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neutrino parameters both in the Standard Model (SM) and Minimal Supersymmetric Standard Model
(MSSM) with large tan 8, when the renormalization group evolution (RGE) and seesaw threshold effects
are taken into consideration. We find that in the SM all three mixing angles and atmospheric mass
squared difference are simultaneously obtained in their current 30 ranges at the electroweak scale.
However, the solar mass squared difference is found to be larger than its allowed 3o range at the low
scale in this case. There are significant contributions to neutrino masses and mixing angles in the MSSM
with large tan g from the RGEs even in the absence of seesaw threshold corrections. However, we find
that the mass squared differences and the mixing angles are simultaneously obtained in their current 3o
ranges at low energy when the seesaw threshold effects are also taken into account in the MSSM with
large tan .
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction Table 1
The experimental constraints on neutrino parameters taken from [2].
The neutrino oscillation experiments have enriched our knowl- Parameter Best fit 30

edge of masses and mixings of neutrinos anq thus flavor structure Am2,/10-5 V2 (NH or IH) 754 6.99-8.18
of leptons. The'se developments aspire theorists to construct qu— AmZ,/1073 V2 (NH) 243 219-2.62
els for unraveling the symmetries of lepton mass matrices. With 012 33.64° 30.59°-36.8°
the evidence of nonzero value of reactor mixing angle 613 [1] we 613 8.93° 747°-1019°
now have information of all three mixing angles contrary to ear- 623 3734° 35.1°-52.95°

lier studies where only an upper bound on 6;3 existed. The lepton
flavor mixing matrix comprises three mixing angles and a Dirac CP
violating phase, dcp. There are two additional CP phases if neu-
trinos are Majorana particles. The best fit values along with their
30 ranges of neutrino oscillation parameters [2]| are shown in Ta-
ble 1. The strength of this leptonic CP violation is parametrized
by Jarlskog rephasing invariant [3] | = 612512C23523C%3S13 sindcp.
The two Majorana phases, however, contribute to the lepton num-
ber violating processes like neutrinoless double beta decay. The
cosmological constraint on the sum of neutrino masses by the
Planck Collaboration [4] is X¥'m,, < 0.23 eV at 95% C.L. Depend-
ing on the values chosen for the priors this sum can be in the

range (0.23-0.933) eV. There are some challenges left namely to
determine the absolute mass scale, mass hierarchy of neutrinos
and the CP violation in leptonic sector amongst others. Evidence
for nonzero 613 has led to many studies for the deviation from the
assumed symmetries that predict the vanishing 613 value. Among
many possible discrete flavor symmetries to produce the current
data, S3 has been extensively studied in the literature [5]. It is
the smallest discrete non-Abelian group which is the permutation
of three objects. Perturbations to S3 symmetric leptonic mass ma-
trices have been used to study the mass spectra of the leptons
and predict well known democratic [6] and tri-bimaximal neutrino
mixing scenarios [7]. The most general form of S3 invariant Majo-
* Corresponding author. rana neutrino mass matrix [8] is given as

E-mail addresses: shivani@yonsei.ac.kr (S. Gupta), cskim@yonsei.ac.kr (C.S. Kim),
pankajs@kias.re.kr (P. Sharma). M, =pl+qD, (M

http://dx.doi.org/10.1016/j.physletb.2014.12.005
0370-2693/© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by
SCOAP3.


https://core.ac.uk/display/82203712?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1016/j.physletb.2014.12.005
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://creativecommons.org/licenses/by/3.0/
mailto:shivani@yonsei.ac.kr
mailto:cskim@yonsei.ac.kr
mailto:pankajs@kias.re.kr
http://dx.doi.org/10.1016/j.physletb.2014.12.005
http://creativecommons.org/licenses/by/3.0/
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2014.12.005&domain=pdf

354 S. Gupta et al. / Physics Letters B 740 (2015) 353-358

where [ is the identity matrix and D is democratic matrix with
all elements equal to 1, p and g are in general complex parame-
ters. There are quite a few studies on the breaking of S3 symmetry
in the leptonic sector [8,9] to produce the currently observed neu-
trino oscillation data. However, in the light of nonzero 613 another
interesting possibility can be to study radiative corrections to S3
symmetric neutrino mass matrix between the GUT scale Ag and
the electroweak scale Ay, in the SM and MSSM.

