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1. Introduction

A Fibonacci string is a binary string that contains no two consecutive 1's. The Fibonacci cube I';,, n > 0, is defined as follows.
Its vertices are all Fibonacci strings of length n, two vertices are adjacent if they differ in precisely one bit. In particular,
Iy = Ky, I'T = K3, and I is the path on three vertices. Alternatively, I, can be defined as the so-called simplex graph of
the complement of the path on n vertices, cf. [1].

Fibonacci cubes were introduced as a model for interconnection networks [7] and received a lot of attention afterwards.
For different studies of their structure we refer to [2,3,6,8,12,13]. These cubes also found an application in theoretical
chemistry. There, perfect matchings in hexagonal graphs reflect the stability of the corresponding benzenoid molecules
and the so-called resonance graphs capture the structure of the perfect matching. It is appealing that Fibonacci cubes are
precisely the resonance graphs of a special class of hexagonal graphs called fibonaccenes, the result proved in [10]. We also
mention that Fibonacci cubes led to the concept of the Fibonacci dimension of a graph [1] and that they can be recognized
in O(|E(G)|log |V (G)|) time [15].

Lucas cubes form a class of graphs closely related to Fibonacci cubes. The Lucas cube A,, n > 0, is the subgraph of the
n-cube induced by Fibonacci strings b . . . b, such that not both b; and b, are 1. In particular, Ag = A; = Ky and A, = I
is the path on three vertices. For different aspects of Lucas cubes see [2,6,8,9,11,16].

In this paper we are interested in the degree sequence of Fibonacci and Lucas cubes. One of our motivations is the fact
that several partial results were previously obtained in order to attack different problems on Fibonacci cubes. In the seminal
paper [7, Lemma 6] it was observed that the degrees of I'; are at least | (n42)/3] and (obviously) not more than n. More than
ten years later, a recursive formula for computing the degree of any vertex of Iy, is given in [3]. It depends on the recursive
structure of I, and the value of the integer that represents the given vertex ( = binary number). This approach was further
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developed in [14] where the degrees are used to investigate the domination number of the Fibonacci cubes. In the main
result on the degrees [ 14, Theorem 2.6], vertices of degrees n, n — 1, n — 2, and n — 3 are explicitly described. However, the
approach in general does not give the number of vertices of I}, of a given degree, a fundamental property of a given family
of graphs.

Forn, k > 0 let f, , denote the number of vertices of I}, having degree k. Then our first main result is:

Theorem 1.1. Forall n > k > 0,

K n—2i i+1
f"’k=z<k—i)<n—k—i+l)' M

i=0

Note that only the terms with i between [(n—k) /27 and min(k, n—k) are nonzero which could be useful when evaluating
these numbers. An analogous remark holds for the subsequent summation formulas as well.

In the next section we prove Theorem 1.1 by deriving and solving a corresponding system of linear recurrences. Then,
in Section 3, several consequences of Theorem 1.1 are presented. A special emphasis is given on vertices of small and large
degrees. For instance, Corollary 3.4 in particular covers the degrees of the above-mentioned [ 14, Theorem 2.6]. In Section 4
we give a direct approach to Theorem 1.1 by considering degrees via the partition of V(I7,) into strings of a given weight.
In this way not only Theorem 1.1 is reproved, but (i) the vertices of a given degree and weight are enumerated thus giving
additional information on the Fibonacci semilattice [4] (and the Lucas semilattice [16]) and (ii) the way to our second main
theorem is paved.

Denoting by ¢, x, n, k > 0, the number of vertices of A, having degree k, we prove in Section 5:

Theorem 1.2. Forall n > k > Owithn > 2,

k i n—2i—1 i—1 n—2i
Z"’k:IZO:[Z(ZFM—H)( k—i >+(2i+k—n><k—i>] ?

Finally, in Section 6, we reprove Theorem 1.2 by the method of generating functions. This approach is somewhat more
involved than the one taken in Section 5, however it can be further used to obtain several additional properties of the
sequence of degrees of the Fibonacci and Lucas cubes.

Throughout the paper, we follow the definition of binomial coefficients given in [5]. In particular, (7 ) = 1and (/) =0
for all m, k € Z with k < 0. We find this remark important since not all currently used computer algebra systems follow
this convention.

2. Proof of Theorem 1.1

The vertex set of I', naturally decomposes into the sets A, and B, consisting of those strings that start with a 1, and those
strings that do not start with a 1, respectively. Hence Ay = #J, By = {A} (where X is the empty string), and forn > 1,
Ap={lae|a€B,—1} and B, ={0c | ¢ € Ay—1 UB,_1}.

