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Abstract  

We s tudy the fo l lowing problem:  given a class o f  logic p rog rams  ~ ,  de t e rmine  the m a x i m u m  
n u m b e r  o f  stable models  o f  a p r o g r a m  from ~6. We  establish the m a x i m u m  for the class o f  all 
logic p r o g r a m s  with at  mos t  n clauses,  and  for the c |ass  o f  all logic p r o g r a m s  o f  size at  mos t  n. 
We  also charac te r ize  the p r o g r a m s  for which  the  m a x i m a  are  a t ta ined .  We  obta in  s imilar  
results for  the class o f  all d is junct ive logic p r o g r a m s  with  at  most  n clauses,  each o f  length at  
mos t  m, a n d  for  the class o f  all d is junct ive logic p r o g r a m s  o f  size at most  n. O u r  results on  logic 
p r o g r a m s  have  direct  impl ica t ion  for  the design o f  a lgor i thms  to c o m p u t e  stable models .  
Several  such a lgor i thms,  s imilar  in spirit  to the D a v i s - P u t n a m  p, 'ocedur¢, are  descri:lx-d in the 
paper .  O u r  results imply tha t  there  is an  a lgor i thm that  finds all s table mode ls  o f  a p r o g r a m  
with n clauses af ter  cons ider ing  the search space o f  size 0 ( 3  "/3) in the worst  case. O u r  results 
also provide  some  insights in to  the ques t ion  o f  representabi l i ty  o f  families o f  sets as families o f  
s table  mode l s  o f  logic p rograms .  © 1999 EIsev;~r Science Inc. All rights reserved. 

K e y w o r d s :  Stable models;  Answer  sets: Ex t remal  problems;  Dis junct ive p rog rams  

1 .  I n t r o d u c t i o n  

In  th i s  p a p e r  w e  s t u d y  e x t r e m a i  p r o b l e m s  a p p e a r i n g  in  t h e  c o n t e x t  o f  f in i te  
p r o p o s i t i o n a l  l o g i c  p r o g r a m s .  S p e c i f i c a l l y ,  w e  c o n s i d e r  t h e  f o l l o w i n g  p r o b l e m :  g i v e n  
a c l a s s  o f  l o g i c  p r o g r a m s  r~, d e t e r m i n e  t h e  m a x i m u m  n u m b e r  o f  s t a b l e  m o d e l s  a 
p r o g r a m  in ~ m a y  h a v e .  E x t r e m a l  p r o b l e m s  h a v e  b e e n  s t u d i e d  in o,~her d i s c i p l i n e s ,  
e s p e c i a l l y  in  c o m b i n a t o r i c s  a r id  g r a p h  t h e o r y  [ l ] .  H o w e v e r ,  n o  s u c h  r e s u l t s  f o r  l o g i c  
p r o g r a m m i n g  h a v e  b e e n  k n o w n  s o  far .  

W e  wi l l  c o n s i d e r  f in i t e  p r o p o s i t i o n a l  d i s j u n c t i v e  l og i c  p r o g r a m s  b u i l t  o f  c l a u s e s  
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at V --- V a~ *--- bi . . . . .  bin, not(c!  ) . . . . .  not(c, ,) ,  

w h e r e  a,, b, a n d  ci a re  a t o m s .  In an  effort  to  e s t ab l i sh  a s e m a n t i c s  fo r  d i s junc t ive  logic 
p r o g r a m m i n g ,  G e l f o n d  a n d  Li fsch i tz  [2] i n t r o d u c e d  the  n o t i o n  o f  a n  a n s w e r  se t  o f  a 
d i s j u n c t i v e  p r o g r a m .  It is well  k n o w n  t h a t  for  n o r m a l  logic  p r o ~ a , m s  (each  c lause  ha s  
exac t ly  o~ie l i tera l  in the  head) ,  a n s w e r  sets c o i n c i d e  wi th  s tab l e  mode.F.~ [2,3]. W e  will  
d e n o t e  the  set o f  a n s w e r  sets o f  a d i s junc t ive  p r o g r a m  P (s tab le  mode l s ,  i f  P is 
n o r m a l )  by  S T ( P )  a n d  we will  set 

s ( p )  = I s r ( P ) l .  

G i v e n  a c lass  t(, o f  d i s j unc t i ve  p r o g r a m s ,  o u r  goa l  will be to d e t e r m i n e  the  va lue  o f  

m a x { s ( P ) : P  E ~ } .  

W e  will a l so  s t u d y  t he  s t r u c t u r e  o f  e . v t r ema l  p r o g r a m s  in e6~. t ha t  is, t ho se  p r o g r a m s  in 
c¢, fo r  w h i c h  the  m a x i m u m  is a t t a i n e d .  

W e  will  focus  o u r  c o n s i d e r a t i o n s  o n  the  f o l l o w i n g  classes  o f  p r o g r a m s :  
i .  ~.~, .m - the  c lass  o f  d i s j unc t i ve  p r o g r a m s  wi th  a t  m o s t  n c lauses  a n d  wi th  the  

l eng th  o f  e ach  c lause  b o u n d e d  by m. 
2. Xc'.:#n - the  class  o f  n o r m a l  logic  p r o g r a m s  wi th  a t  m o s t  n c lauses .  
W e  will e s t ab l i sh  the  va lues  

s (n )  = m a x { s ( e ) :  P E c~,.~,} 

a n d  

d ( n . m )  ---- m a x { s ( P ) :  P E c~.~.~}.  

W e  will  s h o w  t h a t  s (n )  = 0 ( 3  "/3) (an  exac t  f o r m u l a  will  be g iven)  a n d  d ( n ,  m)  = m" ,  
a n d  we will c h a r a c t e r i z e  t he  c o r r e s p o n d i n g  e x t r e m a l  p r o g r a m s .  

W e  ~ i l l  a l so  s h o w  t h a t  the  b o u n d  for  logic p r o g r a m s  c a n  be i m p r o v e d  i f  a dd i -  
t i o n a l  r e s t r i c t i on  o n  the  l e n g t h  o f  a c lause  is i m p o s e d .  W e  will s t udy  the  c lass  A¢~ o f  
logic  p r o g r a m s  wi th  n c lauses  such  t h a t  each  c lause  has  a t  m o s t  o n e  l i tera l  in its 
b o d y .  W e  will  s h o w  t h a t  i f  P is in ~'~,, t h e n  s ( P )  = O(2n/4). 

W e  will  a l so  s t u d y  classes  o f  p r o g r a m s  de f ined  by  i m p o s i n g  re s t r i c t ions  o n  the  
t o t a l  size o f  p r o g r a m s .  By the  si=e o f  a p r o g r a m  P.  we m e a n  the  to t a l  n u m b e r  o f a t o m  
o c c u r r e n c e s  in e .  W e  will i nves t iga te  the  f o l l o w i n g  classes  o f  p r o g r a m s :  
I. c.~,:.~ _ the  c lass  o f  d i s j unc t i ve  p r o g r a m s  wi th  size a t  m o s t  n, 
2. XP.~', - t h e  c lass  o f  n o r m a l  logic  p r o g r a n t s  wi th  size a t  m o s t  n, 
a n d  obtair~ s imi l a r  resu l t s  to  t hose  l is ted a b o v e .  

T h e  m o t i v a t i o n  fo r  th i s  w o r k  c o m e s  f r o m  severa l  sources .  F i r s t  o f  all ,  th i s  w o r k  
h a s  been  m o t i v a t e d  by  o u r  ef for ts  to  d e v e l o p  fast  a l g o r i t h m s  fo r  c o m p u t i n g  s t ab le  
m o d e l s  o f  logic  p r o g r a m s .  It  t u r n s  o u t  t h a t  b o u n d i n g  the  n u m b e r  o f  s t ab le  m o d e l s  
a n d  sea rch  fo r  e x t r e m a l  logic  prograri-,~s a re  i n t i m a t e l y  c o n n e c t e d  to  s o m e  recurs ive  
a l g o r i t h m s  fo r  corv .put ing  s t ab l e  mode l s .  T w o  resul ts  g iven  in Sec t ion  2 ( C o r o l l a r i e s  
2.1 a n d  2.2) i m p l y  b o t h  t he  b o u n d s  o n  the  n u m b e r  o f  s t ab le  mode l s ,  a n d  a w h o l e  
s p e c t r u m  o f  a l g o r i t h m s  to  c o m p u t e  s t ab le  mode l s .  T h e s e  a l g o r i t h m s  s h a r e  s o m e  
c o m m o n  f ea tu re s  w i th  t he  D a v i s - P u t n a m  p r o c e d u r e  for  t e s t ing  sa t i s f iab i l i ty  o f  C N F  
fo rn tu l a s .  O n e  o f  these  a l g o l i t h m s  is s imi l a r  to  the  a l g o r i t h m s  recen t ly  desc r ibed  a n d  
s t ud i ed  in Refs .  [4-6].  T h e  c o r o l l a r i e s  a l so  i m p l y  the  w or s t - c a se  b o u n d s  o n  the  size o f  
t he  sea rch  space  t r ave r sed  by  t h o s e  a lgor i t i lms .  
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Let us  no te  here  tha t  in, o r d e r  to  l ead  to  i m p l e m e n t e d  sys t ems  for  c o m p u t i n g  
s tab le  mode l s ,  severa l  r e sea rch  issues  r e m a i n  to be  resolved.  In  pa r t i cu l a r ,  heur i s t i c s  
for  c h o o s i n g  a t o m s  a n d  rules  in  the  a l g o r i t h m s  p resen ted  in Sec t ion  3 m u s t  b e  
s tud ied .  S imi l a r ly ,  the  effects o f  us ing  "veil f o u n d e d  s e m a n t i c s  as  a p r e p r o c e s s i n g  
m e c h a n i s m ,  w h i c h  is k n o w n  to be  crit ic ~: for  the  pc , - forrnance o f  t he  s - m o d e l s  sys t em 
[7], h a s  to  be  inves t iga ted .  F i n a l l y ,  in o r d e r  to ga in  actu.',! i n s igh t s  in to  the  q u a l i t y  o f  
the  a l g o r i t h m s  p r o p o s e d  he re  a n d  c o m p a r e  t h e m  to  o l h e r  sys t ems  ( such  as  s -models ) ,  
ex tens ive  e x p e r i m e n t a l  s tud ies  is necessary .  Al l  these  i~saes a re  the  sub jec t  o f  o u r  
c u r r e n t  s tudies .  

A d d i t i o n a l  m o t i v a t i o n  for  o u r  w o r k  pr~-sented here  c o m e s  f r o m  c o n s i d e r a t i o n s  o f  
express ive  p o w e r  o f  logic p r o g r a m m i n g  a n d  o f  r e p r e s e n t a b i l i t y  issues.  Bo th  concep t s  
he lp  u n d e r s t a n d  the  scope  o f  a p p l i c a b i l i t y  o f  logic  p r o g r a m m i n g  as  a k n o w l e d g e  
r ¢ p r e s e n t a t i o n  tool. D i s j u n c t i v e  logic p r o g r a m s  wi th  a n s w e r  set s e m a n t i c s  ( logic 
p r o g r a m s  wi th  s t ab le  m o d e l  s eman t i c s )  c a n  be  v iewed  as  e n c o d i n g s  o f  f ami l i e s  o f  
sets, n a m e l y ,  o f  the  f ami l i e s  o f  the i r  a n s w e r  sets ( s t ab le  mode!s) .  A f a m i l y  o f  sets ;.~ is 
representable  i f  there  is a (d i s junc t ive )  logic p r o g r a m  P such  tha t  

s t ( P )  --= .:~. 

I m p o r t a n t  p r o b l e m s  are: ( I )  to f ind p rope r t i e s  o f  r e p r e s e n t a b l e  f ami l i e s  o f  sets, a n d  
(2) g iven  a r e p r e s e n t a b l e  f a m ; l y  o f  sets .~-, to  f ind pos s ib ly  con  ~is¢ logic  p r o g r a m  
r e p r e s e n t a t i o n s  o f . ~ ' .  R e l a t e d  p r o b l e m s  in d e f a u l t  logic  h a v e  be~-,~ s t u d i e d  in Ref .  [8]. 
It is well  k n o w n  [2] t ha t  eve ry  r e p r e s e n t a b l e  f a m i l y  o f  sets m u s t  be  a n  a n t i c h a i n .  O u r  
s t v d y  o f  e x t r e m a l  p r o b l e m s  in logic  p r o g r a m m i n g  p r o v i d e  a d d i t i o n a l  c o n d i t i o n s .  
N a m e l y ,  eve ry  f a m i l y  o f  sets r e p r e s e n t a b l e  by  a p r o g r a m  f r o m  c j ~ , ~ ,  m u s t  h a v e  
c a r d i n a l i t y  b o u n d e d  by  rn" a n d  every  f a m i l y  o f  sets  r e p r e s e n t a b l e  by  a logic p r o g r a m  
f r o m  .L/'~, m u s t  h a v e  size b o u n d e d  by  3 "/3. T h e  bes t  b o u n d  k n o w n  p r e v i o u s l y  fo r  
f ami l i e s  o f s e t s  r e p r e s e n t a b l e  by  logic p r o g r a m s  f r o m  .L,a.H# was  m. 0.8 x 2"/x/-n. 

In  a d d i t i o n ,  t he  resul ts  o f  this  p a p e r  a l l o w  s o m e  c o m p a r i s o n  o f  the  express ive  
p o w e r  o f  d i f fe ren t  c lasses  o f  p r o g r a m s .  F o r  e x a m p l e ,  the re  is a d i s j u n c t i v e  logic  
p r o g r a m  o f  size n wi th  (9(2 "/2) a n s w e r  sets whi le  the  la rges t  c a r d i n a l i t y  o f  a f a m i l y  o f  
sets r e p r e s e n t a b l e  by  a logic  p r o g r a m  o f  size n is o n l y  O(2~/~). T h i s  o b s e r v a t i o n  
m i g h t  p e r h a p s  be  i n t e r p r e t e d  as  ev idence  o f  s t r o n g e r  express ive  p o w e r  o f  d i s j u n c t i v e  
logic p r o g r a m s .  ~, f o r m a l  de f in i t i on  o f  the  a p p r o p r i a t e  n o t i o n  o f  express iveness  a n d  
i ts  p rope r t i e s  a re  o p e n  a r ea s  o f  research .  

T o  m a k e  the  p a p e r  s e l f - con ta ined  we will  n o w  recal l  the  de f in i t i ons  o f  a s t ab le  
m o d e l  a n d  a n  a n s w e r  set [2,3]. Let  P be  a (d i s junc t ive )  p r o p o s i t i o n a l  logic  p- ~gram 
bu i l t  o f  a t o m s  in the  set At.  Let  M c_ ~It. By the  G e l f o n d - L i f s c h i t z  reduct  o f  P wi th  
respect  to M ,  d e n o t e d  by P'~f, we m e a n  the  p r o g r a m  o b t a i n e d  f r o m  P by:  
I. r e m o v i n g  f r o m  P al l  ru les  w i th  a l i tera l  no t (a )  in the  b o d y ,  for  s o m e  a E M.  
2. r e m o v i n g  al l  nega t i ve  l i tera ls  f r o m  al l  o t h e r  ru les  in P.  

I f  P is a n o r m a l  logic  p r o g r a m  (no  d i s junc t ions ) ,  p,,t is a H o r n  p r o g r a m .  C o n -  
sequen t ly ,  th is  logic p r o g r a m  h a s  its least  m o d e l  LM(Pt~).  A set o f  a t o m s  M is a 
s table  m o d e l  o f  P i f  g = L g ( P s t ) .  

i f  P is a d i s junc t ive  logic  p r o g r a m ,  ins tead  o f  the  n o t i o n  o f  a least  m o d e l  o f  p u  
(wh ich  m a y  no t  exist) ,  we will  use the  c o n c e p t  o f  a m i n i m a l  mode l .  A ~et o f  a t o m s  M 
is a n  a n s w e r  set for  P i f  M is a m i n i m a l  m o d e l  ,*k~r p t t .  

T h e  p a p e r  is o r g a n i z e d  as  fo l lows.  In  the  next  sec t ion ,  we present  o u r  m a i n  resul ts  
on  n o r m a l  logic p r o g r a m s ,  i n  pa r t i cu la r ,  we d e t e r m i n e  s(n)  a n d  cha rac t e r i z e  the  c lass  
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o f e x t r e m a l  logic  p r o g r a m s .  T h e  f o l l o w i n g  sec t ion  d iscusses  the  i m p l i c a t i o n s  o f  these  
resu l t s  fo r  t he  des ign  a n d  ana lys i s  o f  a l g o r i t h m s  to  c o m p u t e  s t ab le  mode l s .  In  Sec- 
t i on  4. we s t udy  d i s junc t ive  logic  p r o g r a m s  a n d  the  Sec t ion  5 c o n t a i n s  c o n c l u s i o n s .  

