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Abstract

In this paper we investigate the temporal asymptotic behavior of the solutions of the one-dimensional porous-
elasticity problem when several damping effects are present. We show that viscoelasticity and temperature produce slow
decay in time, and the same result is obtained when the porous viscosity is combined with microtemperatures. However,
when the viscoelasticity is coupled with porous damping or with microtemperatures the decay is controlled by a
negative exponential.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Elasticity problems have attracted the attention of researchers from different fields interested in the
temporal decay behavior of the solutions. This interest has given many results that can be found in the
literature. In the one-dimensional case, for instance, it is known that combining the equations of elasticity
with thermal effects provokes that a negative exponential controls the solutions decay (Jiang and Racke,
2000; Quintanilla and Racke, 2003; Slemrod, 1981).

If elastic solids with voids are considered, as in this paper, one should look into the theory of porous
elastic materials. Here we deal with the theory established by Nunziato and Cowin (1979), Cowin and
Nunziato (1983), and Cowin (1985). In their setting, the bulk density is the product of two scalar fields,
the matrix material density and the volume fraction field. It is deeply discussed in the book of Ies�an (2004).
0020-7683/$ - see front matter � 2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2005.06.077

* Corresponding author. Tel.: +34 93 739 8206; fax: +34 93 739 8101.
E-mail address: magana@ruth.upc.es (A. Magaña).

https://core.ac.uk/display/82205519?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
mailto:magana@ruth.upc.es


A. Magaña, R. Quintanilla / International Journal of Solids and Structures 43 (2006) 3414–3427 3415
Grot (1969) developed a theory of thermodynamics for elastic materials with microstructure whose mic-
roelements, in addition to microdeformations, possess microtemperatures. It is based on the continuum
theories with microstructure, where the microelements undergo homogeneous deformations called microde-
formations. It was extensively developed by Eringen (1964, 1967, 1999) and Eringen and Kafadar (1976),
but we also want to recall the contributions of Ies�an (2001) and Ies�an and Quintanilla (2000). In this paper,
we will see that the microthermal effects are mechanisms that produce a fast decay of the porous variables.

The analysis of the temporal decay in one-dimensional porous-elastic materials was first studied by
Quintanilla (2003). The author showed that porous viscosity was not powerful enough to obtain exponen-
tial stability in the solutions. For the sake of completeness we recall that the solutions generated by a semi-
group U(t) are said to be exponentially stable if there exist two constants (independent of the initial
conditions) C > 0 and - > 0 such that kU(t)k 6 Cexp(�-t)kU(0)k.

Casas and Quintanilla (2005) proved that the addition of temperature neither gives exponential stability.
However, Casas and Quintanilla (2005) found that the combination of porous viscosity with thermal effects
does produce it. In the same way, mixing temperature and microtemperature gives rise to exponential
stability (see Casas and Quintanilla, 2005, again). Some of these results have been recently extended to gen-
eralized thermoelasticity by Magaña and Quintanilla (2005).

From the above comments, it seems natural to think that the porous-elastic coupling is not very strong.
In this work we want to deepen that matter and clear it up. In order to do so, we will consider dissipation
mechanisms that have not been studied before in this context. To be exact, we will introduce the elastic vis-
cosity of rate type and combine it with temperature, microtemperature or porous viscosity. In each case we
will study the temporal asymptotic behavior of the solutions of the corresponding problem.

Through the paper, to simplify our expressions, we speak several times about slow decay or exponential

decay of the solutions. We will say that the decay of the solutions is exponential if they are exponentially stable
and, if they are not, we will say that the decay of the solutions is slow. Perhaps it is worth recalling the main
difference between these two concepts in a thermomechanical context. If the decay is exponential, then after a
short period of time, the thermomechanical displacements are very small and can be neglected. However, if the
decay is slow, then the solutions weaken in a way that thermomechanical displacements could be appreciated
in the system after some time. Therefore, the nature of the solutions highly determines the temporal behavior
of the system and, from a thermomechanical point of view, it is relevant to be able to classify them.

