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A commutative ring with identity is called a chain ring if all its ideals form a chain
under inclusion. A finite chain ring, roughly speaking, is an extension over a Galois
ring of characteristic p" using an Eisenstein polynomial of degree k. When p t k, such
rings were classified up to isomorphism by Clark and Liang. However, relatively little
is known about finite chain rings when p|k. In this paper, we allowed p|k. When n = 2
or when p||k but (p — 1) 1 k, we classified all pure finite chain rings up to isomorphism.
Under the assumption that (p — 1) { k, we also determined the structures of groups of
units of all finite chain rings. © 2001 Academic Press
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1. INTRODUCTION

All rings considered in this paper are commutative with identity unless
specified otherwise. A ring is called a chain ring if all its ideals form a chain
under inclusion. Finite chain rings are precisely finite local rings whose
maximal ideals are principal. As pointed out by Clark and Liang [3], finite
chain rings arise in algebraic number theory as quotient rings of rings of
integers in number fields [10] and in geometry as coordinatizing rings of
Hjelmslev planes [9]. More references on the role of finite chain rings in
Hjelmslev planes and Klingenberg planes can be found in [2, 15]. Recently,
finite chain rings have been used in various constructions of partial difference
sets, relative difference sets, and bent functions [6, 7, 11, 12]. One of the
properties of finite chain rings that make them useful in those combinatorial
constructions is that every finite chain ring has a “non-degenerate” character
[7]. Chain rings (without the finiteness condition), also known as valuation
rings, play a central role in module theory [4, 5]. Noncommutative chain
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rings (defined in the same way) are useful in the structure of certain types of
noncommutative rings. (See, for example, [1].)

The main concerns of this paper are two basic questions about finite chain
rings: their classification and their groups of units.

All finite chain rings can be obtained through the following construction.
We refer the reader to [13, pp. 307-308, 339-349] for the proofs of the claims
in the construction. Let p be a prime, n, r >0, and feZ,.[x] a monic
polynomial of degree r whose image in Z,[x] is irreducible. Then
GR(p", v) = Z,»[x]/(f) is a ring whose structure depends only on p, n, and r.
GR(p", r) is called a Galois ring of characteristic p" and rank r [8, 14].
GR(p", r) is a local ring whose maximal ideal is pGR(p", r). Every finite chain
ring is of the form

GR(p", r)[x1/(g, p"~ " X'), (1.1)

where ge GR(p",r) [x] is an Eisenstein polynomial of degree k, ie.,
g=x"—plag_ X'+ - + ao) (a; € GR(p", r) and a, is a unit of GR(p", 1)),
t =kwhenn=1,and 1 <t < kwhenn > 2. The integers p, n, r, k, t are called
the invariants of the chain ring in (1.1) [3]. A basic problem, which seems to
be very difficult, is to classify finite chain rings with fixed invariants up to
isomorphism. We call the finite chain ring in (1.1) a pure finite chain ring if
g = x* — pay. When p 1 k, Clark and Liang [3] classified all pure finite chain
rings with fixed invariants p, n, r, k, t up to isomorphism. Moreover, they
showed that when p 1k, every finite chain ring is pure [3]. Thus all finite chain
rings with invariants p, n, r, k, t are classified up to isomorphism when p 1 k.
However, when p|k, little is known about the isomorphims classes of finite
chain rings, even if the finite chain rings are pure. In this paper, we will allow
plk. The first main result of this paper is a classification of pure finite chain
rings with invariants p, n, r, k, t up to isomorphism when n = 2 or when p| k
but (p — 1)1 k. (p || k means p|k but p*{k.) In particular, the numbers of
isomorphism classes of pure finite chain rings in these cases are given.

The group of units of a finite commutative local ring is an essential piece of
information about the structure of the ring. In general, the structure of such
a group of units is difficult to determine. For Galois rings, the structures of
their groups of units are known [13, pp. 322-323]. But for finite chain rings,
such structures are not known. As the second main result of this paper, we
will determine the structure of the group of units of a finite chain ring with
invariants p, n, r, k, t under the assumption (p — 1)1t k.