2. Normal  logic programs 

In  this  sec t ion  we s t u d y  e x t r e m a l  p r o b l e m s  for  n o r m a l  ( n o n d i s j u n c t i v e )  logic 
p r o g r a m s .  W e  will  d e t e r m i n e  the  va lue  o f  the  f u n c t i o n  s(n)  a n d  we will p r o v i d e  a 
c h a r a c t e r i z a t i o n  o f  all  p r o g r a m s  in the  c lass  -~°2/~ w h i c h  h a v e  s(n)  s tab le  mode l s .  N o  
b o u n d s  o n  the  l eng th  o f  a c lause  a re  needed  in this  case. It  is well k n o w n  t h a t  each  
s t ab le  m o d e l  o f  a p r o g r a m  P is a subset  o f  the  set o f  h e a d s  o f  P.  C o n s e q u e n t l y ,  
s(n)  ~< 2". Th i s  b o u n d  c a n  eas i ly  be i m p r o v e d .  S t a b l e  m o d e l s  o f  a p r o g r a m  f o r m  a n  
a n t i c h a i n .  S ince  the  size o f  the  la rges t  a n t i c h a i n  in the  a l g e b r a  o f  subse t s  o f  a n  n- 
e l e m e n t  ~ t  is 

L " J) n / 2  ~ 0.8 x 2~/x/~.  

it c l ea r ly  fo l lows  tha t ,  s(n)<<, 0.8 x 2n/x/~.  W e  will still  i m p r o v e  o n  this  b o u n d  by  
s h o w i n g  t h a t  s(n)  = 0 ( 3  "/3) ~- 0 ( 2  °53~n) << 0.8 x 2"/v/-ff. W e  o b t a i n  s imi l a r  resul ts  
f o r  the  c lass  _c~.~ o f  logic  p r o g r a m s  wi th  n c lauses  each  o f  w h i c h  has  a t  m o s t  o n e  
l i tera l  in  t he  b o d y ,  a n d  fo r  the  c lass  3~'J~', o f  all  logic  p r o g r a m s  wi th  a t  mo~t  n a t o m  
o c c u r r e n c e s .  

O u r  a p p r o a c h  is b a s e d  o n  the  f o l l o w i n g  ve r s ion  o f  the  n o t i o n  o f  r educ t  first de-  
sc r ibed  in Ref.  [9] a n d ,  i n d e p e n d e n t l y ,  in Ref.  [4]. Let  P be  a logic  p r o g r a m  a n d  let T 
a n d  F be  t w o  sets  o f  a t o m s  such  t h a t  T f'l F : 0. By s imp(P,  T, F )  we m e a n  a logic 
p r o g r a m  o b t a i n e d  f r o m  P by  
I. r e m o v i n g  all  c lauses  wi th  the  h e a d  in T t_J F ,  
2. r e m o v i n g  all  c lauses  t h a t  c o n t a i n  a n  a t o m  f r o m  F in the  b o d y ,  
3. r e m o v i n g  all  c l auses  t h a t  c o n t d i n  l i tera l  no t ( a ) ,  w h e r e  a E T, in the  b o d y ,  
4 r e m o v i n g  all  a t o m s  a ,  a E T a n d  l i te ra ls  no t ( a ) ,  a E F,  f r o m  the  bod i e s  o f  all  re- 

m a i n i n g  rules.  
T h e  s impl i f ied  p r o g r a m  c o n t a i n s  all  i n f o r m a t i o n  necessa ry  to  r e c o n s t r u c t  s t ab le  
m o d e l s  o f  P t h a t  c o n t a i n  all  a t o m s  f r o m  T ( " m a k e  t h e m  t r u e " )  a n d  t h a t  d o  n o t  
c o n t a i n  a n y  a t o m s  f r o m  F ( " m a k e  t h e m  fa lse") .  T h e  f o l l o w i n g  resul t  was  o b t a i n e d  in 
Ref .  [9] (see a l so  Ref .  [4]). Vee p r o v i d e  its p r o o f  d u e  to  the  key  role  this  resul t  p l ays  in 
o u r  c o n s i d e r a t i o n s ,  

I_,emma 2.1, Le t  P be a logic p rogram a n d  let  T a n d  F be disjoint  sets  o f  atoms.  I f  M is a 
s table  m o d e l  o f  P such ~hat T C M a n d  M f~ F = O, then M \ T is a stab,'e m ode l  o f  
s imp(  P, I', F ) .  

P r o o L  Let  us def ine  a p a r t i t i o n  o f  P i n to  five d i s jo in t  p r o g r a m s  P~ . . . . .  Ps ( some  o f  
t h e m  m a y  be e m p t y ) :  
i .  P~ cons i s t s  o f  a l l  c l auses  in P wi th  the  h e a d  in T, 
2. P,  cons i s t s  o f  all  c l auses  in P wi th  the  h e a d  in F ,  
3. /'3 cons i s t s  o f  all  the  r e m a i n i n g  c lauses  in P t h a t  h a v e  a n  a t o m  a,  w he r e  a E F in 

t he  b o d y ,  
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4. P4 c o n s i s t s  o f  a l l  t h e  r e m a i n i n g  c l a u s e s  in  P t h a t  h a v e  a l i t e r a l  n o t ( a ) ,  whe.re a E T 
in  t h e  b o d y ,  

5. Ps c o n s i s t s  o f  a l l  r e m a i n i n g  c l a u s e s  in P .  
I t  is c l e a r  t h a t  s imp(P,  T, F)  -~ s imp(Ps,  T, F) .  

L e t  M be  a s t a b l e  m o d e l  fo r  P s u c h  t h a t  T c M a n d  ?d  n F -- ~. S i n c e  M is  t h e  
l eas t  m o d e l  o f P  ~!, M is a m o d e l  o f P s  ~:. D e f i n e  M '  : .~d \ T. W e  wil l  s h o w  t h a t  AI" is a 
m o d e l  o f  simp(Ps,  T, F )  'sl. C o n s i d e r  a c l a u s e  

a *-- b i , -  -. ,b~ 

f r o m  simp(Ps, T , F )  M s u c h  t h a t  {b, . . . . .  bk} C_ M' .  By t h e  d e f i n i t i o n  o f  G e l f o n d -  
L i f s c h i t z  r e d u c t ,  t h e r e  is a c l a u s e  

a - -  bl . . . . .  b~, n o [ ( ¢  I ) . . . .  nOt(Cr) 
in  ~:mp(Ps, T , F )  s u c h  cha t  c~ ~ , 'd, 1 ~< i<~ r .  F u r t h e r m o r e .  b y  t h e  d e f i n i t i o n  o f  
s imp(es ,  T, F ) ,  t h e r e  is ~ c l a u s e  

a ~-- bl . . . . .  bk, bk+t . . . . .  hi ,  no t ( e l  ) . . . .  n o t ( c , ) ,  nOt(cr_l  ) . . . . .  not (C,)  

in  /'5 s u c h  t h a t  b, E T, k +  1 <~i~<l ,  a n d  c, E F ,  r +  I ~<i<~s.  S i n c e  F A M = - 0 .  it  
f o l l o w s  t h a t  t h e  c l a u s e  

a ,--- b l . . . . .  b~. b~.~. I . . . . .  bl 

b e l o n g s  t o  ~ i .  M o r e o v e r ,  s i nce  T C M ,  {bl . . . .  , bl } C M.  S i n c e  M is a m o d e l  o f  P5 ~t, 
a E M .  B y  t h e  d e f i n i t i o n  o f  p r o g r a m s  P ,  a ~ T. H e n c e ,  a E M '  a n d ,  c o n s e q u e n t l y ,  M 
is a m o d e l  o f  simp(Ps,  T, F)  'It. 

C o n s i d e r  a m o d e l  M "  o f  simp(P~. T, F) M. Assure,." t h a t  M " C  M ' .  O b s e r v e  t h a t  
M "  U T is a m o d e l  o f  ~ t .  S i n c e  F n ( M "  u T) = 6, M "  ,,J T is a m o d e l  o f  P3 ~t. ! :  is a l s o  
c l e a r  ( T  c M )  that/~.)~ = 0. 

C o n s i d e r  a ru l e  

a , - -  b l , . . . , b k  

f r o m  p~t S i n c e  M is a m o d e l  o f  p~t a n d  s ince  a - [  M ( reca l l  t h a t  a ~ F a n d  
M n F = 0) ,  t h e r e  is i, 1 ~< i <~ k, s u c h  t h a t  b, ~ M .  Sir~='e M" U T C_ M ,  b~ ~ M" U T. 
T h u s ,  a n y  ru l e  in P,~ is s a t i s f i ed  b y  M " U  T. 

F i n a l l y ,  c o n s i d e r  a ru l e  

a ~ b l , . . . , b i  

f r o m  ~ t  A s s u m e  t h a t  {bl . . . . .  bt} c_ M "  t_; T. W i t t t o u l  loss  o f  g e n e r a l i t y ,  w e  m a y  
a ~ u m e  t h a t  {b~ ~ . . . . .  bt} a r e  t h e  o n l y  b,s t h a t  b e l o n g  t.~ T. T h e n ,  {b~ . . . . .  b~ } c_ M "  
a n d  

a ~-- b ~ , . . .  ,b~ 

is in simp(Ps,  T, F )  M. S i n c e  M "  is a m o d e l  o f  slmp(Ps,  T. F)  "~, a ~ ~$1". 
T h u s ,  it  f o l l o w s  t h a t  M " O  T is a m o d e l  o f  ~ t  a n d .  ~ak ing  i n t o  a c c o u n t  t h e  o b -  

s e r v a t i o n s  m a d e  e a r l i e r ,  a l s o  o f P  u .  S i n c e  M "  O T C M a n d  s i n c e  M is t h e  l eas t  m o d e l  
o f  p~t,  i t  f o l l o w s  t h a t  M "  ~ T = M .  S i n c e  M "  ~ T = v!t, i t  f o l l o w s  t h a t  ~,1" -- M ' .  
C o n s e q u e n t l y ,  M '  is t h e  l eas t  m o d e l  o f  simp(Ps,  T, F)  "~ . By t h e  d e f i n i t i o n  o f  P,s, i t  
f o l l o w s  t h a t  simp(Ps,  T , F )  "w = simp(P~, T , F )  "st. M o r e o v e r ,  s i nce  s imp(P,  T . F )  = 
simp(Ps,  T, F ) ,  w e  h a v e  t h a t  simp(Ps,  T, F )  '~ = sling(P, T F)  "~r. T h e r e f o r e ,  M '  is t h e  
l e a s t  m o d e l  o f  s imp(  P, T, F) "~t" a n d ,  c o n s e q u e n t l y ,  a s t a b l ~  m o d e l  o f  s imp(  P, T, F ). [] 
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In genera l ,  t he  i m p l i c a t i o n  in th is  resul t  c a n n o t  be  reversed .  H o w e v e r ,  it is well 
k n o w n  [4] t h a t  i f  T a n d  F a re  the  sets o f  a t o m s  respec t ive ly  t rue  a n d  false u n d e r  the  
w e l l - f o u n d e d  s e m a n t i c s  for  P,  t hen  the  c o n v e r s e  resul t  ho lds ,  too .  T h a t  is, fo r  every  
s t ab le  m o d e l  M '  o f  s imp(P ,  T, F ) ,  M '  O T is a s t ab le  m o d e l  oi" P.  

Let  P be  a p r o p o s i t i o n a l  logic  p r o g r a m  a n d  let q be a n  a t o m .  We  def ine  
I. P ( q -  ) = s imp(P ,  ~q}.  0), 
2. P ( q -  ) = s imp(P .  O. { q } ). 
P r o g r a m s  P ( q - )  a n d  P ( q - )  are  re fe r red  to  as  pos i t i ve  a n d  negat ive  reducts  o f  P with 
respect  to q, respec t ive ly .  In tu i t ive ly ,  P(q+) a n d  P ( q - )  are  the  p r o g r a m s  imp l i ed  by  P 
a n d  suff icient  to d e t e r m i n e  al l  s t ab l e  m~_~dels o f  P. T h o s e  s t ab le  m o d e l s  o f  P t h a t  
c o n t a i n  q c a n  be d e t e r m i n e d  f r o m  P ( q ' ) ,  a n d  t h o s e  s tab le  m o d e l s  o f  P t h a t  d o  n o t  
c o n t a i n  q, f r o m  P ( q  ). F o r m a l l y ,  we h a v e  the  f o l l o w i n g  result .  

C e r o l l a r y  2.1.  L e t  P be a logic" p r o g r a m  a n d  q be  an a t o m  in P. 
1. L e t  A l  be  a s table  moclel o f  P. l f  q E M then M \ {q} is a s table  m o d e l  o f  P(q*  ). I f  

q ,¢..TI then A f  is a .stable m o d e l  o f P ( q - ) .  
2. s ( P )  <~ s (P(q*  )) + s ( P ( q -  )). 

Simi l a r ly .  we will de f ine  n o w  posi t ive  a n d  negat ive  reducts  o f  P with respect  to a 
clause r. A s s u m e  t h a t  r = q ~ a] . . . . .  ak. no t (b l  ) . . . . .  no t (b t ) .  T h e n ,  define 

I. P ( r - )  = s imp(P .  {q, al . . . . .  ak}. {bl . . . . .  b ,}) ,  a n d  
2. e ( r - )  = P \ {r}.  
W e  say  t h a t  a logic  p r o g r a m  c lause  t- is genera t ing  for  a set o f  a t o m s  .i' i f  eve ry  

a t o m  o c c u r r i n g  pos i t ive ly  in the  b o d y  o f  r is in  S a n d  every  a t o m  o c c u r r i n g  n e g a t e d  
in r is n o t  in  S. U s i n g  the  c o n c e p t  o f  a g e n e r a t i n g  cr, ause,  the  i n t u i t i o n  b e h i n d  the  
d e f i n i t i o n s  o f  P ( r  ÷) a n d  P ( r - )  is as  fo l lows.  T h e  r e duc t  P ( r * )  a l lows  us to  c o m p u t e  
all  t h o s e  s t ab le  m o d e l s  o f  P fo r  wh ich  r is a g e n e r a t i n g  c lause .  T h e  r e duc t  P ( r - ) ,  o n  
the  o t h e r  h a n d .  a l l ows  us t o  c o m p u t e  all  t hose  s t ab le  m o d e l s  o f  P for  w h i c h  r is not  
g e n e r a t i n g .  M o r e  f o r m a l l y ,  we  h a v e  the  f o l l o w i n g  l e m m a .  

C o r o l l a r y  2.2.  L e t  P be a logic p r o g r a m  a n d  r = q .-- al . . . . .  a~, not (b l  ) . . . .  , no t (b / )  be 
a c lause  o f  P. 

I. L e t  M be a s table  m o d e l  o j P .  I f  {at . . . . .  ak } C_ M a n d  {hi . . . . .  ht } N M = 0 then 
3d \ {q. aw . . . . .  ak } is a s table  m o d e l  o f  P ( r "  ). O therwi se  M is a s table  m o d e l  o f  P ( r -  ). 

2. s ( P )  <~ s ( P ( r -  )) + s ( P ( r -  )). 

A l s o  in t he  case  o f  th i s  resul t ,  t he  i m p l i c a t i o n  in its s t a t e m e n t  c a n n o t  be r ep laced  
by  e q u i v a l e n c e .  T h a t  is, n o t  every  s tab le  m o d e l  o f  the  r educ t  ( P ( r  +) o r  P ( r - ) )  gives 
~ise to  a s t ab le  m o d e l  o f  P.  

i t  s h o u l d  be c l ea r  t h a t  C o r o l l a r i e s  2.1 a n d  2.2 i m p l y  recurs ive  a l g o r i t h m s  to  
c o m p u t e  s t ab le  m o d e l s  o f  a logic  p r o g r a m .  W e  will d i scuss  these  a l g o r i t h m s  in t he  
nex t  sec t ion .  In  t he  r e m a i n d e r  o f  th is  sec t ion ,  we will i nves t i ga t e  the  p r o b l e m  o f  the  
m a x i m u m  n u m b e r  o f  s t ab l e  m o d e l s  o f  logic  p r o g r a m s  in classes  , ~ o ~ ,  _~o~.- a n d  

T o  th i s  end ,  we will  i n t r o d u c e  t he  c lass  o f  c a n o n i c a l  log ic  p r o g r a m s  a n d  d e t e r m i n e  
fo r  t h e m  the  n u m b e r  o f  the i r  s t ab le  mode l s .  W e  will  use c a n o n i c a l  p r o g r a m s  to  
c h a r a c t e r i z e  e x t r a , ' m |  log ic  p r o g r a m s  in the  class  -f~'* .~n. 
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Defini t ion 2.1. Let  A = { a t , a 2  . . . . .  ak} be  a set o f  a t o m s .  By c(a~) we d e n o t e  the  
c lause  

c(ai)  = ai *-- n o t ( a l )  . . . . .  no t (a ,_ l ) ,  n o t ( a i . t )  . . . . .  not(at ,) .  

