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1. Introduction

The analysis of spatial autoregressive models is of interest in many different fields of science such as geography, geology,
biology and agriculture. A detailed discussion of these applications is given in [8] where the authors considered a special
case of the so called unilateral autoregressive model having the form

P1 P2
Xie = Z Zoti,jxk—i,z—j + &ke, ago =0. (1.1)
i=0 j=0
A particular case of the above model is the so-called doubly geometric spatial autoregressive process
Xie = aXi—1,e + BXi o1 — o« BXi—1,6-1 + €k,

introduced by Martin [22]. This was the first spatial autoregressive model for which unstability has been studied. It is, in fact,
the simplest spatial model, since the product structure ¢ (x,y) = xy —ax — By + o8 = (x — «a)(y — B) of its characteristic
polynomial ensures that it can be considered as some kind of combination of two autoregressive processes on the line, and
several properties can be derived by the analogy of one-dimensional autoregressive processes. This model has been used by
Jain [21] in the study of image processing, by Martin [23], Cullis and Gleeson [16], Basu and Reinsel [9] in agricultural trials
and by Tjestheim [27] in digital filtering. R

In the stable case when |«| < 1and |8| < 1, asymptotic normality of several estimators (& n, Bm.n) Of (¢, 8) based on
the observations {Xy, : 1 < k <mand 1 < £ < n} has been shown (e.g. [7,8,26,28]), namely,

J/mn [%:n - g} 25 N0, Zap)
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Fig. 1. The domain of stability of model (1.2).

asm,n — oo with m/n — constant > 0 with some covariance matrix X, g. Further, Davydov and Paulauskas [17]
considered the d-dimensional case and under a less restrictive assumption on the increase of domain of observations (which
for the above rectangular domain means min{m, n} — o0) showed that the self-normalized least squares estimator is
asymptotically normal and the limiting distribution is independent of the parameters.

In the unstable case when @ = 8 = 1, in contrast to the classical first order autoregressive time series model, where the
appropriately normed least squares estimator (LSE) of the autoregressive parameter converges to a fraction of functionals
of the standard Brownian motion (see e.g. [15] or [25]), the sequence of Gauss-Newton estimators (&, Bn.n) of (&, 8) has
been shown to be asymptotically normal [11,12]. In the unstable case « = 1, |8| < 1 the LSE turns out to be asymptotically
normal again [11].

Baran et al. [2] discussed a special case of the model (1.1), namely, whenp; = p, = 1,001 = o100 = o and oy ; = 0,
which is the simplest spatial model, that cannot be reduced somehow to autoregressive models on the line. This model is
stable in case |¢| < 1/2 (see e.g. [8,13,30]), and unstable if |¢| = 1/2. In Baran et al. [2] the asymptotic normality of the
LSE of the unknown parameter « is proved both in stable and unstable cases. The case p; = p; = 1,010 =t o, g1 =: B
and 1,1 = 0 was studied by Paulauskas [24] and Baran et al. [4]. This model is stable in case |«| + || < 1 and unstable if
|| + |B] = 1[8]. Paulauskas [24] determined the exact asymptotic behaviour of the variances of the process, while Baran
et al. [4] proved the asymptotic normality of the LSE of the parameters both in stable and unstable cases.

In the present paper we study the asymptotic properties of a more complicated special case of the unilateral model (1.1)
withp; = p» = 1,010 = @, ap1 = B and ay; = y.In arecent paper Genton and Koul [18] proved the asymptotic
normality of minimum distance estimators in the case when model equation is valid on Z?. Here we deal with a model with
boundary conditions, namely, we consider the spatial autoregressive process {Xy¢ : k, £ € Z, k, £ > 0} defined as

{Xk,é = aXi—1,0 + BXke—1 + yXi—1,e-1 + ke, fork, £

z 1 1.2
Xio =Xo,e =0, fork, £ > 0. (1.2)

This process has already been examined in [1] where the asymptotic behaviour of the variances is clarified. The model is
stable if («, B, y) € S, where S is the open tetrahedron with vertices

v={1,1,-1),(1,-1,1),(-1,1, 1, (-1, -1, - 1)}

(see Fig. 1, where {A, B, C, D} := V). This result was proved by Basu and Reinsel [8] where the tetrahedron S was described
by conditions |a| < 1, |8] < 1and |y| < 1,14+ a?® — 82 — y?| > 2|la + By|and 1 — B2 > |« + By|. Short calculation
shows that condition of stability means that |¢| < 1, || < 1and |y| < 1, and inequalities

a—pB—-—y <1, —a+pB—-y <1, —a—B+y <1, a+pB+y <1

hold. Obviously, in case ¢ 8y > 0 the above set of conditions reduces to || + |B] + |y| < 1.
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The model is unstable if («, B, y) lies on the boundary of S, when one can distinguish three cases:
Case A. The parameters are in the interior of the faces of the boundary of S, i.e. (¢, 8, y) € F, where F := F, U F_ with
Fr o= {@,B,y) e (=1,1)’ :afy = 0, |a| + |B] + ly| = 1}
U{(av .Bv J/) € (_]7 ])3 : aﬂy < 07 |(X| + |ﬂ| - |V| = ]}7
Foo= @, By) e (1,1 :afy <0, |a| — Bl + |y =1}
Ul@, B,y) € (=1,1)° tafy <0, —la| + Bl + ly| = 1}
(see Fig. 1, where faces ABC and DBC form F,, while F_ contains faces ACD and ABD).
Case B. The parameters are in the interior of the edges of the boundary of S, i.e. («, 8, y) € &, where £ := & U & U &3 with
S ={B,y):Be (=11, y==-B1U{(-18,y): B (=11, y =B},
& ={(a,1,y):xe(-1,1),y=—a}U{(a,—1,y):ax e (—1,1),y =a},
&= {ap Diae(=11),p=-a}U{l@p -D:ae(-11,8=a
(see Fig. 1, where pairs of edges {AB, CD}, {AC, BD} and {BC, AD} form &;, & and &3, respectively). Observe that in each of
the above three cases exactly two of the defining equations of set F are satisfied. In this way Case B can be considered as an
extension of Case A to the situation when o8y < 0 and one of the parameters equals &1, while the other two parameters
have absolute values less than one. Further, observe that in the first two cases y = —«f3, so we obtain special cases of
the doubly geometric model. If (o, 8, y) € & then for k € N the difference Ay Xk, = Xi¢ — aXy—1,¢ is a classical

AR(1) process, i.e. A1,oXie = ,BA],an.e_] + k. Similarly, if («, 8, y) € & then Az.ﬁxu B OlAZ,f;Xk_L( + &k, where
Ap pXy o = Xk — BXke—1, £ €N
Case C. The parameters are in the vertices of the boundary of the domain of stability, i.e. (&, B, y) € V.

ForasetH C {(k,¢) € Z? : k, £ > 1}, the least squares estimator (&y, By, 7i) of (&, B, y) based on the observations
{Xk.¢ : (k, £) € H} can be obtained by minimizing the sum of squares

2
Z (X — aXim1.0 — BXie—1 — Y Xi—1.0-1)
(k,)eH

with respect to «¢, 8 and y, and it has the form
-1

. T

ay Xk—1,¢ X1, Xk—1,¢
Bu| = Z |:XI<,Z—1 Xk,e—1 Z Xie | Xee—1 |-
YH k0eH [Xk—1,0-1] LXk—1,6-1 (k,0)eH Xi—1,0-1

For n, m € N consider the rectangle
Rim:={Gj)eN*:1<i<nand1<j<m).
For simplicity, we shall write R, := Ry, for n € N. Further, let

1 0 -1 1 0 -5
H = [0 1 _]], Oup=2| 0 1 —af, | =B8] =1, and
B —a 2

RO
Kap = K?z"f Wl a.pe(=1,1),

ap Kap
with
kpp ==+ (A —alegy, kg = (1—a)1 =By,
and
M NN (al.1-18) (ol 118D _ 1))
ol =D (P(SE =k 1) =P (SIS = k))
k=0 ¢=0
o0 o0
o 5 (S = sk ) (S ) (p (S = 1) < (S = 1)),
k=0 ¢=0
where S,E"é’” = ,f”) + 772“ ) and g,j” and 17{({” ) are independent binomial random variables with parameters (k, v) and (£, w),

respectively. Finally, for || = 1, Be(—1,1or || =1,a € (—1, 1) let us introduce
1 |Blsign(er) B
|Blsign(a) 1 sign(er) |, ifla| =1,

5 1B sign(a) 1

wh = 1 |oe|sign(B)  sign(B)
loe|sign(B) 1 el |, if1gl=1.
sign(B) 1 1

Using these notations we can formulate our main result.
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Theorem 1.1. Let {ey, : k, £ € N} be independent random variables withE ¢,y = 0, Var ;¢ = 1 and sup{E ‘91342 1k, eN} <
o0. Assume that model (1.2) is satisfied.

If (o, B, y) € Fy then
)2 @iy~ By = B Tirum = ¥) > N (017K 43)

if (o, B,y) € & U &, then

A -~ ~ T
()2 @,y — 0 Bryw = B Trum — 7)) —> N (0. )
while for («, 8, y) € V we have

o~ -~ ~ T D
(nm)>* (@, — @ Brom — B oo — V) —> N (0, O p)
asm,n — oo withm/n — constant > 0, where A denotes the adjoint of a matrix A.