Earlier studies have shown that there are significant RGE cor-
rections to neutrino masses and mixing angles particularly for
quasi-degenerate neutrino spectrum in the MSSM with large tan S.
The SM is extended by three heavy right handed neutrinos at high
energy scale to generate neutrino masses in Type I seesaw mech-
anism [10]. The seesaw threshold corrections arise due to subse-
quent decoupling of these heavy right handed Majorana neutrinos
at their respective masses. The structure of the Dirac mass matrix
Mp is proportional to the neutrino Yukawa coupling matrix Y.
We take a general Y, and scan the parameter space to obtain
the desired mixing pattern. The right handed Majorana mass ma-
trix Mg is found by inverting the Type I seesaw formula at Ag.
Above the heaviest seesaw scale (Mg3) there is a full theory and
thus RGEs for Yukawa couplings Y., Y, and mass matrix My are
considered. However, since our right handed neutrino mass ma-
trix My is hierarchical (Mgry < Mgy < Mg3), we also consider the
seesaw threshold effects and thus the respective set of effective
theories in-between these scales, arising from the subsequent de-
coupling of heavy right handed fields at their respective masses.
In the SM we find that Amf3 along with the neutrino mixing an-
gles are generated in their present 3o ranges at the low energy
scale. However, Am%2 is greater than its allowed value (=~ 10~4)
in the SM. We find that it is possible to radiatively generate the
current neutrino masses and mixing angles from the S3 invariant
neutrino mass matrix M, in the charged lepton basis, when the
seesaw threshold effects are taken into account in the MSSM with
large tan 8. In the MSSM with large tan g, Amf2 can be produced
in its current range along with the other neutrino oscillation pa-
rameters at Ay, in the presence of these threshold corrections.

In Section 2 we give the form of lepton mass matrices consid-
ered at A. In the subsequent section, we give the RGE equations
governing from Ag to Aeyw, in presence of the seesaw threshold
effects both in the SM and MSSM. In Section 4 we study the or-
der of corrections to the neutrino mass matrix in the presence of
seesaw threshold effects. Section 5 gives our numerical results for
both cases under consideration. We conclude in the last section.

2. Form of lepton mass matrices at the GUT scale

We consider the basis where charged lepton mass matrix (M;)
is diagonal and the effective light neutrino mass matrix (M,) is
S3 symmetric as given in Eq. (1). The Yukawa coupling matrix for
charged leptons is given as

1.
Ye= ;Dlag(me, my, me), (2)

where the Higgs vacuum expectation value (VEV) v is taken to be
246 GeV in the SM and 246 - cos 8 GeV in the MSSM. The Yukawa
coupling matrix Y, for the light neutrinos is taken of the form
Y, = y,U,D as given in [11] where D is the diagonal matrix
Diag(r1,12,1). The three parameters y,, r1 and r, are real, pos-
itive and dimensionless that characterize eigenvalues of Y,. The
unitary matrix U, is the product of the three rotation matrices
Ro3(1)) - R13(793e*"5) - R12(¥1) having one CP violating phase §.
Thus, Y, has seven unknown parameters viz. three eigenvalues,
three mixing angles and one CP phase. We vary the three hierarchy
(yv, r1, 12) parameters and, though they are completely arbitrary,

but assumed to be < O(1). Three angles ¥4, ©¥,, ¥3 and § are var-
ied in the range of (0-2m).

The right handed mass matrix My is found by inverting the
Type I seesaw formula at Ag as

V2
Mg = —TYUM;]YZ. (3)

The three right handed neutrino masses Mgy, Mgy and Mg3 are
obtained by diagonalizing the right handed Majorana mass ma-
trix Mg. The light neutrino mass matrix M, can be diagonalized
by the unitary transformation R as RTM,R. One of the possible
forms of R can be

2 1 9
e

R=Umy= _$$_1ﬁ . (4)
V6 V3 2

The mass eigenvalues of M, are p, p +3q and p corresponding to
the light neutrino masses my, my and ms3, respectively. Due to the
degeneracy in the mass eigenvalues m; and ms, the diagonalizing
matrix R is not unique. Degeneracy of masses implies that R is ar-
bitrary up to orthogonal transformation R13(¢), where ¢ is in 1-3
plane. Thus, most general diagonalizing matrix R is UrgymR13(¢),
which implies the same physics as Urgy. In this work we set ¢ =0
without loss of generality [8,9]. From the neutrino oscillation data
we know Ami, ~ 10> and thus, there is small difference in the
mass eigenvalues m; and my which is a possible objection to this
scenario of S3 invariant approximation as here m; and ms are de-
generate. This problem was elegantly solved in [8] where complex
values of p and q are allowed. In that case we can easily achieve a
situation where all three neutrinos are degenerate.

