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1. Introduction

Letx;,j = 1,...,N;;i = 1,...,k, be independently distributed as multivariate normal with mean vectors x; and
covariance matrices X, denoted as Ny, (p;, %), where m denotes the dimension of the random vectors x;; which will be
assumed to be bigger than the sample sizes,m > N;,i = 1, ..., k. In microarray datasets, m is usually in thousands whereas
N; are small, often much less than 50. The analysis of such datasets has often been carried out in the two-sample case under
the assumption that ¥; = X, without verifying or testing this assumption. Schott [1] and Srivastava [2,3] have proposed
tests for testing the equality of two or more covariance matrices. In this paper, we propose another test and compare its
performance with the above tests. In order to describe these test statistics, we first consider the sufficient statistics given by

Ni Ni

_ 1 ¢ - _ _ .

xi:—Zx,-j, Vl-:Z(xij—x,-)(x,-j—x,-), i=1,...,k (1.1)
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We shall first consider the case of k = 2, that is, we test the hypothesis of equality of two covariance matrices:
HZZ1=22=2 VSAZZ]#E}

Sometimes, it may also be of interest to consider only one-sided alternative such as A, : ¥; > X5, where ¥; > X}
means Y| — X, is positive definite. For if it is known that one group has a larger covariance matrix than the other group, it
may be advisable, if feasible, to take larger sample from the group that has a larger covariance matrix to offset the largeness
to some degree.

For testing the equality of two covariance matrices, we note that S; and S, are unbiased estimators of X and X,
respectively. However, since n; < m, these are singular matrices and hence V; are distributed as singular Wishart,
Vi ~ W, (X5, n;), n; < m, see Srivastava [4] for the distribution of a singular Wishart matrix. Whenn; > m,i = 1, 2,
the likelihood ratio test is based on the eigenvalues of v;lvz. Although Vfl does not exist when n; < m we may consider
the Moore-Penrose inverse of V. Thus, for testing the hypothesis H : ¥; = X, against the alternative A : Xy # X,
Srivastava [2] proposed a test based on the statistic

G, = mb tr v, s, (1.5)
where V;" is the Moore-Penrose inverse of V;, defined in Section 2, and b is a consistent estimator of
tr ' /m)?
p— TE/m” (16)
tr ¥2/m

X being the common unknown covariance matrix of the two populations under the null hypothesis that ¥y = X, = X.
We estimate this common covariance matrix X' by

~ 1 1
Ezﬁvzm(vlﬁ-Vz)ES,
andbby b = a?/a,, where n = ny + n, and
R 1 ~ 1 2 1 2
a; = ﬁtr v, a = (11_1)(—"+2)171 :trv — H(tr V) } . (1.7)

It may be noted that when Xy = ¥, = X,V ~ W,,(X, n). It can be shown that for fixed n; and n,, and under the hypothesis
H: 21 = 22,

Jlim Gy ~ g,y (1.8)

where x? denotes a chi-square random variable with f degrees of freedom. It is found that this test does not perform well.
Thus, we need to consider alternative tests.

We consider a measure of distance between the hypothesis and the alternative, namely the Frobenius norm. A test based
on a consistent estimator of this distance has been proposed by Schott [1]. It is given by

i ( +a 2t55> (1.9)
= |Gy +apn——tr , :
201 + ) 21 2 = 515
which, under the null hypothesis, is distributed as N(0, 1) as (m, ny, n,) — oo, provided m/n; — ¢ € (0,00) as

(m, n;) — o0,i =1, 2. Using a lower bound on Frobenius norm, a test based on its consistent estimator has been proposed
by Srivastava [3]. It is given by

b

by —a
T,= =2 (1.10)

Vit + s

where 77 are consistent estimators of

4 2n;a
=5 <1 + ’24), i=12. (1.11)
n; ma;

Under the null hypothesis of equality of two covariance matrices, T, is asymptotically distributed on N(0, 1) as (n, m) — oc.
Equivalently, T is asymptotically distributed as chi-square with one degree of freedom, xZ, under the null hypothesis.
The above two tests are based on the differences of tr 7 and tr X7. But the differences between tr ¥y and tr X, may
also throw a light on the differences between the two covariances. To devise a procedure that takes into account this fact,
we consider a measure of distance by tr 212 /(tr X1)? —tr 222 /(tr X,)?. Thus, we propose our test based on a consistent
estimator of this measure of distance, namely,
0= S