Since every vertex in A,, n > 2, necessarily starts with 10, A, induces I';,_, in I5. On the other hand, B, induces I',_1 in I},.
Moreover, each vertex 1o of A, has exactly one neighbor in B,,, namely Oc.
We now give the key definition that will enable us to compute the degree sequence of I,. For any n > 1 and any
0 < k < n, let an, respectively by i, be the number of vertices of A,, respectively By, of degree k. Consider a vertex x € A, of
degree k. Then it is of degree k — 1 in the subgraph I3,_, of I}, induced by A,. Since x lies in exactly one of the corresponding
sets A,_, and B,_,, we get
Unk = Gn-2,k-1 + bn—2.k-1.
Similarly, a vertex y € B, either has a neighbor in A, (if it starts with 00) or has no neighbor in A,. In the first case, it is a
vertex of the corresponding set B,,_1, in the second case, a vertex of A,_1. Therefore,
bnk = bn_1k—1 + Gn_1k-
Hence the degree sequences in the subgraphs induced by A, and B, satisfy the system of linear recurrences and initial
conditions
Unk = n2k-1 +bn2r1 M>2,k>1), (3)
bn,k = bn—l,k—l + an—1,k (Tl >1, k = 1)7 (4)
ok =dpo=0 (n>0,k>0), a1 =1, a =0 (k>2),
boo =1, box =bpo=0 (n>1, k>1).
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Their generating functions a(x, y) = Zn,k>0 @, X"y* and b(x, y) = Zn, >0 b, kx"y* therefore satisfy the system of linear
algebraic equations a -

a(x,y) — xy = x’ya(x,y) + X’yb(x, ),
b(x,y) — 1 =xyb(x,y) + xa(x, y)
whose solution is
xy(1+x—xy)

(1 —xy)(1 —x2%y) — %3y’
1

(1—=x(1 = x%y) =y’
Writeu = 1 — xy, v = 1 — x?y. Then

1 ()™ 3hoh N—h—1
b(x,y) = = = X u
) = T = T ey hX; Y (uv)

ax,y) =

b(x,y) =

-y (xy)" (7 L

= (1 _ xy)"“ (1 _ XZy)h+1

-y (l) (i ) w2y
h>0 ij>h h h
In the last step we used the well-known expansion
k .
X i\
—_ = X
(1 — x)kt1 ; (k)
Now replace summation variables handibyn =i+ 2jandk =i+ j— h.Theni=n—2jandh=n—k —j, so
n—2j j
bx,y)= ) ( 1 )( l .>X”y",
o \n—k—j n—k—j

hence

(=2 j
=2 (D) Gos): ©

From (3) and (4) (or, alternatively, from (5)) we obtain

Qe = bn1-1 — buk—2k2 +bp2r1 (M=2, k>2). (7)
Denote

= (45 ) (a-ins)

M k=i J\n—k—-j)°

Then

fn—lk—1‘—f—2l—z‘+f—2k—1‘=[(n_2j_1>—<n_2j_2>}< ] )+f—21—1‘

e e k—j—1 k—j—2 n—k—j) oV
_(n—2-2 j n—2j—2 j
_(k—j—l)(n—k—j>+<k—j—1)(n—k—j—])
_(n—2j-2 j+1
_<k—j—1><n—k—j>

by using Pascal’s identity twice, hence it follows from (6) and (7) that

B n—2j—2 i+1
a"”‘_z<k—j—1 )(n—k—j)

j=0

_ n—2j j ks 8
_Z<’<—1‘)<n—k—j+1> (n>2,k>2), 5

k
j=0
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Here we replaced j by j — 1 and noted that (',:) (n—g-H) = 0forn # —1.1Itis easy to check that (8) holds when k € {0, 1}

orn € {0, 1} as well. Finally, from (6) and (8) we obtain
k . .
n—2j j+1
= a b =
fn.k n,k+ n,k ;(k—j)(n—k—j-ﬁ-])

by using Pascal’s identity once more.

3. Consequences of Theorem 1.1

Let F, be the nth Fibonacci number: Fy = 0,F; = 1,F, = F,_1 + F,_, forn > 2. Since |V (I'},)| = Fy42, Theorem 1.1
immediately implies:

Corollary 3.1. Foranyn > 0,

nk i+1 n—2i
Fn+2:ZZ<n—k—i+1><k_i>' (9)

k=0 i=0

We next give an alternative proof (avoiding Fibonacci cubes) of Corollary 3.1. Set F(n) = Y, _, Zf:o (n_;:r_ll +1) ("k__zl')

n—k—i+1 k—i
interchanging the order of summation and using Vandermonde’s convolution,

