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Abstract

We obtain fundamental solutions for PDEs of the form u; = ox¥ uyxyx + f(x)ux — ux"u by showing that
if the symmetry group of the PDE is nontrivial, it contains a standard integral transform of the fundamen-
tal solution. We show that in this case, the problem of finding a fundamental solution can be reduced to
inverting a Laplace transform or some other classical transform.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we show how to compute fundamental solutions for every partial differential
equation (PDE) of the form

ur =0 x uyx + f(Xuy — pxu, (1.1)

which possesses a sufficiently large symmetry group. These PDEs are important in financial
mathematics and other areas. We extend a technique due to Craddock and Platen [4], who studied
the y = 1, u = 0 case. Their method reduces the problem to the evaluation of a single inverse
Laplace transform, which is given as an explicit function of the drift f. Such a method has
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many benefits. For example, it is quite direct since it does not require changes of variables or the
solution of an ordinary differential equation, and it may be implemented numerically.

Craddock and Platen’s analysis relies upon an apparent curiosity. Namely, that for a large class
of PDEs, one of the multipliers (see Section 2), in the Lie point symmetry group is the Laplace
transform of the fundamental solution. This approach is however incomplete, as Craddock and
Platen were not able to handle every class of PDEs they studied. We give the complete solution
to the problem.

It turns out that what Craddock and Platen discovered is a special case of a more general
phenomenon. We prove that for at least one of the vector fields in the s[, part of the Lie symmetry
algebra, the multiplier of the symmetry, or a slight modification of the multiplier, is always
a classical integral transform of the fundamental solution of the PDE. We show that Laplace
transforms of the fundamental solutions arise naturally, as do other classical transforms, such as
the Whittaker and Hankel transforms. A priori, it is not at all obvious that this should be true.
This curious fact suggests a connection between Lie symmetry analysis and harmonic analysis,
which should be investigated further.

The method also yields a quite elementary derivation of the so called heat kernel on the
Heisenberg group. Most derivations of this heat kernel are far from elementary. See, for ex-
ample, Gaveau [5] and Jorgensen and Klink [6]. We reduce the problem to inverting a Laplace
transform. In fact, we will recover more than just the heat kernel. We obtain a family of solutions
containing the heat kernel.

2. Lie symmetries as integral transforms

For the theory of Lie symmetries we refer to Olver’s book [10]. For simplicity we consider
only a single linear equation

up=P(x,u™), xefRCR, (2.1)

with independent variables x and ¢ and dependent variable u. Here ) denotes u and its first n
derivatives in x. The essence of Lie’s method is that we look for vector fields of the form

V=S(x7t’u)ax +T(x7t5u)8l+¢(xvt’u)auv (22)

which generate one parameter groups preserving solutions of the given PDE. Since every PDE
of the form (2.1) has time translation symmetries as well as an infinite-dimensional Lie al-
gebra of symmetries which comes from the superposition of solutions, we call them trivial
symmetries. When we refer to the dimension of a Lie symmetry algebra, we mean the di-
mension of the algebra excluding the infinite-dimensional ideal generated by superposition of
solutions.

We denote by i, = p(expev)u(x,t) the action on solutions generated by v. Typically we have

pexpevu(x,t) =o(x,1; €u(ai(x,1; €), ar(x, 1; €)), (2.3)

for some functions o, a; and a;. We call o the multiplier and a; and a, the change of variables
of the symmetry.
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Now suppose that (2.1) has a fundamental solution p(z, x, y). Then the function

u(x,r) = / fpt, x,y)dy, 24
2

solves the initial value problem for (2.1) with appropriate initial data u(x, 0) = f(x).
The idea is to connect the solutions (2.3) and (2.4). We take a stationary (time independent)
solution u = up(x). So in this case

pexpeviug(x) =o(x,1t; e)uo(al(x, t; e)). 2.5)
Setting ¢t = 0 and using (2.4) suggests the relation
/a(y, 0; €)uo(ai(y,0;€))p(t,x,y)dy =0 (x,1; €)ug(ai (x,1; €)). (2.6)
Q

Since o and a; are known, we have a family of integral equations for p(z, x, y).
Consider the example of the one-dimensional heat equation u; = uy,. If u(x,t) solves the
heat equation, then for € small enough, so does

e = e~y (x — 2et, 1). 2.7)
Taking ug = 1, Eq. (2.5) gives
o0
/ e—é)rp(t’ x — y) dy — 6—6)64-62[7 (28)
—00

where p(t, x) is the one-dimensional heat kernel. Thus the multiplier in the symmetry (2.7) is
nothing more than the two-sided Laplace transform of p(¢, x — y). We can recover p(t,x — )
by inverting (2.8).

A second well-know symmetry of the heat equation is

. 1 —ex? X t 2.9)
e = ex u , . .

T Trder P\ Tx4e |"\T¥der 11 4er

Using uo = 1 again we obtain
oo
2 1 —ex?
eV plt,x —y)dy = ex . 2.10

/ pix=ndy =g p{1+4et} (2.10)
—00

Equation (2.10) is an integral transform. It is easy to verify that p(t, x) = ﬁe‘xz/ A s

a solution of the integral equation (2.10). Directly inverting the transform is more problematic
since we do not know of an explicit inversion theorem and the inverse transform will be unique



M. Craddock, K.A. Lennox / J. Differential Equations 232 (2007) 652—-674 655

only up to the addition of an arbitrary odd function. However, using the fact that p is positive
and setting z = y? gives

o0

o0
/e*”zp(t,x—y)dy=/e*“G(t,x,z)dZ,
%0 0

where G(t,x,z) = (p(t,x — /z7) + p(t,x + \/2))/24/z. Thus the multiplier in the symme-
try (2.9) is the Laplace transform of G (¢, x, z). Inverting the Laplace transform gives

G(t,x,z) = —(x2+z)}cosh(x«/z/2,)'

1
ex
Jart p{ 4t Jz
From this we can recover p(t,x). A more satisfactory method of extracting the fundamental
solution from (2.10) is developed in Section 7. Our overall aim is to show that exploiting the

relationship (2.6) yields a fundamental solution for any PDE of the form (1.1) with nontrivial
symmetry group.