We remark that results given Theorem 1.1 do not cover the cases («, 8, ¥) € F_ U &£;. The main problem is that in

these cases we could not handle the asymptotic behaviour of the covariance structure. A more detailed explanation and
some results on the missing cases can be found in [1]. Another problem is that we were not able to find closed forms of
Qg?ﬂ, i =1, 2, and in this way we do not know how they depend on the parameters.
Remark 1.2. In Theorem 1.1 the results are not continuous with respect to the parameters («, 8, ). However, the lack of
continuity is a usual phenomenon in models of type (1.2). Even in the simplest case when « = 8 and y = 0, from the
results derived for the stable case (Ja| < 1/2) one cannot get a result for the unstable model (Joo| = 1/2) by taking the limit
o — 1/2 (see e.g. [2]). However, it is possible to examine the nearly unstable situation, where one has a sequence of stable
models with parameters converging to values corresponding to the unit root cases (see e.g. [3,5]).

Remark 1.3. In all cases considered in Theorem 1.1 the covariance matrices of the limiting distributions are singular with
ranks being equal to 2, which is the consequence of the linear relation between the parameters («, 8, v).

Remark 1.4. It is still an open question, whether one can get rid of condition m/n — constant > 0 and consider e.g.
min{m, n} — oo instead (see e.g. [17]). Unfortunately, the method presented here cannot be used under such condition,
because the Martingale Central Limit Theorem [20] applied in the proofs of Propositions 1.7 and 1.9 does not allow this
generalization.

For the sake of simplicity, we carry out the proof of Theorem 1.1 only for m = n. The general case can be handled with
slight modifications. We can write

&Rn — o
éRn -B|= Bn_lAn’
YRa — VY
with
KXi—1,e Xi—1,¢ Xicre 77
—1, k—1,¢ —1,
Ay = Z ke |: Xk, e—1 :| B, = Z |:Xk,£—1 j| |: Xie—1 :|
(k,)€Rn Xi—1,e-1 (k,OeRy L Xk—1,6-11 [ Xk—1,6-1

Now, the idea of the proof is the following. First we show that in all considered cases n~*B,, has a limit, where 7 is an
appropriate rate, then we find the limiting distribution of n=7/?A, (Propositions 1.6 and 1.7, respectively). However, as the
limits in Proposition 1.6 are singular, the statements of Theorem 1.1 cannot be obtained directly from Propositions 1.6 and
1.7. Hence, one has to use the same idea as in [4] and consider B;] = B,/ det(B,). Proposition 1.8 clarifies the asymptotic
behaviour of det(B,). We show that for («, 8, y) € F, and for («, B, y) € & U &, random sequence det(B,) normed by
an appropriate power of n, has a positive, deterministic limit. Combining this with Proposition 1.10, where in the above
mentioned two cases the asymptotic normality of the B,A, is proved, we immediately obtain the first two statements of
Theorem 1.1. The situation is completely different for («, 8, ) € V, when all considered quantities converge to functionals
of the standard Wiener sheet. However, if we take directly the limit of n*/2B,A,/ det(B,), we obtain asymptotic normality.

Remark 1.5. Observe that in Theorem 1.1 on the faces #, and on the edges &;,i = 1, 2, the normalization is the same.
A possible explanation is that the rates of convergence are connected to the rank of I, = EB, which is the observed
Fisher information matrix of («, 8, y). For (a, B,y) € F, we have I, ~ n5/2<7‘f‘ﬁt1/a,ﬂ and rank(¥, g) = 1, while for

(o, B,y) € & U &, the corresponding result is I, ~ n? (2(1 — )/2))71 XY, p and rank(X, g) = 2. This difference in ranks

determines the rate of convergence of det(B,) and of B,A,. A similar phenomenon can be observed in case y = 0, where in
the stable case |«| 4+ |8] < 1 and in the unstable case |«¢| 4+ |8] = 1,0 < |@| < 1, the normalization is the same (see [4]).
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Proposition 1.6. If («, B, y) € F, then

—5/2p L2 2
n /B,,—>aa'ﬁlpa,,g asn — oo,

where

o2 ._2<1—|a|v|ﬂ|>”2( 1 B 1 )
“ 7 3\ (ol + 1) A—lahA—18) 50 —lalAIBD2)’

1 1 77
Uy pi= |}ign(aﬂ)i| |:sign(aﬂ):|
sign(B) sign(B)

If (&, B,y) € &4 U & then

n=3B, 2> (21— )/2))_1 Yyp asn— oo.

If (@, B, y) € Vthen
.

o o
n~*B, i>f01f0]v\/2(s,t)dsclt|:/8:| |:,8:| asn — oo,
af| Lap

where W(s, t) is a standard Wiener sheet.
Proposition 1.7. If («, 8, y) € Fy then
n—/4A, i>/\/(0, Uiﬂllfa,ﬁ) asn — oo.
If (a, B,y) € & U &, then
n=324, 25 N (0, (201 - yz))_1 20,,,3> asn — oo.
If (x, B,y) € Vthen

1 1 o
n~2A, g[ / W(s, t)W(ds, dt) |: B :| asn — oo.
0 0 aIB

Proposition 1.8. If («, B, y) € F, then

n=132 det(B,) —> aj’ﬁ det (Kq,5) >0 asn— oo.
If (a, B,y) € & U &, then

n=8 det(B,) — (20 - )/2))_2 asn — oo.

If (o, B,y) € Vthen

1 1 1
n~10 det(B,) —2> Z/ / W, t)dsdt asn — oo.
o Jo

We remark that using higher moment conditions on the innovations ¢y ¢, after tedious but straightforward calculations,
instead of stochastic convergence one can also prove L, convergence in the first two statements of Proposition 1.8.
Further, if we take appropriate linear transformations of A, we have asymptotic normality in all of the unstable cases

- o ~@\
considered. Let G, := HA, = < n o, Co ) , Where

V= (1,0,-1)A, = Z (Xe—1.6 — Xi—1.6-1) Exct (1.3)
(k.O)eRy

(P =(0.1,-DAr= Y (Kw—1 — Xeo1.-1) e (1.4)
(k.O)eRy

Proposition 1.9. If («, B, y) € Fy then

n~'c, i>/\/(0, Kag) asn— oo.
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If (a, B, y) € & then

n32¢cV i>./\f(0, (1-=»)7") and n'c? i>./\f(0, 1-y»7") asn— oo.
If (a, B, y) € & then

n'cV NNV (0.A=y»7") and nc? NV, (0.A=y)™") asn— oo.
If (a, B,y) € Vthen

n_3/2Cn i>J\f(0, I,/2) asn — oo,
where T, denotes the two-by-two unit matrix.
Proposition 1.10. If («, B, y) € F, then

n 2B A 2 N (o, o:ﬁ det (Ko5) H Ky pH) asn — oo.
If (a, B,y) € & U &, then

n By —> N (0, (2(1- %) " Tup) asn— oo

Note that direct calculations imply

M~
M-

Xie = Gk—1i,¢—ja, B, e (1.5)
i=1 j=1
k¢ .
k+¢—i— S
= ZZ( , ])a"”ﬁ[’JF (i—k,j—z;i—i—j—k—(i;—y) €ijs (1.6)
i=1 j=1 =] ap
k, £ > 1, where (1.6) holds only for « 8 # 0,
mAn
. — (m+n-—r)! m—r gn—r_,r
G(m,n,(x,ﬁ,y) —Zma ,3 Y, m,nENU{O},

r=0
and F(—n, b; c; z) is the Gauss hypergeometric function defined by
b (=n)(b
F(—n,b;c;2) = Z Mzr, neN,b,c,zeC,
= (!
and (a); :=a(a+ 1) --- (a + r — 1) (for the definition in more general cases see e.g. [10]).

Observe that as for m,n € N we have F(—n, —m; —n — m; 1) = (m:”)q and F(—n, —m; —n — m; 0) = 1, moving
average representations of the doubly geometric model of Martin [22] and of the spatial models studied by Paulauskas [24]
and Baran et al. [2,4], respectively, are special forms of (1.6).

Using representation (1.5) one can show that it suffices to prove Theorem 1.1 fora > 0,8 > 0and y > Oifafy >0
and fora > 0,8 > 0and y < 0ifeBy < 0 (for more details, see [6]). In this way instead of 7, V, & and &, it suffices to
use their subsets

Fip ={(a,B8,y):0<a,B<1,lyl<l,a+B8+y =1}, vy ={(1,1,-1)},
gl+ ={(1’137y)05ﬁ:_y < 1}’ 52+ 3:{(0%1’7/)105‘1:_)’ < 1}3
respectively.

2. Covariance structure

By representations (1.5) and (1.6) we obtain that for kq, ¢, ko, £ € Nand «, 8, y € R we have

kqAky €1 ALy
Cov (Xeyt Xigty) = D, D Gl =i, 1 — i o, B, y)Glka — i, 3 — i, B, y) (2.1)
i=1 j=1
kinky L1nE . . . .
_ 122 12:2 <k1 +4 - —]) (kz + 4 i —J> o2 gl +E=2j (2.2)
Ly —j € —j

i=1 j=1

ap

where x A y := min{x, ¥}, x, ¥ € R, an empty sum is defined to be equal to 0, and (2.2) holds only for « 8 # 0.

XF<i—k1,f—£1;i+]'—l<1—51§—%)F(l'—kz,j—zz;i-l—j—kz—€2§—l>,
o
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The following lemma [ 1, Corollary 2.2] helps us to find a more convenient form of the covariances.
Lemma2l. IfO<o,B <landa + B+ y =1, then
Gm,n;a, B,y) =P (S P =m)=p (s =n).
With the help of (2.1) and Lemma 2.1 one can find upper bounds for the covariances [1, Theorem 2.4].
Lemma 2.2. If (o, B, y) € F; then

|COVXiy.e1s Xiy.t5)| < Capv/ki + €1 + ko + £
with some constant C, g > 0.
If (a,B,y) € &ror(a, B,y) € & then
|y||131—432|

|COVXiy 1, Xiyoto) | < (k1 A kz)]_iy2 or  |CoVXy.e1s Xip.t)| < (€1 A £2)

|y||’<1 —ka|
1—y2’

respectively.