& i+1 n—2i X /n—i+1
F(n)=ZZ<n—k—i+1>(k—i>=Z<n—2i+1)'

i=0 k=0 i=0

Ifk>nandi> 1thenn—k—i+1 <O,thus< i+ )=0.Ifk>nandi:O,orifi>k,then (“72") = 0. Thus, after

Since fori > (n+ 1)/2 we have (:1]7:2':-11) = 0, we can restrict our summation range to, say, 0 <i < n + 1, and obtain

n+1 : n+1 .
n—i+1 n—i+1
Fn = = s
™ ;<n—2i+1) ;,( i >

where the last equality holds because n — i + 1 > 0. Using the well-known identity Z}“:O (ml"> = Fpny1, see [5, p. 289,
Eq. (6.130)], we conclude that F(n) = F,42.

An interesting problem, useful for applications such as domination or coloring, is to determine for some fixed integer m
the number of vertices of degree A(/7},) — m and §(I3,) + m. (As usually, A and § denote the maximum and the minimum
degree.) When m is small, the following two corollaries show that in both cases almost all the terms in the sum of Theorem 1.1
vanish.

Corollary 3.2. For0 <m <n,

[ n-2i i+1
Jun-m = Z <n—m—i><m—i—|—l>' (10)

i=[m/2]
Proof. By Theorem 1.1,
= n—2i i+1
f"’"_'"_;(n—m—i> (m—i+l)'
Ifm—i+1< Owehave( i+1 ) = 0, thus we can assume thati < m+ 1.1f2i < mwehavem —i+ 1 > i+ 1 and again

m—i+1
i+1 _
(rn—i+l> =0. O

Corollary 3.3. Let § = §(I3,) = | "3 |. Forn > Oandm < n —§,

S5+m . .
n—2i i+1
frsm=_ D (5+m—i><5+m+2i—n>'

-]
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Proof. We have i+ 1 > 0, thus (n—jctli-H) = (kfz:]_n) Rewrite the sum in Theorem 1.1 for k = § + m and observe that if

i<é—|%|-2thens+m+2i—n<35+m—2|%|—n—4<35—n—3 < —1.Hencein this case <s+ni:12i—n) =0. O

Our last two results in particular give the asymptotic behavior of the number of vertices of degrees A(I;,) — m and
8(I) + mwhenn — oo.

Corollary 3.4. Let m > 0 and let n > 2m + 2. Then

1; m=20,
2; m=1,
n+1; m=2,
frn-m = 13p - 8; m=3,

n?/2+3n/2 —-21; m=4,
2n? — 16n + 10; m=>5.

More generally, f, n—m is a polynomial in n of degree | m/2]. Its leading coefficient is when m is even, and ™21 when m

(m/ 2)! [m/2]!
is odd.

m m—1

Proof. Wheni < m+ 1andn > 2m+ 2 we have n — 2i > 0, thus (n'l_zii) = ("_Z,i). Hence, having in mind Corollary 3.2,
the first values are thus obtained directly from

Xm: (n—2i>< i+1 )
isf \m =i/ \m—i+1

Consider now this sum for some fixed m. For all i, ( ) isa polynomial in n with leading term (m 1),, and (m’jll) is

independent of n. Thus f, ,_p, is a polynomial in n. Its leadmg monomial is obtained from the term corresponding to the
H—l

n—

minimal i such that ( # 0, which is equivalent to 2i > m and further toi > [m/27]. Hence the minimal such that i is
[m/2], and deg fy n-m = m — [m/2] = [m/2].

If m is even, then ( 1 ) = 1wheni = [m/2] = m/2, thus the leading term is

i1 n™2.If m is odd, then

(m/Z)’

i+1 [m/2]+1 Lmy/2)
(m—i+1> [m/2] + 1 wheni = [m/2], thus in this case the leading term is T O

Corollary 3.5. Let § = §(I3) = | ™£2 |. Then

1; m =0, n=3p,
1
5(p+1)(p+4); m=0n=3p+1,
p+2; m=0, n=3p+2,
1

fn,8+m = gp(p—l—l)(p—l—S) m=1, n=3p,
ﬁp(p—l—l)(p +24p* +81p+14); m=1,n=3p+1,
1
ﬂ(p+1)(p+2)(pz+15p+12); m=1n=3p+2.

More generally, for allm > 0, fy 54m is:

e a polynomial in p of degree 3m and leading coefficient @i forn = 3p;
Gm +2),for n=3p+1;

e a polynomial in p of degree 3m + 1 and leading coefficient (3m+l)! forn=3p+2.