3. Symmetries of generalized bond pricing equations

A zero coupon bond is a security which pays the holder one unit of currency at maturity.
A readable account of the theory of bond pricing by PDE methods is contained in the book [7].
Assume that the risk neutral spot rate of interest X satisfies the stochastic differential equation

dX; = f(X;,0)dt +b(X;, 1) d Wi, Xo=x, (3.1

where W is a standard Wiener process. The function f is known as the drift and b the volatility.
Let u be a solution of the PDE

1
Uy = Eb(x, t)zuxx + f(x,Duy —xu, x2=0, (3.2)

with initial condition u(x, 0) = 1. It can be shown that the price at time ¢ of a zero coupon bond
maturing at time 7, is given by u(x, T —1).
We concentrate here on interest rate models of the form

dXt = f(Xt)dt + ZUXtth

This corresponds to ¥ =1 in (1.1). We will illustrate the general principles for the y = 1 case.
We will proceed by computing the Lie symmetries of the PDE (1.1) with y = 1. The case r = 1
contains the bond pricing equation for this class of interest rate models. Its symmetries were
completely described by Lennox in [9]. The = 0 case was analysed by Craddock and Platen
in [4]. The case of arbitrary y in (1.1) is considered in Section 7.

Proposition 3.1. The partial differential equation

U =0xiyy + f(X)uy — ux"u (3.3)
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with r # —1 has a nontrivial Lie algebra of symmetries if and only if the drift function f is a
solution of one of the following families of Ricatti equations

1
Uxf’—af—i—EfZ—I—Zy,axr"H=Ax—|—B, (3.4)
/ 1 s rr1_ Ao
oxf —crf—i—if +2uox =§x +Bx+C, 3.5)
1 A 2 3
Uxf’—af+§f2+2uaxr+l=Ex2+§Bx%+Cx—§02. (3.6)

If r = —1 the right-hand side of Egs. (3.4)—(3.6) is replaced by oxf' — o f + %fz +2uo Inx.

The proof of this result is essentially the same as the = 0 case given in [4]. The factors of
% and % multiplying the constants A and B in (3.5) and (3.6) are a notational convenience. For
our purposes we need only the following facts: when f is a solution of (3.4), then there is an
infinitesimal symmetry

1 1 1
Vi =xt0y + =128 — — [ x +1£(x) + = Ar> |ud,. (3.7
2 20 2

When f is a solution of (3.5) there is an infinitesimal symmetry of the form

—JAt —JVAt
vy :xe*ﬁtax _ eﬂ o + € — (\/Zx —f(x)+ %)uau. 3.8)

When f is a solution of (3.6) with A = 0 there is an infinitesimal symmetry

B 1
= (xt + Eﬁt3> dy + Etza,
1

s oB 3 B 3 c 324
20<x+ —xt?+tf(x) — 24f + NG f()+ 144t)u8u.

When f is a solution of (3.6) with A # 0 then there is an infinitesimal symmetry

_JAr
_ A, 2B _¢
vVi=e (x+3A\/_)8 7 3

2
+e—ﬁz<ﬁx+23ﬁ_f<x)+ B__Bfw) C_ . B 2) .
20 3ovA 20 | 6AVx  30AJE | 20vA  90AY

(3.9)

A complete classification of the infinitesimal symmetries is in [9]. It may be readily
checked that the symmetry algebras in all cases are either the Lie algebras of SL(2, R) x R or
SL(2,R) x H3 where Hj is the three-dimensional Heisenberg group. The vector fields listed
above all come from sl5.
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For example, consider the case of the Lie symmetry algebra when f satisfies (3.4). Introduce
the standard basis for sl given by

01 -1 0 0 0
hefoo) e=(@1) w=(000)

Calculating the commutator table for the Lie symmetries shows that vy given by (3.7) is equiva-
lent to the matrix element k3. The time translation symmetry v, = 9; is equivalent to k| and the
Lie bracket of v1 and v, produces a vector field which is equivalent to the basis vector k». Similar
comments can be made about the Lie symmetry algebras when the drift f satisfies one of the
other classes of Ricatti equations. In general, all the vector fields listed here correspond to k3.

It is also worth noting that all the known symmetry methods for obtaining fundamental solu-
tions, such as the group invariant solution method of Bluman, Cole and Kumei (cf. [2]) will only
work for the drifts described in Proposition 3.1.

4. Laplace transforms of fundamental solutions

The first case to consider is when f satisfies (3.4). The next result generalizes [4, Theo-
rem 4.1]. The case r = 1 isin [9].

Theorem 4.1. Let f be an analytic solution of the Ricatti equation
1
oxf —of + Ef2+2,wxf+1 = Ax + B. (4.1)
Let ug(x) be an analytic solution of (3.3) which is independent of t and

_ 1 X Ax + %tz) X
vreen _exp{5<F(m) - F(x)) T (o }”°<(1 +om2)’ @2

where F'(x) = f(x)/x. Then

o]

U)(x,t)= / uo(Y) pu(t, x, y)e ™ dy,
0

where p,(t, x,y) is a fundamental solution of (3.3).

