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0. INTRODUCTION

An essential feature for the possibility of ‘higher-dimensional group
theory’ (see the expository article [5]) is the extension of the domain of
discourse from groups to groupoids, that is from a set with a binary
operation defined on all elements, to a set with an operation defined only on
pairs satisfying a geometric condition. This fact itself leads to various
equivalent candidates for ‘higher-dimensional groups,” namely those based
on different geometric structures, for example balls, globes, simplices, cubes
and even polyhedra. The proofs of these equivalences are non-trivial—the
basic intuitions derive from the foundations of relative homotopy theory.
Some of these equivalences have proved crucial for the applications:
theorems may be easily proved in one context and then transferred into
another, more computational context. Notable examples are the advantages
of cubical methods for providing both a convenient ‘algebraic inverse to
subdivision,” for use in local-to-global problems [10], and also a simple
monoidal closed structure, which may then be translated into other
situations [13].

It has proved important to extend these ideas from groupoids to
categories. The standard notion of (strict) higher-dimensional category is
that of globular w-category. Our main result is that there is an adjoint
equivalence of categories

A globular w-categories 2 cubical w-categories with connections : y.

Precise definitions are given below. The proof has interest because it is
certainly much harder than the groupoid case, and because at one stage it
uses braid relations among some key basic folding operations (Proposition
5.1, Theorem 5.2). The equivalence between the two forms should prove
useful. In Section 9, we use this equivalence to define the notion of
‘commutative n-cube.” In Section 10, we follow methods of Brown and
Higgins in [13] to show that cubical w-categories with connection form a
monoidal closed category. The equivalence of categories transfers this
structure to the globular case—the resulting internal hom in the globular
case gives various higher-dimensional forms of ‘lax natural transformation.’
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Cubical w-categories with connection have been applied to concurrency
theory by Goubault [21] and by Gaucher [20], and again relations with the
globular case are important for these studies.

The origin of this equivalence is as follows.

In developing the algebra of double groupoids as a framework for
potential 2-dimensional Van Kampen Theorems, Brown and Spencer in [15]
were led to the notion of double groupoid with an extra structure of
‘connection’—this was essential to obtain an equivalence of such a double
groupoid with the classical notion of crossed module. This structure was
also essential for the proof of the 2-dimensional Van Kampen Theorem
given by Brown and Higgins [8].

The double groupoid case was generalised by Brown and Higgins [6, 9] to
give an equivalence between crossed complexes and what were called there
‘w-groupoids,” and which we here call ‘cubical w-groupoids with con-
nections.” It was also proved in [11] that crossed complexes are equivalent to
what were there called ‘co-groupoids,” and which we here call ‘globular
w-groupoids,” following current fashions. Thus, the globular and cubical
cases of w-groupoids were known in 1981 to be equivalent, but the proof
was via the category of crossed complexes.

Other equivalences with crossed complexes were established, for example
with: cubical T-complexes [6, 12]; simplicial T-complexes by Ashley [3]; and
polyhedral T-complexes by Jones [22]. In T-complexes, the basic concept is
taken to be that of thin elements which determine a strengthening of the Kan
extension condition. The notion of simplicial T-complex is due to Dakin
[17].

Spencer observed in [24] that the methods of [15] allowed an equivalence
between 2-categories and double categories with connections, using an ‘up-
square’ construction of Bastiani and Ehresmann [4, 18], but he gave no
details. The full details of this have been recently given by Brown and Mosa
in [14].

The thesis of Mosa in 1987 [23] attempted to give an equivalence between
crossed complexes of algebroids and cubical w-algebroids, and while this
was completed in dimension 2 even the case of dimension 3 proved hard,
though some basic methods were established.

This result raised the question of an equivalence between the globular w-
categories defined in 1981 in [11] and an appropriate form of cubical w-
categories with connections, of which a definition was fairly easy to
formulate as an extension of the previous definition of cubical w-groupoid.
This problem was taken up in Al-Agl’s thesis of 1989 [1]. The central idea,
based on the groupoid methods of [9], was to define a ‘folding operation” @
from a cubical w-category G to the globular w-category yG it contained.
This definition was successfully accomplished, but the problem of establish-
ing some major properties of @, in particular the relation with the category
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structures, was solved only up to dimension 3. That is, the conjectured
equivalence was proved in dimension 3.

Steiner pursued the work of Al-Agl, and their joint paper [2] does prove
that globular w-categories are equivalent to cubical sets with extra structure,
but, as stated in that paper, this extra structure is not described in finitary
terms. Later, Steiner was stimulated by renewed interest in the cubical case
coming from concurrency theory in the work of Goubault [21] and Gaucher
[20], and by the publication of the 2-dimensional case by Brown and Mosa
in [14]. He completed the programme given in [1] and informed Brown, who
announced the result at the Aalborg ‘Workshop on Geometric and
Topological Methods in Concurrency’ in June 1999. This paper is the
result. It proves the conjecture implicit in [1] that a globular w-category is
equivalent to a cubical set with extra structure directly analogous to the
structure for cubical w-groupoids given in [6, 9].

There is considerable independent work on globular w-categories. The
thesis of Crans [16] already contains the adjoint pair (4,7) and also the
closed monoidal structure on the category of globular w-categories. It also
seems to be the first time that the cube category (without connections)
together with its w-category realisation is explicitly defined by generators
and relations.

The work in Australia by Ross Street [27-30] has an initial aim to
determine a simplicial nerve NX of a globular w-category X. This developed
into finding extra structure on NX so that N gave an equivalence between
w-categories and certain structured simplicial sets, analogous to Ashley’s
equivalence [3] between w-groupoids and simplicial 7-complexes. It is stated
in [30] that this programme has been completed by Dominic Verity, to verify
the conjecture stated in [28]. Street tells us that Verity also knew the
equivalence proved in the present paper, but we have no further
information. We also mention that Street’s paper [28] implicitly contains
our basic proposition (3.2), namely that the cells of the n-categorical n-cube
compose in such a way that they give rise to the hemispherical (i.e. globular)
decomposition 9f @, of the n-cube.

1. w-CATEGORIES

An w-category [11,25,27] arises when a sequence of categories Cy, Cy, . ..
all have the same set of morphisms X, the various category structures
commute with one another, the identities for C, are also identities for C,
when g > p, and every member of X is an identity for some C,. We write #,,
for the composition in C,. Given x € X, we write d,x and d,x for the
identities of the source and target of x in C,, so that d, x#,x = x#,d, x =
x. The structure can be expressed in terms of X, #, and the d; as follows.
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DEerFINITION 1.1. An w-category is a set X together with unary
operations d,, dlj and partially defined binary operations #, for p =
0,1,... such that the following conditions hold:

(i) x4,y is defined if and only if d x = d; y;
(i)

dgx for g<p,

did’x =
dyx  for g=p;

(iil) if x #, p is defined then

d, (x#py) =d, x,
d;(x#py) :d;yv

df(x#py) :dfx#p dfy for g+#p;

(iv) dy x4, x = x#,dSx = Xx;
(V) (x#, ) #pz = x#, (v #, z) if either side is defined;
(vi) if p#q, then

(x #p ) #q (xl #p y,) =(x #q X/) #p (v #q yl)

whenever both sides are defined;

(vii) for each x € X there is a dimension dim x such that d)x = x if and
only if p>dim x.

DEFINITION 1.2. An w-category of sets is an w-category X whose
members are sets such that x #, y = x U y whenever x #, y is defined in X.

The theory of pasting in w-categories [25, 28] associates m-categories of
sets M (K) with simple presentations to certain complexes K; the members
of M(K) are subcomplexes of K. Various types of complexes have been
considered, but they certainly include the cartesian products of directed
paths, and we will now describe the theory in that case.

Let n be a non-negative integer. We represent a directed path of length n
by the closed interval [0,n]; the vertices are the singleton subsets {0},
{1}, ..., {n} and the edges are the intervals [0,1],[1,2],...,[n — 1,n], where
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[m —1,m] is directed from m — 1 to m. We write
d[m—1,m ={m-1}, d*[m—1,m] = {mj}.

Now let K = K; x --- x K, be a cartesian product of directed paths. A
product ¢ = g1 x --- X g, where g; is a vertex or edge in K;, is called a cell
in K. We can write a cell ¢ in the form

0:P0X€1XP]X€2><P2><-~-><Pq,1><€q><Pq,

where the P; are products of vertices and the e; are edges; the dimension of ¢
is then ¢. The codimension 1 faces of ¢ are the subsets got by replacing one
edge factor e; with d~e; or d*e;. The faces with d~e; or d*e, or d~e3 or ---
are called negative, and the faces with d*e; or d~e; or dte; or - - - are called
positive. The theory of pasting gives us the following result.

THEOREM 1.3.  Let K be a cartesian product of directed paths. Then there
is an w-category M(K) of subsets of K with the following presentation: the
generators are the cells of K; if o is a cell of dimension q, then there are
relations d; o = d;o = oa; if o is a cell of dimension q with q > 0, then there
are relations saying that d,_,c and d o are the unions of the negative and

positive faces of o, respectively. Every member of M(K) is an iterated
composite of cells.

We will now describe the main examples.

