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1. INTRODUCTION

Consider the various colorings of a necklace consisting of n beads, where
each bead can be either red or black. Informally, two colorings will be
considered to be the same if it is possible to get from one to the other by
moving the clasp, interchanging colors, or both. A coloring is considered
primitive if it has no proper subpattern. Gilbert and Riordan [4] give a
formula which counts the number of such primitive colorings. Metropolis,
Stein, and Stein [5] noted that for all n < 15, Gilbert and Riordan’s
formula also gives the number of MSS sequences of length n. In Section 5
we show that these two quantities agree for all n by means of an algorithm
which for each n produces a bijection. We also have, but will not give here,
a number theoretic argument.

In Section 4 we consider the periodic points of f(z) = z> — 2. Let f° be
the identity map, and for n a positive integer define f” inductively by
fl=fand f"=f(f"1). If for some n > 0 f"(w) = w, then we call w a
periodic point of f and the minimum {n > 0|f"(w) = w} is the period of
w. For any z, the orbit of z is { f"(z)|n = 0}. Given a periodic point x of f
with period m, we call the orbit of x negative if (/™) (x) < 0. Of course if
(f™)(x) is negative, then (f™)(y) is negative for all y in the orbit of x.
For a given positive integer n, Myrberg [9] attempts to count the values of
p for which zero is a periodic point of h(z) = z2 — p of period n. In his
analysis he describes sequences which would later be called MSS sequences.
Based on a hypothesis which he is unable to prove, he finds the number of
such p to be the number of distinct negative orbits of order, or size, » using
the function f(z) = z2 — 2. The number of such p for n < 16, calculated
by Myrberg, is equal to the number of MSS sequences of length n. In
Section 4 we give two proofs that the number of MSS sequences of length
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n, for all n € N, is the same as the number of distinct negative orbits of
order n using the function f(z) = z2 — 2.

For completeness, in Section 2 we briefly discuss MSS or shift maximal
sequences. In Section 3 we follow the work of Sun Lichiang and G.
Helmberg [10] to give a formula which, for each positive integer n, counts
the number of MSS sequences of length n. We use the results of Section 3
throughout the paper. To our knowledge their work has not yet been
published. We let N denote the positive integers.

2. MSS SEQUENCES

In 1973 Metropolis, Stein, and Stein [5] developed a universal theory for
a certain class of maps of [0, 1] into itself. Given such a map f and a value
A between zero and one they formed a finite or possibly infinite sequence of
R’s and L’s, {b;}, by considering the iterates of the map Af at }. For
ix=1,set

R, if (A)(2) >4,
bi={L, if (A)'(}) <4,
¢, it (A\)'(R)=1%

If b, = C for some i, then the sequence stops. Finite sequences of R’s and
L’s obtained in this manner are called MSS sequences. In particular, for
each n € N, they were interested in the set of A, and their associated
sequence of R’s and L’s, for which } was a periodic point of Af of
minimal period n. For example, RLLRC is an MSS sequence of length five.
For each positive integer n we will denote the set of possible MSS
sequences of length n by MSS,, and the cardinality of a set 4 will be
denoted by |A|.

Collet and Eckmann [2] define shift maximal sequences. Briefly, a se-
quence w of symbols L, R, C is said to be admissible if w is an infinite
sequence of L’s and R’s or if w is a finite (or empty) sequence of L’s and
R’s followed by a C. We will refer to such sequences as words. The
parity-lexicographic order is put on the set of admissible words: Set
L <C<R.Let w= {w} and v = {v;} be two distinct admissible words.
Let k be the first index where they differ. If they differ in the first position,
ie, k=1, then w<v iff w, <v;. Assume k>1. If w, -+ w,_,
= p, -+ U,_; has an even number of R’s, i.e., has even parity, then w < v
iff w, < v,. If there are an odd number of R’s then w < v iff v, < w;. A
word is shift maximal if it is greater than or equal to all of its right shifts.
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For example, RLLRC is shift maximal where as LLLC is not. Beyer,
Mauldin, and Stein [1] show that a finite word is shift maximal iff it is a
MSS sequence.

3. IMSS,|

Sun Lichiang and G. Helmberg [10] expand the set of admissible words
to include all finite sequences of R’s and L’s. They also extend the
parity-lexicographic order as follows. If w and v are admissible words such
that there is a k> 1 with w=w, --- ww,,, -+ and v=w, -+ w,,
then w > v if the parity of v is odd, otherwise v > w. Given w, a finite
sequence of R’s and L’s, we call w shift maximal in the extended
parity-lexicographic order if w is greater than or equal to all of its right
shifts. For simplicity we will simply call w shift maximal. A word of length
n is said to be primitive provided its smallest subperiod is also of length ».
Notice that if w=w, --- w, is primitive, then for each j, 2 <j < n,
WE W W W W

Only those results of Sun Lichiang and G. Helmberg which are used to
establish their formula for [MSS, | are listed. We provide our own proofs for
all except Theorem 3.2. in order to avoid their notation. Again we note that
these results will be used in Sections 4 and 5.