Proof. We exponentiate the vector field (3.7) to see that if u((x) is a stationary solution of the
PDE (3.3) where f satisfies (3.4), then U, (x, t) given by (4.2) is also a solution. Since u#¢ and
f are analytic, then for each ¢ > 0, U, is analytic in 1/A and therefore is a Laplace transform
in y of ug(y)pu(t,x,y) for some distribution p,. Since U, (x,0) = uo(x)e ™ we must have
p(0, x,y) =8,(y), the Dirac measure weighted at x. To see that p, is a fundamental solution
of (3.3), observe that if we integrate a test function ¢(A) with sufficiently rapid decay against U,
then the function u(x, t) = fooo U, (x,t)p(X)dX is a solution of (3.3). We also have
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oo oo

u(x,O)2/Ux(x,o)w()»)d)»Z/MO(X)e_“w()»)d/\ZMO(X)<15(X),
0 0

where @ is the Laplace transform of ¢. Next observe that

@]

/uo(y)<1>(y)pu(t,x,y)dy=//uo(y)<p(k)pu(t,x,y)e_”dkdy

0

/ / uo(NeW) pu(t, x, y)e ™ dydi
0 0

= /w(k)UA(x,t)dx =u(x,1).
0
We know that u(x,0) = ug(x)®(x). Thus integrating initial data uo® against p, solves the
Cauchy problem for (3.3), with this initial data. Hence p,, is a fundamental solution. O

We will give some financial applications. To obtain drift functions, we set f(x) =20xy'(x)/
y(x). This transforms Eq. (3.4) with r = 1 to the linear ODE

202x2y"(x) + (2uax — Ax — B)y(x) =0. 4-3)

This has general solution

—ix /it 2 2
yx)=e xﬁ/z(mﬂ(a,ﬁ, lf/gﬁ>+bw<a,ﬁ, %‘0/‘7)) 4.4)

where a and b are constants,

—(iA—2yh0} —2m 1+ Bo?) \/ﬁ
“= 4 /o3 o PElEY I

1 F1 is Kummer’s confluent hypergeometric function and ¥ is Tricomi’s confluent hypergeomet-
ric function, given by [1, formula (13.1.6)]. This implies that f is analytic.
To obtain a stationary solution o we solve

OxXUyy + f(X)uy — pxu=0. 4.5)
We set u = ﬁ(x)ef‘p(x)d" with p(x) = 2” f(x). An easy calculation shows that i satisfies the
ODE

202 %20y — (Ax + B)ii = 0. (4.6)

Equation (4.6) is solved in terms of Bessel functions. Hence u is also analytic.
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Example 4.1. If A =0, then
y(x) = av/xdy(x/1/0 ) + b/x Yy (x /1) ). 4.7

Here n = %w/l +2B/o2, Jy, Yy are Bessel functions of the first and second kinds and a
and b are arbitrary constants. If B =0, ¢ =0 and b = 1 we obtain the drift function f(x) =

2x¢u—acot(x\/§ ).

A stationary solution of the corresponding bond pricing equation is ug(x) = csc(x\/g ). Ap-
plying Theorem 4.1 we obtain

—AX "w
U, (x, t)_exp{ e }csc(x\/;)

Computing the inverse Laplace transform gives

) (L (5 ) 2T

t,x, =€
pu(t,x,y) XP{ o7 ﬁatl

=

sin x —)

Q

The bond price B(x, t, T) when the risk neutral spot rate of interest x follows the SDE d X; =
ZX,ﬁcot( L)dt + /20 X, dW,, is then

o0
—x(T—1) sm —
B(x.1,T) :/pl(T —t,x, y)dy :e{ 1+0(T*t)2 (f+03/2(T 1)2).
0 Sln(%)

With the fundamental solution we can also price options on bonds, interest rate swaps, interest
rate caps and many other instruments. For example, a European call/put option is the right to
buy/sell an underlying asset for a fixed strike price at some date in the future. The price of a call
option with strike E on the zero coupon bond B is simply

C(B,x,t,T) :/max(B(y, t,T)-E, O)pl(T —t,x,y)dy.

Example 4.2. Setting A =0, B =402, a =1 and b = 1 in the general solution (4.4) we obtain
the drift function

0 2 o+ 2 () ()

where g(x) = (x /&t + ﬁ)cos(x\/g) + (x /It —0) sin(x\/g).
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Omitting the details, we obtain via Theorem 4.1 a fundamental solution of u; = oxu,x +
f)uy — pxu. Itis

1 P,
pM(t,x,y)zanp{_x"‘y}(f) 13< ﬁ)@

ot y ot gx)’

The corresponding bond price may now readily be obtained.
Many such examples are possible. The drifts which arise can be very complex, and so allow
for very different kinds of interest rate dynamics.

4.0.1. Stochastic volatility models

Consider the problem of pricing a European option under stochastic volatility. The time evolu-
tion of the underlying asset S; is modelled by the SDE dS; =rSdt + /v, d W,l and the volatility
v, satisfies dv; = f(v;) dt + a\/v_;thz.

We assume that the two Wiener processes W', W2 are uncorrelated. The value of an option at
time ¢ with expiry 7 and payoff g is denoted V (S, v, 7). It can be shown that V must satisfy the
PDE

1 1
v + Euszvss +rSVg+ Eazva + f(W)Vy —rV =0, (4.8)

subject to V(S, v, T') = (S, v). For a discussion of stochastic volatility models see the book by
Joshi [7]. Letting S =Inx,t — T —t and V(€,v,1) = [0 V(x,v,1)e”'** dx leads to the PDE

1
U = Ea%UUU + f(U, — poU, (4.9)

witha =r(i&—1), u= %(52 +i&)and U = eV If pu(t,v,y) is the fundamental solution
of (4.9), then

o0

D&, v.1) = T / 8 ) pu(T — 1,0, y)dy.
0

From which we can determine V. Consequently, for our models, the problem of pricing an
option under stochastic volatility is reduced to the evaluation of an integral.