A c a n o n i c a l  logic p r o g r a m  o v e r  A, d e n o t e d  by  CP[A], is the  logic p r o g r a m  con-  
t a i n ing  exac t ly  k c lauses  c ( a t )  . . . . .  c (a~) ,  t h a t  is 

k 

CP[A] = U { c ( a , )  }. 
i=.-! 

In tu i t ive ly ,  the  p r o g r a m  CP[A] " ' w o r k s "  by  select ing exac t ly  o n e  a t o m  f r o m  A. 
F o r m a l l y ,  CP[A] has  exac t ly  k s tab le  m o d e l s  o f  the  f o r m  M, = {a,}. f o r  i -- I . . . . .  k. 

Def ini t ion 2.2.  Let  P be a logic p r o g r a m  a n d  A be the  set o f  a t o m s  wh ich  a p p e a r  in P .  
P r o g r a m  P is a 2, 3 . 4 - p r o g r a m  if  .4 c a n  be p a r t i t i o n e d  in to  pa i rw i se  d is jo in t  sets 
At . . . . .  At such  t h a t  2~< JAil < 4  fo r  i = I . . . . .  !, a n d  

I 

p -  UcP[A,I. 
i : : . !  

R o u g i l l y  s p e a k i n g ,  a 2, 3, 4 - p r o g r a m  is a p r o g r a m  wh ich  a r i ses  as  a u n i o n  o f  in- 
d e p e n d ~ n t  c a n o n i c a l  p r o g r a m s  o f  sizes 2, 3 o r  4. A 2 , 3 , 4 - p r o g r a m  is s t ra t i f ied  in the  
sense  o f  Ref .  [10] a n d  the  c a n o n i c a l  p r o g r a m s  a r e  its s t r a t a .  S t a b l e  m o d e l s  of  a 2,3,4- 
p r o g r a m  c a n  be o b t a i n e d  by select ing ( a r b i t r a r i l y )  s t ab le  m o d e l s  I'or each  s t r a t u m  
i n d e p e n d e n t l y  a n d ,  then ,  f o r m i n g  the i r  un ions .  

By the  s i g n a t u r e  o f  a 2 , 3 , 4 - p r o g r a m  P we m e a n  the  t r ip le  (22. ,;-3, ,;-,), w h e r e  ).,, 
i = 2, 3, 4, is the  n u m b e r  o f  c a n o n i c a l  p r o g r a m s  o v e r  a n  i -e lement  set a p p e a r i n g  in P. 

U p  to  i s o m o r p h i s m ,  a 2 , 3 , 4 - p r o g r a m  is un ique ly  d e t e r m i n e d  by  its s igna tu re .  
O t h e r  bas ic  p r o p e r t i e s  o f  2 . 3 , 4 - p r o g r a m s  a r e  g a t h e r e d  in the  fo l lowing  p r o p o s i t i o n  
(i ts  p r o o f  is s t r a i g h t f o r w a r d  a n d  is omi t t ed ) .  

P ropos i t i tm  2.1.  L e t  P be  a 2 , 3 , 4 - p r o g r a m  wi th  n c lauses  a n d  wi th  the  s i g n a t u r e  
()-2, -3-3. )4 ) .  Then:  

1. n ---- 2)-2 + 323 + 4:.4, 
2. s ( P )  = 2"-:3~'~4 z*. 

A s  a d i rec t  c o r o l l a r y  to  P r o p o s i t i o n  2. I,  we o b t a i n  a resul t  de sc r ib ing  2 ,3 ,4 -pro-  
g r a m s  wi th  n clau=~'s a n d  m a x i m u m  poss ib le  n u m b e r  o f  s tab le  mode l s .  F o r  k / >  1, let 
us def ine  A ( k )  to  be  the u n i q u e  ( u p  to  i s o m o r p h i s m )  2 , 3 . 4 - p r o g r a m  wi th  the  s i g n a t u r e  
(0, k, 0) ,  a n d  C ( k )  a n d  Cq;-)  to be  the  un iq tm ( u p  to  i s o m o r p h i s m )  2 , 3 , 4 - p r o g r a m s  
wi th  the  s i g n a t u r e s  (.7, k - 1,0) a n d  (0, k -- 1, l ) ,  respect ively .  F ina l ly ,  f o r  k / >  0, let 
us  def ine  B(,t) to  be  the  u n i q u e  ( u p  to  i s o m o r p h i s m ]  2, 3, 4 - p r o g r a m  with the  sig- 
n a t u r e  ( 1, k. 0).  

CotQIh t ry  2 ~ .  L e t  P be  a 2,3,4-progr~z.rn wi th  n c lauses  a n d  m a x i m u m  num~'er  o f  s t ab l e  
mode l s .  Thet, ,  
1. i f  n = 3 k  f o r  s o m e  k >i ! ,  P = A ( k ) ,  
2. i f  n = 3k  , I f o r  s o m e  k >i 1, P -- C ( k )  o r  C ( k ) ,  
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3. i f  n = 3k  + 2 J b r  s o m e  k >10, P = B ( k ) .  
Consequen t l y ,  the  m a x i m u m  n u m b e r  o f  s tab le  m o d e l s  o f  an 2 , 3 , 4 - p r o g r a m s  wi th  n 

c lauses  is g icen  b)" 

{ 3 . 3  t'/-~-~ f o r n - ~ O  m o d 3 ,  

so(n)  = 4 . V ~'3 ~ f o r  n----- 1 m o d 3 ,  

6-31"/3-' t f o r n  ~ 2  m o d 3 .  

C o r o l l a r y  2.3 impl ies  t h a t  so(n) = O(3  "/3) a n d  t ha t  

s (n)  >i so(n) >/3  "/3. (2. I ) 

W e  will s h o w  t h a t  s ( n ) =  s~;(n). W'e will a l so  d e t e r m i n e  the  class  o f  all  e x t r e m a l  
p r o g r a m s .  

W e  call  an  a t o m  q o c c u r r i n g  in P r e d u n d a n t  i f  q is n o t  t he  h e a d  o f  a c lause  in P.  
Let  P be a logic  p r o g r a m .  By P we d e n o t e  the  logic  p r o g r a m  o b t a i n e d  f r o m  P by  
r e m o v i n g  all  n e g a t e d  o c c u r r e n c e s  o f  r e d u n d a n t  a t o m s .  W e  def ine  the  class o~, to  
cons i s t  o f  a l l  p r o g r a m s  P such  t h a t  
i .  P i s A ( k ) ,  i f  n =  3k (k ~ 1), 
2. P i s B ( k ) ,  i f  n :  3 k + 2  (k > i0 ) ,  o r  
3. P is C(A-) o r  C'(k) ,  i f  n = 3k + I (k i> !) .  

T h e o r e m  2 . 1 .  I f  f .is an  e x t r e m a l  logic p r o g r a m  with n >~ 2 clauses,  then  P has  so(n)  
s t ab l e  models .  T h a t  is. J b r  a n y  n >1 2 

s ( n )  = s0( , , ) .  

Vn addi t ion ,  the  e x t r e m a l  p r o g r a m s  in ~a~, ,  are  e x a c t l y  the  p r o g r a m s  in ~ , .  

T h e o r e m  2. ! c a n  be  p r o v e d  by  i n d u c t i o n  o n  n. T h e  p r o o f  relies o n  C o r o l l a r i e s  2. I 
a n J  2.2 t h a t  e s t ab l i sh  recurs ive  d e p e n d e n c i e s  be t w e e n  the  n u m b e r  o f  s tab le  m o d e l s  o f  
P a n d  o f  its reduc ts .  It  is r a t h e r  l eng thy  a a d ,  t he r e f o r e ,  we p r o v i d e  it in the  A p -  
p e n d i x  A.  

T h e  gene ra l  b o u n d  o f  T h e o r e m  2.1 can  still be s l igh t ly  i m p r o v e d  ( lowered)  i f  t he  
class  o f  p r o g r a m s  is f u r t h e r  res t r ic ted .  S ince  the re  a re  e x t r e m a l  p r o g r a m s  fo r  the  
w h o l e  c lass  -~¢.~ w i th  n o  m o r e  t h a n  2 l i tera ls  in the  b o d y  o f  e a c h  c lause ,  the  o n l y  
r e a s o n a b l e  r e s t r i c t i on  is to  l imi t  the  n u m b e r  o f  l i tera l  o c c u r r e n c e s  in the  b o d y  to  a t  
m o s t  I. T h e  class  o f  p r o g r a m s  wi th  n c lauses  a n d  sa t i s fy ing  th is  r e s t r i c t ion  will  be 
d e n o t e d  by  , '~ .~ ' .  

D e n o t e  by  P ( k )  a 2 . 3 . 4 - p r o g r a m  wi th  s i g n a t u r e  (k, 0, 0). C lea r ly ,  P ( k )  E ~ , ~ .  
W e  h a v e  the  f o l l o w i n g  resul t .  T h e  p r o o f  uses s imi l a r  t e c h n i q u e s  as the  p r o o f  o f  
T h e o r e m  2.1 a n d  is o m i t t e d .  

~ ,. Ln/2j . M o r e o v e r ,  there  are  T h e o r e m  2.2. For  ecer) '  p r o g r a m  P E ~d~.~, s ( P )  <~ "~ 
p r o g r a m s  in ~v ~ . for wh ich  this  b o u n d  is a t ta ined.  P r o g r a m  P ( k )  is a un ique  (up  to 
i s o m o r p h i s m )  e x t r e m a l  p r o g r a m  wi th  n : 2k clauses,  a n d  e~'ery e x t r e m a l  p r o g r a m  wi th  
n ~- 2k  + ! clau.~es t a n  be o b t a i n e d  b y  a d d i n g  one inor~ ~ c lause  to P(i~) o f  one  o f  the  
f o l l o w i n g  f o r m s :  p .--- a,  a ,-- ,  a n d  a *-- fret(b) ,  w h e r e  p is an  a r b i t r a r y  a toa l  ( m a y  or  
m a y  no t  occur  in P ( k ) ) ,  a n d  a a n d  b are  a t o m s  no t  occurr ing  in P(k~,,. 
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Next ,  we will c o n s i d e r  the  c lass  Aa.L~'~ o f  all  log ic  p r o g r a m s  w i t h  the  t o t a l  size 
( n u m b e r  o f  l i tera l  o c c u r r e n c e s  in the  bod ie s  a n d  heads )  a t  m o s t  n. Le t  s ' (n)  be de f i ne d  
as  the  m a x i m u m  n u m b e r  o f  s tab le  m o d e l s  fo r  a p r o g r a m  in .~o~ ' .  W e  h a v e  t he  
f o l l o w i n g  r~otilt. 

T h e o r e m  2.3. For every integer n i> I, S'(n) = O(2"/4). 

Proof .  W e  will s h o w  tha t  fo r  every  n >/ I,  a n d  fo r  eve ry  logic  p r o g r a m  o f  size a t  m o s t  
n, s(P) <<. 2 ~/4. W e  will p r o c e e d  by  i n d u c t i o n .  C o n s i d e r  a logic  p r o g r a m  P such  t h a t  
the  size o f  P is a t  m o s t  4. I f P  ha s  o n e  rule,  t h e n  it h a s  a t  m o s t  o n e  s t ab le  m o d e l .  I f P  
has  t w o  rules  a n d  o n e  o f  t h e m  is a fac t  ( ru le  wi th  e m p t y  b o d y ) ,  t he n  P has  a t  m o s t  
o n e  s t ab le  m o d e l .  O the rwi se ,  P ~ . ~  a n d  s(P) <~ 2 ~/4 fo l lows  f r o m  T h e o r e m  2.2. I f  
P has  t h ree  rules,  t hen  a t  least  t w o  o f  these  rules  a re  fac ts  a n d  P ha s  a t  m o s t  o n e  
s tab le  m o d e l .  I f  P has  f o u r  rules,  it is a H o r n  p r o e r a m  a n d  has  exac t ly  o n e  s t a b l e  
mode l .  Hence ,  in all  these  cases,  s(P) .<. 2 ~/a. Since P has  size 4, it has  a t  m o s t  f o u r  
ru les  a n d  the  bas is  o f  i n d u c t i o n  is e s t ab l i shed .  

C o n s i d e r  n o w  a logic  p r o g r a m  P o f  size n > 4. A s s u m e  t h a t  P ha s  a rule ,  r,  wi th  a t  
least  t w o  e l e m e n t s  in its b o d y .  Let  a be the  h e a d  o f  r.  I f  a a n d  a o t ( a )  d o  n o t  o c c u r  in  
the  b o d y  o f  a n y  rule  in P \ {r}, t hen  s(P) ~ s (P  \ {r}) a n d  the  resul t  f o l l ows  by  t he  
i n d u c t i o n  h y p o t h e s i s .  So, a s s u m e  t h a t  the re  is a rule  in P \ {r} such  t h a t  a o r  m~t(a) 
occu r s  in its b o d y .  T h e n ,  b o t h  P(a*) a n d  P ( a - )  h a v e  sizes a t  m.o~t n -  4. By C o r -  
o l I a ry  2.1, s ( P ) < ~ s ( P ( a + ) ) + s ( P ( a - ) ) .  Cons~:quent ly ,  by  the  i n d u c t i o n  h y p o t h e s i s ,  
s ( e )  ~ 2 n/4. 

T h u s ,  a s s u m e  t h a t  e ach  ru le  in P has  a t  m o s t  o n e  l i tera l  in its b o d y .  I f  a t  least  o n e  
o f  these  rules ,  say  r,  has  e m p t y  b o d y ,  t h e n  every  s t ab le  m o d e l  o f  P c o n t a i n s  t he  h e a d  
o f  r (say a). T h u s ,  s ( P ) ~  P(a ~) l C o r o l l a r y  2.1) a n d  the  resul t  fo l lows  by  t he  in-  
d u c t i o n  h y p o t h e s i s .  

Hence ,  a s s u m e  t ha t  e ach  ru le  in P ha s  n o n e r n p t y  b o d y .  Let  p be the  
n u m b e r  o f  ru les  in P .  T h e n ,  p <~ kn/2J. M o r e o v e r ,  P E - ~ : ~ .  By T h e o r e m  2.2, 
s(P) <<. 2~'/:J <~ 2~/4_ [] 

Fina l l y ,  let us obse rve  t h a t  every  a n t i c h a i n  . ~  o f  sets o f  a t o m s  is r e p r e s e n t a b l e  by  a 
log ic  p - o g r a m .  

T h e o r e m  2.4. For every atltichain .~  o f  f ini te  sets there is a logic program P such that 
ST(P)  = ~ .  ,~4oreover, there exists such P with at most  ~-~aeJr IB[ clauses and total 
size at most  I.~1 × ~B~.~ IB[. 