As shown in [9], g can be chosen completely imaginary and p
is taken to be \ple*"%. The magnitudes of p and g can be written
in terms of parameter x as

o 2 o
=xsec —, = —xtan —, 5
Ip| Iq] 3 > (5)

2
where x is a real free parameter and allowed range of « is 0 <
o < . The magnitude of p and p + 3q can be made equal by ad-
justing the phase «. The parameter x vanishes when o = 180° and
thus this value is disallowed. Substituting the values of p and q
given in Eq. (5), the magnitudes of the mass eigenvalues are given
as

o
|m1|=|mz|=|m3|:xsec§, (6)

This results in equal magnitude of all three mass eigenvalues and
thus a degenerate spectrum of neutrinos to begin with at Ag. As
pointed out earlier in [9] the phase « affects the rate of neutrino-
less double beta decay but will not affect neutrino oscillation pa-
rameters. Thus, this phase is of Majorana type. When we run these
masses from Ag to Mgs3, the degeneracy of the mass eigenvalues
is lifted by RGE corrections. We consider the normal hierarchical
spectrum of masses where my is the lowest mass. The other two

masses are given as my = ,/m$ + Am3, and m3 = ,/m? + Am3,.

Since the three mass eigenvalues at A, have equal magnitude the
two mass squared differences are vanishing to begin with. Once
the degeneracy of three mass eigenvalues is lifted, their nonzero
values are generated. In subsequent sections we will explore gen-
eration of the solar and atmospheric mass squared differences,
together with the three mixing angles in their current 30 limit at
Aew through the radiative corrections from Ss3 invariant neutrino
mass matrix at Ag.
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3. RGE equations with seesaw threshold effects

In Type I seesaw the SM is extended by introducing three heavy
right handed neutrinos and keeping the Lagrangian of electroweak
interactions invariant under SU(2); x U(1)y gauge transformation.
In this case, the leptonic Yukawa terms of the Lagrangian are writ-
ten as

_ _ . 1 -
—Ly =le¢pYeeg + 1Y, Vg + Ev,ﬁ,MRvR + h.c. (7)

Here ¢ is the SM Higgs doublet and ¢ = io2¢*. e and vg are right
handed charged lepton and neutrino singlets, Y. and Y, are the
Yukawa coupling matrices for charged leptons and Dirac neutrinos,
respectively. The last term of Eq. (7) is the Majorana mass term for
the right handed neutrinos.

Quite intensive studies have been done in the literature [12,13]
regarding the general features of RGE of neutrino parameters. At
the energy scale below seesaw threshold i.e. when all the heavy
particles are integrated out, the RGE of neutrino masses and mix-
ing angles is described by the effective theory which is the same
for various seesaw models. But above the seesaw scale full theory
has to be considered and thus, there can be significant RGE effects
due to the interplay of heavy and light sector. The RGE equa-
tions and subsequent decoupling of heavy fields at their respective
scales are elegantly given in Ref. [14,15]. The comprehensive study
of the RGE and seesaw threshold corrections to various mixing sce-
narios is recently done in [16].

The effective neutrino mass matrix M, above Mgs is given as

2
M, () = —%YZ (WM (W)Y (). 8)

where v =246 - sin8 GeV in the MSSM and w is the renormal-
ization scale. Y, and Mg are p dependent. Since we study the
evolution of leptonic mixing parameters from Ag to Aey scale in
a generic seesaw model we need to take care of the series of ef-
fective theories that arise by subsequent decoupling of the heavy
right handed fields Mg; (i =1,2,3) at their respective mass thresh-
olds. The Yukawa couplings Y, and My are dependent on the
energy scale A. At the GUT scale we consider the full theory and
the one loop RGEs for Y, Y, and My are given as