If (@, B, y) € Vthen

COV(Xiy b1+ Xiep.t) = (k1 A Ka)(€q A £3) aF1 72l gltr=tal,

For n € N let us introduce the piecewise constant random fields

Yff}} (S, t) == Xinsi+1,[ne]» Yé?l) (s, ) := Xpns,[ne]+1 Yéf}i (S, t) == Xns.[ne1»

for0 <s,t e R.
The following result is a natural, but non-trivial generalization of Proposition 2.5 of [4].

Proposition 2.3. If («, B, y) € F4 then there exists a constant K, g > 0 such that
[cov (Y651, 00, Vil 2. 2)) = Cov (Y o1, ), Yg3 (52, £)) | = Kap

foralln € N, 0 < sq, tq, S3, t; € R, with (i, j) € {(0, 1), (1,0)}.

In the proof of Proposition 2.3 we make use of the following lemmas. Lemma 2.4 is an obvious generalization of
Theorem 2.4 of [4], while Lemma 2.5 can be easily obtained from a generalization of Theorem 2.6 of [4] using Taylor series
expansion.

Lemma 24. Let k, £ € N,let 0 < u, v < 1 be real numbers and let E,f”) and né“) be independent binomial random variables

with parameters (k, v) and (£, w), respectively. Further, let S,ﬁj’é“) = £" + 0" and let

My == ES;E,véu), by ¢ == Var (S&'M)> , Xj ke = (G — Mie)/v/bre.

Then forallk,? € Nandj € {0, 1, ..., k+ £}, we have

P (S(v,u) :]) _ ; exp (_
k.¢ /2 bk’@

where C,,, > 0is a constant depending only on p and v (and not depending on k, €, j).

< Cuv

ij,k,z/z) = ey

Lemma 2.5. Using notations of Lemma 2.4, forj € {0, 1,...,k+ £ — 1} let
(CAD I W _ Xj.k.e 2
Ajke = (P (S =]+1) —P(S =]))+7exp —X 1 0/2) .
il k, k.t \/ﬂbk,g ( j,k,é/ )
Then there exists a constant C,, , > 0 depending only on p and v (and not depending on k, £, j) such that
C
|Ae| = 55
by

Corollary 2.6. Let 0 < p,v < 1 be real numbers. There exists a constant C,, > 0 such that for all k,¢ € N and
je{0,1,...,k+ £ — 1} we have

P (s =s+1) =P (st =) =

bie
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Proof of Proposition 2.3. Without loss of generality we may assume (i, j) = (1, 0). Let
w;nzg (s1, t1, 2, tp) == Cov (Yl(no) (s1, t1), Yéf‘& (s2, fz)) — Cov (Yé,n(; (s1, t1), Yéf}i (s2, fz)) .

Consider first the case [ns;] > [ns,] and [nt;] > [nt;]. Obviously, one may assume [ns;] > 1 and [nt;] > 1. From the

definition of random fields Y1(,n(; and Yé?g with the help of Lemma 2.1 and (2.1) we obtain

[ns2]—1[nta]—1

W (S1. 01,52, 1) = Z Z (1-a) (P (Sl(z?s’:l:f;szj+k,tnnJ—[mzw = [ns1] — [ns;] + k+ 1)

k=0

(o, 1-p) (a,1-8)
- P (s[n51] [nsy]+k,[nt1]—[nt]+€ — = [ns1] — [ns2] + k)) (SkZ k) .
Hence, one can use the local versions of the CLT given in Lemmas 2.4 and 2.5 yielding approximation

1—« [ns]—1[ntp]—-1

o (51, tr, 52, 1) M ES (51, t1,52, 1) = Ty ) Al o)
T S =
1—« [ns2]  plnty] b drd
= 5 /1 1 Ji(byy.1z1» apy, 1) dz dy,
where
v +ga,ﬁ Uz (v +ga,ﬁ)2
uv) = —— P __exp—— Jexp| ——22 ),
fitw,v) u'2(u + qo,p)3/? Xp( ZU) Xp( 2(u+ qop)
and
bre=a(l—a)k+ B(1— B, qop=0a(l—a)(ns;]—[ns;])+ B — B) ([nt;] — [nt;]) = 0, (2.3)

e =1 —)k— 1=, gop:=(1—a)(ns]—[ns2]) — (1= B) ([nt1] — [ntz]).
Using Lemmas 2.4 and 2.5, as for z > 0 we have z exp(—z) < 1, direct calculations show that for the error

ﬂ(slytlaSZatZ) _60 (Sl,fl,sz,fz)— aﬂ(Shthz,fz)

we have
~ ~m1
Agiﬁi(slv ty, S2, fz)‘ <G (A;n,',g)(Sl, ty, 52, &) + A )(51, ty, 52, ) + A(n )(51, t1, Sz, fz))

where C, g is a positive constant and

~ 1) [nsy]—1[nt]—-1 1 [ns3]—1 1 ak [nt]—1 1 ,8‘
A, (51, t, 52, ) = —_— —_ — 4+ 7 1,
(51, t1, 82, o) '= Z Z 572 + Z b2 + bro + Z 7, + bo +

=1 =1 Dy k=1 .1 =1
0,2) [HSZZ]_]WZZ]_1 1 ai
A" (51, t1, Sz, &) = —exp| ——=
, b1, S2, 5 ,
k=2 (=2 bk,l Zbk,ﬂ
[nsy]—1[nt]-1 2
1 Qy.¢ +

Bt = 30 3 oot e (- ),

= = Dbielbee + Gop) 4(bre + qo.p)

Long but straightforward calculations yield the existence of a constant 0 < Ké% < oo not depending on sq, t1, S2, t; and n
such that

ngas(sl, ty, S2, tz)’ < Ko((?l)s_ o4
Further, let
A(():zg(sla t1, 52, ) == E( ﬂ(Sl, t1, S2, ) — ,3(51’ t1, S2, b2,
where
-«

E(nﬂ(s1a t1, 2, t2) -

[nsp]  plntp]
2T /1 : fi (by,Za ay,z) dz dy.

Obviously,

— 1
(Sl,fl,Sz,fz)‘ < - (A(n )(51’t1752,t2)+A )(517t1752,t2))s
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where
@1 [nsy] [nty]
Ay (51,61, 52, b) 1= / / f1 (Biypz1- ap.iz1) — fi by ay.2)| dz dy.
1 1
n.2) [ns2]  plntz]
Awlg (S1,t1, 82, ) == / / ‘fl (b[y],[z]a ay,z) -h (by.z, ay,z)‘ dzdy.
1 1
Again, tedious but straightforward calculations show the existence of a constant 0 < Kffg < oo such that

R0 6s1. t1,52, 0| < K& s)

Finally, one can show the existence of a constant 0 < I(D(f;j < oo such that

ESTL(S], ty, S2, fz)‘ < KS;;, (2.6)

which together with (2.4) and (2.5) implies the statement of the proposition in the case [ns{] > [ns,] and [nt{] > [nt;]. For
more details, see [6].

By symmetry, case [ns;] < [ns,], [nt;] < [nt;] can be handled in the same way as case [ns;] > [ns,], [nt;] > [nt;], while
in case [nsq] < [ns;], [nt;] > [nt;] we have

[ns1]1=1[nta]-1

(n) _ (o, 1-P) _ (a,1-p) _
a)a’ﬂ(sl, t1, S2, tz) = Z Z (] — O{) (P (sk,[ntl]—[nt2]+l =k+ 1) —P (Sk,[ntl]—[ntz]—o—i = k))
=0

=0
[nt]-1
(o, 1=8) Y4
xP (S[nsz]*[n31]+k,€ = [nsy] — [ns1] + k) + Z B
=0

Thus, local versions of the CLT given in Lemmas 2.4 and 2.5 yield approximation

1—« [ns1] plnta]
(n) ~ g™ —
Wy g (51,11, 52, 1) R E, 5(s1, 1, 52, 1) = — by /1. /] H(byz,ay,)dzdy,
where
V— gy v wB)? V—8r48)°
Hu,v) = - zgz, L 75 €XP <—7( +81ap) )exp (—7( 82.0.p) > , (2.7)
U+ agiap)?(u+ Bgrap) 2(u + og1,a,p) 2(u+ Bgra.p)

and

1 = (1 —a) ([ns2] — [ns1]), 820, = (1= B) ([nt1] — [ntz]).

Using similar ideas as in case [ns{] > [ns;], [nt1] > [nty] one can show that the error of the approximation is bounded with
a bound not depending on sy, t1, S, t; and n, and one can verify (2.6) that completes the proofin case [ns;] < [ns;], [nt;] >
[nt,]. Finally, case [ns;] > [ns,], [nt;] < [nt;] follows by symmetry. For more details, see [6]. O

Proposition 2.7. Let 0 < sy, t1, S3, t, € Rand let (q1, q2), (r1, 12) € {(0, 1), (1, 0), (0, 0)}.
If ((X, ﬂy ]/) € Fiy then

(1 —a)s)"? A (1= Byt

712(a + B)1V2(1—a)(1—B)°

otherwise, if (1 —a)(s; —s2) # (1 — B)(t; — t,) it tends to 0, as n — oo. Moreover, convergence to 0 has an exponential rate.
If (05, /3, ]/) € &1+ then

1 lg2=rale1 _ 5,2y~ 1 ; _
P 0 0 _Js1As)B A=y, ifti=t,
nh—P;o nCOV (YE“"U (51, 64), Yry 1y (52, tZ)) o :0, otherwise,

1
——Cov (Y(") (s1,£1), Y (52, tz)) — if si=syandt; =ty,

ni/2 41,92 11,72

while for (a, B, y) € & we have

1 lgi—r1lgq1 _ 5,2y 1 ; _
P— 0] 0] _ Jti A (I—=y9)7, ifsi=sy,
nll>n;c nCov (Y‘“v‘h (s1.01), YTWZ (52, tZ)) B {O, otherwise.