ExamPLE 1.4. We write 7=10,1] and 1" =10,1]" for n>1; for
completeness we also write I° = [0,0]. In this notation, M (1°) = {I°} and
M(I) = {1,dy I,d I}; there are no members other than the generating cells.
There are morphisms

& ,0 MI°) — M(I), & M) — M{I"
given by
(I =dgl,  E(I) =&(dil) =1
ExaMPLE 1.5. The members of M([0,2]) are the cells and the composite
[0,2] = [0, 1]#o[1,2].
There are morphisms

L s M) — M([0,2)
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given by
C(dy D) ={0}, T ()=[0,1], T (dI)={1},
r(dy ) ={1}, ()=[12], i(d])={2},

and
fi(dy I) = {0},  A(1)=10,2],  ji(dyI)={2}.

ExAMPLE 1.6. The members of M (I?) are the cells and the composites
diP = (dy I x D#o(I x dfI),  dfI* = (I xdyI)#o(df I x1I).

There are morphisms I f :M(I?) — M(I) given by
I(dy ™1 x dy*I) =T (dy*I x I) = I (dy*I x d2I) = I (I x dy*I)
=I(d2T x dy*I) = dy*I,
(P =T"I xdi) =" (21 x I) =T (d; 1?) = T7(d 1?) = 1,
IY(d2 T x diT) = d2l.

For cartesian products of members of the w-categories that we are
considering, we have the following result.

THEOREM 1.7. Let K and L be cartesian products of directed paths, let x
be a member of M(K), and let y be a member of M(L). Then x X y is a
member of M(K x L) and

dy(x x y) = U(d X X dlg Y.
i=0
This has the following consequence.

THEOREM 1.8. (i) Let K, K', L, L' be cartesian products of directed
graphs, and let f: M(K) — M(K') and g: M(L) — M(L') be morphisms of
w-categories. Then there is a unique morphism

f®g:M(KxL)— MK x L")
such that

(f®@g)(xxy)=1(x)xg(y)

for x € M(K) and y € M(L).
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(i1) The assignments
(M(K),M(L)) > M(KxL), (f,g9)—f®yg
form a bifunctor.

Proof. (i) From the presentation of M (K x L) and Theorem 1.7, there is
a unique morphism f ® g such that (f ® g)(x x y) =f(x) x g(y) when x
and y are cells. The formula then holds for a general product x x y because
it is a composite of cells.

(i) One can check bifunctoriality by considering the values of the
appropriate morphisms on generators. 1

By applying the tensor product construction, we obtain further
morphisms.

ExaMPLE 1.9. Letid" denote the identity morphism from M (I") to itself.
There are morphisms

v ~+

9,,0, :M(I"™") - M(I")  (1<i<n)
given by
J;, =id ' ©d ®id";
there are morphisms
M) — MY (1<i<n)
given by
g=id"'@ieid";

there are morphisms

i i M) — M7 < [0,2] x I (1<i<n)
given by

P =id '@ feid, g =id'opeid"

there are morphisms

v

I M) — MY (1<i<n—1)
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given by
I =id'oreid !

Most of the morphisms in Example 1.9 map generators to generators, and
one can verify their existence directly from Theorem 1.3. The exceptions are
the fi; for which Theorem 1.8 is really necessary.

Remark 1.10. Suppose that K is an n-dimensional product of directed
paths. Then K can be got from a family of n-cubes by gluing along (n — 1)-
dimensional faces. From the presentation of M(K), one sees that it is the
colimit of a corresponding diagram in which the morphisms have the form
8 : M(I""") — M(I"). In particular, i~ and " exhibit M ([0, 2]) as the push-
out of

M(I) ?_+ M%) g, M(I),

and i; and i exhibit M(I'"! x [0,2] x I"™") as the push-out of

4+

M(I™) & M 3, M(ImM).

2. CUBICAL o-CATEGORIES WITH CONNECTIONS

Suppose that X is an w-category. There is then a sequence of sets
(AX)n:Hom[M(In)?X} (7’!20,1,"' )a

and the morphisms of Example 1.9 induce functions between the (1X),. It
turns out that the (AX), form a cubical w-category with connections in the
sense of the following definition. This definition is found in [1]. The origin is
in the definition of what was called ‘w-groupoid’ in [6,9], where the
justification was the equivalence with crossed complexes [6, 9] and the use in
the formulation and proof of a generalised Van Kampen Theorem [7, 10].
The corresponding definition for categories arose out of the work of Spencer
[24] and of Mosa [23].

Let K be a cubical set, that is, a family of sets {K,; n>0} with for n>1
face maps 0/ : K, — K,—1 (i=1,2,---,n; o =+, —) and degeneracy maps
&: K1 — K, (i=1,2,---,n) satisfying the usual cubical relations:

(i) ol =of \or  (i<)),



80 AL AGL, BROWN, AND STEINER

(i) Ei6j = &j418j (i<)),
g107 (<)),

(iii) P = g0r, (i>)), 2.1)
id  (i=))

We say that K is a cubical set with connections if for n>=0 it has additional

structure maps (called connections) I'T,I'; : K, — Ky (i=1,2,---,n)
satisfying the relations:
@ rirf=rire  (i<j),
(i) rry =ri,ri,
(iii) e — IRV (i<j)s
v ‘(;irta'il (l >j)a
(iv) Ie; =& = g8,
‘o (i<j)
(v) orh— ) 1 /)
ity rbor L.
791 (i>j+1),
(vi) oIy =07,I'f =id,
(vii) NI =0, I = ¢0;. (2.2)

The connections are to be thought of as extra ‘degeneracies.” (A degenerate
cube of type ¢x has a pair of opposite faces equal and all other faces
degenerate. A cube of type I'*x has a pair of adjacent faces equal and all
other faces of type I'y or &y .) Cubical complexes with these, and other,
structures have also been considered by Evrard [19].

The prime example of a cubical set with connections is the singular
cubical complex KX of a space X. Here, for n>=0 K, is the set of singular
n-cubes in X (i.e. continuous maps /" — X) and the connection I} : K, —
K11 is induced by the map y%: I"*! — " defined by

’y?<l17t2a Tt ZI’H-I) = (llat2a ) li—lvA(tﬁ ti+1)7li+2a Y tn+1)7

where A(s,t) = max(s, ), min(s, ) as o = —, +, respectively. Given below
are pictures of y?: I> — I' where the internal lines show lines of constancy
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of the map on I°.

] 1
+ _ - _
=@ el

The complex KX has some further relevant structures, namely the
composition of n-cubes in the n different directions. Accordingly, we define
a cubical complex with connections and compositions to be a cubical set K
with connections in which each K, has n partial compositions °; ( j=
1,2,---,n) satisfying the following axioms.

If a, b € K, then a ° b is defined if and only if 975 = 8+a and then

O (ac. b)= 8 a, 8“ao 0rb - (i<)),
Lo O*(ao.b) = 2.3)
9 (ao, °, b) = 9;'b, d%a °; b (i>)).
The interchange laws. If i#j, then
(ac. b) o, (co,d) = (a o, c)o, (b o d) (2.4)

whenever both sides are defined. (The diagram

fd 5

¢ d j

will be used to indicate that both sides of the above equation are defined and
also to denote the unique composite of the four elements.)
If i#j, then

G, b (i<)),
¢iao b) = (2.5)
J Gid e, gb (i >)),
Ilao T (i<)),
(i) Miaeb)y=9 ., "
J Flae Iib — (i>]),
i) . I'fa &a ﬁ./‘
J (a J )= g1d Ffb e
I'a ¢41b J
iii Ii@ob)y=|""" : 2.6
(i) Tasp= | r_,—bH. (2.6)

These last two equations are the transport laws.?

3Recall from [15] that the term connection was chosen because of an analogy with path
connections in differential geometry. In particular, the transport law is a variation or special
case of the transport law for a path connection.
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It is easily verified that the singular cubical complex KX of a space X
satisfies these axioms if °, is defined by

);
)

a(ty, -, t-1,2t,ti1, -, ty) (t
b([lv"'vtjflaztj_17tj+lv"'atn) (tj

(aojb)(tl’tz""atn) _ {

\Y //|\

whenever d; b = 97a. In this context, the transport law for I'y (@ © b) can be
illustrated by the picture:

a b

]

DEFINITION 2.1. A cubical w-category with connections G = {G,} is a
cubical set with connections and compositions such that each o is a
category structure on G, with identity elements ¢y (y € G,—1), and in
addition

+ - = + v =
I'fxo I'ix = &1, Ifxo,  TIyx=gx. (2.7)

For simplicity, a cubical w-category with connections will be called a
cubical w-category in the rest of this paper.

Remark 2.2. This list is a part of the list of structure and axioms which
first appears in the thesis of Mosa [23, Chapter V], in the context of cubical
algebroids with connection, and appears again in the thesis of Al-Agl [1].
The rules for the connections are fairly clear extensions of the axioms given
in [6,9], given the general notion of thin structure on a double category
discussed by Spencer in [24].

Note that a cubical w-category has an underlying cubical set under its face
and degeneracy operations.

It is now straightforward to construct a functor from m-categories
to cubical w-categories. The following type of construction is well
known.

DErINITION 2.3.  The cubical nerve of an w-category X is the cubical
w-category AX defined as follows:

(4X), = Hom[M(I"), X],
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and the operations 97, ¢;, o, I'f are induced by 5?, &, 1, f? according to the
formulae

Fx=x08, :MI"") - X

for x: M(I") — X, etc.

