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In this paper we study a generalization of a fundamental property of 
semisimple modules. A decomposition 

A 

of a module M as a direct sum of nonzero submodules (M& is said to 
complement direct summands in case for each direct summand K of M there 
is a subset B C A with 

It is easy to see that such a decomposition is automatically an indecomposable 
decomposition; that is, one in which each term M, is indecomposable. 

Every semisimple module admits a decomposition (with simple terms) 
that complements every submodule. Indeed this property characterizes such 
modules. Here we shall be concerned with modules that admit a decomposition 
that complements direct summands. A ring is (artinian) semisimple if and 
only if each of its left modules is semisimple. More generally it would be of 
interest to characterize those rings over which all (left) modules have decom- 
positions that complement direct summands. We do not attempt to obtain 
such a characterization here; rather (recalling that over semisimple rings all 
modules are projective and injective), we characterize those rings over which 
every projective left module has such a decomposition and those over which 

* Research partially supported by National Science Foundation grant GP-18828. 

241 
Copyright 0 1972 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Elsevier - Publisher Connector 

https://core.ac.uk/display/82204707?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


242 ANDERSON AND FULLER 

every injective left module has such a decomposition. These are the left 
perfect rings and the left noetherian rings, respectively. This provides at least 
a partial answer to the general problem: if every module over a ring has a 
decomposition that complements direct summands, then the ring is artinian. 

Perhaps the most important theorem on (the large) direct decompositions 
of modules is Azumaya’s extension of the Krull-Schmidt Theorem [l]. 
Before stating it we recall that two direct decompositions of a module 

M=@Ma=@N, 
A B 

are equivalent in case there is a bijection (T : A + B with 

Ma E N,(w) (a E A). 

THEOREM [Azumaya]. If a module M has a direct decomposition M = eA M, 
such that for each 01 E A the endomorphism ring end(MJ is a local ring, then 

(1) every nonxero direct summand of M has an indecomposable direct 
summand, 

(2) if M = K @ N with N indecomposable, then there is a B E A such that 
M= K@Me; 

(3) every indecomposable decomposition of M is equivalent to the given 
decomposition M = @A Ma . 

We say that a direct decomposition M = GA M, of a module that satisfies 
condition (2) of Azumaya’s Theorem complements maximal direct summands. 
Of course any decomposition of a module that complements direct summands 
must also complement maximal direct summands. As we shall see the 
converse fails. 

Suppose that a module M has a direct decomposition M = GA M, that 
complements maximal direct summands. Then a routine inductive argument 
shows that for every decomposition 

M=K@(N,@***@N,J 

with each NI ,..., N, indecomposable, there exist OCR ,..., a,, E A such that 

and 

Mai cz Ni (i = I,..., n) 

M= K@(M,l@--.@M,,). 

Of course a module need not have any indecomposable direct summands 
(e.g., the regular representation of the ring of continuous two-valued functions 
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on the rationals) and so for such a module every decomposition complements 
maximal direct summands. 

It is easy to see that a direct sum of homologically independent modules 

F4JYEC (i.e., hom(H,, , Ha) = 0 whenever y # 6) has a decomposition that 
complements (maximal) direct summands if each H, has such a decomposition. 
And clearly any indecomposable module has a decomposition complementing 
direct summands. Thus in particular, for a decomposition M = @A iI& to 
complement direct summands it is not necessary that the endomorphism 
rings end(M,.J be local. Nevertheless, as we shall show, for an indecomposable 
decomposition, condition (2) of Azumaya’s Theorem does imply condition (3). 
First, however, we have 

1. LEMMA. Suppose M has a decomposition M = @A ME that complements 
(maximal) direct summands. If A’ C A, then the decomposition 

M’ = @ M,, 
A’ 

of M’ complements (maximal) direct summunds. Moreover, if M has a decom- 
position that complements direct summands, then so does every direct summand 
of M. 