The paper is structured as follows. In Section 2, we recall the general three-dimensional theory and we
state the equations for the one-dimensional case. In Section 3, we study first the effect of viscoelasticity in
the porous-elasticity problem, and we show the slow decay of its solutions. We examine as well this problem
adding the corresponding thermal effects and we find the same result. In Section 4, we consider again the
porous-elasticity problem with elastic and porous dissipation but without heat conduction. In this case we
get exponential decay of the solutions. In Section 5, we remove the porous dissipation from the system but
we introduce microtemperatures, and we also get exponential stability. Section 6 is devoted to study the
system with porous dissipation, microtemperatures but without elastic damping, and we prove the slow de-
cay of the solutions. Finally, in Section 7, we summarize all these results and some conclusions are listed. It
is worth mentioning that in Sections 4 and 5 we adapt to our situations the semigroup arguments, following
the guidelines used in the book of Liu and Zheng (1999), that have shown to be a powerful tool to study this
kind of problems.
2. Preliminaries

The theory of elastic solids with voids was introduced by Nunziato and Cowin (1979). Ies�an (1986, 2001,
2004) added temperature and also microtemperatures to this theory. Let us make a short presentation of
the general three-dimensional theory. The evolution equations are
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q€ui ¼ tji;j;

J €/ ¼ hi;i þ g;

qT 0 _g ¼ qi;i;

q _Ei ¼ P ji;j þ qi � Qi;

8>>>>>><
>>>>>>:
where tji is the stress tensor, hi is the equilibrated stress vector, g is the equilibrated body force, qi is the heat
flux vector, g is the entropy, Pji is the first heat flux moment tensor, Qi is the mean heat flux vector, Ei is the
first moment of energy vector and T0 is the absolute temperature in the reference configuration. The vari-
ables ui and / are, respectively, the displacement of the solid elastic material and the volume fraction. We
assume that q and J are positive constants whose physical meaning is well known.

To state the field equations, we need first the constitutive equations. In the general case of solids with
viscoelasticity, porous-viscosity, temperature and microtemperature we assume the following (see Ies�an,
2001, 2004):
tij ¼ kerrdij þ 2leij þ b/dij þ k� _errdij þ 2l� _eij � bhdij;

hi ¼ d/;i � dwi;

g ¼ �berr þ mh� n/� s _/;

qg ¼ berr þ chþ m/;

qi ¼ kh;i þ j1wi;

P ij ¼ �j4wr;rdi;j � j5wi;j � j6wj;i;

Qi ¼ ðj1 � j2Þwi þ ðk � j3Þh;i;

qEi ¼ �awi � d/;i.

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:
Here k, l, b, k*, l*, b, d, d, m, n, s, c, k, ji (i = 1, . . ., 6) and a are the constitutive coefficients, and h and wi

are the temperature and microtemperatures, respectively.
From Cowin and Nunziato (1983), the constitutive coefficients for isotropic bodies satisfy the following

inequalities:
l > 0; n > 0; d > 0; 2lþ 3k > 0; ð2lþ 3kÞn > 3b2. ð2:1Þ
The other coefficients satisfy the Clausius–Duhem conditions (Ies�an, 2001).
As we are considering here the one-dimensional theory, the evolution equations become easier and are

given by
q€u ¼ tx;

J €/ ¼ hx þ g;

q _g ¼ q�x ;

q _E ¼ P x þ q� � Q;

8>>>><
>>>>:
where q* stands for T�1
0 q.



A. Magaña, R. Quintanilla / International Journal of Solids and Structures 43 (2006) 3414–3427 3417
And the constitutive equations:
t ¼ lux þ b/þ c _ux � bh;

h ¼ d/x � dw;

g ¼ �bux � n/þ mh� s _/;

qg ¼ bux þ chþ m/;

q� ¼ k�hx þ j�1w;

P ¼ �j4wx;

Q ¼ ðj�1 � j2Þwþ ðk� � j3Þhx;

qE ¼ �aw� d/x;

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:
where, abusing a little bit the notation, we write l instead of k + 2l and c instead of k* + 2l*. We also use
j�1 and k* to denote T�1

0 j1 and T�1
0 k, respectively, but in the sequel, we will omit the stars.

Thus, the constitutive coefficients, in the one-dimensional case and with the new notation, satisfy the fol-
lowing inequalities:
n > 0; d > 0; ln > b2. ð2:2Þ

It is assumed that the internal mechanical energy density is a positive definite form.