In particular, in Definition 2.3, note that the domain of o, in
(AX), x (AX), is precisely

Hom[M(I'™! x [0,2] x I"™"), X]

according to Remark 1.10. To check that AX satisfies the conditions of
Definition 2.1, one must check the corresponding identities for the é?, etc.
Many relations essentially come from properties of the underlying
morphisms 5“, etc. The relation 9}¢; = id, for example, comes from the
easily checked relation & o 8" = id. For relations involving composition, one
must use the morphisms i*: M(I) — M([0,2]) which present M([0,2]) as a
push-out. Thus, to check the relation 9; (x©, y) = 0; x, which is a relation
between binary operators, one must check that

(i)'id (o) =0 (o)
and
(i")'id (o) =0

for every cell ¢ in I°. For the associative law, one must consider morphisms
from M(I) to M([0,3]).

The functoriality of the tensor product is responsible for formulae looking
like commutation rules, such as 97¢; = ¢;_107 for i<j.

Remark 2.4. Any natural operation 0 on cubical w-categories deter-

mines an underlying homomorphism 0 between w-categories. For example,
if 6 maps G, to G,,, then in particular 6 maps

[AM(I")], = Hom[M (I"), M(I")]

to [AM(I")],, = Hom[M(I"), M(I")] and 6 = 0(id) : M(I") — M(I").
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3. THE w-CATEGORY ASSOCIATED TO A CUBICAL
w-CATEGORY

In this section, we construct a functor y associating an w-category to a
cubical w-category. The idea is to recover an w-category from its nerve. We

will use certain folding operations, which are defined as follows.

DerINITION 3.1.  Let G be a cubical w-category. The folding operations
are the operations

lrbiv T}’, ¢m : Gn - Gn

defined for 1<i<n— 1, 1<r<n and 0<m<n by

Yix=T7 O xe,  xeo Iy ot x,
q’l‘:lpr—llpr—Z'”lph
b, =¥V, =) W)

Note in particular that ¥, @, and @, are identity operations.
Here is a picture of y, : G2 — Ga:

’T_ |
Yi(x)= X ¢—>

i‘ 2

The idea behind Definition 3.1 is best seen from the action of the
underlying endomorphism @, in the w-category of sets M (I").

ProposITION 3.2. The endomorphism cf' M(I”) — M(I") underlying
the folding operation @, is given by @,(I") = I" and

B,(0 x diI x I") = d/I"
for any cell ¢ in I"P71,

Proof. Let : M(I*) — M(I?) be the operation underlying ,
dimension 2. The operations underlying ¥;, ¥, and @,, in dimension » are
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then given by
‘/;i —id @y @id !,
Sf'r = l/;1‘/;2 T l/;r—lv

m = lqulmfl R 4

Dic

One finds that /(I2) = I2, from which it follows that v,(I") = I" and then
&,(I") = I". One also finds that

Yt x diI) = diI x di1
for any cell 7 in /. For a cell ¢ in I"7~! it follows that
(Popt- P (o xd I x PYSI" P x d2T x I
and
Py Pyt V)0 X 2T X IP) = (d31)"F x IP.

It then follows that &,(c x d}I x I?) is independent of ¢. It now suffices to
show that

&, [(d2D)" P x I'] = dy1".
Recall that d%_,I" is the union of the (n — 1)-cells
T =diI x 1", =Ixd* I xI"?% - .
We see that

®,(12) = B, (d31 x dy*I x I"?) C d,(11),
etc., so that &(d* | I") = &(1). It follows that

Gu(di1 % 1) = B, (v1) = B, (& I") = &}, &,(I") = &}, I".
By similar reasoning,

Gul(d31) x I'"2) = &by (3] x ') = diodi (1" = ",
and so on, eventually giving
B, [(di1)" " x I'] = d}I"

as required. This completes the proof. 1§
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It follows from Proposition 3.2 that &, : M (I") — M (I") is an idempotent
endomorphism with image
Fy={I",d, \I",d} \I",- - dy I",dj I"}.

»Yn—1% »¥n—1

In fact, F), is nothing else but the n-globe. For an w-category X, it follows that
?,[(1X),] = Hom(F,, X).

Now, it is clear that F, has a presentation with generator I” and relations
d,I" =dfI" = I"; therefore,
D,(AX), 2{xe X :d,x=dfx=x}.

It follows that X can be recovered from AX as the colimit of a sequence
Po[(AX)o] — D1[(2X),] —

We will now explain how to perform this construction for cubical w-categories
in general. We begin with some elementary relations.

ProrosiTION 3.3.  The folding operations satisfy the following relations:
) Ve =ep;  for i<j,

Viej =g = vl57 = ¢,
Ve =e; fori>j+1,
8,“% :lpj—lalq ‘fOV i<ja
O Yx=0;xe 8+1x
I Yx = NELS I'x,
Ty =50,
o =y,0; fori>j+1;

(i1) Yier =er,
VY.e =¥, forr>1,
Ve =¢_1%P, for 1<i<r,
oY, =¥,07 fori>r,

o, = (07
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(iii) D6 =61Ppq for 1<i<m,
0'®,, = 0,07 for i > m,
oD, =1 ()"

Proof. (1) These relations are straightforward consequences of the
definitions.

(ii) Since ¥ =id, we have V& = ¢;.
From part (i), if r > 1, then

Prer = Wy Y¥ier = Wy - Yn)ar = e dy) = a ¥
Also from part (i), if 1 <i<r, then
Ve =Wy Y Wiy e
=W Ve (W)
=W e Wia )
=&ty i) (Wi ¥)
=¢_1¥,_1.
From part (i), if i > r, then
Ry =0y ) = Wy )0} = ¥,07.
It now follows that
IV, =0", Vo1
=&-10;_10; ¥,
=&107, ¥}

o o o

:Sr—l"'32818111y182"'8r
0 0L o

:8,,1--~32818182---8,

_ J=lrgu\r

=& (81)7

using (2.1).
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(ii1) From part (i), if 1 <i<m, then

Gyt = V(P2 Vi) (Pim—iv2 - Pm)ei
=V (VY2 Voir1) &1 (Pm—iv1 - Pine1)
=Y (V1 Vo) (Poivr - V1)
=a1(Pr Poi) (Ponivt - V1)

=& ¢m71 .
Also from part (ii), if i > m, then

Py = (W1 W) = (W) - W,) 0 = D, 0.

l

It now follows that

O Dyy = - Dy P
=0,,10;,¥m
=@ (00"
= o @y (37"

= (@)

We now observe that the operators y; are idempotent, and characterise
their images.

ProrosiTION 3.4. Let G be a cubical w-category, and suppose that
I<i<n—1. The operator Y;: G, — G, is idempotent. An element x of
G, is in ;(G,) if and only if 97, x and 9}, x are in Im ;.

Proof. From Proposition 3.3(i), if x € ;(G,) then i, x and 9] x are in
Im &;.

To complete the proof, suppose that 9, x and 9/,  x are in Im ;; it suffices
to show that y;x = x. Now,

r79% x € Im I % = Imel = Imeg e,
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so that the I';*07, | x are identities for o . It follows that

Yox =IO xo, X F@Hlx:x

as required. This completes the proof. 1§
There is a similar result for @, as follows.

ProrosITION 3.5.  Let G be a cubical w-category. The operator ®,,: G,, —
G, is idempotent. An element x of G, is in ®,(G,) if and only if 0%*x €
Ime&?! for 1<m<nand o = +.

Proof. Since &, = &,,(¥yy1 -+ ¥n), it follows from Proposition 3.3(iii)
that

Im 9@, C Im 0, P, C Ime]"™

m

Conversely, suppose that 9% x € Im &”~! for | <m<n and « = =; it suffices
to show that ®,x = x, and for this it suffices to show that y;x = x for
I1<i<n—1. But

O xelme =Imeel ! C Ime
for o = %, so that y;x = x by Proposition 3.4. This completes the proof. 1
There is a useful result related to Proposition 3.5 as follows.
PrOPOSITION 3.6. If x € &,(G,) and | <m<n, then
I x =N "x  and  £,0"x = &MD*)"x

m

Proof. By Proposition 3.5, 3% x = "' x’ for some x’. It follows that
.X _ (81)m 1 m 1 / _ (ax)m laxxi (81)171

so that 9% x = &'~ 'x’ = &~ 1(8%)"x and &,0%x = &, 1 (9%)"x = ]'(9%)"x
as required ]

We now deduce various closure properties for the family of sets @,(G,).
ProposITION 3.7. Let G be a cubical w-category. The family of sets

?D,(G,) (n=0) is closed under the 0} and under & . The individual sets
?,(G,) are closed under €07 and ol,for I1<i<gn.
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Proof. We use the characterisation in Proposition 3.5. We first show that
the family is closed under 9f. Indeed, if x € @,(G,), then

X €0H(Ime") =Imel !,

Potx = ol
since Ofe; =id.

Next, we show that the family is closed under ¢;. Indeed, if x € @,(G,),
then 8{;81)(? € Im ¢! trivially, and for m > 1 we have

8’351)6—618 x €eg(Imef™ )—Imz,’” L

It now follows from Proposition 3.6 that the family is closed under 0% for
all i. Similarly, @,(G,) is closed under ¢;07.