Moreover, convergences to 0 in both cases have exponential rates.
If (o, B,y) € Vy then

1
lim —Cov (Y, (s1. 1), ¥, (52, ©2)) = (51 A S2)(t1 A ).

n—o0o N q1.92 > L
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The proof of the above Proposition is strongly based on the following Lemma that is an obvious generalization of
Theorem 2.3 of [4]. The statement of the Lemma can be obtained from Hoeffding’s inequality, see [19].

Lemma 2.8. Using notations of Lemma 2.4 let

’ X € [O’ 1]5
1 - ‘9

00, otherwise.

k+ ut X _
_ +u and Ip(x) == xlogg + (1 —x) log
k+¢

Then for x # 6 we have Iy(x) > Iy(6) = 0, and
p (s,ﬁf,g” > (k+ Z)x) <exp(—(k+ Oly(x), foralx> 6,

p (s,ﬁfé“) < (k+ E)x) < exp (—(k+ Ol (x)), forallx <.
Proof of Proposition 2.7. Let (o, B, y) € 744 andlet 0 < s, t € R. By Theorem 1.1 of [1] we have

. 1
Jim - Var

™ _ (=9 A =-pn?
(4656.9) = T + G =G =)

Now, as e.g.
Cov (yfﬁg s, 0), Y G, r)) = Cov (ygj? (s, 0), YU (s + 1/m, t)) — Cov (Yéj‘g (5, 0), Y (s + 1/m, t))
+ Cov (Yl("o) (5. 6), Yoo s, t)) — Var (Yé'g (5, 1), Yo s, t)) + Var (Yé"o) (s, t)) ,

by Proposition 2.3 the limit of n=/2Cov (Y;??qz (51, t1), Y, (52, tz)) asn — oo equals the limit of n'/2Var (Yég (s, t)) for

all (‘h, q2)7 (rla rZ) € {(09 1)5 (]7 0)7 (05 O)}
Assume first s; > s, t; > t, that implies [ns;] + q; > [ns,] + r; and [nt{] 4+ q; > [nt;] + 1, if n € Nis large enough. In
this case (2.1) and Lemma 2.1 imply

[nsa]4r1—1[nty]+1r—1 ; .
Cov (Vi 1t Vi) = 3 o (S =) P (S e =810 k).
k=0 =0
where
gin=lnsi]l = [ns2l +q1 — |, gn =] — [nta] + g2 — 12 .
We are going to apply Lemma 2.8 for the terms of the above sum. Let

_ ot k) + 0 —B)gnt+b) N asi =)+ A=At —6) _

O : : 0,
gint+k+gnt+t S1—S+t—bh
. gintk QI—a)s1—5) -1 =B)t1 — )
wy=— — 0, —> = w,
Sintk+gnt+l S1—S2+ti—bh

asn — oo. If (1 —a)(s; —s2) > (1 — B)(t; — t3) then w > 0. Hence, for sufficiently large n € N we have w, > ®/2 > 0
and in this way

P(Se e = E1n T K) S P (S L= @kt gan + 06 +0/2)

forallk € {0,...,[ns;] + 1 — 1} and £ € {O,...,[nty] + r, — 1}. Further, for sufficiently large n € N and for all
kel0,...,[ns;]+r —1}and £ € {0, ..., [nt] + 1, — 1}

Sintk+gnt+l=nsi]l—[ns;]+[nt1] —[nt]+q1—r+q—rn+k+L€=(s1 =52+t —t)n/2
holds, so Lemma 2.8 yields

P (sg:,;;,fgw > (g1n+k+gon+ 0O + w/Z)) < exp (—n(s1 —S2 + t1 — £)lg, (6 + /2)/2) .
Since w > 0 implies Iy, (6, + w/2) > 0, with the help of the above inequality we obviously obtain

n~"2Cov (Y, (s1.t1), Y™, (s2.12)) = O (2.8)

? L
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in exponential rate asn — oo. If (1 — «)(s1 — s2) < (1 — B)(t; — t3) then w < 0. Hence, for sufficiently large n € N we
have w, < w/2 < 0 and in this way

P (Seridiore =810 +K) <P (S50 e < @ K H 20+ 00 +0/2)
forallk € {0, ..., [ns;]+1r —1}and £ € {0, ..., [nt;] + r, — 1}. Using again Lemma 2.8 we obtain
P(Se e < @1n+ Kt Bon+ OO +0/2)) < exp (=01 =52+ 61 = )y 60 + ©/2)/2).

which directly implies (2.8).
Case s; < o, t1 < t; follows by symmetry. The remaining cases can be handled in the same way as the earlier ones.
Now, let («, 8, ) € &14. Obviously,

1— ﬂ([nt1]+lh)A([ﬂf2]+rz)
1-— 82
that immediately implies the statement of the Proposition. Case («, 8, y) € &+ can be handled in the same way.
Finally, in case («, 8, y) € V, the statement directly follows from Lemma 2.2. O

)

Cov (Y (51, t1), Y, (52, £2)) = (([ns1]+ q1) A ([nsa] + rp)) plMrl-inerra—n|

3. Proof of Proposition 1.6

According to the results of the Introduction in the following sections we may assume« > 0, 8 > Oandy > Oifay >0
anda > 0,8 > 0and y < OifaBy < 0.In this case ¥, g equals the three-by-three matrix of ones denoted by 1,

1 af B
Ea.ﬁ = |:O[,3 1 Ol:| ,
B a 1

and under the conditions of Proposition 1.6 the coefficients G(k — i, £ — j; v, 8, y) in representation (1.5) of Xy , are non-
negative.

Obviously,
1 1 X—1, Xicre 7"
—EBy = — Z E Xk, e—1 K01
" e Xi—1,6-14 [ Xk—1,0-1
VarYy" (s, t) Cov (Yé"f (5. 6), Y s, t)) Cov (Yé”l) (5. 0). Yoo s, t))
1,1
= f f Cov (Yé"l) (s, 1), Y\ (s, t)) varY{" (s, t) Cov (Yl(”g (s, ), Y1 (s, t)) dsdt.
0o Jo ' ' ' ' '
Cov (Y5, 0, Y50 (s.0)) - Cov (V{365 0, Y5 (5. 1)) vary{™ s, t)

By Lemma 2.2 if («, B8, y) € F44 then
n~'%|Cov (Y (s, 0), Y™, (s,0))| < Copn™"* (2[ns] + 2[nt] +2)"? < Cup(2s + 2t +2)"/%,

41,92 1T
where C, g is a positive constant, while in case («, 8, y) € €14+ U & we have

Co,p [ns] + [nt] - Cop(s+1t)

! |Cov (Y, (5. ). Y, (5. D) | < n 1—y2 — 1-yp2

? I

)

(q1,q2), (r1,12) € {(0,1),(1,0),(0,0)}. As both upper bounds are integrable on the unit square [0, 1] x [0, 1], the
dominated convergence theorem applies. Hence, if («, 8, y) € F, by Proposition 2.7 we obtain

lim #EBH = m(: mprYop /01 /01 (1=a)s)"? A (1= B ?dsdt 1 =0 1, (3.1)
while in case (&, B, ¥) € €1+ U &4 we have
1 1 1 1
"lLrglo EEB" = 1_7)/2/0 /0 (SLjg—1y +tLig—1y)dsdt Xy g = mzuﬂ, (3.2)

where 14 denotes the indicator of a set H.
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Besides (3.1) and (3.2) to prove the first two statements of Proposition 1.6 one has to show

1
njVaf E Kk—1+qq.6=1+,Xk—1+r,.—1+r;

(k,£)€Rnp

= — E Cov (Xk1—1+q1,51—1+q2Xk1—1+r1,21—1+r2,Xk2—1+q1,z2—1+q2Xk2—1+r1,52—1+r2)
(k1,£1),(ka,€2)€Rn

nt—4

= / / / / Cov Y(n) (51, t1)Yr(]n)rz (S], t]) Yq(:l)qz (52, tZ)Yr(ln)rz (52, tz)) dS] dt1 d52 dtz — 0
asn — oo, where {q1, g2}, {r1, 12} € {(0, 1), (1, 0), (0, 0)} and

_ )5 if(a,B,y) € Fiys
a 6’ if(O[,ﬂ, V) 651+U(€2+.