As coupling is considered, b must be different from 0, but its sign does not matter in the analysis.
When thermal effects are considered, we assume that the thermal capacity c and the thermal conductivity

k are strictly positive. Analogously, if microtemperatures are present, parameters a, j4 and j2 are positive.
Note that c and s are nonnegative. If c > 0 viscoelastic dissipation is assumed in the system, and if s > 0

porous dissipation is present.
We would like to say that we do not know any reference with an explicit formulation of the equations for

porous-elastic materials with microtemperatures. Nevertheless, it is known that in the one-dimensional
linear theory, the equations that describe porosity and microstretch coincide. Therefore, we think it is
appropriate to use the equations proposed by Ies�an (2001) to describe this theory.

In this paper we analyze five problems. All of them are particular cases of the above system. However, it
is worth noting that we do not consider in any place the complete system. In fact, our aim is to know if the
solutions decay can be controlled by an exponential when only one or two of the damping effects are pres-
ent. In other words, we want to know when the solutions are exponentially stable.

The boundary conditions used in this work pretend to ease the analysis carried out. To prove the slow
decay we use spectral arguments, and to show the exponential decay we make use of functional analysis. It
is important to notice that the spectral arguments strongly depend on the boundary conditions. Alternative
boundary conditions do not allow to use the same arguments. However, the method we use to prove expo-
nential decay can be extended without difficulties to other boundary conditions.
3. Viscoelasticity, porosity and temperature

Our analysis begins with the most elementary question: which is the asymptotic behavior of the solutions
of the porous-elasticity problem if elastic dissipation is taken into account? We will show that viscoelasticity
is not strong enough to make the solutions decay in an exponential way. If we introduce the constitutive
equations into the evolution equations, but neglecting the thermal and microthermal effects, we obtain
the system
q€u ¼ luxx þ b/x þ c _uxx;

J €/ ¼ d/xx � bux � n/.

�
ð3:1Þ
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Conditions (2.2) are assumed for the system coefficients. As we are now considering viscoelasticity, the con-
stant c is assumed to be strictly positive.

To have the problem determined, we impose boundary and initial conditions. Thus, we assume that the
solutions satisfy the boundary conditions
uð0; tÞ ¼ uðp; tÞ ¼ /xð0; tÞ ¼ /xðp; tÞ ¼ 0; ð3:2Þ

and the initial conditions
uðx; 0Þ ¼ u0ðxÞ; _uðx; 0Þ ¼ v0ðxÞ; /ðx; 0Þ ¼ /0ðxÞ; _/ðx; 0Þ ¼ u0ðxÞ. ð3:3Þ

There are solutions (uniform in the variable x) that do not decay. To avoid these cases, we will also assume
that
 Z p

0

/0ðxÞdx ¼
Z p

0

u0ðxÞdx ¼ 0.
Theorem 3.1. Let (u,/) be a solution of the problem determined by (3.1)–(3.3). Then (u,/) decays in a slow way.

Proof. We will prove that there exists a solution of system (3.1) of the form
u ¼ K1 ext sinðnxÞ; / ¼ K2 ext cosðnxÞ;

such that Re(x) > �� for all positive �. Hence, a solution x as near as desired to the imaginary axis can be
found. This fact shows that it is impossible to have uniform exponential decay on the solutions of the prob-
lem determined by (3.1)–(3.3).

Imposing that u and / are as above and replacing them in (3.1) the following homogeneous system in the
unknowns K1 and K2 is obtained:
qx2 þ n2lþ n2cx bn

bn Jx2 þ n2dþ n

� �
K1

K2

� �
¼

0

0

� �
.

This system will have nontrivial solutions if, and only if, the determinant of the coefficients matrix is equal
to zero. We denote by p(x) the determinant of the coefficient matrix once x is replaced by x:
pðxÞ ¼ Jqx4 þ Jn2cx3 þ Jn2lþ n2dqþ nq
� �

x2 þ n4dcþ n2cn
� �

x� b2n2 þ n4dlþ n2ln.
Notice that p(x) is a fourth degree polynomial and, hence, its roots can be computed by formula. Never-
theless, the expressions of the roots we have obtained using Mathematica do not let us decide whether their
real parts are negative or not. To prove that p(x) has roots as near as we want to the complex axis, we will
show that for any � > 0 there are roots of p(x) located on the right side of the vertical line Re(z) = ��. This
fact will be shown if the polynomial p(x � �) has a root with positive real part. To prove that, we use the
Routh–Hurwitz theorem. It assesses that, if a0 > 0, then all the roots of polynomial
a0x4 þ a1x3 þ a2x2 þ a3xþ a4;
have negative real part if, and only if, all the leading minors of matrix
a1 a0 0 0

