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We characterize those interval graphs G with the property that, for every vertex u, there 

exists an interval represention of G in which the interval representing 21 is the left-most (or 

right-most) interval in the representation. 

Interval graphs have been studied with regard to their application to a variety 
of subjects, including genetics, archaeological seriation, and the theory of prefer- 
ence and indifference. (See, for example, [2] and [4].) In many of these applica- 
tions it is desirable to have an interval graph with as few different interval 
representations as possible, ideally only two, one the reverse of the other. 
Unfortunately, this is not usually the case. We demonstrate here that there is a 
large class of interval graphs whose representations are far from being unique. 

Our notation will follow that of [ 11. Let an undirected graph G have vertex set 

V(G) = (~1, ~2, . . . , up}. The Graph G is called an interval graph if there exists a 
set {II,. . . , I,} of intervals of the real line such that, for i # j, 

vivj~E(G) iff IiflJ#@. 

The set {II, . . _ , I,} is called an interval representation of G. (See Fig. 1.) We can 
assume, without loss of generality, that an interval representation consists of 
closed, nonempty, finite intervals in which all endpoints of the intervals are 
distinct. 
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Fig. 1. An interval graph G and a representation of G. 

Interval graphs have been characterized in terms of forbidden induced sub- 
graphs [3]. We will only use the fact, which can be easily verified, that C, and C, 
(see Fig. 4) cannot be induced subgraphs of an interval graph. 

Let {II, . . . , I,} where Ii = [a,, bi] be a set of intervals of the real line. An 
interval Ii is called an end interval of the set if a, s ai for all j or if bi 2 bi for all j. 
An interval graph G is called homogeneously representable if for every vertex v in 
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V(G), there exists an interval representation of G in which the interval represent- 
ing u is an end interval. For example, the graph in Fig. 1 is a homogeneously 
representable interval graph, but neither of the graphs in Fig. 2 is homogeneously 
representable. 

To prove our main theorem characterizing homogeneously representable inter- 
val graphs, we need the following notation and lemma. Recall that the open 
neighborhood N(u) of a vertex r~ is the set of all vertices adjacent to 2). The closed 
neighborhood N[v] is set N(v) together with o itself. For any vertex u of a graph 
G, partition N[v] into two sets: S(v)={w~N[v]: N[w]~N[ul) and T(v)= 

N[v]-S(v). 

Fig. 2. 

Lemma. Let v be a vertex of an internal graph G. If the graphs G, and Gz shown 

in Fig. 2 are not induced subgraphs of G, then for all a, b E T(v), 

(a) either N[a]-S(v)sN[b]-S(v) or N[b]-S(v)zN[a]-S(v), and 

(b) either N[a]nN(v)cN[b]nN(v) or N[b]nN(v)sN[a]nN(v). 

Proof. If IT(v 1 then the lemma is trivially true. Therefore, assume that 

IT(v)]> 1. 
(a) Suppose there exists a, b E T(v) such that N(a) -N(v) $ N[b] and N(b) - 

N(v) $ N[ a 1. Then there exists a’ in (N(a) - N(v)) - N[ b] and there exists b’ in 
(N(b)-N(v))- N[a]. (See Fig. 3.) But now, regardless of whether a’b’ and ab are 
in E, we obtain C,, C,, G1 or Gz as an induced subgraph, which gives us a 
contradiction. As a result, without loss of generality, we can assume that N(a)- 
N(v) E N[b]. Let a’ E N(a) - N(v). Then a’b E E. From this, it follows that ab E E, 

since otherwise {a’, b, v, a} would induce C, in G. Applying this reasoning to 
every a, b in T(v), we see that T(v) induces a complete graph in G, and hence we 
can say that N[a]-S(v)cN[b]-S(v). 

(b) Assume there exists a, b E T(v) such that N[a] nN(v) & N[b]nN(v) and 
N[b]nN(v)$N[a]nN(v). Then there exists a’ in (N[a]nN(v))-N[b] and b’ in 
(Mb] n N(v)) -N[a]. From part (a) we see that ab E E. Thus a# a’ and bf b’. 