Proof. Suppose that A’ C A and that M’ = @a# M,, . Suppose also that 
K is a (maximal) direct summand of M’. Then 

is a (maximal) direct summand of M = Ga Mu; so by hypothesis there is a 
subset B’ C A such that 

But then clearly we must have B’ C A’ and 

This proves the first statement. The last statement now follows from the first 
in view of the fact that if 
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and if B _C A with 

then 

A\B 

We do not know whether the last assertion of this lemma holds for decom- 
positions complementing maximal direct summands. The best we can say 
is that if 

M=@M, 
A 

with each end(MJ a local ring, and if either A is finite [I] or each M, is 
countably generated [12], then the direct summands of M all have decom- 
positions that complement maximal direct summands. 

2. THEOREM. If a module M has an indecomposable decomposition that 
complements maximal direct summands, then all indecomposable decompositions 
of M are equivalent. 

Proof. Suppose that M = @a ME and M = oc N, are indecomposable 
decompositions and that the first complements maximal direct summands. 
For each indecomposable module L set 

A(L) ={cxEAI Mm-L} and C(L) = (y E C 1 N,, g L}. 

Then virtually copying from the proof of Azumaya’s Theorem [I] we see that 

card A(L) > card C(L). 

In particular, there is an injection u : C --+ A such that 

N, GE Mot,) (Y E Cl- 

Therefore there is an isomorphism 

such that f(N,) = MOcy) (y E C). Th us, by Lemma 1, the decomposition 
M = & N, also complements maximal direct summands. But then reversing 
the roles of A and C we have that for each indecomposable module L, 

card A(L) < card C(L). 

Thus for each L we have equality, and the proof is complete. 
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We note that this is very nearly identical with Azumaya’s proof [l] of 
condition (3) of his theorem. The difference is that Azumaya obtained the 
second inequality, card A(L) < card C(L), by observing that condition (2) 
and the hypothesis of local endomorphism rings for the Ma force local 
endomorphism rings for the N, . 

It is clear that if two decompositions of a module are equivalent and if one 
of them complements (maximal) direct summands, then so does the other. 
Therefore we have at once the following corollary. 

3. COROLLARY. If a module M has an indecomposable decomposition 
M = aA Ma that complements (maximal) direct summands, then every indecom- 
posable decomposition of M complements (maximal) direct summands. 

As we noted earlier the hypothesis of local endomorphism rings is not 
necessary for an indecomposable decompositions to complement maximal 
direct summands. However, using a clever argument of Warfield [12] we see 
that it is almost necessary; for a consequence of the following result is that 
if both M and M@l = M x M have indecomposable direct decompositions 
that complement maximal summands, then the endomorphism rings of the 
terms in these decompositions must be local. 

4. PROPOSITION. Let M = @A M, be an indecomposable decomposition 
that complements maximal direct summands. If Ma appears at least twice in this 
decomposition (i.e., ;f there is a /I # 01 in A such that M, z M,), then end(M,) 
is a local ring. 

Proof. According to Lemma 1 it will suffice to show that if M is indecom- 
posable and the decomposition 

where 

Mc2’ = MI @ Mz, 

Ml ={(m,O)ImEW and M2 = W, 4 I m E W, 

complements maximal direct summands, then end(M) is local. We shall do 
this by using Warfields argument in the proof of [12, Proposition I]. So 
suppose that the above decomposition complements maximal direct summands 
and let 

.rri:Mt2)+M (i= 1,2) 

be the natural projections with ker rri = Mi , i # j. Now let f, g E end(M) 
with 

f-g=lM. 
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Set 

M’ = t(fw, &a I m E Ml and M, = {(m, m) 1 m E M}. 

Then, as Warfield observed 

M(s) = M’ @ Mc , 

whence M’ is a maximal direct summand of M2. Thus, either 

Mf2) = M’ @ MI or Mf2) = M’ @ M2, 

and therefore either 

?IM, :M’+M or 57-2 I‘& :M’-+M 

is an isomorphism. That is, either f or g is an automorphism; so end(M) 
is a local ring. 

A ring R is semiperfect (see [2]) if and only if the identity of R is a sum 
of pairwise orthogonal idempotents 

1 = e, + .-* + e, 

such that eiRei is a local ring for each i = I,..., n (see [9], or the proof of 
[lo, Lemma 31 and [ll]). Also Miiller [9], Klatt [7], and War-field [12], 
generalizing a theorem of Kaplansky [6], h ave each proved that if R is semi- 
perfect then every projective left R-module P has a decomposition 

P = @ Ma, 
A 

where each of the summands M, is isomorphic to one of the primitive left 
ideals Re, . Thus, applying Azumaya’s Theorem, we see that every projective 
left module over a semiperfect ring has an indecomposable decomposition 
that complements maximal direct summands. As we shall see, unless the ring 
is left perfect, such an indecomposable decomposition need not complement 
all direct summands. However, for finitely generated modules we do have 
the following result. 