Using Lemma 2.8 of [4] we have
/ / / / Cov ( Y;?)qz (s1, f1)Yr(1n)r2 (s1, t1), Y;T)qz (s2, fz)Yr(ln)r2 (S2, t2)) dsq dt; ds; dty
<M, / / / / COV Yq(:l)qz (S], tl) ‘h QZ (Sz, tz)) Cov (Yr(ln)rz (S], f]) Yr(1nr2 (Sz, fz)) dS] dtl dSz dtz

+M4/ / / / Cov (Y, (n) , (51, 1), Yr(]”)rz(sz, t;)) Cov ( r(ln)rz(sl, t1), y(nqz(SZH ty)) ds; dt; ds; de,
0 0

which by Lemma 2.2, Proposition 2.7 and by the dominated convergence theorem implies (3.3).
Finally, let

Sn1 = Z (X1 _Xk—1,l—1)2, Sn3 = Z (Xe.e—1 = Xi—1,-1) Xe—1,6-1,

(k,£)eRp (k,£)eRp
Sn2 = Z (Xi—1.¢ _Xk—l,Z—l)zs Sna = Z (Xe—1,6 — Xk—1,0-1) Xe—1,6-1,
(k,£)€Rn (k,0)€Rn
Sns = Z (Xe.e—1 — Xe—1,0-1) (Xi—1,6 — Xk—1,0-1) »
(k,£)eRp
Z Xie_1,e-1-
(k.£)eRn

Observe, that T, is exactly entry (3, 3) of the matrix B,,. In case («, 8, y) € V4

k

=22 e

i=1 j=1

so by the continuous mapping theorem (CMT) [14]

i n—/ / ( y(n>(s t)) dsdt—>/ / W2(s, t)dsdt asn — oo

follows from Donsker’s theorem [29]

[ns] [nt]
D
Y(”>(s t) = — Z ZBU —> W(s, t) asn — oo.
i=1 j=1

Further, by (3.6) we have

k

Xie — Xee—1 = E gie and Xy —Xp_1¢= E Ekj-
i=1 j=1

Using the independence of the error terms &;; short calculation shows

ESp.1 = ESpo = n(n— 1)/2, var (Sy,1) = Var (Sp2) = 0(n°)

(3.6)

(3.9)
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implying
n’35,,,1 i> 1/2 and n’3Sn,2 i> 1/2 asn — oo. (3.10)
Applying again the independence of ¢; j it is not difficult to verify
ESn3 =ESp4 =0,  Var(Sy3) = Var(Sy4) = 0(n°
and
ESpns =0,  Var(Sys) = 0(n).
Hence, for all § > 0 we have

L. L; L.
n3735,; =0, n37?,,—0 and n27%S,5—=>0 asn— oo. (3.11)
Obviously,
2 _ —
D X =S2+2Sm2+T Y XerXire1r =S2+T,
(k.0)eRn (k.0)eRn
> X =Su+ 282 +T, =
ke—1 — °2n,1 + n,2 + Ty, Z Xk,[—1xk—1,£7l == Sn,] + Tny
(k.0)eRn (k.0)eRn
Z Xi,0~1Xk—1,6 = Sn,3 + Sna + S5 + T,
(k.0)eRn

so by (3.10) and (3.11) each entry of n™*B, has the same limit in distribution, which completes the proof of
Proposition 1.6. O

4. Proof of Proposition 1.7

To prove the first two statements of Proposition 1.7 first we show that (A,),>1 is a square integrable three dimensional
martingale with respect to filtration (F,),>1, where F, denotes the o-algebra generated by the random variables {e; , :

(k, £) € Ry}. In order to do this consider the following decomposition of A, — A,_1, where Ag := 0. Let Aﬁ,i), i=1,2,3,
denote the components of A,,. By representation (1.5),

1 . .
AV Al = Y e Y, Gk—1—it—jia B, y)E
(k,€)€Rn\Rn—1 (i.j)€ERk—1,¢

2 . .
AP AP = Y e Y, Gk—il—1—jia B e
(k,£)€Rn\Rn—1 (L.j)€Rk 01

3 . .
A,(f‘) — A,(I_)1 = Z Ek.t Z Gk—1—i,£ —1—ja, B, v)eij.
(k,£)€Rn\Rp_1 (i) €Rk—1,0-1

Collecting first the terms containing only ¢&; ; with (i, j) € R, \ R.—1, and then the rest, we obtain the decomposition

An _An—l = An,l + Z gk,lAn,Z,k,b (41)
(k,£)€Rn\Ry—1

-
1 2 ~ ~ T .
where A, 1 = (A;;A“ 0) and A,z ke = (An,Z,kfl,ZsAn,Z,k,EflaAn,Z,kfl,lfl) with

n k-1

A= > e Y, Ghk—1—il—jia.pej=y > o e, (4.2)
(k,€)€Rn\Rp—1 (i.J)€ERk—1,¢\Rn—1 k=2 i=1
5 n (-1 )
A= > e Y. Ghk—it—1—jia. . ei=Y > BT Tensens, (43)
(k,€)€Rn\Rn—1 (i.))€Rk 0—1\Rn—1 =2 j=1
Anake= Y Glk—il—jia, B, y)ey. (4.4)

(i.))€Rk,¢MRp—1
The first two components of A, 1 are quadratic forms of the variables {¢;; : (i,j) € R, \ Rn—1}, hence A, ; is independent
of F,_1. Besides this the terms A, , « ¢ are linear combinations of the variables {e;; : (i,j) € R,—1}, thus vectors A, 5 i, are
measurable with respect to 7,,_;. Consequently,
E(Ap — An—1 | Foo1) = EAp1 + Z An2keE(Eke | Fao1) = 0.
(k,£)€R\Ry_1
Hence (A;)n>1 is a square integrable martingale with respect to the filtration (F;)n>1.
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By the Martingale Central Limit Theorem [20], in order to prove the first two statements of Proposition 1.7, it suffices

to show that the conditional variances of the martingale differences converge in probability and to verify the conditional
Lindeberg condition. To be precise, the statements are consequences of the following two propositions.

Proposition 4.1. If («, B, y) € F then
1 < b
o Z E((An — Am—1)(An — An—1) | | Fno1) —> 0241 asn — oo.
m=
If (&, B, y) € E14 U &4 then

3 Z E(An — An-1)Am — An1) " | Fno1) — Yy p GSN — 00.
m=1

2(1—-y?)

Proposition 4.2. Forall § > 0,

P
02 E (”Am — Am—1 ”2]1{||Am*/\m71H25n’/4} | fm—l) —0
m=1

asn — oo, where 7 is defined by (3.4), i.e.

— 5’ if(a,ﬁ,y)e]—'++;
’ 6’ lf(av /37 )/) 651+U52+-

Proof of Proposition 4.1. Let Uy, := E ((An — An—1)(Am — An—1) T | Fin_1). First we show that if (o, B, y) € Fy4

1 ,
nlggo W Z EUn = Ua,ﬁ‘la (4.5)
m=1

while in case («, 8, y) € &1+ U &4 we have

Jm 5 ZE m= 2(1 — 2y T (46)

Obviously,

Xi—1,¢
Ap —Apo1 = Z eke | Xee—1 |,
(k,€)€Rm \Rey—1 KXi—1,0-1

and by representation (1.5) and independence of the ¢;;, the terms in the summation have zero mean and they are
mutually uncorrelated. Since for all {q1, g2}, {r1, 12} € {(0, 1), (1, 0), (0, 0)} products Xx_14q,,¢—1+g,Xk—1+4r1,6—1+r, aNd & ¢
are independent we obtain

EUn = E(Am _Amfl)(Am _Amfl)T

Xi—1,¢ Xik—1,¢
Z E Xy, e—1 Xk,0—1 Eex,e = EBy — EBp—1, (4.7)
(k,0)€Rm \Rin—1 Xe—1,0-14 [Xk—1,6-1

where By equals the three-by-three matrix of zeros. Consequently, (4.5) and (4.6) follow from (3.1) and (3.2), respectively.
By decomposition (4.1) and by the measurability of Ay, 5 x ¢ with respect to F,_; one can derive

Un = E(Am1Ap 1 | Fmo1) + Z E (Amatke | Fno1) Aok

(k,€)€Rm\Rm—1

+ Z Am,2,k,¢E (A;Jé‘k,e | Fin-1)
(k,0)Rm\Rm_1

.
+ E E Am2.k1,6Am 2.0, (&k1.61Ek0t5 | Fin1) -
(k1,€1)€Rm \Rm—1 (k2,€2) €Rm\Rm—1

By the independence of Ay, 1 and {ey ¢ : (k, £) € Ry \ Rm—1} from F;_1, and by E(Am.16k.¢) = (0, 0, 0)T, one obtains

Un=EAniAn i+ D AnakiAnoie (4.8)
(k,€)€Rm\Rm—1
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This means that to complete the proof of the proposition we have to show that for all {q, g2}, {r1, 2} € {(0, 1), (1, 0), (0, 0)}

n

. 1 ~ ~
lim —TVar E E Am 2 k—1+4q1,0-14qAm 2. k—14r1,6—14r, | =0,
n—oo n
m=1 (k,0)€Rm \Rm—_1

where t is defined by (3.4). Obviously,

n
Var E E Am 2 k—1+q1.6~1+gAm. 2. k=141, =141
m=1 (k,£)€Rm\Rm—1

= E E E E Cov (Am1,2,k171+q1,2171+q2Am1,2,k171+r1.5171+r2 ,
my=1(k1,€1)€Rmq \Rin; —1 m2=1 (k2,€2)€Rmy \Rmy —1

Am2,2,k2—1+q] ,lz—1+qum2,2,k2—1+r1 ,Z2—1+r2) s

and using Lemma 2.8 of [4] we have

Cov (Aml,z,kl—l—o—q] =140 Bmy 2k =11, 61— 1412> Ay 2.k — 141, 62— 1442 Amy, 2.k 1411, 2 — 1475 )
< MyCov (Eml,z,k]—1+q1,z1—1+q2 s Zmz,z,k2—1+q1,62—l+q2) Cov (Am1,2,k1—1+r1,21—1+r2 , Zmz,z,kz—1+r1,lz—l+r2)
+ M4Cov (Aml,z,klqu],eﬁqu ) sz,z,k271+r1,£271+r2) Cov (Aml,Z,klflJrr],thrz , :‘\sz,z,szwa.erqu) :
Moreover, by (4.4) and representation (1.5)
CoV (Amy 2.k1,615 Amy 2.05,0) = > Gl —i, 61— jy @, B, )Glky — i, £ = s @, B, ¥)
(1.1 €Riy Aky, €9 ALy MRing Amy—1