5. Whittaker transforms of fundamental solutions

Let us consider the vector field vq from (3.8). Craddock and Platen were only able to handle
some special cases for this symmetry. Here we present the complete solution to the problem.

Exponentiating v; and replacing € with —e we see that if up(x) is a stationary solution of
Eq. (3.3), then with F'(x) = f(x)/x,

Uo(r.t) = —b —/Axe +L P xeVAt CF
e =e P 20‘(6\/21—6) 20 VAl _ ¢ g

VAt
B xe
X (e\/Zt _G)ZOﬂu()(m) (51)



M. Craddock, K.A. Lennox / J. Differential Equations 232 (2007) 652—-674 661

is also a solution of (3.3). We assume that u¢ is not left invariant by this symmetry. If it is, then
the analysis we present fails. However if (5.1) leaves u( invariant, we may use a second sl
symmetry, generated by

NA A
vo = xeVAly, + 7 3 — (fx + f0)+ T)m

This symmetry will not fix u(. The analysis we present here can be repeated for that symmetry
and the results are essentially identical.

We assume that A > 0. The case A < 0 can be handled by a slight modification of our ar-
gument. We write U_c(x, t) as an integral of its initial value against our fundamental solution.
Then we have

o8]

/ Uee(y, O pp(t.x. y)dy = Uoc(x. 1), (52)
0

To identify this as a known integral transform we observe that the solution 1 may be written
as ug(x) = iig(x)e /2% where iio satisfies the ODE 20 2x?iijj(x) — (%sz + Bx + C) x
iig(x) = 0. This has solution

fio(x) = e 3 xz(alFl <a B, \/TTA)—G—b‘I/(O{ B, */fx», (5.3)

wherea=ﬁ+%ﬁ,ﬁ=1+ 1+ 25 Witha =0, b= 1, this gives

B__4§ X —vA «/Zt
U-cm.)=e" 20( v —€)xVA xre exp{ ;;:szt_j)e)}

Vi
VAxel ) (5.4)

U (a, g, ———
) (aﬂa(eﬂl—e)

Therefore, with n = 20% % B, Eq. (5.2) reads

U_e(x,t)=(1—¢e)" )pu(t,x,y)dy.

]O B _EW® { «/Ay(1+e)} ( Ay
yZe expyl—————— (Y| . B, ———

20(1 —¢€) o(l—e¢)
0

Upon setting A = (‘1/— 9 this becomes
o0
—_ B _B_
/e PO W@, B A, x, y) dy = A2VAU sz (1),
0

—F(y)

VAy
where h,(t,x,y) = (‘/TX)”e 5

pM(t9xs Y)
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Let Wiy1/2,0(2) = e 27 (y — k, 1 4 2v, 7) be the second Whittaker function (see
[1, formula (13.1.33)]). If 1 4+ 2v = B, v — k = «, then the previous integral becomes

0

_A _B_
/e 2 Wk+%’v()»y)hu(t,x, y)dy=)»2°”U¢;/(UA)_1(x,l)~
0

We may write this as

e¢]

_Ay k1 1 _B_
[ e O T T2 Wag 12,0 O O T2 (1%, y) dy = A2VAU 0 (6, 0).
0

If oy (t,x, y) = yk+%hu(t,x, y), then this becomes

e¢]

_Ay _k—1 ~ _B_
f e T O I Wig1 k(. x, Y) dy = ATVAU g (). 5.5)
0

The final integral in (5.5) is the so-called Whittaker transform of h -
Definition 5.1 (The Whittaker transform). The Whittaker transform of a suitable function ¢ is
defined by

(W) (W) =D () = / O) K2 RW L ) () dy. (5.6)
0

An inversion theorem for this transform is known. For a suitable constant o we have

p+ioco
= A Y2 My AY)DP (L) d.
¢ () i T T2 / (*y) e k=172, AY)P (1)
p—ioco

The function My_12,, is the first Whittaker function given by [1, formula (13.1.32)]. The in-
tegral is taken in the principal value sense. For a discussion of the transform, see [3, p. 110].
Note that Brychkov and Prudnikov call this the Meijer transform. There does not seem to be a
general naming convention in the literature regarding these transforms. Unfortunately, theorems
guaranteeing that a given function is a Whittaker transform seem to be difficult to prove, so our
next result is not as strong as Theorem 4.1.

Theorem 5.2. Let f be a solution of (3.5) for u # 0. Let

B 1 1 1 B
=—— — -8, v==,/14+2C/0? and k+ ==-— .
" %vi 2 AR 27 "20A

_B_
Let Uﬂ/(xa)—l(x’ t) be given by (5.1). Suppose that Lova U\/Z/(M)_l(x, t) is the Whittaker

transform of a function h w(t,x,y). Then
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- \/K " 1 YAy-F(y)
hu(f,x,Y)=(7> yk+2€ % pult, x,y),

where p,, is a fundamental solution of the PDE (3.3).

Note. If ;« = 0 this theorem is still valid if we simply replace the stationary solution given with
uo = 1. It is also easy to show that if A — 0 then this result reduces to Theorem 4.1.