LEMMA 31. Ifw=w, --- w, € {R, L}" is shift maximal, then w, - - -
w,_C€ MSS, andifb, --- b,_,Cisin MSS, then bothb, --- b, L and

n n

b, '+ b,_R are shift maximal.
Proof. Lemma 3.1 follows from elementary observations.

THEOREM 3.2. Let w=w, -+ w, € {R, L}". Then the following are
equivalent:
(1) w is shift maximal.
(2) w™ is shift maximal and either w is primitive or w = v?,
where v has odd parity and v is primitive.

Proof. We will first show that (1) implies (2). Observe that w*™ is shift
maximal iff forall i, 1 <i <n,

Wity "0t WyWp s Wy Sy oo W W igg t 0 W
Let i be such that 1 < i < n. First, w shift maximal implies that w,,, ---
w, < w, --- w,_,. We need only consider,

Wiep 77" W, = W oom W, (*)
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So, assume that (*) holds. Now, since w is shift maximal, the parity of
wy ---w,_;isoddand w,_;,; --+ w, <w, - w,. Thus,

W

vl T W WL WKW s W W, W, S W,

and therefore w* is shift maximal.
Next, suppose w is not primitive, Express w as

M}:M}1 > e wk... M;1 . e wk’

where n/k > 2. The parity of w; --- w, is odd, since w is shift maximal.
Thus n/k = 2, since otherwise w would be less than its right shift w, - - -
wew, - wy. So, (1) implies (2).

Assume that (2) holds and let i be such that 1 < i < n. We will show that
Wiyp " W, <w. We have w,,; - w, <w, -+ w,_, since w® is shift
maximal. So it suffices to only consider,

Wi+1'”wn=w1'“wn—i‘ (**)

Thus we assume (* *) holds. Again, since w™ is shift maximal, we have

Wp—it1 """ W"SW1 oW

First, if w,_;,; *-+ w, <w; --- w, then the parity of w,,, --- w, is odd,
SINCE W, q **- W,Wp * - WS W -+ W,_W,_..; - w,=w. Therefore,
Wisp *00 W, < W

Next, if w,_, .1 -~ w,=w; -~ w, then w=w; -~ w,_w,_,., -
W, = W,y ** w,w -+ w. Thus, w is not primitive and therefore w = »?2
with v odd and primitive. Hence, v = w,,; --- w, and therefore w,,, ---
w, <w,

THEOREM 3.3. Letm € Nandw = w, --- w,, € { R, L}™ be shift maxi-
mal and primitive. Then for each j, 2 < j < m, Wi oo W,Wwy ces W s not
shift maximal.

Proof. Suppose there exists a j, 2 <j < m, so that v = Wit W, Wy
*++ w;_y is shift maximal. It suffices to assume 2(j — 1) < m. Let k =
[m/(j — D)]; then k > 2.

First, w and v both shift maximal imply the following:

M wi=w,wy=w. ..., W = Wai-1)-

(2) The parity of w) -+ w;_, is odd.

B3) Wi =Wy Wiy = Wesrryj-n, for t=1,2,... k~1, if
k> 3.

(D Wigmnye1 = Wi os Wy = Win—k(j—1)-

The parity of wy(;_1,,; *** W,, is odd, since w is shift maximal. Note that
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k(j — 1) < m, since w is primitive. However, now

w < wl oo M)j-lwl oo wm—k(j-1)’

with w, Tt WiiiWp tt Way(,-1 4 right shift of w. Hence v can not be
shift maximal.

THEOREM 34. Letm € N, andw € (R, L}™ be primitive. Let C be the
set of all cyclic permutations of w. Then there exists exactly one word in C
which is shift maximal.

Proof. 'Theorem 3.3 implies that there is at most one shift maximal word
in C. We will assume m > 1. Now, m > 1 and w being primitive imply that
both R and L appear in w. Let

q = max{n € Nv € Cso that v begins with RL"}.