Proof.  C o n s i d e r  a f ini te  a n t i c h a i n  ~ o f  f ini te  sets. Let  B ~ ~ ,  F o r  every  C E =~, 
B ~ C, d e n o t e  by  xB.c an  e l e m e n t  f r o m  C \ B (it is poss ib le  as  ~ -  is a n  a n t i c ha i n ) .  
N o w ,  fo r  each  e l e m e n t  b ~ B, def ine  

rb = b ~ -  n o t ( x B  c ,  ) . . . . .  n o t ( x B . ¢ .  ) ,  

w h e r e  C t , . . . ,  Ck a re  all e l e m e n t s  o f  : ~  other t h a n  B. Next ,  def ine  a p r o g r a m  Pa to  
cons i s t  o f  a l l  rules  rb, fo r  b E B. F ina l l y ,  def ine  

P.~ = [,.JPs- 
BE .~r 

I t  is easy  to  ver i fy  t ha t  ST(P=:) = . ~  a n d  t h a t  the  size o f  P,~ is [.~-[ x ~5-~.a., ]B I. i-1 
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O n  o n e  h a n d  th is  t h e o r e m  s ta tes  t h a t  logic  p r o g r a m s  c a n  e n c o d e  any  a n t i c h a i n  .~ .  
O n  the  o t h e r ,  t he  e n c o d i n g  t h a t  is g u a r a n t e e d  by  th is  resul t  is qu i t e  la rge  (in fact ,  
l a rge r  t h a n  the  expl ic i t  e n c o d i n g  o f  .:,~). In the  s a m e  t ime,  o u r  ea r l i e r  resu l t s  s h o w  
t h a t  o f t e n  s u b s t a n t i a l  c o m p r e s s i o n  can  be ach ieved .  In  p a r t i c u l a r ,  t he re  a re  an t i -  
c h a i n s  o f  the  t o t a l  size o f  O ( n 3  ~/3) t h a t  can  be e n c o d e d  by  logic  p r o g r a m s  o f  size 
¢~(n). M o r e  i n - d e p t h  u n d e r s t a n d i n g  o f  a p p l i c a b i l i t y  o f  logic  p r o g r a m m i n g  as  a t oo l  
t o  conc i se ly  r ep re sen t  a n t i c h a i n s  o f  sets r e m a i n s  a n  o p e n  a r e a  o f  i nves t iga t ion .  

3. Applications in stable model cemputation 

In  th is  sec t ion  we will desc r ibe  a l g o r i t h m s  for  c o m p u t i n g  s tab le  m o d e l s  o f  logic  
p r o g r a m s .  T h e s e  a l g o r i t h m s  a re  recurs ive  and  a re  i mp l i e d  by  C o r o l l a r i e s  2.1 a n d  2.2. 
T h e y  select  an  a t o m  (o r  a c lause ,  in the  case  o f  C o r o l l a r y  2.2) a n d  c o m p u t e  the  
co r r e spond ing ,  reduc ts .  A c c o r d i n g  to  C o r o l l a r i e s  2. I a n d  2.2, s t ab le  m o d e l s  o f  P c a n  
be  r e c o n s t r u c t e d  f r o m  s t ab le  m o d e l s  o f  the  reducts .  H o w e v e r ,  it is no t ,  in genera l ,  t he  
case  t h a t  eveR, s t ab le  tnode l  o f  a reduct  impl ies  a s t ab le  m o d e l  o f  P (see the  c o m -  
m e n t s  a f t e r  C o r o l l a r y  2.2). T h e r e f o r e .  all  c a n d i d a t e s  for  s t ab le  m o d e l s  fo r  P,  t h a t  a re  
p r o d u c e d  o u t  o f  the  s t ab le  m o d e l s  o f  the  reduc t ,  m u s t  be tes ted  for  s t ab i l i ty  for  P. T o  
th i s  end ,  an  a u x i l i a r y  p r o c e d u r e  I S _ S T A B L E  is used. C a l l i r g  I S _ S T A B L E  ¢Or a set o f  
a t o m s  M a n d  a logic  p r o g r a m  P r e t u r n s  true i f M  is a s t ab le  m o d e l  o f  P ,  a nd  it r e t u r n s  
false,  o the rwise .  

In  o u r  a l g o r i t h m s  we use yet  a n o t h e r  a u x i l i a r y  p r o c e d u r e ,  IMPLIED_SET. Th i s  
p r o c e d u r e  t ake s  o n e  i n p u t  p a r a m e t e r ,  a logic p r o g r a m  P, a n d  o u t p u t s  a set o f  a t o m s  
M a n d  a logic  p r o g r a m  P0 (mod i f i ed  P)  w i th  the  f o l l o w i n g  p rope r t i e s :  
1. M is a subse t  o f  every  s t ab le  m o d e l  o f  P ,  a n d  
2. s t ab l e  m o d e l s  o f  P a re  exac t ly  the  u n i o n s  o f  M a n d  s tab le  m o d e l s  o f  P0. 
T h e r e  a re  severa l  specific c h o m e s  for  the  p r o c e d u r e  I M a l l  E D S  ET. A t r iv ia l  o p t i o n  is 
t o  r e t u r n  M = 0 a t td  P0 = P- A n o t h e r  poss ib i l i ty  is imp l i ed  by o u r  c o m m e n t s  fol- 
l o w i n g  t he  p r o o f  o f  L e m m a  2.1, Let  T a n d  F be sets o f  a t o m s  t ha t  a re  t rue  a n d  false,  
respec t ive ly ,  u n d e r  the  w e l l - f o u n d e d  s e m a n t i c s  fo r  P.  T h e  p r o c e d u r e  I M P L I E D _ S E t  

m i g h t  r e t u r n  T as M.  the  p r o g r a m  simp(P, T. F) as P0. T h i s  c ho i c e  t u r n e d  o u t  to  be 
c r i t ica l  t o  the  p e r f o r m a n c e  o f  the  s - m o d e l s  sys tem [7] a n d ,  we expect ,  it will  l ead  to  
s ign i f ican t  s p e e d u p s  o n c e  o u r  a l g o r i t h m s  a re  implcn~c~,ted. H o w e v e r ,  in genera l ,  
t h e r e  a re  m a n y  o t h e r ,  i n t e r m e d i a t e ,  ways  to  c o m p u t e  M a n d  Po in p o l y n o m i a l  t ime  so 
t h a t  c o n d i t i o n s  ( ! )  a n d  (2) a b o v e  a re  sat isf ied.  E x p e r i m e n t a l  s tudies  a re  necessa ry  to  
c o m p a r e  these  d i f ferent  cho i ce s  a m o n g  each  o t h e r  ( th is  is a sub jec t  o f  a n  o n g o i n g  
work ) .  

W e  ,,viii n o w  desc r ibe  the  a l g o r i t h m s .  W e  a d o p t  the  f o l l o w i n g  n o t a t i o n .  F o r  a logic  
p r o g r a m  c lause  r,  by  head(r) we d e n o t e  the  h e a d  o f  r a n d  by  positivebody(r), t he  ,+~¢t 
o f  a t o m s  o c c u r r i n g  pos i t i ve ly  in the  b o d y  o f  r. 

F i rs t .  we will  d i scuss  an  a l g o r i t h m  based  o n  sp l i t t i ng  the  o r i g i na l  p r o g r a m  ( t ha t  is, 
c o m p u t i n g  ti le r educ t s )  w i th  respect  to  a se lected a t o m .  T h i s  idea  a n d  the  re su l t ing  
a l g o r i t h m  a p p e a r e d  first in Ref .  [4]. T h e  co r r ec t ne s s  o f  this  m e t h o d  is g u a r a n t e e d  by  
L e m m a  2.1 (or .  m o r e  specif ical ly ,  by C o r o l l a r y  2.1). W e  call  th i s  a l g o r i t h m  STA- 
BLE_MODELS A .  

In  th is  a l g o r i i h m ,  to  c o m p u t e  s t ab le  m o d e l s  fo r  a n  i n p u t  p r o g r a m  P we first 
s imp l i fy  it to  a p r o g r a m  P~ by  execu t i ng  the  p r o c e d u r e  I M PLIED SET. A set o f  a t o m s  
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M c o n t a i n e d  in all  s t ab le  m o d e l s  o f  P is a l so  c o m p u t e d .  D u e  to  o u r  r e q u i r e m e n t s  o n  
the  I M P L I E D  S E T  p r o c e d u r e ,  a t  this  p o i n t ,  to  c o m p u t e  all m o d e l s  o f / ' ,  we need  to  
c o m p u t e  all  m o d e l s  o f  Po a n d  e x p a n d  each  by  M. T o  this  end ,  we select  a n  a t o m  
o c c u r r i n g  in P0, say q, by  ca l l ing  a p r o c e d u r e  S E L E C T _ A T O M .  T h e n ,  w¢ c o m p u t e  the  
r educ t s  Po(q +) a n d  Po(q-). F o r  b o t h  r educ t s  we c o m p u t e  the i r  s t ab le  mode l s .  E a c h  o f  
these  s tab le  m o d e l s  gives rise to  a set o f  a t o m s  {q} u N (in the  case  o f  s t ab le  m o d e l s  
fo r  Po(q~)) o r  N (in the  case  o f  s tab le  m o d e l s  fo r  Pc(q- ) ) .  E a c h  o f  these  ~ t s  is a 
c a n d i d a t e  for  a s tab le  m o d e l  for  P0. Ca l l s  to  the  p r o c e d u r e  I S S T A B L E  d e t e r m i n e  
t hose  t h a t  are.  These  sets, e x p a v d e d  by  M, are  r e t u r n e d  as the  s t ab le  m o d e l s  o f  P.  W e  
p resen t  the  p s e u d o c o d ¢  fo r  th is  a l g o r i t h m  in Fig. I. 

T h e  s e c o n d  a l g o r i t h m ,  STABLE_MODELS_R, is s imi lar .  It  is based  o n  C o r o l l a r y  
2.2. T h a t  is, i n s t ead  o f  t r y i n g  to  f ind s t ab le  m o d e l s  o f  P a m o n g  the  sets o f  a t o m s  
impl ied  by  the  s tab le  m o d e l s  o f  P(q~) a n d  P(q-), we search  fo r  s t ab le  m o d e l s  o f  P 
us ing  s tab le  m o d e l s  o f  F(r ~) a n d  P(r-), where  r is a clause o f  P. T h e  c o r r e c t ne s s  o f  
th is  a p p r o a c h  fo l lows  by C o r o l l a r y  2.2. T h e  p s e u d o c o d e  is g iven  in Fig. 2. 

A l g o r i t h m s  STABLE_MODELS_A a n d  STABLE MODELS_R c a n  eas i ly  be m e r g e d  
t o g e t h e r  i n to  a h y b r i d  m e t h o d ,  wh ich  we call  S T A B L E _ M O D E L S _ H  ( s e e  Fig.  3). Here ,  
in e ach  recurs ive  cah  to  STABLE MODELS H we s ta r t  by  d e c i d i n g  w h e t h e r  the  
sp l i t t i ng  ( r educ t  c o m p u t a t i o n )  will be p e r f o r m e d  wi th  respect  to  a n  a t o m  o r  to  a 
c lause .  T h e  f u n c t i o n  SELECT M O D E ( " a t o m " , " c l a u s e " )  m a k e s  th is  dec i s ion .  T h e n ,  
d e p e n d i n g  o n  the  o u t c o m e ,  the  a l g o r i t h m  fo l lows  the  a p p r o a c h  o f  e i t he r  STA- 
BLE MODELS_A o r  STABLE_MODELS_R. T h a t  is, e i t h e r  a n  a t o m  o r  a c lause  is se- 
lected,  t he  c o r r e s p o n d i n g  r educ t s  a re  c o m p u t e d  a n d  recurs ive  cal ls  to  
S T A B L E  M O D E L S  H are  m a d e .  

All  t h ree  a l g o r i t h m s  p r o v i d e  a c o n v e n i e n t  f r a m e w o r k  for  e x p e r i m e n t a t i o n  wi th  
d i f ferent  heur i s t i cs  for  p r u n i n g  the  search  space  o f  all  subse t s  o f  the  set o f  a t o m s .  

STABLE..MODELS_A ( P )  
Input: a f ini te  logic p r o g r a m  P ;  
Returns: f a m i l y  Q o f  all  s t a b l e  mode l s  o f  P ;  

IMPLIED -qET(P~ M ,  P0);  
i f  (IP0[ = 0) t h e n  r e t u r n  {M}  
e l s e  

Q:=~; 
q :--" SELIgCT. . .ATOM(Pn);  

Pl := P0(q+); 
L :-- STABLE-MODELS..A(Pl) , 
f o r  a l l  N E L d o  i f  IS_ST^SLE(P0, {q} U N )  t h e n  Q :=  Q u { M  u {q} U N } ;  

P2 : =  P0(q-) ,  
L "--- STABLE_MODELS_A(~D2); 
f o r  a l l  N E L d o  i f  IS-STABLE(P0, N )  t h e n  Q :-- Q U {, 'v/U N};  

r e t u r n  Q; 

Fig. I. Algorithm for computing stable models by splitting on atoms. 
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STABLE_MODELS_.R(P) 
Input: a f ini te  logic p r o g r a m  P ;  
R e t u r n s :  f a m i l y  Q o f  all s t a b l e  m o d e l s  o f  P ;  

IMPLIED_SET(P, M ,  P0);  
i f  ([P0[ = 0) t h e n  r e t u r n  { M }  
e l s e  

Q :=  0; 
r :-- SELECT_CLAUSE(P0); 

P~ : =  Po(r+); 
L : =  STABLB-NtODELS-It(PI),  
f o r  a l l  N E L d o  i f  IS_STABLE(P0, N U p o s i t i v e b o d y ( r )  U { h e a d ( r ) } )  

t h e n  Q :-- Q u  { M  V N L lpos i t i v , zbody(r )  t3 { h e a d ( r ) } } ;  

i% := Po(r - ) ;  
L :-- STABLE_MODELS_R(P2); 
f o r  a l l  N E L d o  i f  IS_STABLE(P0, N )  t h e n  Q : =  Q LI { M  t.J N } ;  

r e t u r n  Q; 
i J i • i l l  I 

Fig. 2. Algorithm for computing stable models by splitting on clauses. 

In  gene ra l ,  t he  p e r f o r m a n c e  o f  these  a l g o r i t h m s  d e p e n d s  heav i ly  on  h o w  the  
se lec t ion  r o u t i n e s  S E L E C T A T O M ,  SElECT_CLAUSE a n d  SELECT_MODE are  im- 
p l e m e n t e d .  A l t h o u g h  a n y  se lect ion s t r a t e g y  yields a co r r ec t  a l g o r i t h m ,  s o m e  
a p p r o a c h e s  a r e  m o r e  eff icient  t h a n  o thers .  In  p a r t i c u l a r ,  the  p r o o f  o f  T h e o r e m  
2.1 impl ies  se lec t ing  t e c h n i q u e s  fo r  the  a l g o r i t h m  STABLE_MODELS H g u a r a n -  
t ee ing  t h a t  the  a l g o r i t h m  t e r m i n a t e s  a f t e r  the  to t a l  o f  a t  m o s t  0 ( 3  "/3) r ecurs ive  
calls_ 

Le t  us a l so  o b s e r v e  t h a t  the  recurs ive  d e p e n d e n c i e s  g iven  in C o r o l l a r i e s  2.1 a n d  2.2 
ind ica te  t h a t  in o r d e r  to  k e e p  the  s e a r c h  space  ( n u m b e r  o f  r ecurs ive  cal ls)  smal l ,  
se lec t ion  heur i s t i c s  s h o u l d  a t t e m p t  to keep  the  to t a l  size o f  P ( q + ) U P ( q )  o r  
P ( r  +) U P ( r -  ) as  sma l l  a s  possible .  

T h e  p r e s e n t e d  a l g o r i t h m s  c o m p u t e  all s t ab le  m o d e l s  fo r  the  i npu t  p r o g r a m  F.  
T h e y  c a n  be eas i ly  m o d i f i e d  to  h a n d l e  o t h e r  t a s k s  a s s o c i a t e d  wi th  logic 
p r o g r a m m i n g .  T h a t  is, t hey  c a n  be t a i l o r ed  to  c o m p u t e  one  s t ab le  m o d e l ,  
d e t e r m i n e  w h e t h e r  a s tab le  m o d e l  fo r  P exists ,  as  well as  a n s w e r  w h e t h e r  a n  
a t o m  is t r ue  o r  fa lse  in all s t ab le  m o d e l s  o f  P ( c a u t i o u s  r ea son ing ) ,  o r  in one  
m o d e l  o f  P ( b r a v e  r ea son ing ) .  Al l  these  t a s k s  c a n  be a c c o m p l i s h e d  by  a d d i n g  a 
su i t ab le  s t o p  f u n c t i o n  a n d  b y  ha l t i ng  the  a l g o r i t h m  as  s o o n  as  the  q u e r y  cm,  be 
a n s w e r e d .  