It remains to show that xo_y € ¢,(G,) when x and y are in ¢,(G,) and
the composite exists. Suppose that Mx=emx and Py =1y If m<i,
then
8[3(x0 y) _8 a[)’ — m lx/ ~ 8)111—1y/

m

=g l(xol V) € ITmel™ =

if m=i, then 9f(xo y) is dx=el'¥ or Ay =e"'y, so hy(xo y) is

m
certamly in Imep—1; - and if m > i, then

h(xo.y)=dhxe. aﬁy—s’f o ey

m

m—i / tlmll 1

_11 m—i ./ m—
e (& o oY) = e € Iméf

(note that ¢]"~'y’ is an identity for ° because it lies in the image of ).
This completes the proof. 1

We now obtain the desired sequence of w-categories.

THEOREM 3.8. Let G be a cubical w- category. Then there is a sequence of
w-categories and homomorphisms

@o(G()) i) <I>1(G1) l—]> (p2(G2) —
with the following structure on @,(G,): if 0<p<n, then
&2 = (0)" " (2F)" "

and x#,y =xo, Y where defined; if p=n, then d;x =x and the only
composites are gwen by x#,x = x.
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Proof. We first show that for a fixed value of n the given structure maps
dy and #, make ®,(G,) into an w-category. By Proposition 3.7, &,(Gy) is
closed under the structure maps for 0 <p<mn, and the same result holds
trivially for p>n.

From the identities in Section 2, if 0<p<n, then the triple

(d ,d;, #,) = (sn,,,a;,p,sn,pa;p, on_p)

makes @,(G,) into the morphism set of a category (with dp’ x and d[j x the
left and right identities of x and with #, as composition) and these
structures commute with one another. Trivially, the triples (d; . p , #, ) for
n>=p provide further commuting category structures. To show that these
structures make @,(G,) into an w-category, it now suffices to show that an
identity for #, is also an identity for #, if ¢ > p; in other words, it suffices to
show that dfd;‘x = d;,‘x for x € ¢,(G,) and g > p. For g>n, this is trivial;
we may therefore assume that 0 <p<g<n. But Proposition 3.6 gives us

dydyx =&} 1(0)"e] P (D7) x
=P (1) P x
=)
_ J%
=d,x
as required.
We have now shown that the @,(G,) are w-categories. We know from
Proposition 3.7 that ¢; maps @,(G,) into ®,,1(G,41), and it remains to show
that this function is a homomorphism. That is to say, we must show

that 81d1§‘x = d[fslx for x € ¢,(G,), and we must show that & (x#,y) =
e1x #, g1y for x #, y a composite in @,(G,). But if 0<p<n, then

sld“x = &1&p—p0;_ X = en—p+10;

R
o p 161X = dyerx

and
el(x#,y) =e1(xo

y) =¢&1xo €1y = E1X #p &)

n—p n—p+1
by identities in Section 2; if p = n we get

gidyx =e1x =g 0fe1x =d,e1x
and

e1(X#nX) = e1x = g1x 0, &1X = 1 XHnE1X;
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and if p > n, then
eld;‘x =gx= dgalx
and
ei(x#px) =1 x = 61X H#Hpe1x
trivially. This completes the proof. 1
We can now define a functor from cubical w- to w-categories.

DEerFINITION 3.9. Let G be a cubical w-category. The w-category yG
associated to G is the colimit of the sequence

Bo(Go) > @1(Gy) S By(Gy) — - .

Remark 3.10. In Definition 3.9, one can identify @,(G,) with the subset
of yG consisting of elements x such that d, x = d"x = x. Indeed, the ¢, are
injective, because d7¢; = id, so that @,(G,) can be identified with a subset of
7G; if x € @,(G,), then d; x = d'x = x by Theorem 3.8; if x € ®,,(G,,) with
m > n and d, x = d}x = x, then

X = &np0,_,x =2¢""(0)" "x
(Proposition 3.6) with (9;)" "x € @,(G,) (Proposition 3.7), and x can be
identified with (07 )™ "x.

Remark 3.11. It is convenient to describe the w-category yG in terms of
the folding operations, but one can get a more direct description by using
Proposition 3.5. The more direct description needs face maps, degeneracies
and compositions, but not connections.

4. THE NATURAL ISOMORPHISM 4 :yAX — X

Let X be an w-category. From Definition 2.3 there is a cubical w-category
AX, and from Definition 3.9 there is an w-category yAX. We will now
construct a natural isomorphism 4 : 41X — X.

Let F, be the w-category with one generator /" and with relations d I" =
dfI" =I". By Proposition 3.2, F, can be realised as a sub-w-category of
M(I"), and the morphism &, : M(I") — M(I") associated to the folding
operation &, is an idempotent operation with image equal to F,,. Recalling
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that (1X), = Hom[M (I"), X], we see that
?,[(2X),] = {x € Hom[M(I"), X] : x&, = x }.
Let

A0, [(0X),] — X

be the function given by
A(x) = x(I");
we see that 4 is an injection with image equal to
{xeX:d x=dx=x}.
These functions are compatible with the sequence

s B[(AX),] 2 Bt [(AX), ) = -

indeed, if x € @,[(4X),], then
A(erx) = (erx)(I"™) = x&, (I"™") = x(I") = A(x).

The functions 4 : ®,[(4X),] — X therefore induce a bijection 4 : A X — X.
We will now prove the following result.

THEOREM 4.1. The functions A :yAX — X form a natural isomorphism of
w-categories.

Proof. We have already shown that 4 : /X — X is a bijection, and it is
clearly natural. It remains to show that 4 is a homomorphism. It suffices to
show that

A(Dn[(/“X)n] — X
is a homomorphism for each n; in other words, we must show that A(d)x) =

dyA(x) for x € @,[(1X),] and that A(x#,y) = A(x) #, A(y) for x#,y a
composite in @,[(1X),].
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Suppose that x € @,[(1X),] and 0<p<n. Noting that x = x®, and using
Proposition 3.2, we find that

A(dyx) = A(en—p0,_,x)
= (en—pGiPX) (")
= X0,y (I")
=x(I"?" < d2T x I")
=x&,(I" 77" x d3I x I')
=x(d,1")
=d,x(I")
=d, A(x).
Suppose that x € @,[(2X),] and p>n. Then
A(dyx) = A(x) = x(I") = x(d)I") = d)x(I") = d;x.
Suppose that x #, y is a composite in @,[(1X),] with 0<p<n. Let

(x,9) : M(I" P~V % [0,2] x I") —» X

be the morphism such that (x,y)i,_, = x and (x,) i

=V then

A(X #/7y) = A(XO y) = (xvy).linfp(ln)'

n—p
Let n: F, — M(I") be the inclusion and let n: M(I") — F, be &, with its

codomain restricted to F,, so that &, = yz. Since x and y are in @,[(1X),],
we have x®, = x and y = y®,; we therefore get

(6, W)y, (I") = (emme, ynm) i,y (1").

Now let F), be the w-category with one generator z and with relations d, z =
d;z = z. We see that there is a factorisation

(xnm, ynm) = (xn, yn) (m, m)
through the obvious push-out of

F,—F,— F,.
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We also see that
(m, m) iy (I") = m,_, (I") #p i, (1").

It now follows that

(xnm, ynm) i, , (1") = (e, yn) (7, 0)fh,, (1")
(xn, ym)[mi,_, (I") #, nf,ip(l”)}
= (xn, yn)mi,_, (I") 4 (xn, yn)mi,_, (I")
=xnn(1") #p ynm(1")
=x(I") #, y(I")
= A(x) #p A(y);

therefore,

A(x#py) = A(x) #, A(p).

Finally, suppose that x #, y is a composite in @,[(AX),] with p=>n. We
must have x = y, and we get

A(x#, x) = A(x) = A(x) #, A(x).

This completes the proof. 1

5. FOLDINGS, DEGENERACIES AND CONNECTIONS

According to Theorem 4.1, there are natural isomorphisms 4 : X — X
for w-categories X. To prove that w-categories are equivalent to cubical
w-categories, we will eventually construct natural isomorphisms B: G —
AyG for cubical w-categories G. We will need properties of the folding
operations, and we now begin to describe these.

We first show that the operations y; behave like the standard generating
transpositions of the symmetric groups (except of course that they are
idempotent rather than involutory, by Proposition 3.4). There are two types
of relation, the first of which is easy.

ProOPOSITION 5.1. If |i —j| =2, then
l//iwj = wjl//i'

Proof. This follows from the identities in Section 2. 1
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The next result is harder.
THEOREM 5.2. Ifi> 1, then
bW =i
Proof. Recall the matrix notation used for certain composites: if
(e o am) oy 0y (mog 0 dun)
and

(all Oi+l A oi+1 aml) Oi . Oi (aln Oi+] . Oi+1 amn)

are equal by the interchange law, then we will write

ar -ee dip
ﬁi
i+1

aml ceo Omn

for the common value. In such a matrix, we write — for elements in the
image of ¢; (which are the identities for °,), and we write | for elements in the
image of ¢;; (which are the identities for o)

We first compute Yy, y;x. It is straightftorward to check that

| o x I'i,05,x
Yiix = | I ,07x X I, 0fx

+ o+ — ot
I 05, x I70%x |

i+1

It follows that
rfoqwWiwix =r(I",0;9; x Oisiai_ai_x °; I',0; 0; x)
= I (I} ,0;7 07 x 0, [7,07 0, )
=TI]¢.10;0; x
=& I ,070; x
and

F;a;jrllpi—lwix = Bi—]Fi:laz?La?X;
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therefore,

Vb Wix = e I2,0; 0 x o Wicixe, ei1 12,0, 0] x.