VE? +&

(1.12)

where
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~ aZi .

vi= . 1=12 (1.13)
a3

and éiz are consistent estimators of

4 (a2 2n (@ 2ma; a
g-{2+ (22 ) i (114
n? la? m \d a a’

Under the null hypothesis H and assumption of (A1)-(A4), which are described in Section 2, Q, is asymptotically normally
distributed as N(0, 1) as (m,n) — oo. Thus the test based on Q, can be used to test one-sided hypothesis such as
H: X = X,vsA: X > X, since tr ¥?/(tr ¥)? is a monotone increasing function of the ordered eigenvalues of X,
see Srivastava and Khatri [5] in Corollary 10.4.2, page 317.

For testing the equality of several covariance matrices, Schott [1] proposed a test based on the statistic

k 2
tr (S; — Sj)
Jo=) —— (1.15)
i<j 0
where ¢; = m/nii=1,...,kand
k k 1/2
0=201> E+&)"+Kk-1k=-2)Y & . (1.16)
i<j i=1
It is assumed that ¢; — ¢; € (0,00),as (m, ;) — 00,i=1,...,k and 0 < limy,_, o tr Ef/m < o00,j=1,...,8 Under

. . d
these two assumptions, Schott [ 1] has shown that when the null hypothesis holds, J, — N(0, 1) as (m, n;) — oo, where ‘d’
stands for ‘in distribution’.
The generalized version of the Tzz—statistic for testing the equality of k covariance matrices is given by

k A A N2
2 (a2i — az)

=) ———, (1.17)

i=1 i
where @, is a weighted mean of @1, . . . , g, i.e.

k ~ A

) Z aai/ 1}

5= 5 , (1.18)
> /7
i=1

and 7);’s are estimated values of (1.11). It is easily seen that T,f with k = 2 coincides with a squared T, in (1.10). The estimators
dyandasuseV =V; +---+V,and n = n; + - - - + n. Asymptotically Tk2 is distributed as xk{] under the null hypothesis
that all covariance matrices are equal.

The generalization version of the Q22 -statistic for testing the equality of k covariance matrices is given by

Y=Y 5 (1.19)
i &
where 7 is a weighted mean of 71, ... ., 1, i.e.,
Koo
_ Zyi/ i
5= ’ (1.20)
> 1/8

and é‘,.z's are estimated values of (1.14). It is easily seen that ka with k = 2 coincides with a squared Q, in (1.12). The
asymptotic distribution of Q2 is x2 ;.

The organization of this article is as follows. In Section 2, we give some preliminary results. The problem of testing the
equality of two covariance matrices is considered in Section 3 and that of several covariance matrices in Section 4. The
comparison of power of the tests for the equality of two and three covariance matrices is done in Section 5. In Section 6, we
give proofs of Theorems 2.1 and 2.2 which give important results and may be useful in future work as no such results exist
in the literature. The conclusion is given in Section 7.
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2. Preliminaries
The Moore-Penrose inverse of a matrix A is defined by A* satisfying the following four conditions : (i) AAtTA = A,

(ii) ATAAT = AT, (iii) (AAT) = AA™T, (iv) (ATA) = ATA. The Moore-Penrose inverse is unique. We shall make the
following assumptions:

(A1) n=o0@m%, &> 1/2,

n
(A2) limm/n=g, O<g<1i=1..kn=) m,
n—oo i1

(A3) 0 <ajp= lim trZi/m <00, i=1,...,4,
m—oo
(Ad) 0<ajp= lim tr¥/m<oo, i=1,....4j=1...k
m—o00
Lemma2.1. Let V. ~ W, (X,n), a; = tr ¥/m,i = 1,...,4. Then under the assumptions (A1) and (A3), unbiased and

consistent estimators of a; and a, as (n, m) — oo are respectively given by a; and a, defined in (1.7).

The following two lemmas on asymptotic normality of d, and = @, /a? are given in Srivastava [6].

Lemma 2.2. Let V ~ W, (X, n), 4, asdefined in (1.7), and a; = tr £'/m,i =1, ..., 4. Then under the conditions (A1) and (A3)

( li)m P{(@2 —az)/n =X} =P (%)

where @ (x) denotes the cumulative distribution function of a standard normal random variable, and n = n; with n; = n.