Note that g > 1. Let C, be the set of v in C which begin with RLY. If
IC,] = 1, then that one element is shift maximal.
Assume that |C,| > 1, and that each v in C, is not shift maximal. Let

v=uv; - - v, € C,. Then Theorem 3.2 implies that v*™ is not shift maxi-
malandsotherelssomej,2<j<m with v; - -- vv1 -+ vy >v. Let
o =Uv; 0, vl Then v > 1mphes that o' € C,. Similarly,

there exists v? € C, so that v? > v'. However, C, is a finite set. Hence there
is exactly one word in C which is shift maximal.
Now, for each n € N let

p(n) = |{w|wis shift maximal, w € {R, L}",and wis primitive}|.
Then for n € N,
p(n) = Z#(d)2"/“ (*)
dln

where u(m) is the Mobius function: p(1) =1, p(m)=(-1)" if m is a
product of r distinct primes, and p(m) = 0 otherwise. To see this, for each
s € N let P(s) be the number of words of length s which are primitive.
Then 2" = ¥, P(d), and by mdbius inversion,

P(n) = dzl:/.t(d)Z"/d.

Theorem 3.4 now gives us (*).
THEOREM 3.5. For n € N we have that,

2|MSS,| — IMSS, |, if n is even,
(n) = 2[MSS, |, ifnis odd.
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Proof. First, Lemma 3.1 implies that p(n) < 2|MSS, | for all n € N. For
n odd, Theorem 3.2 immediately gives equality. So assume 7 is even.

The case n = 2 can be simply checked, so assume » is even and greater
than two. We now let,

B={B=b, --- b, ,C|BE MSS,,

and eitherb, --- b, Lorb, --- b, R is not primitive}.

n

It suffices to show that [B| = [MSS, ,|.

Let b, --- b, ,C€B. Then b, --- b, ,b; --- b, ,, is shift maximal
and therefore b, --- b, , is shift maximal. Thus, b, --- b, ,_,C € MSS,
and so B| < [MSS, ,|.

Let D=d, ---d,,,_,C € MSS, ,. Choose d,,, from {R, L} so that
dy -+- d,,, is primitive. Since D € MSS, ,,, d, --- d, ,, is shift maximal.
We claim that d, --- d, ,d, --- d, ,, is also shift maximal. For if not,
there is some j, 2 < j < n/2, so that

dj - d,pdy - d,y>dy o d,pdy e d, .

J

However, d, -+ d, , shift maximal implies that (d; --- d, ,)® is shift
maximal and therefore

dj d,,/zd1 dn/z =d; - dn/Zdl dn/2—j+1'

In particular, d; ---d,d, ---d;_=d; --- d,,, which contradicts
dy -+ d, , being primitive. So our claim holds. Thus, d; - d, »d; ---

d,,_,C € B and [B| = MSS, ,|

Theorem 3.5 makes the proof of Theorem 3.6 a simple induction argu-
ment.

THEOREM 3.6. Ifn =2*2m — 1), then

k+1

IMSS,| = X 27p(n/2"7Y).

i=1

4. PEriopIC POINTS OF f(z) =22 -2
We want to consider the periodic points of f(z) = z?>— 2 and relate
these to MSS sequences.

THEOREM 4.1.  f" has exactly 2" distinct real fixed points each of which is
between —2 and 2.

Proof. Fix n and let z be a real valued fixed point of f”. Then, |z] < 2
implies that there is a » € [0, 7] so that z = 2cosu. Hence, f¥%(z) =



440 K. M. BRUCKS

2cos2¥u, k=1, and therefore we need only solve cos2"t = cost for
t € [0, #]. We find,

;o [2mm/(2 = 1), m=0,1,2,...,2""1 — 1,
2am’ /(2" + 1), m =1,2,...,2""1

We now classify the periodic points of f(z) = z? — 2. First notice that
for any real valued z and positive integer n we have that

(/)(z) = 2"Ef"(2)-

So, for w a periodic point of f(z) = z2 — 2 of period m, we call the orbit
of w positive if (™) (w) > 0 and negative if (f™Y(w) < 0.

Now, to each periodic point of f(z) = z? — 2 associate its period. Then
for each n € N, partition periodic points of period n into orbits and orbits
according to sign of derivative. So, for each n € N, we have positive and
negative orbits of order n. Let g(n) be the number of such negative orbits
of order n, n € N.

Fix n€ N and let z be a fixed point of f". One can shows that
(f"Y(z) <0 iff z=2cost for t of the form 2am’/(2" + 1). So, ¢q(n) <
2771 /n. More accurately,

g(n) = (2" —¢,)/n,

where
1, n an odd prime,
0, n=2""m=0,1,2,...
€, =nY q(n/d)/d, otherwise.
d|n
dodd
d>1

We remark that we have derived g(n) in much the same way as Myrberg
[9], and include the derivation to more clearly present our own work which
follows.