. 1
Yie vy = ——=VYelaje,v) + C1,3yHe + Ci2,4yHy 1,

~ 1672
: T
Mg = 167T265[(YVY3)1\/1R +Mr(YoYD)'], (9)
where Y; = % (i=e,v), t=In(/pmo) with () being the run-

ning (fixed) scale, and H; = Yl.TYi (i =e,v). The coefficients are
C1=3,C=-3,03=-3,C4=3,C5=1inthe SMand C; =3,
C;=1,C3=1, C4 =3, C5 =2 in the MSSM, respectively. The ex-
pressions for o, and «, in the SM and MSSM are explicitly given
as

4
_ 2 2 2
e vymssmn = TrGHa,uy + Hiew) — (Kf,.0) 87 +383). (10)

where gq, are the U(1)y and SU(2); gauge coupling constants.
The heavy right handed mass matrix Mp obtained from Eq. (3) is
nondiagonal and thus is diagonalized by the unitary transformation
Ug as UgMRUR = Diag(Mg1, Mg2, Mg3). The Yukawa coupling Y,
is accordingly transformed as Y, U}. At Mgs, the effective operator
k(3) is given by the matching condition as

9
e vysmy =Tr(3Hy +3Hg + He + Hy) — (K{]e,v}gf + —g%),

K@) =2YT MYy, (11)

in the basis where My is diagonal. The Yukawa coupling Y, above
is a 3 x 3 matrix and all the variables are set to the scale Mg3. At
the scale lower than Mg3 (. < Mg3) the effective neutrino mass
matrix M, is given as

v T a1
My = = {Kk@) +2Yy,3 Mg Yo |- (12)

As can be seen, M, is the sum of k3 given in Eq. (11) and the
seesaw factor which is obtained after decoupling Mg3. Thus, Y3,
is 2 x 3 and Mg(3) is 2 x 2 mass matrices. RGE between the scales
Mpg3 and Mgy is governed by the running of k(3), Yy(3) and Mg3).
The running of k3, is given as

K3 = 1672 [(C3He + CsHu(z))TK(a) +Kk3)(C3He + CeHy(3))

+ a3k, (13)

where Cg = J and Hy3) = YI(3)YV(3>- a3 in the SM and MSSM is
explicitly given as

a@ysmy = 2Tr(3Hg + 3Hy + He + Hy3)) — 383 + 4,
6
a@3ymssmy = 2Tr(3Hy + Hy3)) — gg% - 6g§,

where all the parameters are set to seesaw scale Mgy. The low
energy effective theory operator k() is obtained after integrating
out all three heavy right handed fields. The one loop RGE for « (1)
from lowest seesaw scale Mgy down to Aey Scale is given as

k1) = (C3HD )k + k1) (C3He) + otk ay, (14)

where
o =2Tr(3Hy +3Hg + He) —3g5 +A in the SM,
6
o =2Tr(3H,) — ng —6g2 in the MSSM. (15)

When the Higgs field gets VEV, the light neutrino mass matrix is

2
obtained from k(1) as M, = %. We diagonalize M, to obtain
neutrino masses, mixing angles and CP phases.

4. Neutrino masses and mixings

The RGE above the Mg3 depends on more parameters than be-
low the lowest seesaw scale Mg; due to presence of the neutrino
Yukawa couplings (Y,). The RGE equations consist of He, Mg and
H, out of which latter can be large. In the basis where charged
lepton mass matrix is diagonal, M, at two different energy scales
Aew and Ag are homogeneously related as [17,18]

MAew = [ 1T MOE 1L (16)

Here Ik is a flavor independent factor arising from gauge inter-
actions and fermion antifermion loops. It does not influence the
mixing angles. The matrix I has the form

I =Diag(e™%¢, e~ e~ 4r)

2 Diag(1 — Ae. 1= Ay, 1= Ar) + O(AZ 1), (17)
where
Aj=1— /[B(Hj)—(ij)]dt, (18)

where j =e, , T. Numerically, A3M can be of the order of 1073
when Y; ~0.01 and Y, = 0.2 and the scales p and pq are 10'2
and 102, respectively. In the MSSM, AMSM ~ 10=3(1 + tan? g) for
the same values of Y, and Y;. In the absence of seesaw threshold
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Table 2
Numerical values of input and output parameters that are radiatively generated via the RGE and seesaw threshold effects both in the SM and MSSM. The input parameters
are taken at Ay =2 x 10’6 GeV and tan g = 55 in the MSSM.