a3 a2 a1 a0

0 a4 a3 a2

0 0 0 a4

0
BBB@

1
CCCA;
are positive. We denote by Li, for i = 1,2,3,4, the leading minors of this matrix.
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Direct computations show that the third leading minor, L3, is an eight degree polynomial on n:
L3 ¼ �2J 2d�c3n8 þ RðnÞ;

where R(n) is a polynomial on n of degree 6. Thus, for n large enough, L3 is negative and p(x � �) has a root
with positive real part. (We have used Mathematica to compute L3.)

This argument shows that the solutions of system (3.1) decay in a slowly way, or, in other words, that a
uniform rate of decay of exponential type for all the solutions cannot be obtained. h

One may think now that perhaps the addition of thermal effects would produce a qualitative change in
the behavior of the solutions of system (3.1). Now, we study the system obtained for the variables u, / and h
when we assume viscoelasticity (c > 0), but we do not assume porousviscosity (s = 0). This consideration
leads to the following system:
q€u ¼ luxx þ b/x � bhx þ c _uxx;

J €/ ¼ d/xx � bux � n/þ mh;

c _h ¼ khxx � b _ux � m _/.

8><
>: ð3:4Þ
Now we impose that the boundary conditions are given by (3.2) and
hxð0; tÞ ¼ hxðp; tÞ ¼ 0; ð3:5Þ

and that the initial conditions are given by (3.3) and
hðx; 0Þ ¼ h0ðxÞ. ð3:6Þ

As in the isothermal case, there are uniform solutions in the variable x such that do not tend to zero as time goes
to infinity. To avoid this possibility we again impose that the average of the initial condition for /0, u0 and h0

vanishes. In the remaining of this manuscript we suppose that the initial conditions satisfy these assumptions.

Theorem 3.2. Let (u,/,h) be a solution of the problem determined by the system (3.4), the boundary

conditions (3.2), (3.5) and the initial conditions (3.3), (3.6). Then (u,/,h) decays in a slow way.

Proof. The proof follows the same guidelines of those of Theorem 3.1. Let us point out the main facts.
We will prove the existence of a solution of system (3.4) of the form
u ¼ K1 ext sinðnxÞ; / ¼ K2 ext cosðnxÞ; h ¼ K3 ext cosðnxÞ;

with Re(x) > �� for all positive �. Imposing that u, / and h are as above and replacing them in (3.4) the
following homogeneous system on the unknowns K1, K2 and K3 is obtained:
n2lþ n2cxþ qx2 bn �bn

bn n2dþ nþ Jx2 �m

nbx mx cxþ kn2

0
B@

1
CA

K1

K2

K3

0
B@

1
CA ¼

0

0

0

0
B@

1
CA.
In the present case, x will be a root of the polynomial
qðxÞ ¼ cJqx5 þ cJn2cþ Jkn2q
� �

x4 þ Jn2b2 þ Jkn4cþ cJn2lþ m2qþ cn2dqþ cnq
� �

x3

þ m2n2cþ cn4dcþ Jkn4lþ cn2cnþ kn4dqþ kn2nq
� �

x2

þ n4b2dþ kn6dcþ m2n2lþ cn4dlþ n2b2nþ kn4cnþ cn2ln� b2cn2 � 2bmn2b
� �

x

þ kn6dlþ kn4ln� b2kn4.
We consider q(x � �) and use the Routh–Hurwitz theorem again (coefficient a0 in q(x � �) is c Jq > 0). We
denote by Mi, for i = 1,2,3,4,5, the leading minors of the corresponding matrix. M4 is a polynomial on n of
degree sixteen with negative main coefficient. In fact,



3420 A. Magaña, R. Quintanilla / International Journal of Solids and Structures 43 (2006) 3414–3427
M4 ¼ �2J 3k3d�c3 ccþ kqð Þn16 þ SðnÞ;

where S(n) is a polynomial on n of fourteenth degree. Thus, M4 < 0 for all � and for n large enough.