(3m
e a polynomial in p of degree 3m + 2 and leading coefficient

Proof. The first values are obtained by direct use of Corollary 3.3.
Let m be fixed and consider the general case when n = 3p for some fixed m. Then § = p, and by introducing a new
summation variable j = i — p we can rewrite the sum of Corollary 3.3 as

m . -
p—2\(p+i+1
Fopim= (m—j><2j+m>'

=13
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Notice that (‘7 2’) is a polynomial in p of degree m — j, and (”+’+1) is a polynomial in p of degree 2j + m, therefore their

product is of degree 2m + j. The maximum degree will be obtained when j is maximum, i.e., j = m. Then (" 21) = 1land
+i+1 +m+1

(pzjim) = (” ;‘n ) thus the leading term is (3m),
The casesn = 3p+ 1and n = 3p + 2 are treated similarly. The maximum degree is obtained when j is maximum, which

in these two cases isj = m + 1. When n = 3p + 1 we have (’:n’fjfill) = 1and (”me]) = (”;“mm:;), thus the leading term

When n = 3p + 2 then (" 21112) =1land (Zﬁf:j]) = (”;mmgz) thus the leading term is

3 +2
(3m+2)' (3m+1)'

4. Enumeration of vertices in 7}, by weight

The purpose of this section is to determine the number of vertices in I, with a given weight and degree, where the
weight of a binary string is the number of 1’s in it. This could be done by means of generating functions as in Section 2,
nevertheless we use a direct approach which along the way gives some additional information about Fibonacci strings. As
a consequence, we are able to give an alternative proof of Theorem 1.1 as well as a combinatorial interpretation of the
summation expression. From this approach we can also describe easily the set of vertices of a given weight and degree, and
deduce quickly the degree sequence of Lucas cubes. We leave the latter task for the next section and continue here with the
study of the structure of Fibonacci strings.

For n > 0 denote

F, = the set of all Fibonacci strings of length n,
£, = the set of all Lucas strings of length n,
S,’;'j = {o € F,; « starts with i and ends withj}, i, j € {0, 1}, where 53'0 also includes the empty string A.

Note that in the notation of Section 2, S*' US}-® = A, and S&' U S?° = B,.. In addition, for any integer m > 0 we introduce
the following Fibonacci strings:

e o, =(01)M0
o B = (10)"
o yu = (01)"
o 8y = (10)™1.

We call the strings 8., degenerate Fibonacci strings.

Lemma 4.1. Every nondegenerate Fibonacci string can be uniquely decomposed as

5,,,00’0%1 oh am20’2 O, oP Vg1
wherep > 0,1p,...,I, > 0,my,...,m, > 1, and mg, mp;1 > 0. Moreover, my and m,; determine to which of the sets
Sh1, 810,801 or S2-0 the string belongs.
Proof. The proof of the existence of such a decomposition is by induction on the length of the string. This is clearly true for
strings of length n < 2.

Consider now a string s of length n > 2. Suppose first that s = 0s’, where s’ € #,_1. By induction, we have the following
possibilities for s’

'’ I I I _ I I I .
o 5" = B, 000y, 0" ...ocmpOPympH,hences = 0ty 000y, 01 ...ampoﬂympﬁ,
o ' =000y 0" . 0ap,0°ypy ,  hences = 00" ay 01 ..y, 0%y
o' = a0 ..y, 07yp,, . hence s = Octm, 0" ... &, 0%y,

o ' = Yp,, thus now s = Oy, ;
e ' =8y, and hence s = y, 1.
Similarly, if s = 15’, s’ € F,_1, we have the following cases:
o ' =000y, 0". .. ap,07yn,,,, hences = B10° a0 ... o, 0%y,
o ' =, 010,02 .., 0%y, hence s = B, 1100, 02 ...t 0Py 3
o ' = yp,, but then s = §,, is degenerate.

Hence in each of the cases we have obtained a decomposition of s in the expected form.

It is immediate to verify that strings from S,}*l satisfy my > 0 and mp;q > O; strings from S,}*O satisfy mp > 0 and
Mp1 = 0; strings from SY! satisfy my = 0 and mp.; > 0; and strings from S2*° satisfy mo = 0 and m,; = 0.

To prove uniqueness, consider first a string ,3,,,00’00:,111011 .. .amPO’P Yimp1 from S,}*‘, thus with mg > 0 and mp;¢ > 0.
In the three possible cases ([ > 0,1y = 0and m; > 0, p = 0) such a string contains at least two consecutive 0’s, so the
string is not degenerate. On the other hand, it is clear that a nondegenerate string cannot be decomposed in two ways as
,BmOOlootm]O“ .. .otmpolpympﬂ. O
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Note also that the degenerate Fibonacci string d,, is of length n = 2m + 1, weight w = m + 1, and the corresponding
vertex of I}, is of degree k = m + 1. For all the other strings we have:

Proposition 4.2. A Fibonacci string B, 00cm, 0" &, 02 . . .t 0% i, ., is of lengthn = 30 o i + 2 St m; + p and weight

p+1
i—g Mi.

w= f:ol m, and the corresponding vertex of I, is of degree k = > °_ I; + > !