Now a’b’ is not in E or else {a, b, b’, a’} would induce C, in G. But a, b E T(v) 

Fig. 3. 
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and hence by part (a), without loss of generality, we can assume that N(a)- 

N(u) E N[b]. Therefore, and since a is in T(v), there exists c in (N(a) n N[b])- 

N(u). Because u’ is in N(v), but not in N[b], and because we proved T(u) E N[ b] 

in part (a) we see that a’ (and similarly b’) must be in S(V). Since a’, b’ are in 

S(V), a’c and b’c are not in E. Therefore the subgraph of G induced by 

{a, b, a’, b’, c} is isomorphic to GZ, which gives us a contradiction. Thus we must 

have either N[a]nN(u)~N[b]nN(v) or N[b]nN(u)sN[a]nN(u). 0 

We now can prove our main theorem. 

Theorem. An interval graph G is a homogeneously representable interval graph if 
and only if G has no induced subgraphs isomorphic to G, or G2 shown in Fig. 2. 

Proof. For necessity, it can readily be seen that the vertex v in the interval graphs 

G1 and G2 in Fig. 2 cannot be represented by an end interval. 

The proof of sufficiency proceeds by induction on the order of G. If p(G) = 1, 

the statement is trivial. Assume it is true for all graphs H with p(H) < n, and 

consider an interval graph G with p(G) = n that does not have G1 or Gz as 

induced subgraphs. If G is not connected, then by the inductive hypothesis, each 

component of G is homogeneously representable, and so clearly G is also 

homogeneously representable. Therefore, let us assume that G is connected. Let 

V = V(G). Choose any vertex 21 in V. Let S = S(V) and T= T(v). If T is empty, 

then v is adjacent to every vertex in V, since G is connected. But then one can 

take any interval representation of G and extend the interval representing 0 

beyond the other intervals and so obtain a representation in which u is rep- 

resented by an end interval. Hence, let us now assume that Tf 8. 
By the lemma, we may label the elements of T with a,, a2,. . . , a, where 

N[a,]-SsN[a,]-Ss- * * c N[a.,,]- S. Also label T as cl, c.,, . . . , c,, where 

N[c,] n N(v) E wc2] n N(v) E . . . E N[ c,,] n N(v). Note that S is non-empty since 

ZJ E S. Therefore by the inductive hypothesis, G - S is a homogeneously represent- 

able interval graph, and so it has a representation in which the interval represent- 

ing a, is the left-most end interval. Without loss of generality, assume the left 

endpoint of that interval is 0. Now extend the intervals representing ~1~, u3, . . . , a, 

by moving their left endpoints to 0. This does not create any new intersections by 

part (a) of the lemma. 

Also, by the inductive hypothesis, N(v) is a homogeneously representable 

interval graph, and so it has a representation in which the interval representing c1 

is the right-most end interval. Without loss of generality, assume the right 

endpoint of that interval is 0. Now extend the intervals representing c2, cg, . . . , c, 
by moving their right endpoints to 0. This does not create any new intersections 

by part (b) of the lemma. 

If one now ‘glues’ these two interval representations together, one obtains an 

interval representation of G - ~1 in which the intervals extending to the left of 0 
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are exactly those intervals that correspond to the vertices in N(v). Therefore, we 
can now form a representation of G in which the interval representing u is the 
left-most end interval by adding an interval to represent u whose left endpoint is 
to the left of all other intervals and whose right endpoint is 0. This shows that G 
must be a homogeneously representable interval graph and so completes the 
proof of the theorem. q 

Corollary. A graph G is a homogeneously representable interval graph if and only 
if it does not contain any of the graphs in Fig. 4 as induced subgraphs. 

G1 G2 c4 c5 

Fig. 4. 

Proof. This follows immediately from the theorem above and the theorem in [3] 
characterizing interval graphs in terms of forbidden induced subgraphs. 0 
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