5. THEOREM. For a ring R the following statements are equivalent: 

(a) R is sermperfect. 

(b) Every projective (left) R-module has an indecomposable decomposition 
that complements maximal direct summa&. 

(c) Every $nitely generated projective (left) R-module has a decomposition 
that complements direct summands. 

(d) The free (left) R-module R@’ has a decomposition that complements 
direct summands. 
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Proof. (a) * (b). This follows from the preceding remarks. 

(b) * (c). Assume (b). Then if P is a finitely generated projective 
R-module, every direct summand of P is a finite direct sum of indecomposable 
modules. Thus, a decomposition of P that complements maximal direct 
summands must complement all direct summands. 

(c) + (d). This is clear. 

(d) * (a). Assume (d). Then by Lemma 1 the direct summand R of Rc2) 
also has a decomposition that complements direct summands. Say 

R = Re, @ ... @ Re, 

is such a decomposition. Then the decomposition 

Rt2) = Re, @ Re, @ +*. @ Re, @ Re, 

complements direct summands by Corollary 3. Since every term in this 
latter decomposition appears at least twice, we have by Proposition 4 that the 
endomorphism rings eiRe, of the Rei must be local. Thus, R is semiperfect. 

For arbitrary projective modules we have the following result. In its proof 
we freely use Bass’s well-known results on perfect rings in [2]. 

6. THEOREM. For a ring R the following statements are equivalent: 

(a) R is left perfect. 

(b) Every projective lejt R-module has a decomposition that complements 
direct summa&s. 

(c) The free left R-module on countably many free generators has a 
decomposition that complements direct summands. 

Proof. (a) * (b). Let R be left perfect with (Jacobson) radical J, and 
let P be a projective left R-module. Then there exist primitive submodules M, 
(a E A) of P such that 

P= @Mm. 
A 

We claim that this decomposition complements direct summands. Indeed, let 

P = P’ @ P”. 

Since P/ JP is semisimple, 

PI JP = 0 UK + JWJP 

48 112212-4 
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complements direct summands. Thus, since (P’ + JP)/JP is a direct 
summand of P/ JP, there is a subset B C A such that 

We claim that P = P’ @ (oB MB). Clearly, 

So since JP is superfluous in P, we have P = P’ + CB iIf6 . Set 

Then to establish our claim it will suffice to show that P’ n L = 0. Since P’ 
and L are direct summands of P, we have that 

JP’=P’n JP and JL = L n JP; 

thus, it is clear that 

Now 

P’nLC JP’n JL. 

via 
P’XL-LP=Pp’+L 

f : (P’, I> - P’ + 1 

is a split epimorphism whose kernel is 

K = {(p’, -p’) 1 p’ E P’ n L}. 

since J(P’ x L) = JP’ x JL, we have that K < J(P‘ x L), whence K is 
superfluous in P’ x L. Thus, K = 0. Therefore, P’ n L = 0, and our claim 
is established. 

(b) => (c). This is clear. 

(c) 3 (a). Now suppose that the free module on countably many 
generators has a decomposition that complements direct summands. Then by 
I’heorem 5 and Lemma 1 we have that R is semiperfect. So it will suffice 
to prove that the radical J of R is left T-nilpotent. Suppose J is not left 
T-nilpotent. Then there is a sequence b, , b, ,... in J such that 

b,b, ... b, # 0 (72 = 1, 2,...). 
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Since R is semiperfect, it has an orthogonal set e, , ea ,..., e, of primitive 
idempotents with 

1 = e, + e2 + a** + e, . 

Thus, as Miiller has shown [9], since 

lb,lb,l ... lb,1 # 0 (n = 1, 2,...), 

it follows from the Konig Graph Theorem that there is at least one of the 
idempotents e, , ea ,..., e, , say e, and a sequence a, , a2 ,... in e Je with 

ala2 .*- a, # 0 (72 = 1, 2,...). 