Proof. The assertion for the length and the weight follows immediately from definitions. As for the degree, use the fact that
changing a 1 to 0 in a vertex from #, gives a vertex in #,, while a 0 can be changed to 1 only if it is not adjacent to 1, and
thus not inside a block of the form oy, B, and y,. O

We will use the following classical results about the composition of integers.

Lemma 4.3. Let a, b > 0. Then the number of solutions of X1 + X, + - - - + x4 = b, with x1, X, . . ., X, nonnegative integers, is
b+a—1

(")

Lemma 4.4. Let a, b > 0. Then the number of solutions of x; +x,+- - -+x, = b, withxq, X2, . . . , Xo poSitive integers, is (Z:;)

In the rest we will use some more notation. Let

1,1 _1,0 _0,1 0,0
Sn,k’ Sn,k’ Sn,k' and Sn.k

be the number of vertices of degree k in

51},1,5;,0 50,1 and 51(1).,0Y

s S
respectively. Let in addition
S],] S],O 50,1 ands0,0

nw’“nw’ “nw’ nw’
be the corresponding sets where each vertex is of weight w, and let

1,1 1,0 0,1
Sn,k,w’ Sn,k,w7 sn,k,w‘ and s

be the number of vertices of degree k in these sets, respectively.

Lemma 4.5. For all integers k, n, w
00 _ w—1 n—2w
pkw T\ Qw4+ k—n k—w )’
0.1 1.0 w—1 n—2w
Sn,k,w = S11,k,w = 4
2w+k—n—1 k—w

REI w—1 n—2w
nkw T\ w4+ k—n—2 k—w )~

Proof. Assume first that w < k < n.
A string from S2-0 is decomposable as 0°a,, 0" ... o, 0 where p > 0,1lo, 13, ..., 1, > 0,and my,...,m, > 0.By

W
Proposition 4.2 there is a 1-1 mapping between S and the solutions of

b+--+lp=k—w withly,...,l, >0, (an

{p:n—k—wzo,
mi+---4+my,=w withmy,...,m,>1.

A string from S0 is decomposable as B 000, 0", 0% . . . i, 0% withp > 0,19, Iy, ..., I, > 0,mg, my, ..., my > 0.
Thus there is a 1-1 mapping between S;:B) and the solutions of

p=n—k—w=>0,
b+ -+l =k—w withl,...,[, >0, (12)
mo+---4+m,=w with mg,...,mp > 1.

A nondegenerate string from S}-} is decomposable as By, 0°am, 0" e, 02 . . . oty 0 Vm,., Wherep > 0,lp,.... 1, >

0, myg, ..., mp > 0.Thus there is a 1-1 mapping between these strings and the solutions of

p=n—k—w >0,
b+ -+l =k—w withl,...,[, >0, (13)
Mo+ ---+myp =w withmg,...,mpq > 1.
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Assume thatp = n—k—w > 0, then by Lemmas 4.3 and 4.4 the number of solutions of (11)-(13) are <2w":k1_n) ("k__zu'f )

w—1 n—2w w—1 n—2w :
(2w+k—n—1) ( k—w )' and (2w+k—n—2) ( k—w )’ respectlvely.
Assume now that n — k — w < 0. Then there are no solutions of (11)-(13), thus there are no nondegenerate strings of

degree kinSY9, S, 9 and S} . Notice that we have w > 1 because w = 0 implies n — k < 0, a contradiction.

nw? “nw

Suppose n — k — w < —2. Then we can write
2w+ k—n>2w+k—-n—-1>2w+k—-n—-2=w+w+k—n—-2)>w>w-1>0,
-1 -1 -1
thus (2“1)”“{_”) = (211)—1F1)k—n—1) = (2u1fk—n—2) =0.
Assume thatn — k — w = —1. Then
2w+k—n>2w+k—-n—-1=w>w-1>0,
-1 -1 . —1 n—2 -1\ [ n—2w n—2 k—w—1
therefore (wa+k7n) = (wakfnfl) = 0. Consider now <2wfk7n72) ( kfu]:)> = (571> ( kﬂ;j) = <k7ul;v> = ( kEw >

This number is zero if k > w. Otherwise (if k = w and n = 2k — 1) itis 1, which corresponds to the degenerate string §;_1.