T h e  gene ra l  s t r u c t u r e  o f  o u r  a l g o r i t h m s  is s imi la r  to w e l l - k n o w n  D a v i s - P u t n a m  
m e t h o d  fo r  sa t i s f iab i l i ty  p r o b l e m .  T h e  IMPLIED_SET p r o c e d u r e  c o r r e s p o n d s  to  the ,  
so  ca l led ,  u n i t - p r o p a g a t i o n  p h a s e  o f  D a v i s - P u t n a m  a l g o r i t h m .  In  this  p h a s e  neces-  
s a r y  a n d  e a s y - t o - c o m D u t e  c o n c l u s i o n s  o f  the  CUlTent s t a te  a r e  dr-~wn to r educe  the  
s e a r c h  space .  I f  the  a n s w e r  is still u n k n o w n  then  a guess  is n e e d e d  a n d  1wo recurs ive  
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STABLE_MODELS-H(P) 
Input: a finite logic program P;  
Returns: family Q of all s table models of P;  

IMPLIED_SET(P1 M, Po); 
.if (IP01 - - 0 )  t h e n  r e t u r n  { M }  
e l s e  

Q :=  0; 
s p l i t _ m o d e  :-- SELECT-MODE( "a tom" ,  "clause" ); 

i f  (sp/i t_mode = "a tom ~) t L e n  
b e g i n  

q :---- :~ELECTATOM(IO0); 
PI :-- P0(q+); 
L : =  STABLE-MODELS-H(P1); 
fo r  a l l  N E L d o  i f  IS-STABLE(Po, {q} U N)  t h e n  Q : -  Q u { M  u {q} u N};  
Pz :~= P0(q- ) ;  
L : =  STABLE-MODELS-H(P2); 
f o r  a l l  N E L d o  i f  IS~STABLE(P0, N )  the .~ ¢~ :-- Q u {M u N}; 

e n d  
e l s e  ( .  split_mode = "clatme" . )  

b e g i n  
r 2~- S~LECT_CLAUSE(Po); 
p,  :=  P0( r+) ;  
L : =  STABLE-MODELS-H(PI); 
fo r  a l l  N E L d o  i f  IS_STABLE(P0, Nuposit ivebody(r)U {head(r)}) 

t h e n  Q :-- Q U {M U N U positivebody(r) U {head(r)}}; 
P2 : =  Po(r-); 
L :-- STABLE_MODELS_H(P2); 
f o r  a l |  N E L d o  i~IS-STABLE(P0, /%.,r) t h e n  Q : =  Q U { M  U N}; 

e n d  
re turn  Q; 

Fig. 3. Hyblid algorithm for computing stable models. 

ca l ls  a re  p e r f o r m e d  to t r y  b o t h  poss ib i l i t ies .  Bu t  t he r e  a re  a l so  differences.  F i r s t ,  in 
o u r  case,  sp l i t t i ng  can  a l so  be d o n e  w i th  respec t  to  a c lause .  T h e  s e c o n d  d i f fe rence  is 
d u e  to  n o n m o n o t o n i c i t y  o f  s t ab l e  s e m a n t i c s  for  logic  p r o g r a m s .  W h e n  a r ecurs ive  
cal l  in D a v i s - P u t n a m  p r o c e d u r e  r e t u r n s  a n  a n s w e r ,  th is  a n s w e r  is g u a r a n t e e d  to  be  
cor rec t .  T h e r e  is n o  such  g u a r a n t e e  in t he  case  o f  s t ab le  m o d e l s .  E a c h  a n s w e r  ( s t ab le  
m o d e l )  r e t u r n e d  by  a recurs ive  cal l  in o u r  a l g o r i t h m s  m u s t  be  a d d i t i o n a l l y  t e s ted  (by  
IS_STABLE p r o c e d u r e )  to  see w h e t h e r  it is a s t ab le  m o d e l  fo r  the  o r i g i n a l  p r o g r a m .  

4. Dis junc t ive  logic p r o g r a m s  

In  th is  sccL;,~n, we will  focus  o n  the  c lass  o f  d i s j u n c t i v e  logic  p r o g r a m s  ~ . j , .  F o r  
a set  o f  a t o m s  {al . . . . .  am}, let us d e n o t e  by  d ( a l , . . . ,  am) the  d i s j u n c t i v e  c l ause  o f  the  
tb,,an 
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~] V . . .  V a~ *--- 

B y  D ( n ,  m) ,  we  wil l  d e n o t e  t h e  d i s j u n c t i v e  log ic  p r o g r a m  c o n s i s t i n g  o f  n c l auses :  

d(a l . i  . . . . .  a l jn )  

d(a..,.! . . . . .  a..m), 

w i t h  al l  a t o m s  a , . j  - d i s t i n c t .  It is c l e a r  t h a t  e v e r y  set  o f  t h e  f o r m  

{a~a,:i = 1 . . . . .  n, l ~ j i  <~ m }  

is a n  a n s w e r  set  fo r  D ( n .  m) .  a n d  t h a t  all a n s w e r  se ts  f o r  D ( n , m )  a r e  o f  th i s  f o r m .  
H e n c e ,  

l s r ( o ( . , m ) ) !  = m".  

C o n s e q t "  ~.ntly. g e n e r a l  u p p e r  b o u n d s  or. t h e  n u m b e r  o f  a n s w e r  se ts  f o r  d i s j u n c t i v e  
p r o g r a m s  in s u c h  c l a s se s  t h a t  a l l o w  c l a u s e s  o f  a r b i t r a r y  l e n g t h  d o  n o t  exis t .  

T u r n i n g  a t t e n t i o n  t o  t h e  c lass  .Cr.-~ ..... it is n o w  c l e a r  t h a t ,  s i nce  D ( n ,  m)  E 5¢.~P.~,, 

d ( n ,  m)  >1 m".  ~ 

T h e  m a i n  r e su l t  o f  t h i s  s e c t i o n  s h o w s  t h a t .  in fact ,  

d ( n ,  m)  = m "  

a a d  t h e  p r o g r a m  D ( n ,  m)  is t h e  o n l y  ( u p  t o  i s o m o r p h i s m )  e x t r e m a l  p r o g r a m  in t h i s  
clags 

C o n s i d e r  a c l a u s e  d o f  t h e  f o r m  

aa V . . .  v a~ *-- bl . . . . .  bp, n o t ( c l  ) . . . . .  no t (cu ) .  

By d ~ w e  will  d e n o t e  t h e  c l a u s e  o b t a i n e d  f r o m  d by  m o v i n g  all n e g a t e d  a t o m s  to  t h e  
h e a d .  T h a t  is, d -  is o f  t h e  f o r m :  

al  V ' - - V o k  V c I  V ' ' "  Vc 'q  -'--- hi . . . . .  bp.  

Let  D b e  a d i s j u n c t i v e  p r o g r a m .  D e f i n e  

D* = { d - : d  G. D } .  

L e m m a  4.1 .  For  e c e r y  d i s junc t i ve  log ic  p r o g r a m  D. S T ( D )  C_ S T ( D  + ). 

P r o o f .  L e t  M ~_ S T ( D ) .  T h e n ,  M is a m i n i m a l  m o d e l  o f  t h e  G e l f o n d - - L i f s c h i t z  r e d u c t  
/ )~ '  a n d :  a s  is wel l  k n o w n .  M is a m o d e l  o f  D. It  f o l l o w s  t h a t  M is a m o d e l  o f  D + . T o  
s h o w  t h a t  M ~ S T ( D  + ), w e  n e e d  t o  s h o w  t h a t  M is a m i n i m a l  m o d e l  o f  D +. 

C o n s i d e r  a m o d e l  M '  o f  D * ar ,d  a s s u m e  t h a t  M '  c M.  T a k e  a c l a u s e  

aj  v - - - y a k  - - - h i  . . . . .  bm 

f r o m  D s'. T h e n .  t h e r e  is a r u l e  

al  v - - -  v a ,  *-- b ~ , . . . ,  b,,,  ao t (c~)  . . . . .  n o t ( c , )  

in  D s u c h  t h a t  n > / 0  a n d  c~ . . . . .  c,, q[ M .  S i n c e  M" C: M ,  c~ . . . . .  c,, f[ M ' .  A s s u m e  t h a t  
{b~ . . . . .  b, ,} c_ M ' .  T h e n .  s i nce  M '  is a m o d e l  o f  D ( reca l l  t h a t  it is a m o d e l  o f  D+) ,  
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t h e r e  is i. 1 ~< i ~< k,  s u c h  t h a t  a; E M ' .  It f o l l o w s  t h a t  M" is a m o d e l  o f D  ~t. S i n c e  M is a 
m i n i m a l  m o d e l  o f  D ~t, M = g ' .  H e n c e ,  g is a m i n i m a l  m o d e l  o f  D ' .  [ ]  

L e m m a  4.1 a l l o w s  us  t o  r e s t r i c t  o u r  s e a r c h  f o r  d i s j u n c t i v e  p r o g r a m s  w i t h  t h e  
l a r g e s t  n u m b e r  o f  a n s w e r  se t s  to  t h o s e  p r o g r a m s  t h a t  d o  n o t  c o n t a i n  n e g a t e d  o c -  
c u r r e n c e s  o f  a t o m s .  

L e m m a  4 .2 .  L e t  D be  a disjuncti~'e p r o g r a m  wi th  n ru les  dt . . . . .  d, .  4 s s u m e  tha t  f o r  
each  L 1 <~ i <~ n, di has  e m p t y  b o d y  a n d  e.~;actly hi d i f ferent  di.~juncts in the  head.  T h e n  
D has  a t  m o s t  ht × . - -  x h~ a n s w e r  .~-ets. n o r e o r e r ,  i f  D has  e x a c t l y  h| x . . .  x h~ 
d i f feren t  a n s w e r  sets ,  then  no  t w o  rules  h a v e  the  s a m e  a t o m  in the ir  heads.  

P r o o f .  C l e a r l y ,  f o r  e a c h  p r o g r a m  w h o s e  e v e r y  r u l e  h a s  e m p t y  b o d y ,  a n s w e r  se t s  a r e  
e x a c t l y  m i n i m a l  m o d e l s .  So .  w e  h a v e  t o  p r o v e  t h a t  D h a s  a t  m o s t  h~ × . - - ×  ~ 
m i n i m a l  m o d e l s .  W e  wil l  p r o c e e d  b y  i n d u c t i o n  o n  t h e  s ize  o f  D ( t o t a l  n u m b e r  o f  
l i t e r a l  o c c u r r e n c e s  in Dr .  I f  t h e  s ize  o f  D is 1. t h e  a s s e r t i o n  h o l d s .  C o n s i d e r  n o w  a 
d i s j u n c t i v e  l o g i c  p r o g r a m  D o f  s ize k > I ,  w h o s e  e a c h  r u l e  h a s  e m p t y  b o d y .  A s s u m e  
D h a s  n r u l e s  dl . . . . .  d ,  a n d  t h a t  f o r  e a c h  i, I <~ i~< n, d, h a s  e x a c t l y  h i d i f f e r e n t  
d i s j u n c t s  in  t h e  h e a d .  

C o , ~ s ; d e r  a m i n i m a l  m o d e l  M o f  D.  L e t  a b e  a n y  a t o m  a p p e a r i n g  i:~ t h e  h e a d  o l  d j .  
L e t  M be  a m i n i m a l  m o d e l  o f  D.  A s s u m e  t h a t  a ¢ M .  T h e n .  M is a m i n i m a l  m o d e l  o f  
a p r o g r a m  D '  o b t a i n e d  f r o m  D by  r e m o v i n g  a f r o m  t h e  h e a d  o f  e a c h  r u l e  in w h i c h  it 
a p p e a r s .  B y  i n d u c t i o n  h y p o t h e s i s  a p p l i e d  t o  D ' ,  t h e r e  a r e  a t  m o s t  
(hi -- I)  x h2 x ---  × h,, m i n i m a l  m o d e l s  M o f  D t h a t  d o  n o t  c o n t a i n  a .  M o r e o v e r ,  
t h i s  n u m b e r  e q u a l s  (h~ -- 1) x h2 x ---  × h,, p r e c i s e l y  i f  t h e  h e a d s  o f  r u l e s  o f  D '  h a v e  
h~ -- I ,  he . . . .  , h ,  d i s j u n c t s  in  t h e i r  h e a d s ,  a n d  i f  n o  a t o m  a p p e a r s  in /9' m o r e  t h a n  
o n c e .  T h i s  h a p p e n s  p r e c i s e l y  w h e n  n o  a t~ .m a p p e a r s  m o r e  t h a n  o n c e  in D.  

T h e  o t h e r  p o s s i b i l i t y  f o r  M is t h a t  a E M .  i n  th i s  c a s e .  d e f i n e / 9 '  t o  b e  a p r o g r a m  
o b t a i n e d  f r o m  D b y  r e m o v i n g  all  c l a u s e s  w i t h  a in t h e  h e a d  ( in  p a r t i c u l a r ,  d~ is re -  
m o v e d ) .  A s s u m e  t h a t  D e = {d~ t . . . . .  d,, }. S i n c e  dl is r e m o v e d ,  p .: n. C l e a r l y .  M \ {a} 
is a m i n i m a l  m o d e l  o f  D ' .  I f  De ~ ~, by  i n d u c t i o n  h y p o t h e s i s ,  it lk~llows t h a t  t h e r e  a r e  
a t  m o s t  h~, x -- - x h,~ ~< h_, x -.  - x h,, m i n i ~ ; a l  m o d e l  o f  D t h a t  c o n t a i n  a .  Moreov~ : r ,  
t h i s  n u m b e r  e q u a l s  h_, × ---  × h ,  o c c u r s  p r e c i s e l y  ,,,,hen a occ~a¢s o n l y  in d~ a n d  i f  n o  
a t o m  a p p e a r s  m o r e  t h a n  o n c e  in d_~ . . . . .  d~. 

I t  f o l l o w s  t h a t  t h e  t o t a l  n u m b e r  o f  m i n i m a l  m o d e l s  o f  D is a t  m o s t  

(ht -- l )  x h:, x . .  • x h,, + h2 × • -. x hn ---~ hi x/12 × -- - x h,,. 
I t  a l s o  f o l l o w s  t h a t  t h e  n u m b e r  o f  m i n i m a l  m o d e l s  o l D  is h,  × ---  × h~ i f a n d  o n l y  i f  
n o  a t o m  a n p e a r s  in D m o r e  t h a n  o n c e .  [ ]  

4 .1 .  F o r  e~'ery in tegers  m I> ! a n d  n / >  !, a n d ~ o r  e r e r y  p r o g r a m  D E ~ . ~ . ~ ,  
[ST(D)[  <~ mn. Moreo t ' e r .  the  p r o g r a m  D ( n . m )  is the  on l y  p r o g r a m  in the  class  ~.¢~.#, 

f o r  wh ich  the  b o u n d  o f  in" is reached.  In  par t icu lar ,  d ( n ,  m l = m ~. 

P r o o f .  W e  wil l  p r o c e e d  b y  i n d u c t i o n  o n  n.  T h e  t h e o r e m  c l e a r l y  h o l d s  i f  n = t .  J~ is 
a l s o  t r u c  i f  m = l .  So ,  a s s u m e  t h a t  m > / 2  a n d  n > / 2 .  

W e  wil l  f irst  f o c u s  o n  d i s j u r . e t i v e  p r o g r a m s  in ~ ' . ~ ,  i h a t  d o  n o t  c o n t a i n  n e g a t e d  
o c c u r r e r a . ' e s  o f  a t o m s .  Le t  D E rr/.~,,,, be  s u c h  a p r o g . r a m ,  ~ l y  D = {d~ . . . . .  d ,  }. As -  
s u m e  t h a t  t h e  r u l e  d, h a s  h~ a t o m s  in its h e a d .  
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I f ~ a c h  c l ause  in  D ha s  a n o n e m p t y  b o d y ,  D ha s  exac t ly  o n e  a n s w e r  set m o d e l ,  the  
e m p t y  set. S ince  m > /2 ,  s (D)  < m n ( the  i n e q u a l i t y  h o l d s  a n d  D is n o t  e x t r e m a l L  

N e x t ,  a s s u m e  t h a t  a t  leas t  o n e  ru le  in D ha s  e m p t y  b o d y .  Let  r y  be a subse t  o f  D 
c o n s i s t i n g  o f  al l  the  c l auses  w i th  the  e m p t y  b o d y .  Let  n'  d e n o t e  the  n u m b e r  o f  c lauses  
i n / Y .  H e n c e ,  n'  > 0. E a c h  m i n i m a l  m o d e l  fo r  D c a n  be o b t a i n e d  by  t he  f o l l o w i n g  
p r o c e d u r e :  
I.  P i ck  a m i n i m a l  m o d e l  M '  o f / Y .  I f  D -- D',  o u t p u t  M '  a n d  s top .  
2. O t h e r w i s e ,  r educe  D \ / Y  by  r e m o v i n g  c lauses  sat isf ied by  M '  as well  as a t o m s  f r o m  

the  b o d i e s  o f  t he  r e m a i n i n g  rules  t h a t  b e l o n g  t o  M ' .  Ca l l  t he  r e su l t i ng  p r o g r a m / Y ' .  
3. P ick  a m i n i m a l  m o d e l  M"  o f  D".  
4. O u t p u t  M ' U  M "  as  a m i n i m a l  m o d e l  o f  D. 

n' C l ea r l y ,  L e m m a  4.2 app l i e s  t o  D' .  Hence ,  [ST"(/Y)I <~ m , w i t h  e q u a l i t y  i f  a n d  o n l y  i f  
D' --  D(n ' ,  m) .  I f  D" = ~, t h e n  t h e r e  is o n l y  o n e  poss ib i l i t y  fo r  M" ,  n a m e l y  M"  = (~. i f  
/3 p ~ 0, D" ~ ~-~,e~, ,  f o r  s o m e  n " ~ < n - - n '  < n. By i n d u c t i o n  h y p o t h e s i s ,  
[ST(/Y')] ~< mn''. M o r e o v e r ,  e q u a l i t y  h o l d s  i f  a n d  o n l y  i f /Y '  = D(n" ,  m). C o n s e q u e n t l y ,  
[ST(D)i <~ nf" x trf" ~< m", w i th  e q u a l i t y  h o l d i n g  i f  a n d  o n l y  i f  D = D(n,  m). 