The paper is organized as follows. In Section 2, we review some basic facts
about Galois rings and finite chain rings to be used in the sequel. In Section 3,
we classify all pure finite chain rings under the assumptions described earlier.
Section 4 deals with multiplicative orders of elements in 1 + m, where m is the
maximal ideal of a finite chain ring. In Section 5, we determine the structure
of the group of units of an arbitrary finite chain ring with (p — 1) { k.
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2. GALOIS RINGS AND FINITE CHAIN RINGS

We refer the reader to [13, pp. 322-323, 339-349] for the proofs of the facts
about Galois rings and finite chain rings quoted in this section.

The Galois ring GR(p", r) is a local ring with maximal ideal pGR(p", ) and
GR(p",7)/pGR(p", r) = GF(p"). Its multiplicative group (group of units)
GR(p", r)* contains a unique cyclic subgroup T* of order p"— 1.
T = T*u {0} is called the Teichmiiller set of GR(p", r) and it forms a system
of coset of representatives of GR(p",r)/pGR(p",r). Every element
ae GR(p", r) has a unique p-adic expansion

a=&¢ +péi+ - +p T (GeT) (2.1)
The map
o GR(p", 1) - GR(p", 1)
Co+plyi+ o AP > AP+ P (22)

is called the Frobenius map of GR(p", r). ¢ is an automorphism of GR(p", r) of
order r and Aut(GR(p", r)) = (o). We have

GR(p", r)* =T*-(1 + pGR(p",r)) = T*x(1 4+ pGR(p", 1)), (2.3)

where
2" if pis odd, or if p=2 and n <2
1 GR(p"r)=<_" "~ . ’ ’
+ PGR( 1) {Zz X2y x 5%,  if p=2 and n> 3.
(2.4
It follows easily from (2.4) that if p is odd or if p =2 and n <2,
(1 + pGR(", 1)\ =1+ p " GR(p" 1), i=0. (2.5

Let R be the finite chain ring in (1.1) with invariants p, n, r, k, t. The
maximal ideal of R is xR and the nilpotency of x is (n — 1)k + t. R has the
same residue field as GR(p", r): R/xR = GR(p", r)/pGR(p", r) = GF(p"). Every
element y € R can be written as

y=dao+ax + - +a_x*',  a;e GR(p", 1), (2.6)
where aq,...,a,-1 are unique and a,...,a,._; are unique modulo
p" " YGR(p", r). The group of units R* of R also has a similar decomposition:

R*=T*-(1 + xR) =~ T*x(1 + xR). 2.7

However, the structure of the multiplicative group 1 + xR is more interesting
than that of 1 + pGR(p", r), as we will see in Section 5. Note that whenn = 1,
R = GF (p")[x]/(x"). Such rings need no classification.
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3. CLASSIFICATION OF PURE FINITE CHAIN RINGS

Lemma 3.1. Let
R = GR(p", r) [x]/(x* — pu,p"~ ' x) (3.1)
S = GR(p",r) [x]/(x* — pv,p"~ ' x") (3.2)

be two pure finite chain rings, where n > 2,1 <t <k, u, ve GR(p", r)*, and let
it, 7 be the images of u, v in GR(p", r)/ann(p) = GR(p" "', r). Then R = S if and
only if there exists a peAut(GR(p""',r) such that in the ring
R/ann(p) = GR(p"~ 1, r) [x]/(x* — pii, p"~ 2 X"), the equality

i 1 p@) =2 (3.3)
holds for some z e GR(p" 1, v)[x]/(x* — piz, p"~ 2 x").

Proof. By Lemma 4 of [3], Rx~S if and only if there is
a y € Aut(GR(p", r)) such that x* — pys(v) has a root in R.