0.1 _ 10
By symmetry we have s, ', , =S, -

A vertex of weight w has degree at least k, thus there are no vertices of degree k in the sets Sy}, S3-0, S20, SO'9 if
w < k < nis not satisfied. It is immediately verified that the four formulas also hold. O

Let f, k. w be the number of vertices of I', having degree k and weight w. Then we have:

Theorem 4.6. For all integers k, n, w withk, w < n,
w+1 n—2w
fn.k,w = .
n—w-—k+1 k—w
a+1

Proof. Clearly, fuw = )k w+SupwtSekw TSy kw- APPlying Lemma 4.5 and (three times) the identity (§)+(,",) = ( ; )
we arrive at

f _ w41 n—2w
v =\ 2w 4 k—n k—w )’
1) _ +1
Because w + 1 > 0, we have (21‘2’1,{_“) = (n—?zj—k+])’ O

Note that by the convention we are using for the binomial coefficients, f; k., = 0 whenw > (n+ 1)/2.
Theorem 1.1 immediately follows from Theorem 4.6.

5. Proof of Theorem 1.2

P.q
n,k,w’

Let £, 1. be the number of vertices of A, of degree k and weight w, and let £ forp, q € {0, 1}, be the number of such

strings in the set S77.

Lemma 5.1. Foralln, k, wsuchthatn >2,1<k<nand0 <w <n,

0,0 _ 00 1,0
en,k,w - Snfl,kfl,w + Snfl.k,w’

0,1 _ ,1,0 _ 0,1 1,1
en,k,w - Zn.k,w - Snfl,k,w + Snfl,k,w’
1,1
ikw =0.

isof degreek—1,ors € sho

n—1,w

Proof. ALucas string that starts and ends with 0 can be written as Os, where either s € SS’_OM,

is of degree k. This gives the first equality. Similarly we obtain the second equality, while the last one is obvious. O

Theorem 5.2. Foralln, k, w suchthatn > k,w > 0andn > 2,

o we n-2w) w n—2w-—1 (14)
mew =\ 2w+ k—n k—w 2w+ k—n k—w .
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+2¢0%1

nkaw’

Proof. Assume first that k > 1. Since £, ., = 200

nk,w
w—1 n—2w-—1 w—1 n—2w-—1
Zn,k,w= +
2w+ k—n k—w 2w+k—n k—w-—1
w—1 n—2w-—1 w—1 n—2w-—1
+2 +2 .
2w+k—n—1 k—w 2w+k—n k—w

Using Pascal’s identity we can group the first term with one half of the third term, the second term with one half of the
fourth term, and the remaining half of the third term with the remaining half of the fourth term to obtain (14).

The only Lucas strings of degree k = 0 are A and 0, hence £, ¢ ,, = 0 when n > 2. But in this case the right-hand side of
(14) evaluatesto O as well. O

Lemmas 4.5 and 5.1 imply that

Note again that by the convention we are using for the binomial coefficients, £, ,, = 0 when w > n/2.
Theorem 1.2 now follows immediately from Theorem 5.2.

Corollary 5.3. Let n > 1. The number of vertices of weight w < nin L, is
u n—w n—w-—1
Z en,k,w = + 2 .
k=0 w n—_2Z2w

Proof. Note first that the result is true when w < 0 or n = 1. Assume now that w > 1and n > 2. Then (Zw“:kl_n) =

( w-1 ) and (,, ) = (,_r_, )- Hence we obtain from Theorem 5.2 by Vandermonde’s convolution
n—k—w—1 2w+k—n n—k—w

1 L w—1 n—2w w n—2w-—1
e =2 (s ) () 2 (o) ()]
— | \n—k—w-— k — w n—k—w —w
_(n—w-—1 42 n—w-—1
S \n-2w-1 n—2w /J°
Using Pascal’s identity and (""" ) = (”_w) we have the final expression. O

n—2w w

Similarly as Theorem 1.1 yields special cases for specific degrees in Fibonacci cubes, one can apply Theorem 1.2 to
obtain the number of vertices of certain degrees in Lucas cubes. For instance, ¢, , = 1(n > 2),£,,—1 = 0(n > 3), and
£nn—2 = n(n > 5). For the minimal degree, if n > 2, then

3; n = 0(mod 3),
Zn,l_(n+2)/3j =1in(n+ 5)/6, n= 1(mod 3),
n; n = 2(mod 3).

6. The method of generating functions

In this section we approach Theorem 1.2 using generating functions. It is relatively more complicated than the approach
from the previous two sections. On the other hand, it enables us to obtain many additional results as demonstrated at the
end of the section by several examples.