CoV (Xiey 15 Xk 05) -

IA

Furthermore,
n n

Cov (qu Ctan - T4ars Xk~ 1401, o —14a5)
my=1 (k1,£1)€Rmy \Rm; —1 m2=1 (k2,£2)€Rmy \Rin, —1

X COV (Xiey 11,6112 » Xky—1411,65—1413 )

= E Cov (qu—l+q1.£1—l+q27Xk2—1+q1,4£2—1+q2) Cov (Xk1—1+r1,l1—1+r27Xk2—1+r1,lz—1+r2) .
(k1,€1),(k,€2)€Ry

Hence,
Var E E A2 k—14q1,6—14qAm 2 k—14r1, 6141, | < My
m=1 (k,£)€Rm \Rm—1

X § (COV (Xk1—1+q1,£1—1+q27sz—H—q],lz—H—qz) Cov (Xk1—1+r1,l1—1+r27Xk2—1+r1,£2—1+r2)
(ky,€1), (k2 €2)€Rn

+ CoV (Xiy—14q1,61— 1402+ Xig— 141,65~ 1475 ) COV (Xiey 147,01 1412 Xy 1441, 62—1442) ) +
so (4.9) can be proved in a similar way as (3.3). O
Proof of Proposition 4.2. Since
LAy zone/4y < 8202 1|An — Ana 1%,

to prove Proposition 4.2 it suffices to show

1 .
nt Z E (”Am —An_al* | -mel) —> 0 asn— oo,
m=1

(4.9)

(4.10)

where 7 is defined by (3.4). By the decomposition (4.1) of A, —A,,—1 and by the inequality (x+y)* < 23(x*4y*) forx,y € R,

4

1Am — Am—ill* < 22 [Amall* + 2° Z &k, eAm, 2,k
(k,£)€Rm\Rin—1
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By the independence of A, ; and F,,_1, we have E (||Am,1 4] ]—‘,,,,1) = E||Am.1]|*. Applying the measurability of Ay, 5 x ¢ with
respect to 5,1, we obtain

4

Ek,tAm2 k¢
(k,&)€Rm\Rm—1

2
| Fno1 | < (Mg —3)" +3) ( Z ||Am,2,k,e||2> .

(k,£)€Rm\Rm—1

Hence, in order to prove (4.10), it suffices to show

1 4
n‘L‘Llon?n;E”Am” =0, (4.11)

2
1 2
Jlim —> € ( > MAnzkll ) =0. (4.12)

(k,€)€Rm \Rin—1

Using (4.2) and (4.3) it is easy to see that

m k—1 4 m {—1 4
4 k—1—i —1—j
”Am,l” 52 ZZ“ lgi,mgk,m +2 ZIB ng,jgm,li .
14

k=2 i=1 =2 j=1

If0 < o, B < 1then by Lemma 12 of [2] we have E||A,,,,1||4 = 0(m?), while for @« = 10r 8 = 1a short calculation shows
that E||An,1]|* = O(m*). Hence, (4.11) is satisfied for both possible values of 7.
Furthermore,

2

2 A2 A2 A2

E ( Z lAm,2,k.ell ) = Z E((An ok, —1.0, T+ Amakger—1 + Amak—1.0,-1)
(k,£)€Rm\Rm—1 (k1,€1)(k2,€2) €Rm\Rm—1

A2 12 12
X Aok 1.ty T A 2sp ity 1+ Amaty1.6y-1)) -
From Lemma 2.8 of [4] follows

E (A2

2 12 2
m,Z,kl,KlAm,Z,kz.lz) = 3M4EA EA

m,2,ky,¢q m,2,ky, 0y

while using (4.4) and representation (1.5) one can easily see Ezﬁnz,k.e < Var X ¢. As by Lemma 2.2 there exists a positive
constant C, 4 such that '

CaopVk+L, if(a,B,y) e Fiy;
Caﬁ(k+£)v if(O[, ,35 V) 681+U62+7

short calculation shows

E( 3 ||Am,z,k,e||2>2=0(mf‘2)!

(k,€)€Rm \Rin—1

VarXi, < {

which implies (4.12). O
Now, consider the case (o, 8, ¥) € V;. Let

Zy = E Xi—1,0-1€k.¢
(k.E)eRn

and Cr(,U and C,Ez) be the random sequences defined by (1.3) and (1.4), respectively. Using Eq. (1.2) which in this case takes
form A4 A Xk = Eke with A Xk o = Xko — Xk—1,0, Do Xio = Xko — Xk o—1, from (3.8) and CMT we obtain

1 1 k—1 -1 1 k ¢
o 2 (o (S5 (e ()
n (K-DeRy n n n n nn
1 1 1 1 D 1 1
/ / <7Yé”8(s,t)> <7Y(§”3(ds,dt)>—> / / W(s, HW(ds, dt) asn — oo.
o Jo \n 7 n- o Jo

Further, using the independence of the error terms ¢; j and (3.9) short calculation shows

ECV =ec® =0,  Var(C") = Var (C?) = 0(n®).
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Hence, for all § > 0 we have
L; L;
n27¢c 20 and n*7Cc? 20 asn— oco. (4.13)
Obviously,

An—2,(1,1,1)7 = (¢, ¢, 0)"
that together with (4.13) completes the proof. O

5. Proof of Proposition 1.8

According to the results of the Introduction it suffices to consider the case« > 0,8 > 0Oand y > Oif ¢y > 0and
a>0,8>0andy <0ifefy <O0.
Consider the following expression of det(B,,)

det(B,) = Z Z Z Wiy, e1.k2.85.k3,635
(k1,€1)€Rn (k2,£2)€Rn (k3,£3)€Rn

where
Wiy 01,00.02,k3.65 = 2Xi 1,6, X1 -1,6,—1Xky 65— 1Xky — 1,65 1Xk3 — 1,03 Xk3, 53— 1
2 2 2 2
+ Xkl—1,K1Xk2,ez—1xk3—1,€3—1 - qu ,Kl71Xk2*1lzxk2*112*1X7<3*1w33Xk3*113*1
2 2
- Xkl7‘1jlxkz,[z71Xk271,[271)(’(3,(371Xk371,£371 - Xl(l7‘1’[17]Xk2,£271X’<271,(2X’<3,[37]Xk3,[371 .
Short calculation shows that

Wi vttt = Xetr=1 = Xey—1.021)° (Xig—1.2, —Xkrnéz—l)zxkzrnerl
+2 (qu,(]q - Xklfl,zlfl) (qu—ll] - Xkﬁl,e]fl) (sz,ezq - szq,/zrl)
X (ng—uzg —Xk3—1,/z3—1)XI<2—1,42—1X1<3—1,43—1
- (qu.z]q —Xkﬁ],zfl) (Xk]fu] —kal,e]q) (sz,ezq —szq,zzq)
X (Xkrl.ez —Xkrl,ezq)xéq,@q - (qu,z]fl _qufl,llfl)z (szfl.éz _szfl,fzfl)
X (Xk3—1,Z3 _Xk371,£371)Xl<271,2271Xk371,£371 — (Xklfl,él _Xk171.£171)2

X (sz.ez—l - sz—l,lfz—]) (ng,z3—1 - Xk3—l,€3—l)Xk2—1,£2—1Xk3—1,Z3—1~ (5.1)
First let (o, B8, ) € F,.Using notations (3.5) introduced in Section 3, by representation (5.1) we have
n~ 1372 det(B,) = (n72Sn.1) (N72Sn2) (n’s/2 Tp) +2 (n7*Sn5) (n’9/45n,3) (n’9/45n,4)

— (07%Sn5)” ("7 T) — (72Sn1) (174S04)” = (172S02) (17%45,5)° (5.2)
Obviously,
ESys = n’ / 1 / "o (V%6 0. Y85 6. 0) = Var (Vi (s, 0)) ds e,

and with the help of (2.1), Lemmas 2.1 and 2.4, Corollary 2.6 and Lemma 2.8 of [4] one can show

Var (Sps3) < n / / / / ‘COV Y<")(s1,t1) Y(O(sz,t2)>—Cov(Y(")(s1,t1) Y(o(Sz,fz))‘

X ‘COV (Y](,(;(SL tz), Y(;Tlo (S], f])) Cov (Yéng (52, tz) Y( O(Sl, tl))‘ dSl dﬁ dSz dfz

1 p1 1 pl
+ n4/ / / / ‘COV (an(; (s1, t1), Yéfg (s2, tz)) — Cov (Yo(f}} (s1, t1), Yo%) (s2, fz))‘
+ [cov ({3651, 00, Vi 52+ 1/m. 1)) = Cov (Y1, ), Ygo (52 + 1/n 1))
x |Cov (Vg o1, ), Yg3 (52, £)) | dsy dity dsy d, + My = 3)*C . (5.3)
where C, g is a positive constant. In this way Propositions 2.3 and 2.7 and the dominated convergence theorem imply

lim n~%%ES,3 =0 and lim n*?Var(S,3) =0,
n—o00o

n—oo
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and the same result can be proved for S, 4. Hence,

n=94s, 5 2,0 and n=94s, 4 2,0 asn— oo (5.4)