Necessity. Since R =~ S, there exits an automorphism ¥ of Aut(GR(p", r))
and an element w € R with w* = py(v). Write w = xz for z € R. Then

p¥ (v) = x*z* = puz*. (3.4)

There is a natural isomorphism ( ): Aut(GR(p", r)) — Aut(GR(p" !, r)) such
that for any fe Aut(GR(p", r)), the diagram

GR(p", 1) —f> GR(p",r)
i ) !
GR(p" L.r) - GRG" .7 (3.5)

commutes, where the vertical maps are the natural homomorphisms. Let
p = . Then (3.4) implies that in R/ann(p), @~ ! p(@) = z*.
Sufficiency. Trace back the proof of necessity. W

LemmA 3.2, Let
R = GR(p", n)[x]/(x* — pu, p"~ ' x'), (3.6)
where n > 2,1 <t <k, ue GR(p", r)*.
() if p1k, then
(R** N GR(p", 1)* = (GR(p", 1)¥)". (3.7)
@) If plk,(p — Dtk and n >3 or n =2 but t > k/p, then
(R**NGR(p", 1)* = (GR(p", 1)*)". (3.8)
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@i) If pllk,(p — 1)t k, n =2, and t < k/p, then
(R¥)NGR(p?, r)* = (T**- (1 + pGR(p?, 1), (3.9

where T* is a the unique cyclic subgroup of order p" — 1 of GR(p?, r)*

Proof. (i) By (23) and (2.7), it suffices to show that (1 + xR)*n
(1 + pGR(p", 7)) = (1 + pGR(p", ¥))*. But since 1 + xR and 1 + pGR(p", ) are
p-groups and p 1 k, we have

(1 + xRN (1 + pGR(p", 1)) = (1 + xR)n(1 + pGR(p", 1))

=1+ pGR(p",r) = (1 + pGR(p", r)}". (3.10)
(i) Again, by (2.3) and (2.7), it suffices to show that
(1 + xRN (1 + pGR(p", 1)) = (1 + pGR(p", r))’. (3.11)

Assume that (1 + x%)? e 1 + pGR(p", r), where b > 0, ¢ € R*. We want to
show that (1 + x%)?e(1 4+ pGR(p",r))". If b>k, we have (1 + x%)Pe
(1+pRY < 1+p?R. Thus 1+ xbe)Pe(l + p?R)n(1 + pGR(p", 1))
=1+ p>GR(p",r) = (1 + pGR(p",r))’. Therefore, we may assume that
0 < b < k. Under this assumption, we will show that (1 + x")? = 1. Writing

—1
(1 +xPe)P =1 + pxPe +p(pT)x2”g2 4 oo 4 xPheP

—1
=1 +px”<8 —I—%X"sz + -~->+x"”8"

=1+ pxP¢ + xPPe? (¢ € R*)
14Xy P (ne R%) (3.12)

it suffices to show that x"**5y + x’?e? = 0. Note that x*™*y + xbrere
pGR(p", 1), since (1 + xb¢)? € 1 + pGR(p", r). Also note that b + k # bp since
(P =1tk

Case 1. b+ k < bp. Then
pGR(p", 1) 3 x> *y + xPPeP = pxPy’ for some 1’ € R*. (3.13)
We must have px® = 0 since 0 < b < k.
Case 2. b+ k> bp.
Case 2.1. bp # k. Then bp = ak + ¢, where a > 0, 0 < ¢ < k, and

a

pGR(p",r) 3 x*T*y + xPPe? = xPPy’ = p*xn” (n',n" eR*. (3.14)
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Thus p*x“ =0 since 0 < ¢ < k.
Case 2.2. bp = k. Then we have

pGR(p",r) 3 x* ¥y + xPPeP = pu(xby + &P). (3.15)

Write ¢ = z + x'6, ze GR(p",r)*, 6 € R*, i > 0. Then

pGR(p", r) 3 pu(xby + &?)

= pu(xby + zP + px'd’ + x'Po?) (5’ € R¥) (3.16)
= puz? + pu(x®y’ + x'75P) (' € R¥).

Note that b # ip. (Otherwise, k = bp = ip?, which is a contradiction.) Thus

pGR(p", v) 3 pu(x’yy’ + xiPP) = pxmin®- i)y’ p e R*  (3.17)

Since 0 < min(b, ip) < k, (3.17) happens only when n = 2 and min(b, ip) > t.
In particular, k/p = b > t, which is contradictory to the assumption.
(ii1) Also by (2.3) and (2.7), it suffices to show that

(1 + xRy > 1 + pGR(p% 7). (3.18)

Every element of 1 + pGR(p?, r) is of the form 1 + pue? for some ¢ € T, where
T is the Teichmiiller set of GR(p?, r). We have