We will first show that g(n) = |MSS,| for all n, using a number theoretic
argument. For n an odd prime, Theorem 3.5 gives that [MSS,| = 3p(n).
Thus,

Mss, = 3|27 = 1127 = 1] = ()

Similarly for n a power of 2, the argument requires no induction. We now
consider the “otherwise” case.
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THEOREM 4.2. For every s € N the following holds. If k > 0 and n =

2%p, «-- p,, where the p, are odd primes not necessarily distinct, then
|MSS,| = q(n).

Proof. We will induct on s. First assume n is of the form n = 2%p,,
k = 0. We only need consider k > 1. Now,

IMSS,| = Y 2~ p(2" i+l ) (1/2n) Z P(zk i+1 )
i=1
So, we need
k+1
Z (2k i+1 ) [ZP(S)] —2€n, (*)
i=1 sin
However,
1 k+1
e,=n ) q(n/d)/d= (n/p)MSSy| = = E P(2%-i+1),
d|n
doldd
d>1

It now follows that (*) holds.
The induction step is straightforward and patterned after the case s = 1.
Hence we delete it.

Next we give a bijection from MSS, onto the negative orbits of order n.
We first state the following theorem in order to help clarify how we are
going to represent the negative orbits,

THEOREM 4.3. For each n € N, define @, from the fixed points of " into
{1, —1}" as follows:

?.(2) = (eg, €15, €41),
where
1, iffi(z)>0
-1, ifi) <o.
Then ¢, is a bijection.
The following two facts follow from Theorem 4.3:
(1) If w is a periodic point of f of period m, then ¢, (w) is primitive.

(2) If &, B € {1, —1}™ are primitive and B is a cyclic permutation of
a, then @, 1(B) is in the orbit of ¢, ().
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Thus if e = (e, ..., e,_1) € {1, —1}™ is primitive and I17! ¢, < 0, then
e or any cyclic permutation of e can be used to represent the negative orbit
of @, (e). For example, if m = 3, we can use (1, ~1,1), ( — 1,1,1), or
(1,1, —1) to represent the negative orbit of @3 1((1,1, —1)).

THEOREM 4.4. Let n € N, n > 1. Define g from MSS, into the negative
orbits of order n as follows.

n—1
<el,...,€"_1,— l>, l:fl—Iei>O’

i=1
g(by -+ b,_,C) = n—-1
(e1s..re,_151), if I_Iei<0,
i=1
where
(1 b=L
“~\-1, b,=R.

Then g is a bijection.

Proof. Let B=b, -+ b,_,C € MSS,. Then both b, --- b,_,L and
by -+ b,_,R are shift maximal. Thus, using Theorem 3.2. and the fact that
I17.,[g(b; -+ b,_{C)); <0, it follows that g(b; --- b,_,c) is primitive.
Hence, the range of g is as claimed.

Suppose D € MSS, with D # B. Then Lemma 3.1 and Theorem 3.3
imply that g(D) is not a cyclic permutation of g(B) and therefore that g is
1-1. That g is onto follows from Theorem 3.4 and Lemma 3.1. For n = 1
one simply sends C to ( — 1).

5. COLORINGS OF NECKLACES

For each n € N we partition the elements of {1, —1}" into equivalence
classes, where equivalence is determined by C, X S,. Here C, is a cyclic
group of n elements, namely cyclic permutations, and .S, is the permutation
group on two elements. So, if w and v are two elements of {1, —1}", we say
w and v are the same iff there exists some y € C, X S, so that y(w) = v.
Each equivalence class containing primitive elements gives a distinct color-
ing for a necklace consisting of n beads, where there are two possible colors
for each bead. We let CL, denote the collection of such equivalence classes
and we will use arbitrary members of a class to represent it. For example,
we can express CL, as, CL, = {( — 1,1,1,1), ( — 1,1,1, —1}}. Of course,
among others, (1,1,1,—1) and (—-1,-1,-1,1) are equivalent to
( = 1,1,1,1). The coloring (1, —1,1, —1) is not primitive. Gilbert and
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Riordan [4] give a formula which yields |CL,| for each n € N, and they
computed |CL,| for 1 < n < 20. Their values match those in Metropolis,
Stein, and Steins’ Table 2 [5] and the table given by Myrberg [9]. We
proceed with our algorithm.

DEFINITION 5.1. Letn>2and B =b, --- b,_,C € MSS,. Then define
h(B) as
h(B) = (e}, e5,...,€,),

wheree, = —1,e,=1, andfor 3<i<n

_ ei—ly lfbi—l = L’
= €1, ifb, ,=R.