Clearly,

Fo =Sy USHOUSITUSYY (forn > 0), (
Ly =SHUsPTUs (forn > 0), (
Sp! = 10%,-401 (forn > 4), (
Sy% = 10%,-50 (forn > 3), (18)
S = 0%,-301 (forn > 3), (
SP0 = 05,20 (forn > 2). (

Eq. (15) shows that V(I3,) = %, can be partitioned into four blocks which, by (17)-(20), induce in I, withn > 4a I',_4, a
I,_3,a I,_3,and a I, respectively. By (15) again, each of these blocks can be further partitioned into four subblocks

syt =10s,,01U 10s,%01 U 10s),01 U 1057°,01, 21
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1051,01 10521,0
n—4 ]Vfg n—3
1082901 10S1°,0
105,01 105%1,0
n—4 A[7 n—3
108,,%,01 108,,%,0
1,1 1,0
M, Sn Sn Mg
Ms M;
05:1,01 05,0
n—3 j\/[Q n—2
055°,01 05,2,0
—0s%01 0s>t0  —~
M,
L 052,01 052%,0 J
52«,1 5210

Fig. 1. Perfect matchings between subblocks and unions of subblocks of I3,

S0 =10s}0uU 105}%0 U 1052 ",0 U 10520, (22)

s = o0s,',01U0s,%01 U 0s),01 U 0S,%01, (23)

0
n

s90 = o0s,1,0U0s,%0 U 0S>1,0 U 0S.%0. (24)

Proposition 6.1. The set of those edges of I, not contained within one of the four blocks in (15) equals Ule M; where each M;
is a perfect matching between a subblock and the union of a pair of subblocks of different blocks, as follows (see Fig. 1):

1. My is a perfect matching between 052%0 and 0S>%,01 U 05,01,

. M, is a perfect matching between os;fzo and OS,};O301 U OS;;]301,

. M3 is a perfect matching between 0538301 and 1052’_0401 U 105,}’_0401,

. My is a perfect matching between 0S."',01 and 10s",01 U 10S,",01,

. Ms is a perfect matching between OST?sz and 105,?’_030 U 105,}’_030,

. Mg is a perfect matching between 0S"",0 and 105>',0 U 105 ",0,

. My is a perfect matching between 1053&0 and 1052’_0401 U 1052’_1401,
. Mg is a perfect matching between 10S,"%,0 and 10s,°°,01 U 10S,"",01.

n

0 N oYU AW N

Proof. We need to analyze the external connections of each of the 16 subblocks of I'},. By way of example we do this for the
subblock 10S,°%0, in all the other cases the analysis is similar. Each string o € 105, %0 is of the form o = 101700 where
T € F,_5.50 0 is adjacent to

e precisely one vertex 101701 € S}' (if r ends with 1 then 101701 € 10S,",01, otherwise 101701 € 10S,°,01);
e no vertices in S>', since each vertex of S} is at a distance 2 or more from each vertex of S';
o precisely one vertex in S°, namely 001700 € 0S,-%0.

When analyzing other subblocks, we find out in a similar way that

e each vertex in 105;’_1401 @) 105;&01 is adjacent to precisely one vertex in 105,}f)30;

e each vertex in 105,?&0 is adjacent to precisely one vertex in 052;020;
100U 105>%0.

e each vertex in osgf’zo is adjacent to precisely one vertex in 10S,

Taken together, these facts imply that the external connections of the subblock 105,}’_030 are precisely the edges of M5 U Mg
with one endpoint in 105, %0. O
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It follows from (21)-(24) and from Proposition 6.1 that

11 11 1,0 0,1 0,0

Suk = Snak—2 T Sniak—2 T Snlak—2 T Sniax— (M=4,Kk=2),
1,0 _ 1,1 1,0 0,1 0,0

Suk = Snsk—1 T Snlsk—2 T Snlske1 T Snizk—r (M=3,k=2),
01 _ 1,1 1,0 0.1 0,0

Snk = Sn3k—1 T Snsk—1 T Snlsk—2 T Snlsk—n (M=3,k=2),

00 _ 1,1 1,0 0.1 0,0
Snk = Snok T Snlo ko1 T Snloko1 T Snlaakr (M=2,k=2).