Similarly, y,_y;¥,_;x is as a composite l

i+1

[ - i ri,o;0;x - - I 0,07 x
- | i, x - IO, x
- | | rir 070 x I7I7,070 x
- rt,0rx X I, 0rx -
Iyriororx  Iir,070x | | -
Iy ofx - I;of,x | -
L5070 x - - o I,07 07 x - J

We now evaluate the rows of the matrix for y,_;y,_;x. The first and last
rows yield &_I'} 0, 0; x and &_,I';_,0;0;"x. The composite of the non-
identity elements in the third row is &1 I';_,9; 9;" x, which is an identity for
©,, 1> S0 the third row can be omitted. Similarly, the fifth row can be omitted.
The second, fourth and sixth rows have the same values as the rows of the
matrix for y;_;y;x. It follows that

Viyix =& I00;7 0 x0,  Wixe, el 070 x

also. Therefore, Y, ;x = ;1Y p;_x. This completes the proof. 1

Remark 5.3. Proposition 5.1 and Theorem 5.2 in some sense explain the
formula for @, in Definition 3.1. The y, behave like the generating
transpositions (i,7 + 1) in the symmetric group of permutations of {1,---,
m}, and, as in the symmetric group, there are m! distinct composites of
l//h T lpmfl given by

Vi) Yo

for 1</(r)<r, where ¥, y) =¥, 1,5 Yy

The composite @, corresponds to the order-reversing permutation p—
m + 1 — p. In our context, we can characterise @,, as the zero element in the
semigroup generated by y,---,¥,,_; as follows.
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THEOREM 5.4. If 1<i<m— 1, then
q)ml//j = (pm~
Proof. 1If r > 1, then

oy = Wy V)Y = (g Y)Yy = W,

since Y, is idempotent by Proposition 3.4. For 1<i<r, it follows from
Proposition 5.1 and Theorem 5.2 that

Vb =Wy Vi Wi (Wi - W)Y,
=WV W (Wi Y)
=W Y Wb (i)
=YWy b Wi (bia )

=i ¥
For 1 <i<m — 1, it now follows that

(Pmlﬁi = llul('ltIZ T '{Imfi)'meiJrl('meiJrZ T 'Pm)‘pj
=Y Vo) Vst (Piniv2 - Vo)

- qjl ('PZ te q’m—i)'lym—i+l ('Pm—i+2 e 'Pm)

as required. 1

We can now give some interactions between @, degeneracies and
connections. First we have the following result.

PRrROPOSITION 5.5. For all i there is a relation

lﬁ,[‘la = &;.
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Proof. From the definitions we get

tye —pta- + -9+ I+
Yl i x =IO I xoe,  Tixe,  Iyo5, I x
+o.9- + -
= . &;0: o . O .
I'e0; x HlF,x HlF,x

:8f8fxo X

iv1 &

=¢1160; X0, &Xx

it
=é&iX,
and we similarly get Y, I'7 x =¢x. 1

We draw the following conclusions.

THEOREM 5.6. If 1 <i<m, then
D6 =61Dy_1.
If1<i<m—1, then
D7 = 1Py

Proof. The first of these results was given in Proposition 3.3(iii). The
second result then follows from Theorem 5.4 and Proposition 5.5: indeed,
we get

¢m[‘? = (Pmlplrlx = ¢m8i = 81(15}71—1
as required. 1

6. FOLDINGS, FACE MAPS AND COMPOSITIONS

In this section, we describe interactions between the @,, face maps and
compositions. For face maps, the basic results are given in Proposition 3.3.
For compositions, the basic results are as follows, of which the first two
cases correspond to the 2-dimensional case in [14, Proposition 5.1].

PrOPOSITION 6.1.  In a cubical w-category

(l//ix O[+l 81'(9;:1}/) O,‘ (8iaijr1xoi+1 W{y) lJ[] = i7
oo ) = 4 60 xey ) e, ey 500 =i,

vix % vy otherwise.
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Proof. Note that we have Q*x =0,y for x o,y to be defined.
The proof for the cases j =i and j =i+ 1 consists in evaluating in two
ways each of the matrices

Iiog,x  &05,x gigi0; O x  I'fo x
g0, x IO,y 07 x X i
x y rfoL,y T x ﬁ
Iyof x &0,y y I
a0y T70hy I;o%y &0 0y

(Note that ¢¢;0; 0; x and ¢;¢;0;0;"y are identities for i because ¢;¢; =
&r1€:.) The other case follows from the identities in Section 2. 1

Because of Proposition 6.1, it is convenient to regard ¢;07 and &0}, as
generalisations of ;. We extend this idea to ¥, and &,,, and arrive at the
following definition.

DEFINITION 6.2. A generalised i; is an operator of the form y; or ¢;07 or
&0}, - A generalised ¥, is an operator of the form W W, where
is a generalised ;. A generalised ®,, is an operator of the form ¥\ ¥, --- ¥/ |
where ¥ is a generalised ¥,.

From (2.3) and (2.5), there are results for ¢ and 07 analogous to
Proposition 6.1: g(x o y) is a composite of gx and ¢;y; 1f] =i, then O%(x
o y)is Ox or Oty; 1f]7£z then 97(xo,y) is a composite of 97x and 07y.
Plrorn these observations and from Proposition 6.1 we 1mmed1ately get the
following result.

PROPOSITION 6.3. Let . be a generalised ;. Then Wi(x~ o xT) is
naturally equal to a composite of factors ! x* with ! a generalised "lp,-.

Let ¥, be a generalised ¥,. Then ¥, (x~ °; xT) is naturally equal to a
composite of factors V! x* with W a generalised P, .

Let @, be a generalised ®,,. Then @, (x~ o x*) is naturally equal to a
composite of factors @) x* with @) a generalised ®,,.

We will eventually express a generalised @, in terms of the genuine folding
operators @,,. In order to do this, we now investigate the faces of generalised
foldings.

PROPOSITION 6.4. Let x//j’. be a generalised ;. If i<j, then 8?‘1& zp 07
with ‘M—l a generalised ;_,. If i = j, then 8f‘lp;x is naturally equal to 8]/} X or
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@ﬁleor some f3, or to a composite of two such factors. If i > j, then 810‘1#; =

x//;'af for some B, with /] a generalised ;.

Proof. We use relations from Section 2 and Proposition 3.3.

For i<j, we have 9%y, =y; |0} or 070 = ¢10;0; = &-10;_,0} or
07ei0], ) = 1070}, = & 18 7.

For i=j, we have ij,x—a Xo, 8+1x or 8% 8]+1x08x or
0%¢;0]x = 0/ x or 0Fe;0;, | x = 0] ]x

For i =j g 1, we have & +11p O,y or 0,10 = &070] = &0 0} or
aﬁlsjafﬂ E’]aaaj+1

For i>j+1, we have 9%y, =0} or 010 = &0 0] = ¢0;0} or

e ) ) o
&0, = &0 18;+1 =40;,,07. 1

For a generalised ¥, we get the following results.

PROPOSITION 6.5.  Let V.. be a generalised V,. If i=r, then O*¥), = Pl
Sfor some B, with ¥ a genemlzsed Y, If i<r, then O*W'x is natumlly equal to
a composite of factors - la/’ x with h<r and with V! a generalised ¥,_.

Proof. 1f i=r, then 87¥, = 07 (Y,_, ---¥}) with ¢} a generalised v;, and
the result is immediate from Proposition 6.4. *
Now suppose that i<r. Then

O = Oy U W,
with w} a generalised ; and with ¥’ a generalised ¥;. By Proposition 6.4
RVIx= Y YO Wix

with zp]’f a generalised ;. By Propositions 6.4 and 6.3, this is a composite of
factors of the form

W0,

with i<h<i+ 1<rand with /" a generalised ;. Since /1>1, it follows from

the case already covered that the factors can be written as
B
W) i),

with ¥/ a generalised ¥;. The factors now have the form ¥”_ 8 x with ¥” a
generalised ¥,, as required. 1

By iterating Proposition 6.5, we get the following result.
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PROPOSITION 6.6. If i<m<n and V. is a generalised ¥, for m<r<n,
then O (¥, -V, )x is naturally equal to a composite of factors (¥,

‘I/Z_l)afx with h<n and with ¥!' a generalised P, .
Proof. This follows from Propositions 6.5 and 6.3. 1

Now let @], be a generalised @,; we aim to express @), in terms of the
genuine folding operators @,,. If n =0 or I, then necessarily @/, = &,
already. In general, we use an inductive process; the inductive step is as
follows.

PROPOSITION 6.7.  Let @), be a generalised ®, which is distinct from ®,.
Then @x is naturally a composite of factors 619527185)6 with @, | a
generalised ®@,_,.

Proof. By considering the first place where @/, and @, differ, we see that
Px = [Pyt (Ypey - ¥i1)e] [8?%(5”;%1 P )x]

for some m and j such that 1 <j<m<n, withi =jori=;+ 1 and with ¥/ a
generalised ¥,. Since j<m — 1, it follows from Proposition 3.3 that

djm—l (lpm—l o W/+l)§/ = ¢m—16f(l//)11—2 e %) = 81¢m—2(lpm—2 o lp/)a
since j <i<m, it follows from Propositions 6.5, 6.6 and 6.3 that

Of Wi (W - )
is a composite of factors ¥/ (¥, - P )9 x with ¥” a generalised ¥,. By
Proposition 6.3, @ x is then a composite of factors of the form

CLA U AL LSRR L 2
with @, a generalised ®,,_, and with ¥/, a generalised ;. These factors
have the form & @, |8/ x with @, | a generalised ®, 1, as required. I

We can now describe the interaction of &, with compositions and face
maps in general terms as follows.