C o n s i d e r  n o w  a n  arbit ,~ary p r o g r a m  D ~ ~ . ~  ..... A s s m n e  t h a t  D is e x t r e m a l ,  i t  
f o l l ows  f r o m  L e m m a  4.1 t h a t  D* is a l so  e~ttremal. Hence ,  D* ---- D(n,  m). A s s u m e  t h a t  
D ~ D* .  T h e n ,  t h e r e  is a rule  in D t h a t  c o n t a i n s  at  least  o n e  n e g a t e d  a t o m ,  say a.  It  
f o l l ows  f r o m  the  d e f i n i t i o n s  o f  O-  a n d  D ( n ,  m) ,  a n d  f r o m  the  e q u a l i i y  D ~" = D(n ,  m) 
t h a t :  
1. t h e r e  is an  a n s w e r  set  M o f  D + such  t h a t  a ~ M,  a n d  
2. n o  a n s w e r  set f o r  D c o n t a i n s  a. 
S ince  ST(D)  ~ .ST(D" ), a n d  s ince D ÷ is extre-cn.~t, i~ l 'ol lows t ha t  D is n o t  e x t r e ma l ,  a 
c o n t r a d i c t i o n .  Hence ,  D =- D + ---- D(n,  m).  [ ]  

Fin:ally,  we will  c o n s i d e r  t he  c lass  ~.~*, o f  all  logic p r o g r a m s  wi th  the  t o t a l  size 
( n u m b e r  o f  l i te ra l  o c c u r r e n c e s  in the  bod ie s  a n d  he a ds )  a t  m o s t  n. Let  4"(n) be  de-  
f ined  as  t he  m a x i m u m  n u m b e r  o f  a n s w e r  sets fo r  a d i s junc t ive  p r o g r a m  in ~ . ~ , .  W e  
h a v e  the  f o l l o w i n g  resul t .  

"l] teorem 4 .2 .  For  ever), n t> 2. d ' ( a )  = O(2n/2).  

P r o o f .  A s s u m e  t h a t  D h a s  size n a n d  t h a t  it h a s  k rules.  By T h e o r e m  4.1 it fo l lows  
t h a t  [ST(D)[ ~. m t ,  w h e r e  m ~ In~k] .  T h e  va lue  nr ~, u n d e r  the  c o n s t r a i n t  m = r n / k ] ,  
a s s u m e s  its  m a x i m u m  for  k = Ln/2] .  H e n t ~ ,  fo r  eve ry  d i s j u n c t i v e  logic  p r o g r a m  D o f  
size n,  !S/ ' (D)I  = 0 ( 2 " / 2 ) .  In  the  s a m e  t ime,  p r o g r a m  D( Ln/2J,  2) d e m o n s t r a t e s  t h a t  
t he r e  is a d i s j u n c t i v e  p r o g r a m  D e f  ~iTe ~t m o s t  n such  t h a t  IST(D)] = f2(2"/2). Hence ,  
t he  a s s e r t i o n  fo l lows  [ ]  

C o m p a r e d  w i th  t he  e s t i m a t e  fr.~m T h e o r e m  2.3 fo r  t he  f u n c t i o n  s ' (n) ,  t he  f u n c t i o n  
d ' (n )  is m u c h  l a r g e r  (i t  is, r o u g h l y  t he  s q u a r e  o f  s ' (n) .  C o n s e q u e n t l y ,  t he re  a re  a n -  
t i c h a i n s  r e p r e s e n t a b l e  b y  d i s j unc t i ve  logic  p r o g r a m s  w i t h  the  c a r d i n a l i t y  o f  the  o r d e r  
o f  t he  s q u a r e  o f  t he  ~ a r d i n a l i t y  o f  l a rges t  an ' . i cha ins  r e p r ~ e m a b l e  by  logic  p r o g r a m s  
o f  t he  s a m e  t o t a l  size. T h i s  m a y  be  a n  a d d i t i o n a l  a r g u m e n t  f o r  d i s junc t ive  logic 
p r o g r a m s  as  a k n o w l e d g e  r e p r e s e n t a t i o n  m e c h a n i s m .  
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5. Couchasimm 

In th is  pape r ,  we s t ud i ed  e x t r e m a l  p r o b l e m s  a p p e a r i n g  in the  a r e a  o f  logic  p r o .  
g r a m m i n g .  Specif ical ly ,  we were  in t e re s t ed  in t he  m a x i m u m  n u m b e r  o f  s tab le  m o d e l s  
( a n s w e r  sets) a p r o g r a m  ~,disj:,nt.'tive .~rogram) f r o m  a g iven  class  m a y  have .  W e  h a v e  
s t ud i ed  severa l  cgasses in de ta i l .  W e  d e t e r m i n e d  the  m a x i m u m  n u m b e r  o f  s t ab le  
m o d e l s  fo r  logic  p r o g r a m s  ~vith n c lauses .  S imi la r ly ,  th is  m a x i m u m  was  a l so  e s t ab -  
l ished fo r  logic p r o g r a m s  w i th  n c lauses ,  e a c h  o f  l eng th  a t  m o s t  2, a n d  fo r  logic  
p r o g r a m s  o f  t o t a l  size a t  m o s t  ,~. i n  s o m e  o f  1hese ca.~-s we a l so  c h a r a c t e r i z e d  t he  
e x t r e m a i  p r o g r a m s ,  t h a t  is, t h e  p r o g r a m s  fo r  w h i c h  the  m a x i m a  a~-e a t t a i n e d .  S i m i l a r  
resul ts  were  o b t a i n e d  for  d i s j unc t i ve  .logic p r o g l a m s .  O a r  resul ts  h a v e  in t e r e s t i ng  
a l g o r i t h m i c  imp l i ca t i ons .  Severa l  a l g o r i t h m s ,  h a v i n g  a f l avor  o f  D a v i s - P u t n a m  
p r o c e d u r e ,  fo r  c o m p u t i n g  s t ab le  m o d e l  s e m a n t i c s  a re  p r e s e n t e d  in the  pape r .  

E x t r e m a l  p r o b l e m s  fo r  logic  p r o g r a m m i n g  h a v e  n o t  been  s t ud i e d  so  far .  T h i s  
p a p e r  s h o w s  t h a t  they  deser , :e  m o r e  a t t e n t i o n .  T h e y  are  in t e re s t ing  in the i r  o w n  r igh t  
a n d  h a v e  i n t e r e s t i ng  c o m p u t a t i o n a l  a n d  k n o w l e d g e  r e p r e s e n t a t i o n  a p p l i c a t i o n s .  

Append ix  A.  P r o o f  o f  the  ma in  resul t  

Fi rs t ,  we p r o v e  aux i l i a ry  l e rnmas  w h i c h  will be  used in the  p r o o f  o f  T h e o r e m  2. !. 

Lemumg 6.1. F o r  a n y  n <~ I, s (n )  < s[n  + 1 ). 

Proof .  Let  P be a p r o g r a m  wi th  n rules  a n d  s ( P )  s t ab le  mode l s .  T o  c o m p l e t e  t he  
p r o o f  it is e n o u g h  to  s h o w  t h a t  the re  is a logic  p r o g r a m  P '  w i th  n 4- I ru les  a n d  
s (P)  < s (P ' ) .  A s s u m e  first t h a t  s (P )  ~< I. T h e n ,  as P '  we can  t a k e  a n y  p r o g r a m  wi th  
n 4- I rules  a n d  2 o r  m o r e  s t ab le  m o d e l s  (s ince  n + I /> 2, such  p r o g r a m s  exist) .  

S u p p o s e  n o w ,  t h a t  P ha s  a t  least  2 s t ab le  mode l s .  Let  M~, Me . . . . .  M~ be t he  all  
s t ab le  m o d e l s  o f  P.  W e  c o n a t r u c t  P" as  fo l lows.  S ince  s t ab le  m o d e l s  o f  a logic  p r o -  
g r a m  f o r m  a n  a n t i c h a i n ,  eve ry  m o d e l  M, ,  l <~ i <~ k .  is n o t  e m p t y .  Let  b be a p r o p -  
o s i t i o n a l  a t o m  n o t  o c c u r r i n g  in P.  Let  ,4 = {a~, az . . . .  , a t}  be a n y  set o f  a t o m s  such  
t h a t  f o r  all  i, I ~< i ~< k, A n M, ~ tL F ina l ly ,  let 

P'  = { h e a d ( r )  ,-- b o d y ( r ) ,  ao t (b ) :  • E P} 

U {b *-- no t ( a l  ), t o t ( a , ) , . . . ,  t o t ( a t ) }  

It  is ea sy  to  ~ t h a t  Mi ,  M'e . . . . . .  ~,4k, {b} a re  s t ab le  m o d e l s  fo r  P ' .  T h u s ,  t he  p r o o f  o f  
t he  l e m m a  is comple t e .  [ ]  

A c l ause  r o f  P is ca l led  r e d u n d a n t  i f  t he  h e a d  o f  r oc c u r s  ( ne ga t e d  o r  no t )  in t l ~  
b o d y  o f  r ,  o r  i f  t he re  is an  a t o m  q such  t h a t  b o t h  q a n d  iwt (q)  o c c u r  in the  b o d y  o f  r. 

L m m m  6 .2 .  I f  P is an e x t r e m a l  p r o g r a m  ivith n >i 2 rules  then:  
I e c o n t a i n s  no  positi~'e r e d u n d a n t  literals: 
2. P contairL¢ no  r e d u n d a n t  rules, 
3. P c o n t a i n s  no  f a c t s  (£e. rules  w i th  e m p t y  body) ,  
4.  e v e r y  h e a d  o f  a rule  in P a p p e a r s  in the  b o d y  o f  a n o t h e r  rule  in e .  
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P r o o f  I f  P c o n t a i n s  a p o s i t i v e  r e d u n d a n t  l i t , : ra l  q in  t h e  b o d y  o f  a ru l e  r t h e n  e v e r y  
s t a b l e  mt~:lel f o r  P is a s t a b l e  m o d e l  f o r  P ( r - ) .  H e n c e  S T ( P )  C S T ( P ( r - ) ) .  So,  f r o m  
L e m m a  6. I ,  w e  h a v e  t h a t  

siP',, ~ < s ( t ' ( r - ) )  .<.~(n --  i )  < s (n ) .  
T h i s  m e a n s  t h a t  P is n o t  e x t r e m a l .  

I f  P c o n t a i n s  a r e d u n d a n t  r u l e  r t h e n  s t a b l e  m o d e l s  o f  P a r e  e x a c t l y  t h e  s t a b l e  
m o d e l s  o f  P ( r - ) .  A g a i n ,  P is n o t  e x t r e m a L  I f  P c o n t a i n s  a f ac t  q ,-- t h e n  q m u s t  
b e l o n g  t o  e v e r y  s t a b l e  m o d e l  o f  P .  T h a t  is. 

s ( P )  ~ s ( P ( q * ) ) ~ s ( n -  l )  < s ( n ) ,  

a n d  P is n o t  e x t r e m a ! .  
A s s u m e  t h a t  P c o n t a i n s  a r u l e  r w i t h  h e a d  q a n d  q d o e s  n o t  a p p e a r  n e g a t i v e l y  o r  

p o s i t i v e l y  in  t h e  b o d y  o f  a n y  o t h e r  ru le .  F o r  a n y  set  o f  a t o m s  M ,  M is a s t a b l e  
m o d e l  fo r  P i f  a n d  o n l y  i f  M \ {q} is a s t a b l e  m o d e l  fo r  P ( q ' ) .  H e n c e ,  a g a i n  
s ( P )  <~s(P(q+))  < s (n)  a n d  P is n o t  a n  e x t r e m a l  p r o g r a m .  [ ]  

6.3 .  L e t  n be  a p o s i t i v e  in t eger  a n d  n = 3m + !, where  0 <~ 1 <~ 2. For  a n y  n >i 3 

so(n)  /> 2s0(n  -- 2) .  ( A . I )  

M o r e o r e r .  i f  I = 0 t h e n  so(n)  > Z~0(n -- 2),  o t h e r w i s e  s0(n)  = 2s0(n - 2). For  a n y  
t w o  in tegers  x , y ,  such  tha t  x , y  >1 2 a n d  ~_ m a x ( x , y )  < n, 

so(n)  > so(n -- x )  + so(n -- y ) .  ( A . 2 )  

For  a n y  n >1 5 

s0(n)  t> s0(n - I ~ + So(n -- 4) .  ( A . 3 )  

M o r e o r e r .  i]" 1 : 1 then  so(n)  = s0(n -- ! ) + so(n - 4). o t h e r w i s e  so(n) > So(n -- I ) 
+so (n  - -  4). 

F o r  an)" in t eger  x .  such  tha t  4 < x < n, 

so(n)  > so(n -- ! ) + so(n - x) .  ( A . 4 )  

P r o o f .  S t r a i g h t f o r w a r d  a r i t h m e t i c  f o r  i n e q u a l i t i e s  (A .  1) a n d  (A .3 ) .  I n e q u a l i t i e s  ( A . 2 )  
a n d  ( A . 4 )  a r e  i m p l i e d  b y  ( A . I )  a n d  (A.3}  a n d  m o n o n i c i t y  o f  s0. [ ]  

[ , e m m a  6 ,4 .  L e t  P b e  a logic  p r o g r a m  wi th  n rules  wi th  p a i r w i s e  di,s'tinct heads  
a] . . . . .  an. I f  the  f a m i l y  o f  a l l  s t ab l e  m o d e l s  o f  P is { { a z }  . . . . .  { a n } } ,  then  
F, = c P [ { a ,  . . . . .  a.)l- 

P r o o f .  C o n s i d e r  t h e  p r o g r a m  P .  A s s u m e  t h a t  it c o n s i s t s  o f  r u l e s  r t  . . . . .  r . .  W i t h o u t  
l o s s  o f  g e n e r a l i t y  w e  wi l l  a s s u m e  t h a t  t h e  h e a d  o f  ri is ai ,  i ~ i ~ n. 

O b s e r v e  t h a t  s i n c e  r~ is  g e n e r a t i n g  f o r  {at  }, t h e  o n l y  p o s i t i v e  l i t e r a l  i t  m a y  c o n t a i n  ~.,~) 
is  a l -  S o ,  a s s u m e  t h a t  a l  a p p e a r s  p o s i t i v e l y  in  t h e  b o d y  o f  r l .  T h e n ,  P c o n t a i n s  t h e  

{al r u l e  a~ ~ -  a t .  S i n c e  a l l  o t h e r  ru l e s  in  } h a v e  a t o m s  d i f f e r e n t  f r o m  a i  in t h e i r  h e a d s ,  
a ,  d o e s  n o t  b e l o n g  t o  t h e  l ea s t  m o d e l  o f  ~ i , , l l .  a c o n t r a d i c t i o n .  H e n c e ,  r~ h a s  n o  
pc,~iti ~. ~ ":-'erais. B y  s y m m e t r y ,  a l l  ru l e s  r, h a v e  n o  p o s i t i v e  l i t e r a l s  in t h e i r  b o d i e s .  