Proof of Theorem 5.2. From the initial value for kof U N 1 (x, 1), it is clear that its

Whittaker transform must be of the form hu (t,x,y), where p(0,x,y) = §,(y). To show that
Py is a fundamental solution, we use the same argument as in the proof of Theorem 4.1.
We need to know that the Whittaker transform has the right operational properties, such as
I~ FE)(Wiwg)(x)dx = [ (Wi, f)(x)g(x) dx. This is the case. For a discussion of this and
other operational properties of the Whittaker transform see [8, Chapter 7]. O

Note. Fortunately, it is possible to explicitly prove that for a wide range of parameters we do
indeed have a Whittaker transform. For example, if Re(v — k) > —1 then A, can be shown to be
a Whittaker transform. Two other special cases are presented now.

5.1. Some special cases

B 1_ 1/ 2C
5.1.1. The case zgﬁ+§:§ l—l—ﬁ

Set v = %‘/ 14 i—g Since ¥ (2v, 1 4 2v, x) = x 2", then for this choice of parameters the

problem reduces to inverting a Laplace transform. We consider only the case A > 0. We obtain
after a straightforward calculation

/°° {—ﬂy(l to  FO)
exp

26(-6) 20 } =0T x ) dy

=e

Vs (/A l_vexp{—\/z(eﬁt-i-@ ~ F(x)}. 5

X2
20 (eVAT —¢) 20

We set A = \2/0_((11 +:)) After some further calculations this reduces to

o0

1 F(y)
/e’”y?’”e’%pu(hx,y)dy
0

1-2v
:e_% <7\/Z ) eﬁt
o(eVAr — 1)

—JAx m } < VA («/At )) —142v
+ A+ —coth| — R
20 tanh(YAL) A+ YA coth(YAL) 2 2

o

X exp{

where m = ;‘x cosechZ(‘/—’ ). Inversion of this Laplace transform is straightforward. There are

two cases.
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Ifv# % then
b, [x «/Ke(%'”)ﬁt FO)=F() VAx +y) 2/ Axy
put,x,y)=4 ST ANe ¢ P = 1y, — =)
Y 40 sinh(%) 20 tanh(%) o smh(%)

Ifv= % then the fundamental solution is given by

F()=F(x) \/K(x +y) VA X 2/ Axy
pult,x,y)=e 2 exp{— I ———— )+ ).
20 tanh(¥24) J \ 26 sinh(¥4L) V'Y \ 5 sinh (L)
(5.8)
5.1.2. The case B=0
If B = 0 then we make use of the fact that
)2 e ™Y (1/2 4+ v, 1420, Ax) = 27" /Ax /7 Ky (Ax), (5.9)

where K, is a modified Bessel function. This implies that

o

VA2 YAy _F)

UJA/ﬁ_l(x,t)z (7) ﬁ/\/)»yl(,,(xy)e 0" 20 pu(t,x,y)dy.
0

This so-called K transform can be inverted. We have

p+ioco

(o2

VANT2TY VAy-Fo 1
- ﬁe 20 pll.(ta-x7y)= ()"y)zlv()\'y)Ug—)L/\/Z_](-xv[)d)"a

p—100

for a suitable constant p. Here I, is the modified Bessel function of the first kind. Notice that for
A < 0 we obtain the Hankel transform of the fundamental solution.

5.1.3. Thecasea=1,b=0
If we had takena = 1, b = 01in (5.3), we would arrive at the so-called | F transform, described
in [3, p. 115]. We leave the details of this calculation to the interested reader.

6. The final class of Ricatti equations

Now suppose that the drift function f satisfies the Ricatti equation oxf’ — of + % 2+

2uox’t = %xz + %Bx% + Cx — %02. When A = 0 we obtain the Laplace transform of the
fundamental solution. The result here generalizes Theorem 6.1 of Craddock and Platen [4]. The
proof is identical to that of Theorem 4.1 above and we omit it.

Theorem 6.1. Let f be a solution of the Ricatti equation,

1 k 3
oxf' = f+ 517+ 2u0x"! = Ax? +Cx — o’ 6.1)



M. Craddock, K.A. Lennox / J. Differential Equations 232 (2007) 652—-674 665

Let ug(x) be an analytic solution of (3.3) which is independent of t. Let

(12(1 + Ao 1) /x — Ar(o1)?)?

F'(x)=f@)/x,  HGx1)= 144(1 + ro)*

and

o ! Ax +3CY)  FARYXGB4A) ARG+ Iar) - 3)
e )T T T (1 +r1)2 108(1 + A1)3

Then for A 20, Uy (x,t) = fooo uo(Y)pu(t, x, y)e_)\y dy, where p,(t,x,y) is a fundamental
solution of (3.3) and

Jx(1 + rot)
U = G(A H(\
s \/ﬁ(l+kat)—%(at)3exp{ e Do (H 3 x.1)

o

X exp{ ! (F(x) — F(H(A,x, t)))}. (6.2)

The case when A # 0 in (3.6) turns out to be similar to that of the previous section, though
because of the nature of the symmetries, it is perhaps not quite as elegant.

LetD=28 F= ﬁ(% + %) and F'(x) = f(x)/x. For simplicity we will begin with the
@ = 0 case and again assume that A > 0. The cases A < 0 and u # 0 can be handled similarly.