(14 xRy s (1 + xkrg)p
=1+pxPe +xke? (¢ €R) (3.19)
=1+ pue?,
where px*? = 0 since k/p >t. ®
THEOREM 3.3. Let
R(u) = GR(p", 1) [x]/(x* — pu, p"~ ' X'), (3.20)

wheren > 2,1 <t < k,ue GR(p", r)*. Assume that one of the following condi-
tions holds.
(i) n=2
(i) ptk,n=>3;
(i) plk, (p — 1)1k, and n >4 or n =3 but t > k/p;
@iv) plk,(p — 1)1k, n =3, and t < k/p.
Define a subgroup G = GR(p" ™!, r)* as
_ [(GR(p" 1, ¥, if (i) or (i) or (iii) holds, 391
~ UTH(1 4+ pGR(P% 1), if (iv)  holds, G.21)
where T* is the unique cyclic subgroup of p"—1 of GR(p" 1,r). Let
Aut(GR(p" 1, 7)) act on GR(p" ™1, r)*/G in the obvious way. Then the natural
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homomorphism

( ):GR(p" r)* - GR(p" L, n*/G (3.22)
induces a bijection
[Rw)] +— [ul, ue GR(p", r)* (3.23)

between the isomorphism classes of pure finite chain rings with invariants p, n, r,
k, t, and the Aut (GR(p"~ 1, r))-orbits in GR(p" ™1, r)*/G.

Proof. Under conditions (i), (iii), or (iv), the conclusion follows from
Lemmas 3.1 and 3.2. To be more specific, assume, for example, condition (iii).
By Lemma 3.1, R(u) = R(v) (u,ve GR(p",r)*) if and only if there is
a p e Aut(GR(p" ', r)) such that in GR(p" "1, r),

i 'p@) e [GR(P" 1, ) [x]/(x* — pi, p" 2x)*nGR(p" 1, r)*,  (3.24)

where # and v are the images of u an v in GR(p" ™, ). According to Lemma
3.2, the right hand side of (3.24) is (GR(p" !, r)*)*. Thus R(u) = R(v)
if and only if & and © are in the same Aut(GR(p"™!,r))-orbit of
GR(p"™ ', r)*/(GR(p"™ ', ™).

Under condition (i), the conclusion follows from Lemma 3.1 and the fact
that

[(GR(p, ) [x]/(x)D*T N GR(p,n)* = (GR(p,1)*)". = (3.25)

CoROLLARY 3.4. Let p,n,r, k, t be as in Theorem 3.3 and let d = (k, p" — 1).
Then the number of isomorphism classes of pure finite chain rings with invari-
ants p, n, r, k, t is

1
(p' —1,4d), under conditions (1), (ii), or (iv),
0

r

=S | =

i

(3.26)

1
(" — 1, d)p™",  under condition (iii).
(0]

r

=S | =

Here conditions (1)-(iv) are the ones in Theorem 3.3.

Proof. Let T and o be the Teichmiiller set and Frobenius map of
GR(p" ', r) respectively. First assume condition (iii). In the notation of
Theorem 3.3, we have

GR(p"™ 1, 1)*/G = (T*[(T*\) x [(1 + pGR(p" ™", /(1 + pGR(p"~*, 1))]

= (T*/(T*) = [(1 + pGR(P" ™', /1 + p>GR(p" ™, 1)].
(3.27)

(Note that since pllk, (1 +pGR(p" L) =1+ pGR(p" L, r) =
1+p2GR(p" ', r).) Identify T*/(T*¥ as Z, and identify
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(1 + pGR(p"~ 1, r)/(1 + p>GR(p"~ ', 7)), as a set, as T. Then the action of ¢ on
GR(p"~',1)*/G = Z;x T is given by

o(a, &) = (pa,ch),  (a,8)eZ;xT. (3.28)
For each 0 <i < r — 1, the number of elements in Z,x T fixed by ¢’ is
P —Ld-p—1,p —=D)+1]=@p" —1,dp"". (3.29)

Thus by the Burnside Lemma, the number of {(¢)-orbits in Z; x T is
1. ,
=Y (' =1 dp". (3.30)
Ii=o