Further,

o) o) 2
ES, 1 = n? y ,0(5, B — Y™, t)) dsdt,

and using representatlon .5) and Lemma 2.1 with notations of Lemma 2.4 we obtain

2 1— IBZ[nt] [ns]—1 [nt]—1 ,
B k=0 (=0

Obviously, E (Yf'g (s, t) — Y(") (s, t)) is a monotone increasing sequence and by Proposition 2.3 it has an upper bound
independent of s, t and n. Hence,

1
(n) (n) _ 2 (M)
11m E(Y (s, t) = Yoo (5, t)) = 1_52+(1—oz) 0.5 > 0. (5.5)

Similarly to (5.3) one can show

1 1 1 1
Var (Sn1) < m*(Ms — 3)*Cop + 2n4f f f f (‘COV (GONDRHOERVENSY
0 0 0

— Cov (Y§RGs1 00, Yin G + 1/n. 1))

2
‘COV (Y]mo) (S], t1) Yé 0(52, tz)) — Cov (Yén(; (51, t1) Y(g 0(52, tz)) D dS] df1 dSz dtz, (56)
where C, g is a positive constant. Again, Propositions 2.3 and 2.7, the dominated convergence theorem and (5.5) imply
1
lim n~2ES,; = +(1—a) and lim n~*Var (S, 1) =0,
n—oo ’ — ,32 n— o0 ’

and a similar result can be proved for S, . Hence,

_ L 1 _ L 1
n2s, 4 — ~ 5 — oz)zgélzg = /c;]/)g and n72S,, —> r— +1 - ,B)ZQ/(;L = K,(;L (5.7)
asn — oo.
Finally,

1 p1
ES, 5 = 1 / / E(¥56. 0 = Yh6.0) (V6.0 - Yo (s 0) dsd,
A , )
while for Var (Sn,5) one can find a result similar to (5.6). Using again representation (1.5) and Lemma 2.1 we obtain

E (Yfﬁg(s, B — Y™, t)) (Y"“(s B — Y™, r)) — (-1 - Vs ),

where
[ns]—1 [nt]—1

Ve 0= 30 > (P(ST =k 1) (s = k) (P (SR =t 1) =P (s = ¢)).
k=0 €=0

By Proposition 2.3 E (Yf"o) (5. 6) — Yoo (s, t)) (Yénl) (5. 6) = Yoo (s, t)) is bounded with a bound independent of s, t and n, but

one has to show that V(") (s, t) has a limit as n — oo. In order to prove this we show that for fixed s and t values vV (”) (s t)
is a Cauchy sequence.

Letn,m € N,n > m, 0 < s,t < 1, and without loss of generality we may assume [ms] > 1and [mt] > 1. The local
version of the CLT given in Lemma 2.5 yields approximation

[ms]—1 [nt]—1 [ns]—1 [nt]—1
(n (m) ~ (nm) o _
V(s 0 = V(s 0 2 DI ) = = ; @Z foee @) = 5= D7 > flbee, ae),
— =[mt] k [ms] £=1

where

U2 U2
flu,v) = 3 &P (_7)7
2u
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while ay ; and by ¢ are given in (2.3). Using Lemma 2.5 one can easily show that for the error of the approximation we have

[ms]—1 [nt]—1 [ns]—1 [nt]—1 1 [nt]—1 [ns]—1
DI TS IS T SFL P I

k=1 ¢=[mt] k=[ms] £=1 k@ {=[mt] k=[ms]

| /\

V(s ) = Vs, ) — D G, r)’

< 8Cas LI S L )
.
T ap(1—a)(1-B) \p2 b/ bo.ime1  bmsio

1,[mt] [ms],1

asm, n — oo, where C, g is a positive constant. Further, as

v v? VT o~ v 1
F(u,v) = /f(U, v)dv = ——— exp (—?) + @ (1117) so [F(u, v)| < TR

2u? R

using the notations of the proof of Proposition 2.3 we obtain

(n m) [ms]  p[nt] 2 [ns]  rInt]
(s, t)’ < = f f(by,Za ay.z) dzdy + — f(by,z» ay.z) dz dy

[mt] T Jims) J1

ZHQ B bims], [nt] A[ms],[mt] bins], [ne] A[ns],1
< —=5 / / f(u, v)dvdu—i—/ / f(u,v)dvdu

ﬂb] 1 b1,(mt] a1 [nt] bims),1 [ms],[nt]

4H, 5 /b[msuml 1 /b[nsl,[m 1 8H, 4 1 1
< : du + ——=du) < : + -0
= —1/2 = —1/2 1/2 1/2

nbly]/ ( b],[mt] u3/2 b[ms],‘l u3/2 7Tb1 1/ bl/[mt] b[n/15] 1

asm, n — oo, where Hy g = <(a +8)A—a)(1— ﬂ)bl/z) , which together with (5.8) proves that v(” (s, t) is Cauchy.
In this way

lim £ (Y060 = Y556, 0) (Y516, 0 = Vs, 0) = o,

so by Propositions 2.3 and 2.7 and the dominated convergence theorem we have
lim n~2ESys = (1 —a)(1— Bol and  lim n~*Var (S,s) = 0.
n—oo n—-oo

Hence,

25,5 2 (1—a)(1 - oy = «?) asn — oo. (5.9)
By representation (5.2), Proposition 1.6 and limits (5.4), (5.7) and (5.9) imply

- P De 2\’
n~ "% det(B,) — o 4 (K; Sk — (/co(”)g) ) =0, 5 det (Kq.p)

o 1 1-w) ¢ , A=) @ PN RO BN I Ne)
_a""3<(1—a2)(1—/32)+(1+a)9‘”"3+(1+ﬂ) Opa T (1= "1 =P) (Qaﬂ@ff“ (Qf‘)))

asn — oo, which is the first statement of Proposition 1.8. Observe, the positivity of the limit of n~'3/2 det(B,) follows from

the non-negativity of ¢, ﬁQ;,]L (Qf}s) that is a trivial consequence of the Cauchy-Schwarz inequality.
Now, let («, B, ) € &14, SO

Kooe
Xio = Z Z,Bz_j&:j.

i=1 j=1
In this way

=1 k=1
Xeo—1 — Xk—1,0-1 = Zﬁl_l_]gk.j and  Xy_10 — Xk-1,0-1 = Z&:e = (1= B)Xk-1,6-1-
j i=1
Using the independence of the error terms ¢; ; short straightforward calculations show
2 2n
n n(l1—y")
ESnJ = 1— )/2 + (1 — )/2)2 s ESn,B - ESn,S =0,
n?(n—1)
2

ESn,2 +(1+y)%€T,,  ESpa=—(1+ y)ET,,



S. Baran, G. Pap / Journal of Multivariate Analysis 107 (2012) 282-305 301

and
Var (Sp,1) = 0(n%), Var (S, 3) = 0(n?), var (Sp5) = 0(n%),
Var (S,2) = 0(n%),  Var(Sn4) = 0(n).
Hence
1 1 1
n_ZSm i) 2 n_35n.2 i) _—, n_35n,4 i) _—, (5]0)
11—y 1—vy 2(1—vy)
and forall § > 0
n=3270s, 520, 2S5 —50 (5.11)

asn — 0o. As by representation (5.1) we have
n~8det(B,) = (n2Sp1) (n72Sn2) (N2 Ty) + 2 (n7%/%S,5) (n7%/2S,3) (3Sn4)

— 2 _ _ _ 2 _ _ 2
— (n728,5)" (N2 T,) — (n72Sn1) (N3Sna)” — (n73Sn2) (n7°/%803)" .
Proposition 1.6 and limits (5.10) and (5.11) imply the second statement of Proposition 1.8. Case (&, 8, ¥) € & can be
handled in the same way.
Finally, consider the case («, S8, y) € V.. As by representation (5.1) we have

n~'%det(By) = (n7Sp1) (n73Sn2) (N Th) + 2 (n73Sn5) (n77/%Sn3) (n77/%Sn4)

— (7380s)" (1 T) — (173S01) (W72S0a)” — (073802) (177/25,5)°,

the last statement of Proposition 1.8 is a direct consequence of Slutsky’s lemma, (3.7), (3.10) and (3.11). O
6. Proof of Proposition 1.9

To prove Proposition 1.9 we are going to apply the same ideas as in the proof of Proposition 1.7. Consider first the cases
(o, B,y) € Fyyand (a, B, ) € €14 U Exy. As (Ap)n>1 1s a three dimensional square integrable martingale with respect to
the filtration (F,),>1, random sequence

Cn - Cn—l = Cn,] + Z 8k,licn,2.k,l (6])
(k,€)€Rn\Rn—1

is a two dimensional martingale difference with respect to the same filtration, where

(€] 1) it
Coo= Ani C _ | Ghame | — [Anzk—1.0 = An2k—1,-1
n1 - A(z) s n,2,k,¢ C(z) . A _A 5
n,1 n,2,k, € n,2,k,0—1 n,2,k—1,£—1

with A A(z) and An 2.k.¢ defined by (4.2)-(4.4), respectively. Here G, ; is independent of 7,_1, while G, ; x ¢ is measurable

n,1°
with respect to it. However, representation (6.1) is also valid in the case («, 8, y) € V,, when

n—1 n—1 n—1 n—1

§ § § § : (2) § :E :
Ek, Kcnzk[ = Eit€ne,s 8k$€Cn.2’kg EL,j€k,n-

(k,£)€Rn\Rp_1 =1 i=1 (k,£)€Rn\Rp_1 =1 j=1

Hence, C, — C,_; is a martingale difference in this case, too. This means that according to the Martingale Central Limit
Theorem the statement of Proposition 1.9 follows from the propositions below.

