal M’, then (B+ M’)/M’= B’/M’, i.e., B
and B’ have the same residue class field.
(ii) Let ei be the ramification index of B in L(x,)(a,), then
(ei, nip ,) = 1 for i > L.
Let E denote the field L(x,, .... ~,)(a~, .... a,-,). Using (i) it follows that
[L(x,, .... x,)(ui, .... ui+ ,): L(x,, .... ~,,)(a,, .... uj)] = nj+l and each oj can
be extended to an automorphism of E which maps every element of
L(xl 9.**9xn)(“l 9...9uj- 19uj+ 13..., a, _ 1) to itself. E is a Galois extension of
K = L(x, , .... x,) such that its Galois group G = G(E/K) is isomorphic to
the direct product of the groups ( oi) :
Gr(a,)x(a,)x

. ..~(a.-~).

We define a factor set f: G x G + E* as follows: Let r = a;l . . . a::\,
p = a?1 . . . aFL-l be elements in G. Then f (t, p) = x4’ . . . x2 with ej+ i = 1 if
rj + mj > nj and Ed+,= 0 otherwise.
One checks that f is indeed a factor set and we denote by D = (E, G, f)
the crossed product of E with its Galois group G and factor setf: The set of
elements {u, I r E G} forms a basis for D over E with uid = 1. We also put
for j = 1, .... n - 1, and obtain uje= aj-i(e) uj for all e in E,
uj+I="c,
uiuj = ujui and u?/-’ =x.
Using this notation we can write
D = K(u,, .... a,- J(:,, .... u:;.
PROPOSITION

1. D is a division algebra with centre K.

This proposition together with Proposition 2 (see below) will be proved
later.
We now define in K, the centre of D, valuation rings B, c B, c .-- c B,
with the maximal ideals M, c M, _ 1c . . +c M, in the following way: B, is
the x,-adic valuation ring of K= L(x,, .... x,), B,/M, 2 L(x,, .... x,- ,).
Next, B, _ 1is the valuation ring in K, containing M,, such that B, _ ,/M, is
the x,- ,-adic valuation ring of B,/M,, hence B,- ,/M,- 1r L(x,, .... x,-*).
This process is continued until finally B1/MZ is the x1-adic valuation ring
of B,/M2 E L(x,), B,/M1 z L. It follows that Bi is a valuation ring of rank
n-i+l.
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PROPOSITION
2. Every Bi has an extension B: in D with maximal ideal
M( such that B’, c B; c . . . c BL and

B(/M:zL(x,,

.... ~~_,)(a,, .... ai- ,)(u>, .... uip,).

We put B= B, and know by Proposition 2 that there exists at least one
extension B; of B in D. All the other extensions of B in D are conjugate to
B’, in D by Theorem 2. The corresponding inner automorphisms of D are
determined by the automorphisms of the centres Z(Bl/M,f) of BI/M,!. We
have that Z(BI/M,!)zL(x,,
.... ~,-,)(a,~~) (i> 1) is a Galois extension of
(B; n K)/(M,f n K) E L(x,, ...) xi-, ), where the Galois group is generated
by the automorphism that corresponds to the inner automorphism of D
defined by ui (Lemma 5). This implies that through
. ui_‘l . . . . .uf.B;.u,h.
2.42

. . . .u-fn
n

all extensions of B in D are given.
The actual number r of these extensions of B in D depends on the numbers ri, the number of extensions of the xi-adic valuation ring in L(xi) to
L(x,)(a,). We have r=rl ...rnp,.
We put r,,= 1 and m=min{iliE
n
>
and
ri
=
1
}
and
see
that
Bh
is the smallest valuation ring of D
(1, ....
which contains all extensions of B, i.e., R = Bk.
As a concrete example choose L = C, the field of complex numbers, and
n = 3. Further, let Irr(a,, L(x,)) = Y* - (xi + 1) and n, = 2, e, = 1 follows.
For Irr(a,, L(x2)) = Y3 -x2 we obtain n2 = 3 and e, = 3. In this case we
have r, = 2, rz = 1 and B has the two extensions B; and u,B; u;’ with B;
the smallest valuation ring in D containing B; and u2B; u; ‘. If we choose L
and n as above with the same Irr(a,, L(x,)), but change Irr(a,, L(x,)) to
Y2 - (x2 + l), we obtain e, = 1 and r2 = 2 and four extensions B;, u2B; u; I,
ugB; u; ‘, u2u3B; u; ‘u;’ which are all contained in R = B;.
It remains to prove Propositions 1 and 2. Let S, be an extension of the
x,-adic valuation of L(x,, .... x,) to E with Nj as its maximal ideal. We have
Sj/Nj~L(xI,...,x~-l,xj+l,...,x,)(a,
,..., ~/-i,aj+i ,..., a,-,),
and ak(Sj)
= Sj for k # j, using condition (i).
We show that E(u2) is a division ring that contains an extension of S2.
Observe that Sz is a discrete valuation ring with N, = dSz for some element
d, z2S, = x2S2 and u2S2= ai(Sz) u2 = S2u2. We have (e,, n,)= 1 by condition (ii) and integers s and t exist with se, + tn, = 1. With y = u;d’ one
obtains yS2 y-’ = S2 and y”lS, = dS2. It follows that S$‘)= S2+ S2y +
... +s*y “I-’ is a subring of E(u,) with Ni2) = NZ + S2y + ... + S, y”l- ’
as a maximal completely prime ideal. Since y”*S, = dSz, one can show that
for each a in E(u~)\S$~) (a in Ni2), a # 0) there exists a b in Ni2) (b in
E(u2)\Si2)) with ab, ba in S$2’\NJ2).(One can choose for b a power of y.)
Using this property one shows that E(u,) is a division ring: Let a, b be

VALUATION

99

RINGS

non-zero elements in E(uJ with ab = 0. Then there exist c, d in E(u,) with
ca, bd in S$*)\N$*) and 0 = cabd E S$*)\N$*), a contradiction.
S$*)is a valuation ring in E(u*). To prove this, let a be in E(u,) with a,
a -’ not in S$*). There exist c, d in N$*) with UC, da-’ in S$*)\N$*), but
dc = da- ‘UCE S$*)\Nh*).In fact Si*) is discrete since N$*) = yS$*),is invariant
and
Si2)/Ni2) E L(x,, x3, .... x,)(a,,

a,, .... a,- 1).

Every Si (i> 2) has an extension in E(u,). To prove this, observe that
u2Si = a,(S,) u2 = Siu2, since i # 1.

We put S(*)=S.+SiU2+ ... +SiU;l-l
and N’*)=N.+NiU2+
... +
N&?-r. As before, ‘Sj*) is a subring of E(u*) with A$*) as an ideal which is
maximal and completely prime, since
q”/Ny’

z L(x 1, **7xj-l, xi+ 1, -9 xn)(alv

***3ai-l,

ai+l,

..*P a,-l)(+)*

In fact, Si’) is a discrete valuation ring in E(u*), an extension of Si and
invariant.
One proceeds in this way and shows with the same type of arguments
that E(u,, u,),..., D are division rings and that the valuation ring Sij), i> j,
in E(u2, .... uj) can be extended to a valuation ring S;j+ *) in E(u,, .... uj+ r).
Finally, St) with maximal ideal Mv) is an extension in D of the x,-adic
valuation ring with
Sp/Myd(x,,

.... x,-l)(UI,

.... an-,)(U*,

...) u+,).

We put Bh = Sr). The extension Bk-, in D of B,- i is constructed similarly
in Bk/Mh, and one repeats this process.
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