The proof of (3.26) under conditions (i), (ii), and (iv) is similar. One only has to
note that in these cases,

GR(p" 1, 1)*/G = T*/(T*. [ | (3.31)
Remark. Let d|(p" — 1). By a result of [3],
9(c)
- (p'—1,d) = (3.32)
Z c|d (C)
where ¢(c) is the Euler function and 7(c) is the smallest number m > 0 such
that p™ — 1 = 0 (mode c¢). Both sides of (3.32) are the number of orbits when
Z, acts on Z,; through
erzd d Zd
(i,a) +— pla
The left hand side of (3.32) is independent of r as long as d | (p" — 1). This fact
can also be seen directly without using (3.32). Actually, for any integers s > 0,

(Asr) 23 0" = Ld)=(1/r) Y720 (' — 1, d).

(3.33)

4. THE ORDER OF AN ELEMENT IN 1 + xR

Let
R = GR(p", 1) [x]/(g, p"~* x") (4.1)

be a finite chain ring with invariants p, n, r, k, t, where t = k when n = 1,
1<t<kwhenn>2, and

g=x"—pla_x*"' + - + ap), a; € GR(p", 1), ap € GR(p", r)*. 4.2)

The invariants p, n, r, k, t will be fixed throughout this section. For ¢ > 1
and [ > 0, let

he, = min {cp’ + (I —k:0 <i <1} (4.3)
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Clearly, h,, is increasing with respect to both ¢ and I.

Lemma 4.1. Let ¢ > 1.
(1) If k is not of the form c(p — 1)p* (s = 0) and ¢ € R*, then for all [ > 0,

(1 +x%F' =1+4x"g,  geR*: (4.4)

(i) If k is not of the form c(p — )p*(s = 0), or if r > 1, or if ag # — 1
(mod pGR(p", 1)), where ay is as in (4.2), then the exponent of the multiplicative
group 1 + xR is p" where L is the smallest | such that h.; > (n — 1)k + t.

Proof. (i) We use induction on [. Condition (4.4) trivially holds for [ = 0.
Assuming (4.4), we have

141

(14 x%)? " = (1 + xhg)?
—1
=1+pxteg + % x?Pergl 4o 4 xPhergf
=1+ pxh <81 +2 ; x"ref + > + xPhrgf (4.5)

=14 pxtag 4+ xPrhag” (¢, " € R¥)
=14 x* g 4 xPheg” (&7 € R¥).

Note that k + h,; # ph.,. (Otherwise, k = (p — 1)h,;, which force h.;, = cp'
according to (4.3). Then k = ¢(p — 1)p', which contradicts the assumption on
k.) Therefore,

(1 4+ xeP" =1 4 xmintk+harhid g 0 g e R, (4.6)
Since
min{k + h,, ph.;}
=min {cp® + (I + )k,  cp' + Ik, ..., cp' + k,
p(ep® + 1k), ..., p(cp'™ ' + k), cp'™1}
=min {cp® + (I + Dk, cp* + Ik, ..., cp' + k, cp' ™1}
P 4.7)

we have proved (4.4) for [ + 1.
(i1) From the proof of (i), it is easy to see that

(1 +xRy <1+ x"R  foralll>0. (4.8)

Thus (1 + xRy =1+ x"R={1}, since h,>m—1k+t and
(n — 1)k + ¢ is the nilpotency of x. It remains to prove that there is a u € R
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such that
(1 + xu)? " #1. 4.9)

If k is not of the form c(p — 1)p°, (4.9) follows from (4.4) with u = 1. Now
assume that k = c¢(p — 1)p® for some s > 0. Because of the assumption on
r and aq, the inequality ag 'y + y? # 0 in GR(p", r)/pGR(p", r) = GF (p") has
a solution y € GF(p")*. Lift y to y € T* = T\ {0}, where T is the Teichmiiller
set of GR(p", r). Then ag ' + j* € GR(p", r)*. Let ¢ be the Frobenius map of
GR(p", r) and choose u = ¢~ *(y). We will show that for all [ > 0,

(1 4+ xup’ =1 4 xtg, g€ R*. (4.10)