PROPOSITION 6.8. If a composite x~ o x" exists, then ®,(x~ o xT) is
naturally equal to a composite of factors ¢} ®,,Dx* with D an (n — m)-fold
product of face operators. If i <n, then 07 ®,x is naturally equal to a composite
of factors ="' ®,,Dx with D an (n — m)- fold product of face operators.
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Proof. The result for &,(x~ o x*) comes from Proposition 6.3 by
iterated application of Proposition 6.7; recall from (2.5) that ¢ (y~ 0. y*) isa
composite of &1y~ and g y*. ’

Now suppose that i<n. By Proposition 3.3(iii)

FDyx = (D - Dy)x = &1 (O) (Diyy - - D).

From Proposition 6.6, this is a composite of factors ¢! ® . D'x with @ . a
generalised @,_; and with D’ an i-fold product of face operators. By repeated
application of Proposition 6.7, there is a further decomposition into factors
&1, Dx with D an (n — m)-fold product of face operators.

This completes the proof. 1

We will now specify the composites in Proposition 6.8 more precisely. Let
G be a cubical w-category, and consider @,(x~ o, x1), where x ox™ is a
composite in G,,. The factors &/ "' ®,,,Dx” lie in ¢,(G,) (see Proposition 3.7),
and their composite can be regarded as a composite in the w-category
@,(G,) (see Theorem 3.8). To identify the composite, we take the universal
case

G = M(I"" x[0,2] x I"™),

we may then identify @,(G,) with M(I'=! x [0,2] x I"~") by Theorem 4.1.
The universal elements

x* € [AM(I % [0,2] x I"7)], = Hom[M (I"), M(I""" x [0,2] x I"™")]
are the inclusions i? representing M (I'~! x [0,2] x I"~") as a push-out.
Evaluating ®,(x~ o, x") and the corresponding composite on /", and using
Proposition 3.2, we see that @,(x ox™") gives us I'"! x [0,2] x I"~" and the
factors give us cells in 7'~! x [0,2] x ["~". The composite for @,(x~ o x*) in
Proposition 6.8 is an w-category formula expressing I'=! x [0,2] x I" " as a
composite of cells. All such formulae are equivalent in all w-categories
because of the presentation of M(I"! x [0,2] x I""7) in Theorem 1.3. The
formula uses #, only for 0 <p <n (see Theorem 3.8). Similarly, the formula
for 07 ®,x is an w-category formula expressing d7_,I" as a composite of cells
(see Propositions 3.6 and 3.2).

In order to state these results more clearly, we introduce the following
notation.

DEFINITION 6.9. Let o be a cell in I”, and let the dimension of ¢
be m. Then 9, : G,, — G, is the cubical w-category operation of the form
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) aoc(nfm)

8?‘(]1) D) such that the underlying homomorphism

1

O - M(I"™) — M(I")
sends I to o.

Note that 9, is uniquely determined by ¢ because of relation 2.1(i).
In this notation, we can state the following theorem.

THEOREM 6.10.

() Letf be a formula expressing I'™' x [0,2] x I"""as a (#q, -, #n_1)-
composite of cells i; (a) and i} (c), where

7o M(I") — M % [0,2] x I"™)

are the inclusions expressing M(I'™' x [0,2] x I"™") as a push-out. Let x~ °,

xt be a composite in a cubical w-category. Then ®,(x o, y) can be got from f

by replacing i} (a) with /" ®,,0,x"*, where m = dim o, and by replacing #,
with o .
n—p

(i) Let g be a formula expressing d?_I" as a (#o, - -, #a—2)-composite

of cells, where 1 <i<n. In a cubical w-category, 07 ®,x can be got from g by

replacing ¢ with & '®,,0,x, where m=dima, and by replacing #,
with °0

7. THE NATURAL HOMOMORPHISM B: G — 1yG

Let G be a cubical w-category. We will now use Theorem 6.10 to construct
a natural homomorphism B: G — AyG. Let x be a member of G,. We must
define

B(x) € (9G), = Hom[M(I"),G).

Now, M (I") is generated by the cells in I" (see Theorem 1.3), and yG is the
colimit of the sequence

Dy(Go) > D1(G)) 2 Dy(Gy) — - -

(see Definition 3.9). We can therefore define B(x) by giving a suitable value
to [B(x)](o) for ¢ a cell in I"; these values must lie in the &,,(G,,), and a
value &}y can be identified with y. The precise result is as follows.
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THEOREM 7.1. There is a natural homomorphism B:G — AyG for G a
cubical w-category given by

[B(x)](0) = ®,0,x
for o a cell in I", where m = dim g.

Proof. We first show that the values prescribed for the [B(x)](o) really
define a homomorphism on M (I"); in other words, we must show that they
respect the relations given in Theorem 1.3. Let ¢ be an m-dimensional cell in
I". We must show that d(®,,0,x) = ®,,0,x; if m > 0 we must also show
that d*_,(®,,0,x) is the appropriate composite of the ®;0,x, where 1 C 0.

The first of these equations, d’(®,0,x) = ®,0,x, is an immediate
consequence of Theorem 3.8.

For the second equation, let ¢ be a cell of positive dimension m. By
Theorem 3.8,

dy_((PmOsx) = €107 P05 X,

which may be identified with 07®,,0,x. By Theorem 6.10, this is the
appropriate composite of the &;0;x, as required.

We have now constructed functions B: G, — (1yG),, and we must show
that these functions form a homomorphism of cubical w-categories. We
must therefore show that B(9/x) = 07B(x), that B(ex) = ¢B(x), that
B(x~ e x%) = B(x")o B(x"), and that B(I'/x) = I'} B(x).

First we consider B(d%x), where x € G,. Let ¢ be a cell in I""! of
dimension m, and let © = &, (¢). We then have t = &,3,(I"), so 8, = 0,0,
and 0, = 0,07. It follows that

[B(07x)](0) = 0,,0,0{x = D,,0:x

and

O

07 B(x))(0) = [B(x)][0; (0)] = [B(x)](7) = Pmex;

therefore, [B(07x)](a) = [0? B(x)](o) as required.

Next we consider B(e;x), where x € G,. Let ¢ be a cell in 1" of
dimension m. From Definition 2.1, we see that Js¢; has the form id 0; or ¢;0;.
Let [ = dimt, so that / = m in the first case and / = m — 1 in the second
case. Let 0: G, — G, be id or ¢ : G; — G, as the case may be, and let
0:M(I") — M(I') be the _underlying w-category homomorphism. We now
see that ,¢; = 00, and &0, = 0.0 with O(I") = I'. It follows that

5(0) = 50, (I") = 8:0(1") = 3.(I') =
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Using Theorem 5.6, we also see that @,,0 = 8’1”"@1. We now get
[B(gix)](0) = @,,056ix = ®,,00,x = 8’1”_1<D181x = @0 x
(recall that &}y is to be identified with y) and
[e:B(x)](0) = [B(x)][&:(0)] = [B(x)](7) = Pidex,

so that [B(g;x)](0) = [e;B(x)](0) as required.
Next we consider B(x~ o x*) where x™ o, xT is a composite in G,. Let
be a cell in I of dimension m. From Definition 2. 1,

[B(x™ o, x")](0) = @pdp(x 0, xT)

is equal to @,,0,x~ or @,0,xt or to @,,(9,x™ o, 9,x*) for some j. In any
case, using Theorem 6.10 if necessary, we see that [B(x™ o x¥)](0) is a
composite of factors @;0,x* such that gi;(¢) is the corresponding composite
of the i7(t), where

i M(I") — M(I' < [0,2] x ")

are the functions expressing M (I'~! x [0,2] x I"~7) as a push-out. Let
(B(x™),B(x")): MU' x[0,2] x ") = G

be the function such that

we see that
[B(x™ o, x")](0) = (B(x™), B(x"))fis(c) = [B(x") °, B(x")](0)

as required.

Finally, we consider B(I'“x), where x € G,. Let ¢ be a cell in [""! of
dimension m. From Definition 2.1, 0,I'% has the form 0; or ¢;0; or I';0,. We
can now use the same argument as for B(g;x), noting that F (1my =rm-!
and that @,,I' = &P, by Theorem 5.6.

This completes the proof. 1

8. THE NATURAL ISOMORPHISM B: G — A1yG

In Theorem 4.1, we have constructed a natural isomorphism 4 : yAX — X
for X an w-category. In Theorem 7.1, we have constructed a natural
homomorphism B: G — AyG for G a cubical w-category. We will now show
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that w-categories and cubical w-categories are equivalent by showing that B
is an isomorphism.
We begin with the following observation.

ProOPOSITION 8.1.  Let G be a cubical w-category. Then yB:yG — yAyG is
an isomorphism.

Proof. Consider the composite
Ao(yB):yG — yG.

By Theorem 4.1, A is an isomorphism,; it therefore suffices to show that the
composite Ao(yB) is the identity. This amounts to showing that AB(x) = x
for x € @,(G,). Now, from the definitions of 4 and B, we find that

AB(x) = [B(x)|(I") = ®px;

since x € ¢,(G,) and @, is idempotent (Proposition 3.5), it follows that
AB(x) = x as required. This completes the proof. 1

Because of Proposition 8.1, to show that B is an isomorphism it suffices to
show that a cubical w-category G is determined by the w-category 7G.
Because of Remark 3.10, this is the same as showing that G is determined by
the @,(G,). We will work inductively, showing that an element x of G, is
determined by @,x and by its faces. To handle the family of faces of x, we
will use the following terminology.