N e x t ,  o b s e r v e  t h a t  r~ is  g e n e r a t i n g  f o r  {at } b u t  n o t  f o r  a n y  o t h e r  s t a b l e  m o d e l  {a,} 
( i  ~: 1 ). H e n c e ,  a l l  l i t e r a l s  sm~t(a~), 2 ~< i ~< n ,  -aunt  a p p e a r  in  t h e  b o d y  o f r l  a n d  n o t ( a l  ) 
d o e s  n o t .  S i n c e  rt  h a s  n o  r e d u n d a n t  n e g a t i v e  l i t e ra l s ,  
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rl  = al  ~-- not(a~_) . . . . .  not(a,,). 
By s y m m e t r y ,  it fo l lows  t h a t  P = c e [ { a t  . . . . .  a , } ] .  [ ]  
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T o  p rove  T h e o r e m  2. I, we  es tab l i sh  th,: b:tsis o f  i nduc t ion  in L e m m a  6.5 a n d  the  
i nduc t i on  s tep  in L e m m a  6.6. 

[ , e m m a  6 . 5 .  L e t  P h e  a n  e . v t r e m a l  p r o g m t m  w i t h  n. 2 <~ n ~ 4 clau.~'e.~. T;:en.  l o t  ,~ome 

a t o m s  a.  h, c a n d  d.  

I . / f , ,  = 2. P = c P [ { , , . t , } ]  ( =  B(o) ) .  
2, i f  n = 3 ,  -P = C P ~ { a , b . c } ]  ( =  A ( i ) ) .  
3. ~fn = 4. p - c e [ { , , . h . c . a } ]  ¢= c ' ( i ) ) ,  o~ P =  cp~{~.b}lucP[{c.a}t ¢= C ( l ) ) .  

Proof .  Let P be an  e x t r e m a l  p r o g r a m  wi th  n c lauses ,  2 <~ n ~ 4. Since P is e x t r e m a l ,  P 
has  a t  least  n s tab le  m o d e l s  (no t e  thi~t B(0)  has  2 s tab le  mcKkA;. A ( I )  has  3 s tab le  
mode l s ,  a n d  C ( I  ) a n d  C ' ( 1 )  h a v e  4 s tab le  m o d e l s  each) .  

Let  H be the  set o f  h e a d s  o f  the  rules  in P.  T h e n ,  each  s tab le  m o d e l  o f f  is a subse t  
o f  H ,  a n d  all s t ab le  m o d e l s  o f  P f o r m  a n  a n t i c h a i n .  I f  [HI = I, the  la rges t  a n t i c h a i ~  o f  
subse t s  o f  H ha~ one  e lement .  T h u s .  IH[ >t 2. 

O b s e r v e  a l so  t ha t  s ince P is e x t r e m a l ,  its rules  c o n t a i n  no  pos i t ive  r e d u n d a n t  
l i terals  in the i r  bod ie s  ( L e m m a  6.2). A d d i t i o n a l l y .  by the  c o n s t r u c t i o n  o f  P,  its rules  
c o n t a i n  no  r e d u n d a n t  nega t i ' , e  l i terals,  e i ther .  Hence .  the  rules o f  P a re  bui l t  o f  a t o m s  
in H only .  

A s s u m e  first t ha t  n = 2. T h e n .  [HI = 2 . . s a y  H = {a. h}. T h e r e  is on ly  o n e  an t i -  
cha in  o f  subse t s  o f  H tha t  h a s  two  e lements :  { {a}. {b}}. Hence .  P h a s  two  s t ab le  
mode l s :  {a} a n d  {b}. T h e  a s se r t i on  fo l lows  by  L e m m a  6.4. 

A s s u m e  next  tha t  n = 3. I f  [H I = 2, then  the  la rges t  a n t i c h a i n  o f  subse t s  o f  H h a s  
two  e l emen t s ,  a c o n t r a d i c t i o n  {recall t ha t  P has  a t  least  th ree  s t ab le  mode l s ) .  Hence ,  
[H! = 3, say  H = {a. b. c}. T h e  p r o g r a m  P has  three  rules,  say  r,  s a n d  t. wi th  h e a d s  a ,  
b a n d  c, respect ively .  

T h e r e  a r e  o n l y  two  antict . :ains o f  subse t s  o f  H wi th  t h r ee  e l emen t s :  
( ! )  { { a , b } ,  {a.,: '}. {b.c-}}, a n d  
(2) { {,,}. {b}. {,-} }. 
Hence ,  the  f ami ly  o f  s tab le  m o d e l s  o f  P ( a n d .  hence,  ;:!so o f  P )  is e i the r  {{,:, b}, 

{a.¢}. {b.c}} or {{a~. {h}. {c} }. 
C o n s i d e r  the  first possibi l i ty .  A s s u m e  tha t  rule  r c o n t a i n s  a nega t ive  l i teral .  

C lea r ly ,  rules  r a n d  s a r e  g e n e r a t i n g  for  {a, b}. T h u s ,  the  o~,ly nega t ive  l i teral  t ha t  
they  m a y  c o n t a i n  is no t (c ) .  R e a s o n i n g  in the  s a m e  w a y ,  we find t ha t  the  on ly  nega t ive  
l i teral  t h a t  m a y  be c o n t a i n e d  in the  rules r a n d  t is not,~h), a c o n t r a d i c t i o n .  Hence .  r 
a n d ,  by  s y m m e t r y ,  s a n d  t h a v e  no  nega t ive  li terals.  T h u s .  P is a H o r n  p r o g r a m  a n d  
has  exac t ly  one  s t ab le  mode l ,  a c o n t r a d i c t i o n .  

It fo l lows  tha t  the  f ami ly  o f  s t ab le  m o d e l s  o f  P is { {a}.  {b}. {c} }. N o w .  the  as-  
se r t ion  fo l lows  by  L e m m a  6.4. 

F ina l ly ,  a s s u m e  tha t  n = 4. I f  [Hi ~< 3, the  size o f a n y  ant icha~n o f  subse t s  o f  H is a t  
m o s t  3. S ince  P has  a t  least  4 ,.:table mode l s ,  Ill[ --- 4. A s s u m e  tha t  H = {a, b, ~', d} 
a n d  tha t  P cons i s t s  o f  rules r ,  .,.', t, a n d  u wi th  h e a d s  a ,  h, c a n d  d,  re, spcct ively.  
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Let  L~ be  an  a n t ~ h a i n  c o n s i s t i n g  o f  4 o r  m o r e  subse t s  o f  H .  C lea r ly ,  ~ '  c o n t a i n s  
n e i t h e r  0 n o r  H .  A s s u m ~  t h a t  ~ / c o n t a i n s  a o n e - e l e m e n t  subse t  o f  H ,  say {a}. T h e n ,  
t h e r e  a r e  exac t ly  t w o  poss ib i l i t i es  f o r  .::/: 

(1~ .~' = { {a}.  {b}, {c}, {d} }, a n d  
~:,~ .~, - { {Q}, {b, c}, {b,d}, {,:-, d} }. 

In  t he  first  case,  t he  a s s e r t i o n  fo l lows  f r o m  L e m m a  6.4. So,  let us c o n s i d e r  t he  s e c ond  
case.  In  th is  case.  ru le  r is n o t  g e n e r a t i n g  fo r  a n y  o f  the  s t ab le  m o d e l s  {b, c},  {b, d} 
a n d  {c. d} .  Hence ,  {b, c}, {b, d}  a n d  {c, d}  a re  the  s t ab le  m o d e l s  o f  P \ {r}.  Th i s  is a 
c o n t r a d i c t i o n .  W e  p r o v e d  a b o v e  t h a t  n o  3-rule  p r o g r a m  can  h a v e  the  a n t i e h a i n  
{ {b .c} ,  {b ,d} ,  {c ,d}  } as  its f a m i l y  o f  s tab le  mode l s .  

Nex t ,  a s s u m e  t h a t  . ~  c o n t a i n s  a set w i th  t h r e e  e l emen t s ,  say {a, b, c }. T h e n ,  the re  
a r c  exac t l y  t w o  poss ib i l i t i e s  f o r  .~': 

(1) ~ = { { a , b , c } ,  {a ,b ,d } ,  { a . c , d } ,  { b , c , d } } ,  a n d  
~2) .~ , - -  { {a, b.,:-}. {~. a}, {b,d},  {c,d} }. 

A s s u m e  the  first case.  A s s u m e  t h a t  a t  !east  o n e  ru le  in P,  say r,  h a s  a n e g a t i v e  
l i tera l .  S ince  r.  s a n d  t a r e  g e n e r a t i n g  fo r  {a, b, c}, it  fo l lows  t ha t  r has  exac t ly  o n e  
n e g a t i v e  l i tera l ,  a n t ( d ) .  But  t hen ,  r is n o t  g e n e r a t i n g  fo r  {a, b, d},  a c o n t r a d i c t i o n .  
Hence ,  r a n d ,  by  s y m m e t r y ,  all  the- ru les  in P h a v e  n o  n e g a t i v e  l i tera ls  in t he i r  
bod ies .  Cons~-quent ly ,  V is a H o r n  p r o g r a m  a n d  ha s  o n l y  o n e  s t ab le  m o d e l ,  a 
c o n t r a d i c t i o n .  

T h u s ,  a s s u m e  t h a t  ~e~t' { { a . b , c } , { a , d }  {b, "" " " } .  " = a t ,  t h a t  r h a s  a [c-,u I 
n e g a t i v e  l i teral .  R e a s o n i n g  as  be fo re ,  it fo l lows  t h a t  r h a s  exac t ly  o n e  n e g a t i v e  l i tera l ,  
g~ot(d). But  t hen ,  r is n o t  g e n e r a t i n g  fo r  t he  s t ab l e  mode]  { a , d } ,  a c o n t r a d i c t i o n .  
H e n c e ,  r a n d ,  by  s y m m e t r y ,  s a n d  t h a v e  n o  n e g a t i v e  l i te ra ls  in the i r  bod ies .  A s s u m e  
t h a t  u h a s  a a e g a t i s e  l i tera l  in i ts  b o d y ,  say  not (x) .  T h e n ,  s ince u is g e n e r a t i n g  f o r  
{a .d} ,  {b ,d}  and l,c.d}, x ¢~ {a ,d}  U {b .d}  U {c ,d} ,  w h i c h  is imposs ib le .  H e nc e ,  as  
be fo re ,  P is a H o r n  p r o g r a m  a n d  has  o n l y  o n e  s t ab le  m o d e l ,  a c o n t r a d i c t i o n .  

T h e  last  case  to  c o n s i d e r  is w h e n  . ~ / c o n t a i n s  o n l y  sets c o n s i s t i n g  o f  t w o  e l emen t s .  
F i r s t .  a s s u m e  t h a t  s o n m  th ree  sets in  .~' c o n t a i n  t he  s a m e  e l e m e n t ,  say  a.  T h e n  {a, b}, 
{a. c} and {a, d} are  al l  in .~./. S ince  r is a g e n e r a t i n g  rule  f o r  all  th ree  s t ab le  mo,~els, it 
c o n t a i n s  n o  n e g a t i v e  l i t e ra l s  a n d  t he  o n l y  pos i t i ve  l i te ra l  it m a y  c o n t a i n  in its b o d y  is 
a. S ince  fac ts  d o  n o t  b e l o n g  to  e x t r e m a l  p r o g r a m s  ( L c m m a  6.2), a is in the  b o d y  o f  r. 

(aO~ 
Consequently, a ~--a is in P " . Hence, a is not in the least model of POJ'~, a 

contradiction. 
T h e  o n l y  r e m a i n i n g  poss ib i l i t i es  fo r  .r-/ a re  
(11 . ~  = { { a . c } ,  {a ,d} .  {b ,c} ,  {b ,d}} ,  
(2) .~, = { {a.b}.  {a,d}.  {6,c},  {~,d} }, 
(3) .~,J' = { {a.b} ,  {a ,c} ,  .[c,d}, {b ,d}  }. 

T h e y  a r e  i s o m o r p h i c ,  so  it  is e n o u g h  t o  c o n s i d e r  o n e  o f  t h e m  on ly ,  say  the  first one .  
A s s u m e  t h a t  r h a s  a pos i t i ve  l i tera l  in  i ts  b o d y .  S ince  r is a g e n e r a t i n g  rule  f o r  

{a, c} a n d  {a, d} ,  it  f o l l ows  t h a t  r ha s  exac t ly  o n e  such  l i tera l ,  n a m e l y  a.  Hence ,  ru le  

a .-- a is in  P~""i. Since n o  o t h e r  ru le  in P(~¢~ ha s  a as  its h e a d ,  a is n o t  in the  least  
m o d e l  o f ~  ~"~. a c o n t r a d i c t i o n .  Hence ,  r a n d ,  by  s y m m e t r y ,  all  ru les  in P{~'"t h a v e  n o  
pos i t i ve  l i te ra ls  in  t he i r  bod ies .  

N e x t  o b s e r v e  t ha !  r is g e n e r a t i n g  fo r  {a, c} a n d  {a, d}  a n d  it  is n o t  g e n e r a t i n g  f o r  
{b.c}  and {b .d} .  Siace  it h a s  n o  pos i t ive  l i te ra ls  in  the  b o d y ,  it fo l lows  t h a t  
r = a ,-- ~ ( b ) ,  By syrth-netry, c lauses  b ~-- ~ ( a ) ,  c ~ an t (d )  a n d  d ,-- no t (c )  a re  all  
in  P. Hence, P = CP[{a.b}i u CP[{c,d}]. [] 
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N o w ,  we will  e s t ab l i sh  the  i n d u c t i o ~  g:¢p. 
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6.6. L e t  n be  an  integer,  n >1 5. A s s u m e  tha l  e v e r y  e x t r e m a l  p r o g r a m  wi th  
2 ~ " / <  n rules  a n d  n J  r e d u n d a n t  a t o m s  is a 2, 3, 4 -program.  I f  P is an e x t r e m a l  
p r o g r a m  wi th  n >i 5 rzdes a n d  no  r e d u n d a n t  a t o m s  then:  

1. P con ta in s  no  two  rules  t,'ith the  s a m e  h e a d  
2. P con ta in s  no  a t o m s  th¢~; a p p e a r  on ly  positiL.ely in the  bod ies  o f  the  rules  in P 
3. P con ta in s  no  rules  o f  the  f o r m  q ~-- p 
4. P is a 2, 3, 4 - p r o g r a m  

P r o o L  O u r  a s s u m p t i o n  t ha t  every  extrem~.[ p r o g r a m  wi th  2 ~< n '  < n rules  a n d  n o  
r e d u n d a n t  a t o m s  is a _'2 3 , 4 - p r o g r a m  impl ies  t h a t  fo r  eve ry  "/ ,  2 ~ < ' /  < n, 
s(n') = s o ( , / ) .  

( I )  L e t  r -- q ~-- al  . . . . .  a k , n o t ( b l ) ,  . . . ,  m~t(bt) be  a ru le  in P. A s s u m e  t h a t  t he re  is 
a n o t h e r  ru le  r '  w i th  h e a d  q. F r o m  L e m m a  6.2 it  fo l lows  t h a t  k > 0 o r  1 > 0. 
M o r e o v e r ,  f r o m  L e m m a  6.2 we h a v e  t h a t  t he re  is a ru le  U' such  t h a t  q a p p e a r s  in t he  
b o d y  o f  r". A l so ,  s ince t he r e  a re  n o  r e d u n d a n t  rules  in P ,  r"  is d i f ferent  t h a n  r a n d  r ' .  

I f q  a p p e a r s  pos i t ive ly  ;_n the  b o d y  o f r "  t h e n  !P(q-)l ~ n - 3. Sinc.~ [P(q+)[ ~< n - 2, 
t he  i n e q u a l i t y  (A.2)  in L e m m a  6.2 a n d  the  ;,nduct~,ve a s s u m p t i o n  imp ly  t h a t  

s ( P )  < . s (P(q+) )  + s ( P ( q - ) )  <~ so(n -- 2) + so(n -- 3) < So(,,). 

So,  P is n o t  ¢x t remal .  
A s s u m e  then  t h a t  q a p p e a r s  nega t ive ly  in the  b o d y  o f  r".  N o ~  ~, ]P(q- ) i  <~ n -  2, 

[P(q+)] ~< n -- 3 a n d  we c a n  s h o w  t h a t  s ( P )  < so(n)  in t he  s a m e  w a y  as before .  Hence ,  
P c o n t a i n s  n o  t w o  rules  w i th  s a m e  h e a d  a n d  ( i )  fo l lows.  