Thus h: U, . ,MSS, - U, . {-1,1}"
THEOREM 5.2.  For every n > 2, h| s, is a bijection onto CL,.
COROLLARY 5.3. |MSS,| = |CL,|, for eachn € N.

Corollary 5.3 follows immediately from Theorem 5.2. We prove Theorem
5.2 with the next four lemmas.

LemMMA 54. Letn>2 and B=b, --- b,_,C € MSS,. Then h(B) is
primitive.

Proof. Suppose k(B) is not primitive. Then we can express h(B) as
h(B) = CITION T R 2

where n/p > 2. Thus B=b, --- b, --- by -+ b,_,C and therefore, using
Theorem 3.2, n/p is either one or two. Assume n/p = 2. We have two

cases.

Case 1. Assume the parity of b; --- b,_, is odd, i.e., there are an odd
number of R’s appearingin b; -+ b,_;. Then B=b; --- b,b; --- b,_,C
€ MSS, implies that b, = L, for otherwise b; - b,b; - -- b, is less than
its right shift b, --- b,. Thus @, = —1. This implies that ; = 1, since the
parity of b; --- b,_; is odd. However, a; = —1 by the definition of A.
Thus n/p = 1 and h(B) is primitive.

Case 2. Assume the parity of b, --- b,_; is even. The argument is
similar to Case 1.

LEMMA 5.5. Letn 22, and B # D in MSS,. Then h(B) and h(D) are
inequivalent colorings.

Proof. Let B=b,--- b, ;C and D=d, --- d,_,C. Suppose that

h(B) and h(D) are equivalent colorings. Express h(B) as h(B) =
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(ey,...»e,y. Then 3 j, 2 < j < n, so that,
h(D) = (e;,...,e,.e1,...,e;_1) or h(D)= —(e,...,e,e,....,e; 1)

In either case,
D= bj <o bbb, -+ b_.C,

where b is L if e, = e; and R if e, # e;. Observe that both w = b, - --
b,.\band v =05, --- b,_,bb; -+ b,_,b;,_; are shift maximal. Now, w is
primitive or has minimal subperiod n/2. If w is primitive we contradict
Theorem 3.3. If w is not primitive, then j must be (n/2) + 1 and therefore
B = D. Hence the result holds.

DEFINITION 5.6. Let n > 2, and {ey,...,e,) € {1, —1}". Then we de-
fine Y({ey,...,e,>) as follows.
$((ey--ne)) =by -+ by,
whereforl <i<n-—1
b — R, ife, # e, .1,
i L, ife,= e,
LEMMA 5.7. Let n22, and e = (ey,...,e,) € {—1,1}" be primitive.
Then,
(i) v((ey-..,e,e,)) is either primitive or has minimal subperiod n/2.
(i) If y({ey,....e€1)) =by -+ b, nby -+ b, 5, then the parity of
bl v bn/z iS Odd.
Proof. Let w=1b, --- b,=y({ey,...,e,e)). Suppose (i) does not
hold. Express w as,

w=b, -+ bb - b b b

P 13 P

Then e, , = —e;, since otherwise e would not be primitive. So, e now
looks like

e = <e1,...,ep,—-el,...,—ep,el,...,ep,...>,

depending on the size of n/p, and therefore e, is either e, or —e,. Recall
that b, = b, is obtained by comparing e, to e;, or e, to e,,;. Thus,

e,+1 = —e, implies that e, = —e,. However, this implies that ¢ is not
primitive. Thus (i) holds.
We will now show (ii). Assume the parity of b, --- b, ), is even. Then e
primitive implies that
€= (€1, s €, €1y T ).

However, the parity of b, - - b, ,, being even implies that there must be an
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even number of “sign changes” in
el, ceey en/z,en/2+1.
Thus, e, = e, ;... Now we have ¢, = ¢, ,,; = —e;. So, (ii) holds.
LEMMA 5.8. Let n > 2. Then h| g is onto CL,.

Proof. Let e= (e,,...,e,) € {—1,1}" be primitive. We have two
cases.

Case 1. Assume that Y({e,,...,e,e,)) =w=b; --- b, is primitive. If
w is shift maximal, then B=b5, --- b,_,C € MSS, and h(B)=-e or

h(B) = —e. If w is not shift maximal, then, by Theorem 3.4, there exists
some j, 2 <j < n, such that b, --- b,by --- b,_, is shift maximal. Then
D=b, -+ bby --- b,_,C isin MSS, and h(D) is equivalent to e.

Case 2. Assume that y({ey,...,e,,e;)) has minimal period n/2. The
argument is similar using Lemma 5.7 (ii) and Theorem 3.4 applied to
bl A bn/z.
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