Proposition 6.1. If («, B8, y) € F then
1 1 P
- 2 E((Cn — Cne1)(Cn = Cn1) T | Fin1) —> Kap SN —> 00.
=
If (Ola ﬂ» y) € Sl+
n

2 1 1 2 1
Z M _ M P Z @ _c@ P
n3 ((C 1) | fm—l) > s 2 P ((C 1) | fm—l) > 1_ )/2

1—y

asn — oo.
If (a, B, y) € & then

'y 2 P 1 1< 2 P 1
— W _ ~M R 1 @ _ @ 1
0z m§:1 E ((Cm ) | fm_l) 17w Z:: ((cm ) | ]—"m_l) -1

asn— oQ.



302 S. Baran, G. Pap / Journal of Multivariate Analysis 107 (2012) 282-305
If (@, B,y) € V; then

1y T p 1
E mz_:]E ((Cm - m—l)(cm - m—l) | }—m—l) — 51—2 asn — oQ.

Proposition 6.2. If («, 8, y) € F4 thenforallé > 0
1 n P
= Z E <||Cm — Gn—1 ||211{||cm_cm,1||zan} | ]:mfl) —> 0 asn— oo.
m=1

If (a, B,y) € E14 U &y then forall§ > 0
1< , ; p
n3 2E <|C'g) - CTS)*l'21{\@5?—65?,“25”3/2] | fm%) —0
m=1

1 <& . :
_ 0 _ 0 2 o P
- D E <|Cm Gl ]1{\62)76”(?,1\2&] | -7'—m71> —0
m=1
asn — oo, where

(l ) — (]7 2)7 lf (as ﬂs )’) € €]+;
D=2, i (@B, y) € &y

If (a, B,y) € Vy thenforall5 > 0

1"
E Z E <||Cm - Cm—l ||2]l{IICm—Cm,1||35n3/2}
m=1

P
]—'m_l) —>0 asn— 0.

Proof of Proposition 6.1. The proof is very similar to the proof of Proposition 4.1. The details can be found in [6]. O
Proof of Proposition 6.2. Similarly to the proof of Proposition 4.2 it suffices to show that if («, 8, y) € F, then

Y B (G~ Cual [ ) >0 asn— oo,
m=1
if(O(, ﬂ, )/) € g1+ U 52+ then
1 o p
S)E (|c,§;) —c® 4 fm) o,
m=1

asn — oo, where

Q.j) = {(1,2), if (o, B,y) € &1
’ '_ (27 1)» if(O[,,B, )/)652+,

while for («, B8, y) € V4

1 &
4

; - P
D E (|cg> —cO 4 f,,H) 0

m=1

= Z:]E (ICn = o1 lI* | Fnet) —> 0 asn — co.
m=
The details can be found in [6]. O

7. Proof of Proposition 1.10

Let («, B, ¥) € F44.Using notations (3.5) introduced in Section 3 and definitions (1.3) and (1.4) after short calculation
we obtain

n~12B,A, = (n22QM) (171G, + (n774Q®) (0.0, 1) (n74A,) . (7.1)
where Qn(]) is a three-by-two matrix with entries

) = SuiTy — 25, O = SnaTw — S24,

(,11),2 = (,12),1 = 541,35n,4 — Su,5Ts

() = (Sw3 +Sus) Suz — (Su1 +Su3) Sna + (Sus — Su1) Tas

(,13),2 = (Sn4 + Sns) Sna — (Sn2 + Sn.4) Sz + (S5 — Sn.2) T,
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@ _ (0®,03.0% T
and Qu (Qn Qn.3) with

Qn(z) = Sn,3sn,5 - Sn,4sn,1, QH(Z) — Sn,4sn,5 - Sn,3sn,27
QH(Z) — Sn,lsn,Z - 55,5 + (Sn,2 - Sn,S) Sn,3 + (Sn,1 - Sn,5) Sn,4~
Now, Proposition 1.6 and limits (5.4), (5.7) and (5.9) imply
n*Q/ZQn(,‘g)J _ (,179/451143 + n79/45n,5) ( -9/4g, ) (n*9/45n,1 + n*9/45n,3) (n79/45n,4)
(172805 = n2501) (1792T,) = 02 5 (i) — '} (7.2)
74D = (7)) — (7 7/3S0s)” + (n7%Sns — 172Sns) (179/4S,5)
+ (721 — n72S,5) (179/45,4) —> 0

asn — oo, and using the same ideas one can find the limits of the remaining entries of Q,fl) and coordinates of Qrfz). In this
way

n°2Q" 5 62 ;1 Kyp and n717/4Q® 5 (0,0,0)7

as n — oo, that together with (7.1), Slutsky’s lemma and Propositions 1.7 and 1.9 implies the first statement of
Proposition 1.10. o
Further, let («, B, y) € &14. Asinthis case ¥ g = (1 — yz)(O, 1, —1)7(0, 1, —1), short calculation shows

n By = (n7BA = (201= 1)) " Tap) (17'4) + (21 = 7)) Fup) (n7'A0)
= (n"2Q") (nA,) + <n—6Qn(2) — (41— yz)),l ©.1, _1)T> (n~'c?)
+ (40 —y») 70,1, -7 (n7'c?), (7.3)

where now Qn(l) is a three-by-three matrix with entries

M . (1) [C)
Q”“._S,”T 5 22 = 33—0
(11)2 = Qrfl 1= 513514 — Sn5Th,
(1) = (]3)] = (Sn,3 + Sn,S) Sn,3 - (Sn,l + Sn,3) Sn,4 + (Sn,S - Sn,l) Tnv

(1)3 —Sn4sn5_(Sn2+sn4)sn3+sn5Tnv

(’13),2 = sn,lsn,Z + (Sn.Z - Sn.S) 5n,3 + (Sn,l - Sn,S) S11,4 + (Sn,l - Sn,S) Tn
- (SnA,B + Snﬁs) Sn,3 + (Sn,1 + Sn,B) Sn,4 - Sis,

.
and 0” = (0,03, —Q}3) with

Q2 = Sn2Ty — S,
(23? = Sn,1511,2 + (Sn,z - Sn,S) Sn,3 + (Sn,l - Sn,S) S11.4 + (Sn,] - Sn,S) Tn + (Sn,Z - Sn,S) Tn
- (sn,4 + Sn,S) 5n,4 - (Sn,3 + Sn,S) Sn,3 + (Sn,l + 5n,3) 5n,4 + (Sn,Z + Sn,4) Sn,3 - 55,5-
Using Proposition 1.6 and limits (5.10) and (5.11), similarly to (7.2) one can show that

1124

n 1,1,j

50, ij=123,
and
Q% T (41 —yd) ", n %Y 5 (a1 —y?)

as n — oo, that together with (7.3), Slutsky’s lemma and Propositions 1.7 and 1.9 implies the second statement of
Proposition 1.10. .

Finally, if (o, B, y) € &4 we have ¥, g = (1 — y5H (1,0, —1)T(1, 0, —1). Hence, similarly to the previous case one
can prove that the limiting distribution of n~’B,A, equals that of (4(1 — yz))_1 (1,0, =17 (n*1C£1)> which completes the
proof. O
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8. Proof of Theorem 1.1

Cases («, B,y) € Fyy and («, B, y) € &1+ U &4 are direct consequences of Propositions 1.9 and 1.10.
Consider now the case («, 8, y) € V.. Using notations (3.5) introduced in Section 3 let

S 0
Sn = 0 Sn'Z .
_Sn,l _Sn.z

As by Proposition 1.9

n~32¢c, i>,/\/(0,Iz/2) asn — oo,
to prove the last statement of Theorem 1.1 it suffices to show

SnCa

3/2 -1
n B A, —
< " " Sn,15n,2

)—P>(0,0,0)T asn — oo.

Further, denote by Ry, ; j, i, j = 1, 2, 3, the entries of the matrix B, — T,S,H. Short calculations show that

Rni1 = —55,3, Rnop = —55,47 Rn12 =Rn21 := 503504 — TuSn5,
Rn13 = Ru31 = Sn3 (Su3 + Sns) — Sna (Sn1 + Sn.3) + TaSns.
Rn23=Rn32 =S4 (Sna+Sns) — Sn3 (Sn2 + Sna) + TnSns,

Rn,3,3 = (Sn,z + Sn,4 - Sn,3 - Sn,S) (Sn,l + Sn,3 - Sn,4 - Sn,S)
+ (Sn,3 + Sn,4 + Sn,S) (Sn,l + Sn,z - 25n,S) - 2Tnsn,5~

Now, Slutsky’s lemma together with (3.7), (3.10) and (3.11) implies
n713/2Rn,3,3 == n713/4 (Sn,z + sn,4 - Sn,3 - Sn,S) n713/2 (sn,l + sn,3 - sn.4 - sn.S)

172 (S5 4 Sua + Sus) 172 (Sun + Sz — 2Sn5) — 204 Tn /%S, 5 —> 0

(8.2)

asn — oo, and obviously the same result can be proved for the remaining 8 entries of B, — T,S,H. Combining this result

with Proposition 1.7 we obtain

0772 (ByAy — TSxGy) — (0,0,0)T  asn — oo.

Using again Slutsky’s lemma together with (3.7), (3.10) and (3.11) from (5.2) we have
1'% (TuSn,1Sn.2 — det(By)) 50 asn— oo,

that together with (3.10) and (8.1) gives us

1 SnC (n3S) (n32Cy)
7 (T,,sncn S clet(B,,)) = ——" n = "
n Sn,lsn,Z (n Sn,])(n Sn,Z)

1 P
X 5 (TaSniSnz — det(By)) —> (0.0.0)"

asn — o<. In this way (8.2) follows from Proposition 1.8 and limits (8.3) and (8.4). O
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