This shows that it is impossible to obtain a uniform rate of decay of exponential type for all the solutions
of system (3.4). h

To sum up this section in physical terms: we have shown that nor the elastic dissipation nor the elastic
dissipation plus the addition of heat are strong enough to make the solutions decay in an exponential way.
4. Viscoelasticity and viscoporosity

In this section we consider the case where viscoelasticity and porous dissipation are both present, and we
prove that this is enough to have exponential stability. We use the semigroup arguments due to Liu and
Zheng (1999).

The system we want to study is
q€u ¼ luxx þ b/x þ c _uxx;

J €/ ¼ d/xx � bux � n/� s _/;

�
ð4:1Þ
where c,s > 0.
The boundary and initial conditions are given by (3.2) and (3.3), respectively.
Again, the existence of solutions that do not decay is clear. But if the average of the initial condition for

/0 and u0 vanishes, then we avoid this possibility.
We consider the Hilbert space
H ¼ ðu; v;/;uÞ 2 H 1
0 � L2 � H 1 � L2;

Z p

0

/ðxÞdx ¼
Z p

0

uðxÞdx ¼ 0

� �
.

Taking into account that _u ¼ v and _/ ¼ u, and writing D ¼ d
dx, we can restate system (4.1) in the following

way:
_u ¼ v;

_v ¼ 1
q ½lD2uþ b D/þ cD2v�;

_/ ¼ u;

_u ¼ 1
J ½dD2/� bDu� n/� su�.

8>>>><
>>>>:

ð4:2Þ
And, if U = (u,v,/,u), then our initial-boundary value problem can be written as
dU
dt
¼AU ; U 0 ¼ ðu0; v0;/0;u0Þ;
where A is the following 4 · 4 matrix:
A ¼

0 I 0 0
l
q

D2 c
q

D2 b
q

D 0

0 0 0 I

� b
J

D 0
dD2 � n

J
� s

J

0
BBBBBB@

1
CCCCCCA
;

and I is the identity operator.
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Now, we define an inner product in H. If U* = (u*,v*,/*,u*), then
hU ;U �i ¼
Z p

0

qv�v� þ Ju�u� þ lux�u�x þ d/x
�/x
� þ n/�/

� þ b ux
�/
� þ �u�x/

� �� �
dx. ð4:3Þ
Here a superposed bar denotes the conjugate complex number. It is worth recalling that this product is
equivalent to the usual product in the Hilbert space H. It can be proved that the general solutions of system
(4.1) are given by the semigroup of contractions generated by the operator A.

Direct calculation gives
RehAU ;Ui ¼ �
Z p

0

ckvxk2 þ skuk2
� 	

dx 6 0. ð4:4Þ
To show the exponential stability we use a result due to Gearhart (Liu and Zheng, 1999) which states that a
semigroup of contractions on a Hilbert space is exponentially stable if and only if
fik; k is realg is contained in the resolvent of A; ð4:5Þ

and
lim
jkj!1

kðikI�AÞ�1k <1; ð4:6Þ
where I denotes the identity matrix.
To prove these conditions we need first the following result.

Lemma 4.1. Let A be the above defined matrix. Then, 0 is in the resolvent of A.

Proof. For any F ¼ ðf1; f2; f3; f4Þ 2H we will find U 2H such that AU ¼F, or equivalently:
v ¼ f1;
1
q ½lD2uþ bD/þ cD2v� ¼ f2;

u ¼ f3;
1
J ½dD2/� bDu� n/� su� ¼ f4.

9>>>>=
>>>>;
Therefore, the second and fourth equations can be written in terms of f1 and f3 as follows:
lD2uþ bD/ ¼ qf2 � cD2f1;

�bDuþ dD2/� n/ ¼ Jf 4 þ sf3.

)

The unique solvability of this system is guaranteed using the usual elliptic arguments. It is also clear from
the regularity theory of linear elliptic systems that
kUkH 6 KkFkH;

where K is a constant independent of U. h

Lemma 4.2. Let A be the same matrix as in Lemma 4.1. Then condition (4.5) is satisfied.

Proof. We split the proof in three steps.