(Note that (4.9) follows from (4.10) immediately.) It is easy to see that for
0<I<s+1,h, =cp" and that

(14 xu’ =14 xPeg, g=u" (modxR), 0<I<s (411)
(The proof of (4.11) is the same as that of (i).) We then have
(1 + xu)?" = (1 + x¥ gy)P
=14 px?n+x7"e  (n=e (mod xR))
=14 x"kagy +x7" e (f = e, (mod xR))

=14 x7" (ag 'y + &€b). (4.12)
In R/xR,
ao'n +ef =agle, + &f
=agtu” +u"
=ag'y+ 5’
# 0. (4.13)
Thus

T4+ xupP =14+xP g =14+x"1g, e, eR* (4.14)

For [ > s + 1, starting with (4.14) and again by the same proof as that of (i),
one can show that

(1 +xul' =1+x"1¢,  geR* (4.15)

The proof of (ii) is now complete. M|
For ¢ > 1, let

o(c) = the smallest / such that h.; > (n — 1) k + t. (4.16)
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Then we have the following corollary.

COROLLARY 4.2. Letc>1,
(i) If'k is not of the form c(p — 1)p° (s > 0) and & € R*, then the multiplica-
tive order of 1 + x‘¢ is p™©.
(1) If k is not of the form c(p — )p* (s = 0), or if r > 1, or if ag # — 1
(mod xR), then the exponent of the multiplicative group 1 + x°R is p*©.
In the next two lemmas, we calculate h.; and o(c) explicitly.

Lemma 4.3. For c>1, let
k
1(c) = max {0, {log,, <(p — l)cﬂ } (4.17)

e, if 0<1<1(o),
T ep@ 4+ (1= ek, if 1> 1(c).

Proof. The proof relies on the fact that the function f(x) = cp* + (I — x)k
is decreasing for x to the left of a certain point and is increasing for x to the
right of the point. (The critical number, which is of no use in this proof, is
actually log,k — log,(c In p).) Note that (4.18) is obvious for | = 0. Thus we
assume [ > 1.

Then

(4.18)

Case 1. 1(c)=0. Then k < (p — 1)c. For [ > 1, we have

ep® + lk < ep' + (I — Dk (4.19)
Thus
he, =min{cp’ + (I —i)k:0 <i<I} =cp® + Ik (4.20)
Case 2. 1(c) > 0. Then
(p—Dep@ <k <(p— 1)ep. (4.21)
For 1 <I<1(c), cp' <cp'~ ! + k. Then
h.,=min{cp' + (I —i)k:0<i<I} =cp". (4.22)
For [ > 1(c),
ep'+ (I —1(e)k <ep @'+ (1 —1(c) + Dk, (4.23)
and
ep' P+ (I —1(e)k < ep @' + (I —1(c) — Dk. (4.24)
Thus

hey=min {cp' + (I — )k:0<i <} =cp9 +(—1(chk.  (4.25)
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Lemma 4.4.

w if 1<c<(@n—Dk+t,

=190 if ¢>(n— Dk +t. (4.26)

Proof. The conclusion is obvious for ¢ > (n — 1)k + t. Thus assume
1 <c¢ < (n— 1)k + t. First, we claim that

cp9 < (n— Dk +t. 4.27)
If 1(c) =0, (4.27) is obvious. If 1(c) > 0, by (4.17),
(p—Dep @' <k, (4.28)

which implies (4.27). By (4.27) and (4.18), we see that h.; > (n — 1)k + ¢
implies [ > 1(c). Thus by (4.18),

hc,l Z(n— l)k +1

<[>1(c)and cp@ + (I — 1Dk =>(n — Dk + ¢

t—cp'
<l>1c)and I >1(c)+n—1+ k . (4.29)

The proof will be complete after proving

t —cp

n—1+ . > — 1. (4.30)
Assume the contrary of (4.30). Then
cp'@ > nk + t. (4.31)

In particular, 1(c) >0 since ¢ < (n — 1)k + t. Then by (4.28), ¢p'“ < kp/
(p — 1) < 2k, which is a contradiction to (4.31) =

5. THE GROUP OF UNITS

Let

R = GR(p", ) [x]/(g, p"~ ' x") (5.1)

be a finite chain ring with invariants p, n, r, k, t, where t = k when n = 1 and
1 <t <k when n>2,and g e GR(p", r)[x] is an Eisenstein polynomial of
degree k. Since R* =~ T* x (1 + xR) ((2.7)), to determine the structure of the
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group of units of R* of R, it suffices to determine that of the multiplicative
group 1 + xR.