Together with the corresponding initial conditions, this system of recurrences implies that the generating functions,

1,1 _ 1,1 n. k
s (xy) = E SnkX Y
n,k>0

1,0 _ 1,0 k
SOy = ) sy,

n,k>0

0,1 0,1 n.k
st (x,y) = E SakX Y
n,k>0

S0y =) s
n,k>0
satisfy the system of linear algebraic equations
P, y) = xy + 2y + 52 (M y) + 570, y) + 57T (x y) + s20x, ),
Y, y) =Xy + 256" %) + % % y) + Y0 (% y) + 520, ),
O1(x,y) = Py + Xys" (%, y) + 50, y) + y* > (%, y) + 520 (x, ),
0%, y) = 1+xy + %" (%, ) + 22y(s"° (%, ) + %' (%, y)) + X°y*s0(x, y)

whose solution is

xy(1 —xy)
sP k. y) = —, (25)
(1 —xy) (1 —x%y) — X%y
x%y
1,0 0,1
sUx,y)=5"(x,y) = s 26
*.y) *.y) T =) (1 — x2y) -y (26)
1—x%y
0,0
sT(x,y) = . 27
W= G )~y @D
Expanding these rational functions into power series we obtain
k
11 w—1 n—2w
S = ,
mk Z<2w+k—n—2)(k—w>
w=0
k
1.0 01 w—1 n—2w
s, =8’ = y
mk " Tnk Z<2w+k—n—1><k—w>
w=0
k
0.0 w—1 n—2w
S = . 28
mk ;)(Zw—i—lc—n)(k—w) (28)

By noting that f, = 5,11:,1 + s,l,:,? + 52:,1 + 53;2 and by using Pascal’s identity repeatedly, we obtain (1) again.
To recompute ¢, , note that forn > 3,
Ly = 10F,_30U0F,_¢
= 105,30 U (0S}", U oS uo0s®! U0s2?).
Each o € 10F,_30 is of the form ¢ = 1070 with t € ¥,_3. Hence o is adjacent to precisely one vertex in 0,_1, namely
0070 € OS,?f)]. Conversely, each vertex 0070 € OST?’_Ol is adjacent to 1070 € 10%,_30.Soforn > 3,k > 1,

1,1 1,0 0,1 0,0
e"sk = fn—3,k—1 + Sn—l,k + Sn—],k + Sn—l,k + Sn—],k—l

= fam3 k=1 +fac1k + ng],k—l - ngl,k‘ (29)

Using (1) and (28), this formula can be shown equivalent to (2).
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From (25)-(29) and the values £y o = €10 = 1, £1,1 = 0 it s straightforward to compute the generating functions

1+xy + (1 - yx’y
foy =3 vt = |
"%O " (1 —x(1 —x%y) —xy

1+ (1 —x+xy°+ (1 -y — (1 -yt
Lxy) =Y o'y = o
=0 (1 =xy)(1—x%y) —x°y

from which additional interesting information concerning the degree sequences (f; k);_, and (£, x);_, can be obtained
easily. For instance:

1. Since the generating functions f (x, y), £(x, y), s"1(x, y), s'%(x, y), s%1(x, y), s®°(x, y) all have (1 —xy)(1 — x%y) — x’y =

1 —xy — x*y% — x*y + x%? as their denominator, each of the sequences s, € {fyx, £ni Shi. 520, 521, s%0) satisfies the

n,k> °n,k> °n,k> °n,k
same recurrence
Snk = Sn—1,k—1 + Sn—2.k—1 + Sn—3,k—1 — Sn—3,k—2

for all large enough n and k.
2. From

n

1+x
an an,k =f(xv.V)|y:1 = m = ZF,H_ZXH

n>0 k=0 n=0

it follows that |V (I},)| = Fy42, and from

. 1+ x%
D B e D DL

n>0 k=0 n>0

it follows that |[V(Ag)| =Ly — 1= 1, |V(A,)| =L, forn > 1.
3. From

n

an Zkf",k = %f(x, Nly=1

n>0 k=0

2x Z nF1 +2(n+ 1)ann

(1—x—x2)? = 5

it follows that |[E(I},)| = (nF41 + 2(n + 1)F;)/5, and from

n 3 2(2 — x)x?
ZXH Zkﬁmk = gﬁ(x,y)lyﬂ = m = Zann—lxn

n>0 k=0 n>0

it follows that |E(A,)| = nF,_1.

4. More genera}’loy, for each p > 0 one can easily compute the generating functions of the sequences of the p-th moments
(X ko KPfake)_g Tesp. (Yo kpﬁn,kﬁio of the degree sequences (f; x)7_, resp. (€nx)i_, from the higher derivatives of
f(x,y) resp. £(x, y). Since

aP 1
BTll’f(X’ Wly=1= ZXH Z K2f k
0

n>0 k=
where k2 = f;()l (k — j) is the p-th falling power of k, we have
n n )4 .
an Z kpfn,k = an Z Z Sp,jkj’fn.k
n>0 k=0 n>0 k=0 j=0
p noo p 5
= Zsp,, >ox Zkifn,k = Zsp,ja—y,,f(x,y) ly=1
j=0 n>0 k=0 j=0

where S, ; denotes Stirling numbers of the second kind. Similarly,

n p j
o
ZX" Z KPey = ;sp,jaing(xv Mly=1.
=

n>0 k=0
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