(i) Since 0 is in the resolvent of A, by the contraction mapping theorem, for any real k such that
jkj < kA�1k�1, the operator ikI�A ¼AðikA�1 �IÞ is invertible. Moreover, kðikI�AÞ�1k is a
continuous function of k in the interval ð�kA�1k�1

; kA�1k�1Þ.
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(ii) If supfkðikI�AÞ�1k; jkj < kA�1k�1g ¼ M <1, then, using the contraction theorem again, the
operator
ikI�A ¼ ðik0I�AÞ Iþ iðk� k0Þðik0I�AÞ�1
� 	

;

is invertible for jk � k0j < M�1. Hence, choosing k0 close enough to kA�1k�1, the set
fk; jkj < kA�1k�1 þM�1g is contained in the resolvent of A and kðikI�AÞ�1k is a continuous func-
tion of k in the interval ð�kA�1k�1 �M�1; kA�1k�1 þM�1Þ.

(iii) Suppose that the statement of this lemma is not true. Then, there exists a real number r 5 0 with
kA�1k�1

6 jrj <1 satisfying that the set {ik, jkj < jrj} is in the resolvent of A and
supfkðikI�AÞ�1k; jkj < jrjg ¼ 1. In this case, we can find a sequence of real numbers, kn, with
kn! r, jknj < jrj, and a sequence of unit norm vectors in the domain of A, Un = (un,vn,/n,un), such
that
kðiknI�AÞUnk ! 0.
Writing this condition term by term we get
iknun � vn ! 0 in H 1; ð4:7Þ

iknvn �
l
q

D2un �
c
q

D2vn �
b
q

D/n ! 0 in L2; ð4:8Þ

ikn/n � un ! 0 in H 1; ð4:9Þ

iknun þ
b
J

Dun �
d
J

D2/n þ
n
J

/n þ
s
J

un ! 0 in L2. ð4:10Þ
Taking the inner product of ðiknI�AÞU n times Un in H using (4.4) and selecting its real part we
obtain kDvnk2! 0 and kunk2! 0 in L2. Thus, we have also vn! 0, and, from (4.7) and (4.9),
un! 0 and /n! 0.Therefore, conditions (4.8) and (4.10) become, respectively,
� l
q

D2un �
c
q

D2vn �
b
q

D/n ! 0 in L2 ð4:11Þ
and
b
J

Dun �
d
J

D2/n ! 0 in L2. ð4:12Þ
Taking the inner product of (4.12) times /n we obtain D/n! 0. Taking then the product of (4.11)
times un we get Dun! 0.This argument shows that Un cannot be of unit norm, which finishes the
proof of this lemma. h

Lemma 4.3. Let A be the above defined matrix. Then condition (4.6) holds.

Proof. Suppose that the statement of the lemma is not true. Then, there is a sequence kn with jknj ! 1 and
a sequence of unit norm vectors in the domain of A, Un = (un,vn,/n,un), such that conditions (4.7)–(4.10)
hold. Again Dvn and un tend to zero and then un! 0 and /n! 0 (in fact, knun! 0 and kn/n! 0).

Taking the inner product of (4.8) times un we obtain
iknhvn; uni �
l
q
hD2un; uni �

c
q
hD2vn; uni �

b
q
hD/n; uni ! 0 in L2.
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Integrating by parts and using (4.7), this expression becomes
�kvnk2 þ l
q
kDunk2 ! 0 in L2;
which implies Dun! 0.
Finally, taking the inner product of (4.10) times /n and using (4.9) we get
�kunk
2 þ d

J
kD/nk

2 ! 0 in L2.
Once again, this proves that Un cannot be of unit norm. h

Theorem 4.1. Let (u,/) be a solution of the problem determined by (4.1), (3.2) and (3.3). Then (u,/) decays

exponentially.

Proof. The proof is a direct consequence of Lemmas 4.2 and 4.3. h
5. Viscoelasticity, porosity and microtemperatures

We study now if the introduction of microtemperatures in the problem gives rise to exponential stability
of the solutions. In this case the system we should analyze is
q€u ¼ luxx þ b/x þ c _uxx;

J €/ ¼ d/xx � bux � n/� dwx;

a _w ¼ j4wxx � d _/x � j2w.