Parameters SM MSSM Observables SM MSSM
Input Output
r 7 %1073 3x1074 my (eV) 9.4 x 1072 1.47 x 1072
r 033 034 12 34.3° 35.2°
) 158.1° 96.3° 13 7.88° 9.85°
Yo 0.72 0.49 03 47.7° 47.4°
61 225.2° 188.5° am?, (eV?) 4.18 x 1074 7.14 x 1073
0, 244.6° 245.8° Am?, (eV?) 2.48 x 1073 2.35x 1073
03 345.5° 241.7° Mg (GeV) 3.1 x10° 2.86 x 103
x (eV) 7.46 x 1072 1.9x 1073 Mg (GeV) 4.43 x 108 9x 108
a 102.5° 170.2° Mg3 (GeV) 2.83 x 10° 4.7 x 10°
J —2.99 x 102 —3.87 x 1072
|Mee| (eV) 9.2 x 102 1.03 x 102
50 0.12
w0l 0.115 |- B
0.11
B 30 - =
(5]
c 0.105 |-
& 20 | L
0.1 -
0r 0.095 - i
0 0.09
0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16
Log1o(W/GeV) Log1o(W/GeV) Log1o(W/GeV)

Fig. 1. The RGE of the mixing angles, masses and mass squared differences between A and Aey in the SM. The initial values of the parameters are given in the second
column of Table 2. The boundaries of three gray shaded areas, i.e. dark, medium and light denote the points when heavy right handed singlets Mg3, Mgy and Mg are
integrated out respectively.

effects, A; is small ~ 107> in the SM for the above mentioned 5. Radiative and threshold corrections in the SM
values of Y;.

Above seesaw scale appreciable deviations may occur only for Study of radiative corrections to S3 symmetric neutrino mass
large values of Y; or Y,. In the absence of seesaw threshold effects ~ Matrix can be divided into three regions that are governed by dif-
i.e. when there is no H, term in Eq. (18) the radiative corrections ferent RGE equations. The first region is above the highest seesaw

are governed by A, term as A, is too small. On the other hand, scale Mg3 to Ag, where there can be considerable contribution

due to the presence of large H,, A, can have comparable contri- of Y,. Thg secoqd rggion is in-between the three seesaw scales
butions as A;. Below the seesaw scales, deviations are obtained and the third region is below the lowest seesaw scale Mg;, where

| o ’ Ve all heavy fields are decoupled. The solar mixing angle 61, can have
from Yr ~ 2me /v ~ Q(IO ) n tl?e SM' and ~ veosp M the  Jarge RGE corrections as the running is enhanced by the factor
MSSM. Tt.lere can be significant dev1a.t10ns in tbe MSSM with la.rge proportional to m22 at the leading order, which can be large for
tan 8 which enhances Y. The analytic expressions for the running Am

neutrino mixing angles, masses and CP phases are quite long and

12
degenerate spectrum. The RGE is comparatively small for other two
2

have been earlier derived in literature [19]. mixing angles 6,3 and 613, where the RGE is proportional to Amm%.

At Ag we have seven free parameters in Y, and two free pa- However, for the degenerate neutrino mass spectrum there can be
rameters « and x in M,,. The three mixing angles in ¢4, ¥, and 3 considerable corrections for these mixing angles, too. Below the
and phase § are allowed to take the values in the range (0-27). seesaw scale the RGE corrections to the mixing angles in the SM

The hierarchy parameters y,, r1, rz and x are randomly varied and are negligible as they get contributions only from Y. In Fig. 1, we
are expected to be < O(1). The physical range of phase « is from show the RGE corfections to the mix.ing apgles and masses in the
(0-7r). The mass spectrum at the high scale is degenerate and thus SM for Fhe set of input parameters given in second colurpn .of Ta-
we have vanishing solar and atmospheric mass squared difference ble 2. Flg' 1 shows t.hgt below Mgy scale there arg no significant
to begin with. The parameter space at Ag with which the low en- cgrrectlons t,o the MIXing anglgs. Below Mpgi, running of the mass
ergy neutrino data is obtained at A,y is illustrated in Table 2. The eigenvalues is significant even in the SM for degenerate as well as

¢ of input ters in that ticul i is al hierarchical neutrinos [13] due to the factor « given in Eq. (15),
S? ° .mpu parameters in that particuidr 'parame el space l,s aiso which is much larger than Y%. The running of masses is given by
given in the table. We choose the set of input parameters in pa-