DEerINITION 8.2. Let G be a cubical w-category and let n be a positive
integer. An n-shell in G is an ordered (2n)-tuple:
z= (Zl_’z_l‘—f'WZ;aZ::_)

of members of G,_; such that 8i“zf = 8]{12‘} whenever i<j. The set of
n-shells is denoted O G,_;.

Remark 8.3. This construction is used in [9, Section 5] to construct a
coskeleton functor from (n — l)-truncated cubical w-groupoids to
n-truncated w-groupoids determined by

(G()a Gla Ty anl)'_)(Gm Gla ) Gn717 Danl)a

and the same construction clearly works for the category case. It follows
that the folding operations are also defined on 0G,_;. In the following, we
take a slightly more direct route.
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First, by Definition 2.1, it is easy to check the following result.

ProPOSITION 8.4. Let G be a cubical w-category and let n be a positive
integer. There is a boundary map 0 : G, — 0G,_, given by

ox = (0] x,0{ x,- -, 0, x,0, x).
Now we define folding operations on shells directly.
ProrosITION 8.5.  Let G be a cubical w-category. For 1<j<n—1, the
cubical structure of (Gy,- -+, Gy—1) yields a natural function Y 0G, 1 —
0G,_1 such that

lpja = 5% : G, — 0G,—_.

Proof. Let z = (z¥) be an n-shell. Guided by Proposition 3.3(i), we let
Y,z be the (2n)-tuple w = (w?) such that

Wiz} for i<j,

z o, zf,y for (o) = (=),
wi =1z, °, zj+ for (a,i) = (+,/),

gdjzt,,  fori=j+1,

vz for i >j+ 1.

From Proposition 3.1(i) and the identities in Section 2, it is straightforward
to check that npj is a well-defined function from G, _; to itself, and it is easy
to see that ;0 = dy;. 1

We will now show that the n-dimensional elements (r» > 0) in a cubical w-
category are determined by the lower-dimensional elements and by the

image of &,.

THEOREM 8.6. Let G be a cubical w-category, let n be a positive integer,
and let @, : 0G,_, — 0G,_ be the function given by

Dy =Y (W) Wabathy) - (g - y)-

Then there is a bijection x+ (0x, ®,x) from G, to the pull-back

0Gu—1 xg, Pu(Gy) = {(z,y) € OGy—1 X ®y(Gy): Pyz =0y }.
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Proof. This amounts to showing that
®,:07'(z) = 07 (®,2)

is a bijection for each z in O0Gy-;. Since @, is a composite of operators y;, it
suffices to show that

lpj;afl(z) — 8’1(%2)

is a bijection for each z in OG,_.
Given y € 97'(};z), it is straightforward to check that there is a
composite

Oy = (g2 1 F;sztl) o (F 2541 % 87 ,

and that 0y € 9'(z). We will carry out the proof by showing that Oy;x = x
forxe@‘()andthattpﬂy y for y € 971 (y;2).
Let x be a member of 8 !(z). Then

+
| F/ j-H F/ Z/-H j
Op;x | &z; X &z L
J
+ .+
F 1+1 F/ Z/—H |

The first and third rows are in the image of ¢, by (2.5) and (2.7), so they are
identities for © 1 and can therefore be omitted. This leaves the second row
in which &z and ¢z are identities for o . It follows that Of;x = x.

Now let y be a member of 9~ (mpj ). B]y (2.2)(vi) and (2. 1)(11) &0; I"j+ =

&ej0; = &j41810;; S0

r 6]+10y j+1
—8,8F Zii1 sj(f)F Zi F/Z/Jrl
:$f+1816 Z]+1 8/+1816 Zjs1 © F] Zis1

Similarly,

-g+ et o e gt ot
Ty 050y = Ty 200, 6m180] 200 0, 6m10] 27
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It follows that

A Avo o T—AF
YOy =170,,0y°,  0ye, I;0;,,0p

—+ —
| IR ;
- + -, +
— ) — 7] AR o]
= &5 o It =iF v g, 45 A
j
- F
I'yzi, |

By (2.7) and (2.5), the first and third columns are in the image of ¢;, so they
are identities for o. and can be omitted. This leaves the second column so
that 0y = y.

This completes the proof. 1

From Theorem 8.6, we deduce the following result.

THEOREM 8.7. Let f: G — H be a morphism of cubical w-categories such
that yfyG — yH is an isomorphism. Then f is an isomorphism.

Proof. By Remark 3.10, f induces isomorphisms from @,(G,) to
¢, (H,). Since @, is the identity operation, f induces a bijection from Gy
to Hy. By an inductive argument using Theorem 8.6, f induces a bijection
from G, to H, for all n. Therefore, f is an isomorphism. 1

It follows from Proposition 8.1 and Theorem 8.7 that B: G — /AyG is a
natural isomorphism for cubical w-categories G. From Theorem 4.1, A4:
yAX — X is a natural isomorphism for w-categories X. We draw the
following conclusion.

THEOREM 8.8. The categories of w-categories and of cubical w-categories
are equivalent under the functors 4 and 7y.

9. THIN ELEMENTS AND COMMUTATIVE SHELLS IN A
CUBICAL o-CATEGORY

In this section,we use the equivalence of Theorem 8.8 to clarify two
concepts in the theory of cubical w-categories: thin elements and
commutative shells. Thin elements (sometimes called hollow elements) were
introduced in the thesis of Dakin [17], and were developed in the cubical
w-groupoid context by Brown and Higgins [6,9,10]. They are used by
Ashley [3] and by Street [27]. In the cubical nerve of an w-category they arise
as follows.
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Throughout this section, let G be a cubical w-category. Whenever
convenient, we will identify G with the nerve of yG; in other words, each
element x of G, is identified with a homomorphism x: M (I") — yG.

First, we deal with thin elements. Intuitively, an element is thin if its real
dimension is less than its apparent dimension. In the nerve of an w-category
we can make this precise as follows.

DEFINITION 9.1. Let x be a member of G,. Then x is thin if
dim x(I") <n.

Given an element x of G,, we can identify x(I") with @, x by Theorem 7.1.
By Remark 3.10, dim @, x <n if and only if @,x is in the image of ¢;. We
therefore have the following characterisation.

PROPOSITION 9.2.  Let x be a member of G,,. Then x is thin if and only if
&, x is in the image of ¢;.

There is also a less obvious characterisation in more elementary cubical
terms: the thin elements of G, are those generated by the G,, with m <n. The
precise statement is as follows.

THEOREM 9.3. Let x be a member of G,. Then x is thin if and only
if it is a composite of elements of the forms &y and I'jz for various values of
i?j, a, y, Z'

Proof. Suppose that x is a composite of elements of the forms ¢;y and
I'’z. Then @,x is in the image of ¢ by Theorems 5.6 and 6.10, so x is thin by
Proposition 9.2.

Conversely, suppose that x is thin. It follows from the proof of Theorem
8.5 that x is a composite of @,x with elements of the forms ¢;y and I'}z. By
Proposition 9.2, &,x is in the image of ¢, so x is itself a composite of
clements of the forms ¢y and Iz, 1

Next, we deal with commutative shells. There is an obvious concept of
commutative square, or commutative 2-shell; we want commutative n-shells
for arbitrary positive n. Now an n-shell z in G can be identified with a
homomorphism z: M(d, 1" Ud, ,I") — yG, and we must obviously define
a commutative n-shell as follows.

DEFINITION 9.4. For n > 0 an n-shell z in G is commutative if

z(d, 1" = z(d} | I").

n—1
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By Theorem 6.10(ii), if z is an n-shell with n > 0, then z(d?_,) can be
identified with (®,z){, the («, 1) face of the n-shell @,z as in Theorem 8.6.
We can therefore describe commutative n-shells in cubical terms as follows.

PROPOSITION 9.5.  Forn > 0 an n-shell z in G is commutative if and only if

(@nz2)] = (Pu2)].

10. MONOIDAL CLOSED STRUCTURES

In [2], Al-Agl and Steiner constructed a monoidal closed structure on the
category w-Cat® of (globular) w-categories by using a cubical description of
that category. Now that we have a more explicit cubical description we can
give a more explicit description of the monoidal closed structure; we modify
the construction which is given by Brown and Higgins [13] for the case of a
single connection and for groupoids rather than categories. Following the
method there, we first define the closed structure on the category w-Cat” of
cubical w-categories using a notion of n-fold left homotopy which we outline
below, and then obtain the tensor product as the adjoint to the closed
structure. This gives:

THEOREM 10.1.  The category w-Cat® admits a monoidal closed structure
with an adjoint relationship

w-Cat™(G ® H, K) = o-Cat®(G, o-CAT*(H, K))

in which o-CAT"(H,K), is the set of morphisms H — K, while for
n=1 o-CAT" (H,K), is the set of n-fold left homotopies H — K.

The proof is given below.
Because of the equivalence between w-Cat” and the category w-Cat® of w-
categories we have:

COROLLARY 10.2. The category -Cat® admits a monoidal closed
structure with an adjoint relationship

-Cat® (X ® Y, Z) = w-Cat® (X, v-CATO(Y, Z))

in which @O-CAT(Y,Z), is the set of morphisms Y — Z, while for n>1
o-CATO(Y, Z), is the set of n-fold left homotopies Y — Z corresponding to
the cubical homotopies.
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The tensor product in Corollary 10.2 is an extension of the tensor product
in Theorem 1.8.