To solve the Ricatti equation (3.6) we set

l 2
y=2\/; and M_L(f<y_) _E),

h(y) oy 4 2

then we obtain a second order ODE for & which is solvable in terms of confluent hypergeometric
functions. Omitting the rather straightforward details this leads to

1 1 _ VA@+2DJX)
exp %F(x) =xde 2

2 2
X(q%_;é’ﬂw:ﬁ) )+021F1<,3 1 VAD+ /x) ))

"’ o

(6.3)

_ 1, 2B*-9CA _ —4B*49Q2AC+0A%?)
where o = —5 + =0—=5= and g = o5 AT

We will take the solution corresponding to ¢ =0, c; = 1.
We exponentiate the infinitesimal symmetry (3.9). Let u(x, ) be a solution of (3.3), then the
following is also a solution:

and c; and c; are arbitrary constants.
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\/)_ce‘/Zt/z
N
¢ (D +/x) — DVeVAl t e

{fdfwﬂ ((e%mﬁ) )2)}
xexp ———————+ —F|| ————-D
20(eVAr 4¢) 20 VeVar 4 ¢

VAt 2
1 e (D+x) VAt )
xexp{ 20F(x)}u<< e D) n(eV4 +¢)

p(exp(evi))u(x, 1) = (1+ ee_ft)

6.4)

Since we have assumed that . = 0 we may take a stationary solution u#g(x) = 1. After can-
cellations, this leads to the following solution of (3.3)

_VAN-E _ﬂ(ﬁwﬁ(ﬂf—e)
Ue(x,1)=(1+¢€e ) er exp{ o .

o 1 J—(f+D)2

with /iy (x) = exp(— YA (g L YA( /x4 D)),
From this point the analy51s is similar to that of the previous section for the case of the Ricatti

VA

equation (3.5). We wish to interpret Eq. (2.6) as a known integral transform. We set A = P ETa

Thus (2.6) becomes

e ¢]

/e‘“ﬁ”’)z!lf(—%, % Ay + D)2>ga(y)pu(t,x, y)dy=U,(x,1),

0

) = (LAYE exp{ YA (/3 + D)2}/ ho(y) and U (x, 1) = A~ EU /% 03y—1 (6 1) Upon
setting z = (|/y + D)? we have

where g4 (¥

00 ! B
/ ‘W<—% 5 ?»Z>H(x/5—IDI)ga(z)ﬁu(t,x,z)dw(z)zUA(x,t), (6.6)
0

where H is the Heaviside step function and g, and p,, are the obvious transformed functions
and dw(z) = (%)dz. If wesetv=—1/4,k =«/2 — 1/4 then (6.6) becomes

o0
/ e % )k 2Wyi1,(h2)Ga(@)Put, x, 2) dz =374 T, ),
0
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where G (z) = H(\/7 — D)8 (2)(\/7 — D)Zk_%. We can thus apply the inversion formula for
the Whittaker transform to recover the fundamental solution. Again, the proof of the next result
follows the same pattern as for Theorem 4.1.

Theorem 6.2. Let f be a solution of the Ricatti equation (3.6). Let Uc(x,t) be as given by
(6.5). Further let Gy(z) be as defined above and k = —a /2 — 1/4, v = —1/4. Suppose that

ﬁﬂ/(ko)—l (x, 1) = A7k (ok/\/Z)_EUﬁ/(M)_I (x, t) is a Whittaker transform of a function
Go(2)p(t, x,2). Then

p+ioco
Ga(@)p(t,x,2) = / O V2R EM 120 ONT s7/60) D AR, (6.7)

p—i00
and p(t,x, (/Y + D)?) is a fundamental solution of (1.1) for the given drift.

Note. This result can easily be extended to the © # O case. Just replace U, (x, ) in the integral
(6.7) by Uc(x,t) multiplied by the appropriate stationary solution ug of the PDE, as per the
symmetry (6.4).

Example 6.1. Suppose that © = 0 and (2B> — 9CA)/90’A% = % Further assume that £ > 0. It
is straightforward to invert the transform for these values and we obtain the fundamental solution

1 1
2:7F Jx+D\2 VAE:
p(l’xv y): ( y+D)<4> exp{——'_G(-xv y’t)}
JY vy Jy+D 2
A D D _
xIE_l(fWﬂ )WY+ ))(1_eﬂ,) (5 + D — D),
2 o sinh(YAL)
_ - 2_ 2 2 2 At
where G(x, y, 1) = VA((S/y+D)2~(/x+D) ]+(2(;/)7+D) +(/y+D)~) coth(*7 ))'

7. The case of arbitrary y

We have shown that for every class of Ricatti equation in Proposition 3.1, there is an sl sym-
metry whose action comes from a well-known integral transform of the fundamental solution.
Similar results can be established for PDEs of the form (1.1) with y # 1. There are various spe-
cial cases which need to be considered in order to present a complete picture, but this can be done
by following the method described here. Rather than embarking on an exhaustive treatment, we
will content ourselves with an illustrative result for the general case and some examples.

Theorem 7.1. Suppose that g(x) = x'7V f(x),y #2,r +2 — y # 0 and that g satisfies the
Ricatti equationoxg' —o g+ %gz +20ux" 27V =20 Ax>Y + B, where A and B are constants.
Then Eq. (1.1) has a symmetry of the form
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_ 2— a2 A2
U 1) = 4e(x* V402 —y) At)}

(1 4 den)(T=1/C=) eXp{ 02— )2(1 + det)

1 X X t
—(F(—* ) _F : :
XeXp{za< ((1 +4et)2/(2V)> (x))}u<(] ¥ 4e1)2/C) 1+4et>

where F'(x) = f(x)/xY. Suppose further that the natural domain of (1.1) is x > 0. Let U, be
the value of Us when u = uy is a stationary solution of the PDE (1.1). Then

o0

a2 —
[ wmpax 3 dy =T, e .1
0

where p,(t, x,y) is a fundamental solution. If the equation is defined on R then

o0

a2 —
[ e wmpae x5y =T o 0. (1.2)
—00

Proof. A straightforward application of Lie’s prolongation algorithm shows that when g satisfies
the given Ricatti equation, there is an infinitesimal symmetry of the form

4x2-Y Ax1vef(x) 41 —y)
c2—y)?  oQ2-y) 2—y

8xt

V= a + 429, — < t+4At2)u8u.