8><
>: ð5:1Þ
To have a well-posed problem we impose the boundary conditions
uð0; tÞ ¼ uðp; tÞ ¼ /xð0; tÞ ¼ /xðp; tÞ ¼ wð0; tÞ ¼ wðp; tÞ ¼ 0; ð5:2Þ
and the initial conditions
uðx; 0Þ ¼ u0ðxÞ; _uðx; 0Þ ¼ v0ðxÞ; /ðx; 0Þ ¼ /0ðxÞ; _/ðx; 0Þ ¼ u0ðxÞ; wðx; 0Þ ¼ w0ðxÞ. ð5:3Þ
As usual, we denote v ¼ _u and u ¼ _/. For U = (u,v,/,u,w) we consider the Hilbert space
H ¼ U 2 H 1
0 � L2 � H 1 � L2 � L2;

Z p

0

/ðxÞdx ¼
Z p

0

uðxÞdx ¼ 0

� �
.

We use again the semigroup method of Liu and Zheng, but now we omit part of the proofs.
System (5.1) can be rewritten as
_u ¼ v;

_v ¼ 1
q ðlD2uþ bD/þ cD2vÞ;

_/ ¼ u;

_u ¼ 1
J ðdD2/� bDu� n/� d DwÞ;

_w ¼ 1
a ðj4 D2w� d Du� j2wÞ;

8>>>>>>><
>>>>>>>:
or, equivalently, _U ¼ BU , where
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B ¼

0 I 0 0 0
l
q

D2 c
q

D2 b
q

D 0 0

0 0 0 I 0

� b
J

D 0
dD2 � n

J
0 � d

J
D

0 0 0 � d
a

D
j4 D2 � j2

a

0
BBBBBBBBBB@

1
CCCCCCCCCCA

.

Let U* = (u*,v*,/*,u*,w*). We define an inner product in H:
hU ;U �i ¼
Z p

0

qv�v� þ Ju�u� þ aw�w� þ lux�u�x þ d/x
�/x
� þ n/�/

� þ b ux
�/
� þ �u�x/

� �� �
dx.
Direct computation gives
RehBU ;Ui ¼ �
Z p

0

ckvxk2 þ j4kwxk2 þ j2kwk2
� 	

dx 6 0. ð5:4Þ
Lemma 5.1. Let B be the above defined matrix. Then, 0 is in the resolvent of B.

Proof. Analogous to that of Lemma 4.1. h

Lemma 5.2. Let B be the same matrix as in Lemma 5.1. Then condition (4.5) is satisfied.

Proof. The proof is mutatis mutandi analogous to that of Lemma 4.2. We write only the proof of the third
step. In this case, we can find a sequence of real numbers, kn, with kn! r, jknj < jrj, and a sequence of unit
norm vectors in the domain of B, Un = (un,vn,/n,un,wn), such that
kðiknI�BÞUnk ! 0.
Writing this condition term by term we get
iknun � vn ! 0 in H 1; ð5:5Þ

iknvn �
l
q

D2un �
b
q

D/n �
c
q

D2vn ! 0 in L2; ð5:6Þ

ikn/n � un ! 0 in H 1; ð5:7Þ

iknun þ
b
J

Dun �
d
J

D2/n þ
n
J

/n þ
d
J

Dwn ! 0 in L2; ð5:8Þ

iknwn �
j4

a
D2wn þ

d
a

Dun þ
j2

a
wn ! 0 in L2. ð5:9Þ
From (5.4), it is easy to see that Dvn, Dwn and wn tend to 0. This implies un! 0 in H1. Therefore, Dun! 0.
After simplifying, condition (5.9) becomes
� j4

a
D2wn þ

d
a

Dun ! 0;
which, integrating with respect to x, gives un! 0 in L2. Notice that here the boundary conditions play an
important role.
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Taking the inner product of (5.8) times /n and simplifying we get
�kunk
2 þ d

J
kD/nk

2 þ n
J
k/nk

2 ! 0.
In consequence, D/n! 0. This shows that Un cannot be of unit norm. h

Lemma 5.3. Let B be the matrix defined before. Then condition (4.6) holds.