T h e r e f o r e ,  f o r  every  a t o m  q w h i c h  a p p e a r s  as a h e a d  in P,  the re  is exac t ly  o n e  ru le  
w i th  h e a d  q. W e  will  d e n o t e  this  ru le  by  r (q) .  

(2) A s s u m e  t h a t  P c o n t a i n s  an  a t o m  q wh ich  a p p e a r s  o n l y  pos i t ive ly  in bod ie s  o f  
ru les  o f  P.  T h e r e  is a u n i q u e  ru le  r (q) .  I .et  

r (q)  -- q ~ a, : . . . , a, ,  ~ ( b l  ) . . . . .  m o t ( b , )  

a n d  ~ b¢ the  p r o g r a m  o b t a i n e d  f r o m  P by  r ep l ac ing  every  p r e mi se  q by  the  s equence  
ai . . . .  , at ,  mot(bl ), ~ H t ( b , ) .  T h e n  [P[ = !P'[ a n d  t he  p r o g r a m s  P a n d  P '  h a v e  t he  s a m e  
s t ab le  mode l s .  Also,  P '  c o n t a i n s  a n  a t o m  w h i c h  n e v e r  a p p e a r s  in a b o d y  o f  a ru le  in 
P .  So,  f r o m  L e m m a  6.2 it fo l lows  t h a t  P '  is n o t  ex~rcmal.  Hence ,  s (P)  < s (n ) ,  a 
c o n t r a d i c t i o n .  

(3) A s s u n m  t h a t  P c o n t a i n s  a ru le  o f  t he  f o r m  r = q ,-- p.  S ince  the re  is o n l y  o n e  
,-Llle in P wi th  h e a d  q, fo r  eve ry  s t ab le  m o d e l  M o f P ,  q ~ M i f  a n d  o n l y  i f p  ~ M'. L~t 
e '  be  the  p r o g r a m  o b t a i n e d  f r o m  P by  r~p lac ing  eve ry  p r e mi se  a~ t (q)  by  t im p r e mi se  
~ t ( p ) .  C lea r ly ,  e a n d  P '  h a v e  the  s a m e  s t ab le  mode l s ,  i n  a d d i t i o n ,  P '  c o n t a i n s  a n  
a t o m  w h i c h  d o e s  no t  a p p e a r  n e g a t e d  in P ' .  F r o m  p a r t  (2) o f  th is  p r o o f ,  it fo l lows  t h a t  
P '  is n o t  ex t r cma l .  C o n s ~ l u e n t l y ,  s ince  P a n d  P '  h a v e  t he  santo  n u m b e r  o f  ru les  a n d  
t he  sar.~e n u m b e r  o f  s tab le  mode l s ,  P is n o t  e x t r e m a l ,  c o n t r a r y  to  t he  a s s u m p t i o n .  

(4) A s s u m e  first t h a t  P c o n t a i n s  a ru le  r o f  the  f o r m  q ,-- raNt(p). Le t  M ¢ ST(P) .  I f  
q E M,  t h e n  M \  {q} E S T ( P ( r + ) ) .  I f q  ¢ M ,  t h e n ,  M 6 S T ( P ( r - ) )  a n d p  E M .  I |¢n¢¢ ,  
M \ { p }  E $ T ( ( P ( r - ) ) ( r ( p ) + ) )  (re,.all t h a t  r (p)  is t he  u n i q u e  ru le  in P wi th  p as  i ts  
head ,  cf. p a r t  ( l )  o f  t he  p roof ) .  Hence ,  
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s (e )  <~ s(P(r  +)) + s ( ( P ( r - ) ) ( ~ ( p )  ~ )) .  

O b s e r v e  n o w  t h a t  !P(r~)[  <~ n -- 2 -- J ,  w h e r e  t~ is t h e  n u m b e r  o f  ru l e s  d i f f e r e n t  
f r o m  r ( p )  a n d  c o n t a i n i n g  n o t ( q )  in t h e  b o d y .  

N e x t ,  o b s e r v e  t h a t  l ( P ( r - ) ) ( r ( p )  ")] ~< n - 2 - e, w h e r e  • is t h e  r e , t u b e r  o f  l i t e r a l s  in 
t h e  b o d y  o f  r ( p )  d i f f e r e n t  t h a n  q a n d  n o t ( q ) .  T h e r e f o r e ,  

s ( n )  = s ( P )  <~s(P(r+))  + s ( ( P ( r - ) ) ( r ( j ~ )  " )) ~<s(n -- 2 -- t~i) + s (n  - 2 -- • ) .  

~ f -~  > 0 oz ¢ > 0 t h e n  thg i n e q u a l i t y  ( A , 2 )  o f  L e m m a  6.3 a n d  t h e  e q u a l i t y  
s (n ' )  = s o ( i f ) ,  f o r  2 <~ n '  < n,  i m p l y  t h a t  s ( n )  < sa(n) ,  i t  f o l l o w s  t h a t  6 = 0, e = 0 a n d  
b o t h  P ( r  + ) a n d  P ( r - ) ( r ( p )  + ) a r e  e x t r e m a l .  M o r e o v e r ,  s i n c e  • ---- 0, r ( p )  = p *-~ n o t ( q )  
( P  d o e s  n o t  c o n t a i n  r e d u n d a n t  r u l e s  a n d  r u l e s  o f  t h e  f o r m  p ~-- q).  

L e t  P '  ---- P \ {r ,  r ( p ) } .  S i n c e  5 ----- 0,  it a l s o  f o l l o w s  t h a t  t h e r e  a r e  n o  r u l e s  in  P '  w i t h  
n o t ( q )  in t h e  b o d y .  By s y m m e t r y ,  it f o l l o w s  t h a t  n o  ru l e  o f  P '  c o n t a i n s  n o t ( p ) .  

A s s u m e  n o w  t h a t  t h e r e  is a r u l e  i.n P ' .  s a y  r ' ,  c o n t a i n i n g  q in its b o d y .  A g a i n ,  le t  
M C S T ( P ) .  I : -q  E M ,  t h e n  M \ {q} is a s t a b l e  m o d e l  o f  ' , P ( q - ) ) ( p  ). O t h e r w i s e ,  M is 
a s t a b l e  m o d e l  o f  P ( p ~ ) ( q - ) .  S i n c e  I ( P ( q ~ ) ) ( p  )l ~<n - 2 a n d  ] ( P ( p '  ) ) ( q - ) l  ~ n -  3, 

s ( P ) - < _ s ( P ( q - ) ( p - ) )  + s ( P ( p ' ) ( q - ) )  ~<s(n -- 2) + s ( n  -- 3) 

-= s0 (n  - 2 )  + s 0 ( n  - 3) < so(n) <~ s(n). 
a c o n t r a d i c t i o n .  H e n c e ,  n e i t h e r  q n o r  ( b y  s y m m e t r y )  p a p p e a r  in P ' .  I t  is e a s y  t o  see  
t h a t  P '  ---- P ( r "  ). S i n c e  P ( r - )  is e x t r e m a l ,  P '  is e x t r e m a l ,  i t  f o l l o w s  b y  i n d u c t i o n  t h a t  
P '  a n d ,  c o n s e q u e n t l y ,  P a r e  b o t h  {2, 3 , 4 } - p r o g r a m s .  

F r o m  n o w  o n .  w e  wi l l  a s s u m e  t h a t  e v e r y  r u l e  in P h a s  a t  leas~ " l i t e r a i s  in  t h e  
b o d y .  A s s u m e  t h a t  t h e r e  is a r u l e  r in P w i t h  a p o s i t i v e  l i t e ra l ,  s a y  a ,  in i ts  b o d y .  S i n c e  
t h e  b o d y  o f  r (a )  h a s  a t  l eas t  t w o  l i t e ra i s ,  [ P ( a ' ) [  ~< n ~ 3. S i n c e  r h a s  a in i ts  b o d y ,  
[ P ( a - ) [ < ~ n - 2 .  I t  f o l l o w s  t h a t  s ( P ) < ~ s ( n - 3 ) + s ( n - 2 )  - - s 0 ( n - 3 ) + s o ( n - 2 )  
< so(n)  <~ s ( n ) ,  a c o n t r a d i c t i o n .  H e n c e .  e v e r y  r u l e  in  P h a s  o n l y  n e g a t i v e  l i t e r a l s  in i ts  
b o d y .  

A s s u m e  n e x t  t h a t  t h e r e  is a r u l e  r in  P w i t h  k >i 4 l i t e r a l s  in t h e  b o d y .  Le t  q 
b e  t h e  h e a d  o f  r .  T h e n  [ P ( q  )[ <~n -- 5 a n d  ] P ( q - ) [  ~ n -- I. H e n c e ,  s ( P )  <~s(n -- 5) 
+ s ( n  -- i ) --- so(n  -- 5) + So(n -- 1 ) < so(n)  <~ s ( n ) ,  a c o n t r a d i c t i o n .  I t  f o l l o w s  t h a t  ev -  
e r y  r u l e  in  P h a s  2 o r  3 l i t~ ra l s  in i ts  b ~ d y .  

W e  wi l l  s h o w  n o w  t h a t  P is a { 2 . 3 . 4 } - p r o g r a m .  T o  t h i s  e n d ,  w e  wil l  c o n s i d e r  t w o  
c a s e s .  F i r s t ,  w e  wi l l  a s s u m e  t h a t  a l l  r u l e s  in P h a v e  e x a c t l y  3 n e g a t i v e  l i t e r a l s  in  t h e i r  
b o d i e s .  C o n s i d e r  a r u l e  r f r o m  P ,  ,say r is o f  t h e  f o r m :  

~: ~-- u ~ t ( b ) ,  n o t ( c ) ,  n o t ( d ) .  

A s s u m e :  t h a t  t h e  r u l e s  r ( b ) .  r ( c ) ,  a n d  r ( d ,  a~e o f  t h e  f o l l o w i n g  r e s p e c t i v e  f o r m s  ( b y  
o u r  a s s u m p t i o n ,  e a c h  m u s t  h a v e  e x a c t l y  3 r . e g a t i v e  l i t e r a l s  in  t h e  b o d y ) :  

b ~ -  n o t ( x ) ,  n o t ( v ) ,  n o t ( = ) .  

c - -  a o t ( x ' ) ,  n m ( v ' ) ,  n o t ( ~ ) .  

- - "  t -""  . . . .  ~ - " '  n o t  ( " d ~--mJt~.t  / . u o t L v  ~. z ). 

A s s u m e  t h a t  a t  l eas t  o n e  o f  t h e  a t o m s  x, y ,  _-, x ' ,  y ' ,  z ' ,  x",  y '  a n d  ~ '  is n o t  in {a.  b. c,  d l .  
W i t h o u t  t h e  loss  o f  g e n e r a l i t y ,  w e  m a y  a s s u m e  t h a t  x" ~Z {a, b, c. d} .  

F o r  a s t a b l e  m o d e l  M o f  P ,  let  G tt d e n o t e  t h e  set  o f  g e n e r a t i n g  r u l e s  f o r  M .  T h e n ,  
w e  h a v e  t h e  f o l l o w i n g  f o u r  m u t u a l l y  e x c l u s i v e  c a s e s  f o r  M :  
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(i) r(a) E G,v, 
(ii) r(a)  q~ GM a n d  r(b)  E GM. 
(iii) r(a) ~ GM, r(b) ~ GM a n d  r(c) E GM, a n d  
(iv) r(a)  ~ GM. r(b)  ~ G.it, r (c)  ~ GM and  r(d)  E GM. 

I f  r(a)  E G,I then by Coro l l a ry  2.2 M \ {a} is a s table model  of  P(r(a)+) .  Since 
IP(r(a)+)[ ~< n - 4 the n u m b e r  o f  s table  mode l s  for  which  (i) ho lds  is b o u n d e d  by 
s(n  - 4). 

Similar ly ,  by  cons ider ing  P ( r ( b )  ~) a n d  P(r (c )  +) w e  have  that  the n u m b e r  o f  s table 
mode l s  for  which  (ii) or  (iii) ho ld  is bounded ,  in each case, by s (n  -- 4). 

Cons ide r  P ( r ( d ) * ) .  Since x" ~ {a, b, c, d},  the n u m b e r  o f  s table  mode ls  for which  
(iv) holds  is b o u n d e d  by  s ( n -  5). Hence,  s(P)<~ 3 s ( n -  4 ) +  s ( n -  5). L e m m a  6.1 
impl ies  tha t  ~'(P) < 4 s ( n -  4). Us ing  the induct ive  a s s u m p t i o n  and ,  twice, the in- 
equa l i ty  (A. I )  o f  L e m m a  6.3 we have  that  4 s ( n - - 4 ) = 4 s o ( n - - 4 ) < ~ s o ( n ) .  So,  
s (P)  < so(n) <~ s(n) .  This  is a con t rad ic t ion .  Consequen t ly ,  all a t oms  appea r ing  in ~he 
negated fo rm in the bodies  o f  the rules r~b), r(c)  a n d  r (d)  belong  to { a , b , c , d } .  
Hence, { r ( a ) , r ( b ) , r ( c ) , r ( d ) }  -- C P [ { a , b , c , d } ] .  

Let us now observe tha t  none  o f  not(a) ,  not(b),  not(c) and  not(b) appea r s  in 

P \ { r ( a ) , r ( b ) , r ( c ) , r ( d ) } .  

Indeed,  if, say not(_ 0.  appea r s  in the b o d y  o f  a rule r(q),  where  q ~ {a, b, c, d}, then  
one  can  show that  s (P)  <<. s (n  - 5) + s(n - 1) = so(n -- 5) + so(n - i) < so(n) <~ s (n) ,  a 
cont rad ic t ion .  

Since s (P)  <~ s (P (a*  ) ) + s ( P ( a -  ) ) <~ s (n  - 4) + s (n  - 1) = sn(n -- 4) + so(n -- I) ~< 
so(n) ~<s(n), it. fol lows that  P(a  +) is ex t remal  a n d  that  P(a  ÷) = P \  { r ( a ) , r ( h ) ,  
r (c) ,  r (d)} .  Consequen t ly ,  P \ {r(a),  r(b) .  r (c) ,  r (d)}  is a {2, 3, 4}-program.  Thus ,  P is 
a { 2,3,4}-prof~ram. 

To  comple te  the p r o o f  we need to cons ider  one more  case when  P con ta ins  a rule, 
say f (a ) ,  with exact ly 2 negat ive  ii terals in the body.  Let us a s sume  that  

r(a)  = a *-- not(b),  not(c). 

L~t us also a s sume  that  r(b)  has  li terals not(x) a n d  m~t(.v) in its body  (and,  possibly,  
one  more)  and  that  r(c)  has  l i terals not(x') and  m~t0/) (and.  possibly,  one more)  in its 
body.  I f r ( b )  or  r(c)  ha.', '.hre¢ aega ; : /¢  l i terals in .;ts body  or  i f  at  least one  o f x ,  y,  x' 
a n d  y '  is not  in {a, b, cj-, r eason ing  as in the previous  case we can show that  
s (P)  <~ 2.~(n - 3) -+- s(n - 4) -- 2.s0(n -- 3) -1- so(n -- 4) < 3s0(n - 3). Coro l l a ry  2.3 im- 
plies tha t  3 s 0 ( n -  3)<~so(n)<,s(n) .  Hence.  s ( P ) <  s(n) .  This  is a cont rad ic t ion .  
Hence,  {r(a) ,  r(b) ,  r(c)  } = CP[{a,  b, c}]. Moreover ,  aga in  reasoning  s imi lar ly  as be- 
fore, we can show that  none  o f  mot(a), m,*,(b) a n d  mot(c) occurs in 
P \  {~(a),~(b),~(~)}.  Hence,  ~(e)  ~<~(e(a*))  + ~(e(a-)) ~<~(e(a~)) + "-so(,, - 3) ~< 
3So(n -- 3) ~< so(n) <~ s(n) .  It fol lows that  P(a  + ) is extrcmal .  Morcovcr ,  
P ( a  + ) -- P \ { r ( a ) , r ( b ) , r ( c )  }. Consequen t ly ,  P \ { r ( a ) , r ( b ) , r ( c )  } is a {2, 3, 4}-pro-  
g r a m  and,  thus,  so is P. [=] 

W e  cart now comple te  the p r o o f  o f  T h e o r e m  2.1. Let P be an  ext remal  p rogram.  
Then ,  by L e m m a s  6.5 a n d  6.6, P is a 2 ,3 ,4-program. Thus ,  by Coro l l a ry  2.3, P E 8 , .  
Consequen~.ly, z(n)  = so(n). 
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