Note that by Remark 3.11, the set @-CAT® (Y, Z), of globular n-fold left
homotopies may be thought of as an explicitly described subset of the set of
cubical n-fold left homotopies 1Y — AZ. Because of the complications of
the folding operations, explicit descriptions of the globular monoidal closed
structure are not so easy, but have been partly accomplished by Steiner [26].
See also Crans [16].

We now give details of these cubical constructions, following directly the
methods of [13].

Let H be a cubical w-category and n be a non-negative integer. We can
construct a cubical w-category P"H called the n-fold (left) path cubical
w-category of H as follows: (P"H), = H,.,; the operations 07, ¢;, '/ and o
of P"H are the operations 97, &, I',,; and © i of H. The operations
07%,---,0r not used in P"H give us morphisms of cubical w-categories from
P'H to P""'H, etc., and we get an internal cubical w-category

PH=(H,P'H,P’H,--")

in the category w-Cat"”.
For any cubical w-categories G, H we now define

o-CAT"(G, H) = w-Cat”(G,PH);

that is, w-CAT, (G, H) = w-Cat”(G,P"H), and the cubical w-category
structure on w-CAT, (G, H) is induced by the internal cubical w-category
structure on PH. Ultimately, this means that the operations 07, etc. on
w-CAT} (G, H) are induced by the similarly numbered operations on H. In
dimension 0, w-CAT"(G, H) consists of all morphisms G — H, while in
dimension # it consists of n-fold (left) homotopies G — H. We make w-
CAT"(G, H) a functor in G and H (contravariant in G) in the obvious way.

The definition of tensor product of cubical w-categories is harder. We
require that — ® G be left adjoint to w-CAT"(G, —) as a functor from
-Cat” to w-Cat”, and this determines ® up to natural isomorphism.
Its existence, that is, the representability of the functor w-Cat™(F, w-CAT"
(G,—)), can be asserted on general grounds. Indeed, w-Cat” is an
equationally defined category of many sorted algebras in which the domains
of the operations are defined by finite limit diagrams, and general theorems
on such algebraic categories imply that w-Cat™ is complete and cocomplete.

We can also specify the tensor product cubical w-category by a
presentation; that is, we give a set of generators in each dimension and a
set of relations of the form u = v, where u, v are well-formed formulae of the
same dimension made from generators and the operators 97, ¢;,I'7, o, This
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is analogous to the standard tensor product of modules over a ring, and the
universal property of the presentation gives the required adjointness.
The details are as follows.

DerINITION 10.3. Let F, G be cubical w-categories. Then F ® G is the
cubical w-category generated by elements in dimension n>0 of the form
x ® y where x € F,, y € G, and p + g = n, subject to the following defining
relations (plus, of course, the laws for cubical w-categories):

1)
(@Fx)oy if 1<i<p,

o* =
x®y) {x@(@f‘py) it p+l<i<n:

(ex)@y if 1<i<p+ 1,

ST _[(IMMx)ey if 1<i<p,
(iii) Fi(x®y)—{x®(pffpy) ifp+ 1<i<n

(iv) (xo, X)@y=(x®y)e (X ®y)if 1<i<p, and xo x"is defined
in F;
V) x® (¥ ol_y’) = (x®y)0p+/_(x®y’) if 1<j<q, and yo].y’ is defined
in G; ' ' '
we note that the relation
(Vi) (gp+1X) ® y = x ® (g1p) follows from (ii).

An alternative way of stating this definition is to define a bimorphism
(F,G) — A, where F, G, A are cubical w-categories, to be a family of maps
F, x Gy — Apiq (p,q>0), denoted by (x,y)— x(x,y) such that

(a) for each x € F,, the map y+> x(x,y) is a morphism of cubical
w-categories G — PP A;

(b) for each g € G, the map x+y(x,y) is a morphism of cubical
w-categories F — TPITA,

where the cubical w-category TX has the same elements as X but its cubical
operations, connections and compositions are numbered in reverse order.
The cubical w-category F ® G is now defined up to natural isomorphisms by
the two properties:

(i) the map (x,y)—x ® y is a bimorphism (F, G) — F ® G;
(i) every bimorphism (F,G) — A is uniquely of the form (x,y)—
o(x ® y) where 6: F ® G — A is a morphism of cubical w-categories.
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In the definition of a bimorphism (F, G) — A, condition (a) gives maps
F, — a)-CAT;‘( G, A) for each p, and condition (b) states that these combine
to give a morphism of cubical w-categories F — w-CATZ(G,A). This
observation yields a natural bijection between bimorphisms (F, G) — 4 and
morphisms F — w-CAT"(G, A). Since we also have a natural bijection
between bimorphisms (F, G) — 4 and morphisms F ® G — A4, we have

ProrosiTION 10.4.  The functor —® G is left adjoint to the functor
®-CAT"(G, —) from w-Cat" to w-Cat".

PropoOSITION 10.5.  For cubical w-categories F,G,H, there are natural
isomorphisms of cubical w-categories

() (FRG)QH=F®(G® H), and

(i) w-CATY(F ® G,H) = o-CAT?(F,w-CAT"(G, H)) giving »-Cat”
the structure of a monoidal closed category.

Proof. (1) This isomorphism may be proved directly, or, as is well
known, be deduced from the axioms for a monoidal closed category.

(i1) In dimension r there is by adjointness a natural bijection
o-CAT(F ® G,H) =w-Cat”(F ® G,P'H)
=~ @-Cat” (F,w-CAT"(G, P'H))
=w-Cat”(F, P'(v-CAT"(G, H)))
=w-CAT](F,w-CAT"(G, H)).

These bijections combine to form the natural isomorphism (ii) of cubical
w-categories because, on both sides, the cubical w-category structures are
induced by the corresponding operators 0%,¢;, etc. in H. 1

We can also relate the construction to the category of cubical sets, which
we denote Cub. The underlying cubical set functor U : w-CAT” — Cub has
a left adjoint o: Cub — w-Cat”, and we call o(K) the free cubical -
category on the cubical set K. The category Cub has a monoidal closed
structure in the same way as w-Cat” (see [13]); the internal hom CUB is
given by CUB(L, M), = Cub(L,P"M) where P" is now the n-fold path
functor on cubical sets. We have the following results.

ProrosiTION 10.6.  For a cubical set L and cubical w-category G, there is
a natural isomorphism of cubical sets

U(w-CAT?(e(L), G)) = CUB(L, UG).
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Proof. The functor ¢: Cub — w-Cat” is left adjoint to U:w-Cat” —
Cub, and this is what the proposition says in dimension 0. In dimension 7,
we have a natural bijection

w-CAT? (6(L), G) =w-Cat™(c(L), P'G)
=~ Cub(L, UP'G)

=CUB,(L, UG)
and these bijections are compatible with the cubical operators. 1

ProrosiTiON 10.7.  If K, L are cubical sets, there is a natural isomorphism
of cubical w-categories

c(K)®o(L)=2a(K®L).

Proof. For any cubical w-category G, there are natural isomorphisms of
cubical sets

U(w-CAT"(6(K) ® (L), G)) = U(w-CAT"(¢(K), »-CAT (a(L), G)))
~CUB(K, U(w-CAT"(a(L), G)))
~CUB(K,CUB(L, UG))
~CUB(K ® L, UG)
= U(w-CAT (¢(K ® L), G).

The proposition follows from the information in dimension 0, namely
w-Cat”(¢(K ® L), G) = w-Cat”(¢(K) ® a(L),G)). 1

The w-categories M (I") of Section 1 can be fitted into this framework if
one regards them as cubical w-categories. Indeed, as a cubical w-category,
M(I") is freely generated by one element in dimension n; therefore, M (I") =
o(I") where [ is the cubical set freely generated by one element in dimension
n. Calculations with cubical sets show that 1" @ I" = ["*" and we get the
following result.

COROLLARY 10.8.  These are natural isomorphisms of cubical w-categories

MI™) @ M(I") = M(I"*"). 1
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ProposiTION 10.9.
(1) M(I") ® — is left adjoint to P": w-Cat” — w-Cat".
(i) — @ M(I") is left adjoint to w-CAT"(M(I"),—).
(ili) w-CAT(M(I"),—) is naturally isomorphic to TP"T.

Proof. (i) There are natural bijections
o-Cat”(M(I") ® H,K) = w-Cat” (M (I"), »-CAT" (H,K))
~w-CAT)(H,K)
= w-Cat”(H, P'K).

(i1) This is a special case of Proposition 10.4.

(iii) Tt follows from (i) that TP"T : w-Cat” — w-Cat” has left adjoint
TM(I")®T(—-)) =2 —®TM(I"). But the obvious isomorphism 71 — [
induces an isomorphism TM(I") = M(I"), so —® TM(I") is naturally
isomorphic to — ® M (I"). The result now follows from (ii). 1

The free cubical w-category on a cubical set is important in applications
to concurrency theory. The data for a concurrent process can be given as a
cubical set K, and the evolution of the data can be reasonably described by
the free cubical w-category o(K); indeed, o(K) is the higher-dimensional
analogue of the path category on a directed graph. The idea is pursued by
Gaucher in [20].
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