. : . a common scaling of the mass eigenvalues [20]. Clearly, the RGE
rameter space at the high scale for which maximum value of 613 of each mass eigenvalue is proportional to the mass eigenvalue it-

is obtained and the other mixing angles and mass squared differ- self. The running of masses in Fig. 1 can be seen to start from
ences are simultaneously obtained in current 30" range at Aew.  the degenerate values of masses at Ag and there are significant
However, the parameter space under consideration is only for il-  corrections to the masses below Mg1. Earlier analysis [21] studied
lustration and not unique. Search for complete parameter space is the successful generation of mass squared differences and mixing

an elaborate study and thus independent future work. angles for degenerate neutrinos in the SM. In their analysis it is
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0.055

357

0.05 -
0.045 -
0.04 -
S 0.035
0.03 |-
0.025 -
0.02 |-
0.015 -
0.01 !

0 2 4 6 8 10 12 14 16 0
Log1o(W/GeV)

6

Log1o(W/GeV)

8

Log1o(W/GeV)

Fig. 2. The RGE of the mixing angles, masses and mass squared differences between Ag and Aey in the MSSM with tan 8 = 55. The initial values of the parameters are given
in the third column of Table 2. The boundaries of three gray shaded areas, i.e. dark, medium and light denote the points when heavy right handed singlets Mg3, Mg, and

Mg are integrated out respectively.

shown that the generation of mass squared differences is very sen-
sitive to the value of sin® 612, which should be greater than 0.99
to fit the mass squared differences simultaneously with the con-
sistent angles. This limit is, however, completely ruled out by the
current oscillation data. The degeneracy of three mass eigenvalues
is lifted by the RGE running from Az to Mgs. Potentially signifi-
cant breaking of neutrino mass degeneracy is provided by the RGE
effects. The seesaw threshold effects in addition increase the mass
splitting between the masses m, and mj required to fit the masses
with the current data in terms of mass squared differences.

Running between and above the seesaw scales is modified by
the contribution of Yukawa couplings Y,. The contribution of Y,
in the RGE can result all the three mixing angles in their currently
allowed ranges at the EW scale in the SM. Thus, there are sig-
nificant corrections to mixing angles even in the SM in presence
of the seesaw threshold effects when there is exactly the degen-
erate mass spectrum to begin with. As can be seen from Fig. 1,
the mixing angles at the GUT scale are 6,3 = 45°, 612 = 35.3° and
613 = 0°. For the set of parameters given in the second column
of Table 2 we get the mixing angles in the allowed range at the
electroweak scale in the SM. 653 is found to have values below
maximality. The presence of Y, in the RGE equations makes this
possible even in the SM, as can be seen in Fig. 1. The gray shaded
area in Fig. 1 and Fig. 2 illustrates the ranges of effective theories
that emerge when we integrate out heavy right handed singlets.
At each seesaw scales, i.e. Mgi, Mgy and Mgs3, one heavy singlet
is integrated out and thus (n — 1) x 3 sub-matrix of Y, remains.
Therefore, the running behavior between these scales can be differ-
ent from running behavior below or above these scales. Between
these scales the neutrino mass matrix comprises two terms &,
and ZYE(H)MEJM Yy, as given in Eq. (12). It is shown in [13] that
in the SM these two terms between the thresholds are quite differ-
ent which can give dominant contribution to the running of mixing
angles in this region. Both 01, and 0;3 in Fig. 1 get large correc-
tions between three seesaw scales. 6,3 gets the deviation of ~ 2.7°
in the upper direction. In the SM, Am%3 is generated within the
current oscillation data limit (= 2.48 x 10~3 eV?) starting from the
vanishing value at the Ag since all masses are degenerate, as seen
from Fig. 1. The solar mass squared difference Am%2 of the order
of ~10~* eV? is simultaneously generated at the A, as shown
in Fig. 1 which is larger than its present value. The byproduct of
this analysis is the masses of right-handed neutrinos that are de-
termined from Eq. (3) and are not free parameters. The values of
[Mee| and | at the Aey, are also calculated for particular set of
parameters given in Table 2. The value of |Mee| will be useful to
provide limit on unknown absolute neutrino mass.