Exponentiating the symmetry gives U.. The remainder of the proof is similar to that of Theo-
rem4.1. O

The integral transform in (7.1) can obviously be reduced to a Laplace transform. We present
an example.

Example 7.1. Let y = 0. The Ricatti equation in Theorem 7.1 is easily solved by the change

3
of variables g = 2xay’/y. One solution gives the drift f(x) = 5% + 2J/x /Ao cot(”;%ﬁ)
3

A stationary solution of the corresponding PDE is ug(x) = X3 csc(zzz‘?{ﬁ). Applying Theo-

rem 7.1 gives

x3/2 —ex? Zx%\/ﬁ
Ue(x, 1) = .
<@ = T aen T eXp{a(l+4et)}CSC< 3Jo )

The substitution z = y? in (7.1) turns it into a Laplace transform. Taking the inverse leads to the
fundamental solution

1 (X2+y2) Xy sm(
_— — 2 _ ONT
pt,x,y)= Utx4y4 exp{ 401 } (20[ “in (zx/\/—)

2y/«f)
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Extracting the fundamental solution from (7.2) is not quite so straightforward. Fortunately there
is an effective way of doing this. The basic approach is to integrate the symmetries with respect
to the group parameter.

The heat equation has two stationary solutions ug(x) = 1 and u1(x) = x. From these we
obtain the symmetry solutions

1 —ex? X —ex?
UOx,1) = ———eTHa, Ulx,1) = ——_eTHiar (7.3)
‘ VT +4et ‘ (1+4der)?
Now let ¢(€) and ¥ (¢€) have sufficient decay to guarantee the convergence of the integrals in
o0 o0
u(x,t):/go(e)uf(x,t)de+/¢(e)ug(x,t)de. (7.4)
0

The function u(x, t) is a solution of the heat equation with u(x,0) = @ (x2) + x¥ (x2), where @
and ¥ are the Laplace transforms of ¢ and . The solutions Ug and Uel may be represented as
Laplace transforms

o0
0 1 -2
U (x,t)=—=e 4 [ e~
0

() @)

s1nh<\/— ) dz. (7.6)

o
U (x, t)——e /e%ze ar
0

Using these in (7.4) and reversing the order of integration gives

JZx
, h
—E [qﬁ(z)% +U() smh<*/_tx>} dz.

[e¢]

u(x,t)=

0

Letting z = y? this becomes after simplification,

2 +y2 xy Xy
u(x. 1) = ﬂ_ T [eH (@) + 9 (1) + e T (@) =y (v))] dy
oo oo
_e? 2 2 1 _et? 2 2
/ (@) + 30 () dy + [ e F (2(?) - 30 (7)) .
0 0
(7.7)
Letting y — —y in the second integral gives
u(x, 1) = L - (®(»*) + y¥(y?))dy. (7.8)
Vamt
—00
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—p?

e~ 4  which is correct.

Since u(x,0) = ®(x?) 4+ xW (x?) this implies that p(r, x — y) = \/ﬂ
Let us now use this procedure to determine the fundamental solution for another PDE.

Example 7.2. Consider the equation u; = u,, + 2tanh(x)u,. This is defined for all x € R. So
we are in the situation of (7.2) in Theorem 7.1. Stationary solutions are ug(x) =1 and u(x) =
tanh x. From the symmetry in Theorem 7.1 we obtain the two symmetry solutions

1 —e(x? 4 41%) | cosh(1755)
UO(x.1) = Lady 7.9
(0 V1 4+ det exp{ 14 4et coshx (7.9
1 —e(x? +4¢?) | sinh(%)
Ul 1) = exp| ZEX- 417 Lidei” (7.10)
1+ det 1+ 4det coshx

The solution u(x,t) = fooo P(e)U(x, 1) de + fooo Y (e)Ul(x, 1) de satisfies the initial condition
u(x,0) = @ (x?) + tanh x¥ (x2), where @ and ¥ are the Laplace transforms of ¢ and . Now

+.

® —t—ez—‘ztz
Ug(x,t)=/e - ! [cosh<M> (f(x 2t))i|dz and
0

coshx  2./4mzt 2t

2,,

L femeTEE JZx+20) f(x 21)
U, (x,t)_/ p 2@[00811(721‘ ) co ( )}dz.
0

We use these representations in the integrals defining u and reverse the order of integration. Then
we let z = y* and expand the hyperbolic cosines to get

oo
x24y2

_—‘ —t Xy
ux,t) = q)( )coshycosh(2—t> sechxdy

S

A+V

o (y )smhysmh< 5, > sechx dy

o0

(1 7(@»‘)2 coshy ) )

—/e me 4 coshx(¢(y )+tanhle/(y ))dy
0

2y 2
o coshx((p(y ) tanhyd/(y ))dy.

< 2

/ o 1 EZS0) coshy
0

The replacement y — —y in the second integral leads to

_ <xzy>2 coshy
t

1
—t
e
VAt coshx

u(x,r) = (@(yz) +tanhle/(y2))dy.
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This implies that the desired fundamental solution is

t

(7.11)

2
— h
pt.x.y)=e" (=) }COS Y

1
VAt exp{— 4¢ coshx’

That this is the fundamental solution can be readily checked. It is also straightforward to verify
that

o0

21 (x —y)?) coshy

/e Vet exp{—i — L dy=U%x,1) (7.12)
/ 4t coshx e

. 4t

as required by Theorem 7.1.