Let a(c) (c = 1) be defined by (4.16). Since h,; (defined in (4.3)) is increasing
with respect to ¢, a(c) is decreasing with respect to ¢. From the definitions
of a(c) and h,,, it is also clear that a((n — 1)k +¢) =0 and a((n — 1)k +
t —1) > 0. Thus

o) >a2)= - z2al(n—Dk+t—1)>a((n—Dk+1t)=0. (52
For each 0 <j < o(1), let
ei={c:1<c<(m—Dk+1t, alc)=j}| (5.3)
Note that eg =1 and ey + -+ + e,qy =(n — 1)k + ¢.
THEOREM 5.1.  Assume that (p — 1)t k, Then

14 xR x Z) ~ X~ wee x 27 = ) g 77 (5.4)

"
prH=1 prv °

(Note that (5.4) implies that e; > ey > -+ = e,y

Proof. For each ¢ > 1 and ¢e R*, by Corollary 4.2, o(1 + x‘¢) = p*°.
Thus for each 0 < j < o(1),

{(yel+xR:y" =1} = {1 + x‘c:0(c) <j,e € R*}
=1+ xl tea o e R’ (55)

since the smallest integer ¢ such that a(c) <j is 1+ e,y + -+ + ;11 In
particular,

|{ye 1+ xR:pr = 1}| = pr[(n—l)k+17(1 +eay+ o+ 8]
— pr[el 4. +e,v]’ fOI’ O S} < O((l) (56)

Isomorphism (5.4) follows from (5.6) through straightforward counting argu-
ments. B

Theorem 5.1 shows that the group of units of a finite chain ring is more
interesting than that of a Galois ring (cf. (2.4)). Next, we look at some concrete
examples of Theorem 5.1.

ExampLE 5.2. Let (p,n, r, k, t)=(5, 3,1, 5, 1). (n — 1)k +t = 11. Using
(4.26), one can quickly determine that

(o(1)y oeey0f(11))=(3,2,2,2,2,1, 1, 1, 1, 1, 0). (5.7)
Thus e; =5, e, =4, e; =1, and

R* = 7o x Ty x T3 x 7. (5.8)



FINITE COMMUTATIVE CHAIN RINGS 395
ExampLE 5.3. Let(p,n, 1, k,t) =(3,2,7,19,3).(n — 1)k + t = 22. By (4.26),
(o(l), ooy (22))=(3,3,2,2,2,2,2,1,..., 1, 0). (5.9)

Thus e; =14, e, =5, e3 =2, and
R* = 74 | x73 x 735 x735. (5.10)

Theorem 5.1 also shows that when (p — 1) 1 k, the structure of the group of
units of a finite chain ring is completely determined by its invariants p, n, r, k,
t. However, this is not the case when (p — 1)|k.

ExampLE 5.4. Let
R = 7. [x]/(x*> — 3), (5.11)
S =Z5-[x]/(x?* — 6). (5.12)

Both R and S are finite chain rings with invariants (p, n, r, k, t) = (3, 2, 1, 2, 2).
(n— 1k +t=4. For each ae R,

1+ xa)® =1+ 3xa + x3a®> =1 + 3x(a + a¥), (5.13)
(1 + xa)*’ = 1. (5.14)
Thus
[{yel+xR:y*=1}| =|{l + xa:a + a®> =0 (mod xR)} |
=[{1 + xa:a =0 (mod xR)}|
—|1+x°R|
—32, (5.15)
(Note that 1 + a® # 0 in R/xR = GF(3).) Therefore
1+ xR = Z3x2Z3-. (5.16)
Similarly, for each b € S,
(14 xb)* = 1+ 3xb + x> = 1 + 3x(b — b¥) = 1, (5.17)
since b — b®> = 0 in §/xS = GF(3). Thus

1+ xS =~ 273 (5.18)
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