(Note that here each a, is of the form 

eh,ej,h,+lej, a** bi,+ke.) 

We shall obtain a contradiction by using a modification of an argument given 
by Bass [2]. Let F be the free left R-module with free basis z+ , z2 ,.,. . For 
each 12 set 

X n = ez, . 

Then we have a direct summand P of F with a decomposition 

P = 6 Rx, 
T&=1 

that, by Lemma 1 and Corollary 3, complements direct summands. For each n 
let 

TTT, ’ .P-+Rx, 

be the projection on Rx, along Clnin Rx, . Next, for each n set 

Then clearly, 
Yn = x, - a,xnil . 

Ry, g Rx, z Re; 

so each Ryn and each Rx, is indecomposable. It is easy to check that 

P = 6 Rx, 
7Z=l 

= (@lRx2n) 0 (iilR~2n-1) 

= (ii+24 0 (~RYz.) 
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are indecomposable decompositions of P. Therefore, by Corollary 3, they 
all complement direct summands. In particular, there must be subsets H 
and K of the natural numbers such that 

If there is a natural number m 4 H, then 

T~~-~(P) = Ra2m--2x2m--1 

is in the radical of Rx,,-, which is clearly impossible. Therefore, H must 
contain all natural numbers and 

If K is finite, then there is a natural number m such that 

..a + Rx,,-, . 

Thus, there exist elements ri ,..., r, , si ,..., s,,-i E eRe with 

% = rlYl+ ... + r,y, + SlXl + ... + L-l%b-1. 

Applying =, we deduce that 

e = --rm-la,-l + rwl 

whence r, is invertible in eRe. Applying rrm+r ,..., nn , we have 

+,a, + r,,, = *‘* = --r,-,a,-l + r, = --r,a, = 0, 

so that r,a, ..’ a, = 0 and a,,, ... a, = 0. Therefore, if the sequence is not 
left T-nilpotent, the set K is infinite. But if k, m E K with k > m, then 
it is easy to check that 

Rx, < Rx, + f RY, 
n-1 

contrary to our requirement of independence. 
Now we turn to the study of decompositions of injective modules. 
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7. PROPOSITION. If an injective module E has an indecomposable decom- 
position, then that decomposition complements direct summands. 

Proof. Recall [S, p. 1031 that indecomposable injective modules have 
local endomorphism rings. Suppose then that E is injective and that 

is an indecomposable direct decomposition of E. In particular then each E, 
has a local endomorphism ring. Let K be a direct summand of E. Then we 
can choose a subset B C A maximal with respect to 

Then the submodule 

of E is injective whence for some E’ < E, 

We claim that E’ = 0. For if E’ # 0, then by (1) and (2) of Azumaya’s 
Theorem there is a y E A and E” < E’ such that 

contrary to the maximality of B. Thus, E’ = 0, and the given decomposition 
complements K. 

By results of Matlis and Papp (see [5]) it is known that a ring R is left 
noetherian if and only if every injective left R-module has an indecomposable 
decomposition. Thus applying Proposition 7 we have 

8. THEOREM. A ring is left noetherian if and onb if each of its injective left 
modules has a decomposition that complements direct summands. 

It is well-known that left perfect left noetherian rings are left artinian. 
(By Levitzki’s Theorem [8, p. 701 the radical of such a ring is nilpotent). 
Thus, we infer 
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9. COROLLARY. A ring is left artinian if and only if each of its left injective 
modules and each of its left projective modules has a decomposition that comple- 
ments direct summands. 

Remark. Let M be a module and let K be a direct summand of M. We 
say that K has the exchange property in M in case for each direct decomposition 

M=@L, 
C 

of M there are submodules 

such that 

Crawley and Jensson [4] to whom the basic idea is due, say that a module K 
has the exchange property in case in our terminology it has the exchange 
property in every module in which it embeds as a direct summand. Suppose 
that M has an indecomposable decomposition. Then using Corollary 3 it is 
not difficult to show that M has a decomposition that complements direct 
summands if and only if every direct summand of M has the exchange 
property in M. 
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