Using this procedure, the reader may check that

t

(7.13)

— v)2 ) sinh
pt.x.y)=e" ey }Sm Y

1
Jant CXP{ 4 | sinhx

is a fundamental solution for u; = uy, + 2coth(x)u, valid for x # 0. Other examples can be
computed the same way.

One may prove results similar to Theorem 7.1 which cover every possible drift for which there
is a nontrivial Lie algebra of symmetries. For example, if

1 Ax*=%  Bx*V
oxg —og+ §g2+20ux’+2_” =12, + Py +C, y#2,

then we have a Whittaker-type transform giving the fundamental solution. There are also theo-
rems analogous to Theorems 6.1 and 6.2. We leave these and the y = 2 case to the reader. We
will conclude by relating the y = 0 case to an important equation in nilpotent harmonic analysis.

8. The heat equation on the Heisenberg group

We choose a basis for the Heisenberg Lie algebra, by setting X = % + y%, Y= a% - x%

and Z = a%' The sub-Laplacian is then X2 + Y2 and so the heat equation on the Heisenberg
group may be expressed as

Up = Usx + Uyy +2yUy; — 2xUy; + (x* + y?) Us.. (8.1)
This possesses few symmetries, but it is invariant under rotations, so the heat kernel itself should

also be invariant under rotations. We therefore make the change of variables r = /x2 + y2. This
reduces the heat equation to

1
U =U,+-U +r*U;, r>0. (8.2)
r
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Taking the Fourier transform in z gives

1
U = Upp + — Uy — kzrzu, where (8.3)
r
o
u(r,t; A) = / U(r,z,t)e * d. (8.4)
—0oQ

This PDE does have useful symmetries. However instead of considering (8.3), we will study

1
=ty + ~ty — (3*r% = 2|A)u. (8.5)
If u is a solution of (8.5), then w = e~ 2*"y(r, 1) is a solution of (8.3). We consider (8.5) because
A
it has a stationary solution ug(r) = e_%r 2 Equation (8.3) has Bessel functions as stationary

solutions. These lead to Hankel type transforms, which are harder to invert than Laplace trans-
forms.

Proposition 8.1. A basis for the Lie algebra of symmetries of (8.5) is given by

vi =2[Alre* Mg, 4 MMy, — 22 2p2e MMy,

va = =2[alre Mg, 4 e~ HMG — 2 (327 — 210))e M Uy, v3 =10, V4 = ud,,

and there is an infinite-dimensional ideal spanned by vector fields of the form vg = B(r, t)0,,
where B is an arbitrary solution of (8.5).

. . _ b .
We are only interested here in vo. If ug(r) = e~ "2 then an elementary calculation shows that

(exp(eva))uo(r) = a ex LA
pIEXPIEV2))ito T A —4)0e P12 Mt —4inle )

From this solution we can recover the heat kernel for both (8.5) and (8.3), as well as the heat
kernel for the Heisenberg group. The main result is the following.

Theorem 8.2. The heat kernel for the PDE (8.5) is

1 {—|A|<r2+sz> ,( A )
Snh ) 2tanh(2|x|t)} sinh2nn) )

p(t,r, &)=

where I, is the modified Bessel function of the first kind.

Proof. If p(¢,r, &) is the heat kernel, then given a solution u(r,t) we must have u(r,t) =
fooo u(€,0)p(t, r, &)d&. Applying this to the solution p(expevy)ug(r), we obtain

o0

/p(t,r,g) —|AE2 (14 4|rle M — A2 (MM 4 4)ale
exp dé = exp .
1 —4[A|e 2 1 —4|rle A — 4| 2 \ e —4)ple

0
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We set s = %( ifi:it ). After some simplification this gives

o]

[ ey = i
: ’r’ = . eX
e r 2sinh A1) P) 2tanh A0

0

1 k
X i exp{ A }’ (86)
s+ Zleoth@rln) s + Elcothliln)

where k = A2r2cosech?(2|A|r) /4. Setting n = £ converts this into a Laplace transform. The
right-hand side of (8.6) can be inverted. With 1 replaced by &? this gives

P [ (G ,( |AIrg )
PR = S { 2tanh(2[A[1) } sinh(2[Al) /°

8.7

which is the desired result. O

For suitable ¢ the following integral defines solutions of (8.5),

_ |A|Ee2IM IAl(r® +E2) |Alr&
ulr, ) = / © Snhan © {2tanh(2|k|t) }I°<sinh(2|x|t)>d§'

Since u(r, 1) = [;° @(&)e > p(1, r, §) d& is a solution of (8.3) for suitable initial data ¢, we
can obtain solutions of the heat equation on H3 by setting

U(r,z,1) = /OO 1A ex —IAIr? EMK (A, 1) d (8.8)
L 27 sinh A1) <P\ 2 tanh2[A 1) A DA '

where the kernel K is given by

i —|rg2 Al
Kran= | Eexp Io( - o (€) dE. (8.9)
0

2tanh(2|A[t) sinh(2|A[t)

An obvious choice is to take K = 1. This is achieved by setting £¢(§) = §(£), which gives the
following solution of (8.1)

o

A —|Alr? .

h(r,z,t):/ P M| inz gy (8.10)
27 sinh(2|\|1) 2tanh(2|A|t)

—00

This is, up to scalar multiple, the heat kernel for H3 obtained by Gaveau and others. We have
thus obtained a family of solutions of the heat equation which contains the heat kernel.

The natural question to ask is whether the methods used here can be applied to other heat
equations on nilpotent Lie groups? There are reasons to believe that this is in fact the case. This
question will be addressed in future work.
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