6. Radiative and Threshold corrections in the MSSM

As stated earlier we divide the radiative corrections to S3 sym-
metric neutrino mass matrix into three regions governed by differ-
ent RGE equations in the MSSM. In the region below the lightest
seesaw scale, for the SM and MSSM with small tan 8, Yukawa cou-
pling Y; ~0.01 is small, and thus there are small corrections. For
large tan 8 these corrections can be larger due to the presence of
factor Y2(1 + tan? ) in the MSSM. We show the RGE of mixing
angles and masses in the MSSM with tan 8 =55 in Fig. 2 for the
set of input parameters given in third column of Table 2. In the
region above the energy scale Mgy, we get contributions from an-
other Yukawa coupling Y, which brings in more free parameters
in the analysis. In the region for the MSSM with large tanj the
presence of seesaw threshold effects can enhance the RGE of the
mixing angles significantly. As can be seen from Fig. 2, we can
have all three mixing angles simultaneously in the current limit
at the EW scale starting from S3 symmetric neutrino mass ma-
trix at the Ag. Fig. 2 shows that there are large corrections to
613 (~9.85°) between the Ag and M3 scale due to the presence
of Y,. As mentioned earlier, the running of neutrino mass matrix
between the seesaw thresholds gets contributions from two terms
K@ and 2YvT(n)ME(ln)Yv(n) given in Eq. (12). In the MSSM, as can be
seen from Fig. 2, there are not much deviations in the mixing an-
gles between the energy scales. It is because the two contributions
K@) and 2Y§(n)ME(1n)Yv(n) are almost identical and thus cancel each
other resulting in minimum deviation in those regions. The only
significant correction occurs in the region above Mg3 due to rela-
tively large Y,.

The mixing angle 6, does not have much corrections and 63
receives the correction of 2.5° in the upper direction and is thus
above maximal. The running of masses in the MSSM (Fig. 2) is
much larger than the SM due to the presence of tan8 which in
our case is large. The dominant effect, however, is the corrections
in the range Mr3 < u < Az where the flavor dependent terms (Y]
and Y,) can be large. The interesting dependence of «, (MSSM)
and tan B on the running contributions of flavor dependent terms
is given in [13]. For large tan g8 the contribution of Y, and Y, be-
comes important. We also show the radiative corrections to the
two mass squared differences from the Ag to the Ay for degen-
erate masses at the GUT scale in the MSSM with tan g = 55. To
begin with both the mass squared differences are zero at the GUT
scale. From the mass squared differences shown in Fig. 2, we see
that the RGE in combination with seesaw threshold corrections can
result both mass squared differences in their current 3¢ ranges at
the low scale. For given set of input parameters in Table 2, the
value of |M| is ~ 1072 eV and that of | is ~ 3.87 x 102. Thus,
we find that it is possible to simultaneously obtain the neutrino
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oscillation parameters at the electroweak scale for S3 mass matrix
at the A in the MSSM with large tan .

7. Conclusions

We studied the RGE corrections to the S3 symmetric neutrino
mass matrix in the presence of seesaw threshold corrections both
in the SM and MSSM. In the absence of seesaw threshold effects
there are negligible corrections to the mixing angles in the SM and
MSSM with low tan 8. However, significant corrections are possi-
ble in neutrino parameters once the seesaw threshold effects are
taken into consideration both in the SM and MSSM. In the SM we
found that the mixing angles can be obtained in their current 3o
range at the electroweak scale when we begin with the S3 sym-
metric neutrino mass matrix at the GUT scale Ag. The significant
running occurs between and above the seesaw threshold scales.
Below lowest seesaw scale there are no significant corrections as
the only contribution comes from Y, which is small. However, in
this case of exactly equal magnitude of mass eigenvalues, the so-
lar mass squared difference is not simultaneously generated with
other neutrino parameters in the current range at the electroweak
scale in the SM. There can be large radiative corrections in the
MSSM with tan 8 =55 when threshold effects are taken into con-
sideration. The large corrections to the mixing angles occur at the
scale above the seesaw threshold where the Yukawa coupling, Y,,
is present and has large free parameters which can enhance run-
ning for large tan 8. Thus, in the MSSM with large tan 8 we can
simultaneously generate all the masses and mixing angles in the
currently allowed range at the electroweak scale, starting from ex-
actly degenerate mass spectrum at high scale.
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