Proof. We argue as in Lemma 4.3. Suppose now that jknj ! 1. Dividing (5.8) by kn it is clear that D2/n
kn

is

bounded. It is also clear from (5.7) that un
kn
� i/n. Thus, dividing (5.9) by kn and simplifying we obtain
� j4

akn
D2wn þ

d
a

iD/n ! 0.
Multiplying this expression by D/n and integrating by parts it yields
� j4

akn
hDwn;D

2/ni þ
d
a

ikD/nk
2 ! 0.
And then, kD/nk2! 0.
Taking the inner product of (5.8) times /n and simplifying we get
�kunk
2 þ d

J
kD/nk

2 þ n
J
k/nk

2 ! 0.
In consequence, un! 0. Again this contradicts the assumption that Un has unit norm. h

Theorem 5.1. Let (u,/,w) be a solution of the problem determined by (5.1)–(5.3). Then (u,/,w) decays

exponentially.

Proof. The proof is a direct consequence of Lemmas 5.2 and 5.3. h
6. Elasticity, viscoporosity and microtemperatures

Finally, we consider the presence of porous viscosity but not elastic dissipation, and we combine it with
microtemperatures. The system we obtain is
q€u ¼ luxx þ b/x;

J €/ ¼ d/xx � bux � n/� dwx � s _/;

a _w ¼ j4wxx � d _/x � j2w.

8><
>: ð6:1Þ
In this case the boundary and initial conditions are given by
uð0; tÞ ¼ uðp; tÞ ¼ /xð0; tÞ ¼ /xðp; tÞ ¼ wð0; tÞ ¼ wðp; tÞ ¼ 0; ð6:2Þ
uðx; 0Þ ¼ u0ðxÞ; _uðx; 0Þ ¼ v0ðxÞ; /ðx; 0Þ ¼ /0ðxÞ; _/ðx; 0Þ ¼ u0ðxÞ; wðx; 0Þ ¼ w0ðxÞ. ð6:3Þ
Theorem 6.1. Let (u,/,w) be a solution of the problem determined by (6.1)–(6.3) and assume that Jl 5 dq.

Then (u,/,w) decays in a slow way.
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Proof. We proceed as in Section 3. We will prove the existence of a solution of system (6.1) of the form
u ¼ K1 ext sinðnxÞ; / ¼ K2 ext cosðnxÞ; w ¼ K3 ext sinðnxÞ.

Replacing them in system (6.1) and simplifying we obtain the following homogeneous linear system in the
unknowns K1, K2 and K3:
n2lþ qx2 bn 0

bn n2dþ sxþ Jx2 þ n dn

0 �dnx axþ j2 þ j4n2

0
B@

1
CA

K1

K2

K3

0
B@

1
CA ¼

0

0

0

0
B@

1
CA.
We denote by r(x) the determinant of the above matrix after replacing x by x. Direct calculation shows that
r(x) is a fifth degree polynomial. We consider r(x � �) and study the sign of its roots. Applying the Routh–
Hurwitz theorem we see that the fourth leading minor of the corresponding matrix is a twelfth degree
polynomial on n with negative main coefficient for � small enough, provided that Jl 5 dq. Let N4 be this
minor, then
N 4 ¼ �2J�j3
4q

2 Jl� dqð Þ2 d2 þ j4 s� 2J�ð Þ
� �

n12 þ T ðnÞ;
where T(n) is a 10th degree polynomial on n. h
7. Conclusions

In this paper we have analyzed the porous-elastic problem. First of all, we have proved that elastic
dissipation and porosity do not produce exponential decay in the solutions. Neither does the addition of
temperature. Nevertheless, if the viscoelasticity and the porous dissipation are both present, then the solu-
tions are exponentially stable.

As temperature is insufficient to cause exponential decay, we have also studied the effects of including
microtemperature. In this case, when there is elastic dissipation, the solutions decay exponentially, but if
only porous damping is taken into account then, generically, microtemperature is not strong enough to pro-
duce exponential stability.

It is worth noting that these results, added to previous ones (temperature combined with porous viscosity
and temperature combined with microtemperature), analyze and solve the porous-elastic problem in many
possible situations. We summarize the main conclusions with the help of a scheme:
thermal effect

viscoelastic effect

!
elasticity
l

porosity
 

microthermal effect

viscoporous effect
If we take simultaneously one effect from the right square and other one from the left square, then we get
exponential stability. However, if we consider two simultaneous effects from one square only, then we get
slow decay. Of course, if more than two of these mechanisms are taken, we have exponential stability.
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