Lemma23. Let V ~ W,(X,n), y = G,/a? with a; and @, as defined in (1.7), and & = & with n; = n. Then under the
conditions (A1) and (A3)

" }ni)rl_l)ool’{(? -/ =x}=2X),

where y = ay/a3.

In order to apply Lemmas 2.2 and 2.3, we need consistent estimators of n and &, thatisof a;,i = 1, ..., 4. While consistent
estimators of a; and a, are available in Srivastava [6], and stated in Lemma 2.1, in the next two theorems we give consistent
estimators of a; and a4, the proofs are given in Section 6. These two theorems may be of great help in varieties of other
problems where consistent estimators of the third and fourth moments are needed, as no such results are available in the
literature.

Theorem 2.1. Let V ~ W,,(X,n), and a3 = tr X>/m. Then, under the condition (A3), and as (n, m) — oo, n = 0(m?%),
8 > 1/3, a consistent estimator of as is given by
a3 = - ltr V3 — 3n(n + 1)ma,a, — nm?a; ¢,
nn2+3n+4) |m
where d; and a, have been defined in (1.7).

It can be shown that an unbiased and consistent estimator of as is given by

O3, = n ltrV3—3(n—|—2)(n—1)& a, —nm*a3
T -1 —-2)(n+2)(n+4) |m 2 -

Theorem 2.2. Let V ~ W, (X, n), and a; = tr £*/m. Then, under the condition (A3), and as (n, m) — oo, n = 0(m?%),
8 > 1/2, a consistent estimator of a4 is given by

A 1 /1 . g . A
g = — [ —tr v —mcya; — m*cy@%a, — mesa; — nm’aj |,
Co \m

where

co=nm+6n>+21n+18), ¢, =2n2n*+6n+9),

6 =2n(3n+2), ¢ =n@n*+5n+7). (2.1)

Using these consistent estimator of as and a4, consistent estimators of #; and &; are obtained in this paper.
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3. Testing the equality of the two covariance matrices

Let x; be independently distributed as Ny, (p;, X3),i = 1,2,j = 1, ..., N. When N; > m the likelihood ratio test does
not depend on the sample mean vectors X; but only on the sample covariance matrices n;” v, n; = N; — 1. In fact, it depends
only on the eigenvalues of Vfl V5. Thus, we shall consider only those tests that are based on V;,i = 1, 2.

3.1. Atest based on the eigenvalues

We shall assume without loss of generality that n; > n,. Since n; < m, the inverse of V; does not exist. Thus, instead
Srivastava [2] considered the Moore-Penrose inverse of Vl+ and proposed a test for testing the equality of two covariance

matrices based on the statistic G, in (1.5) with b = a2 /ay, where @, and , are defined in (1.7). The asymptotic distribution

of G, under the hypothesis, as m — oo is X,i ny for fixed n; and n, : Gy 4 X1121ﬂ2' Following Srivastava [2], the proof can be
obtained. The G,-statistic, however, does not perform well, and thus we shall not consider this test any further.

3.2. Two tests based on an estimator of a distance

For testing the hypothesisH : ¥y = X, = X against the alternative A # H, that is the alternative thateither ¥; —X, > 0
or Xy — X1 > 0, where for a matrix A,A > 0 denotes that A is at least positive semi-definite (p.s.d), we define the square of
the distance by

dz—ltr(z — )? (3.1)
~m 1 2) :

It can be shown that d is a distance function. It may be noted that d? is known as Frobenius norm whose many interesting
properties have been investigated by Ledoit and Wolf [7]. Now

2
d2 = ay1 + axy — ;tl‘ (2122)

Using consistent estimators of a,1, a; and tr (X7 X,), as given in Srivastava [6] and stated in Section 2, Schott [ 1] proposed
a test based on the statistic J,, which under the hypothesis H is asymptotically distributed as N(0, 1) under the assumptions
(A3)-(A4)and m/n; — ¢; € (0, 00),i =1, 2,as (m, n) — oo. We note that

1/2 1/2)2 =0

1/2 _ _
= (a)” —ay,

d®> > ay1 + az — 2(a110z2)

Thus, we may consider a test statistic based on a consistent estimator of ay; and ay,, namely a,; — ay. Thus, Srivastava [3]
considered the statistic T, which under the hypothesis H and assumptions (A1)-(A4) is asymptotically distributed as N (0, 1)
for (m, n) — oo.

3.3. The proposed test
We note that when Xy = X, thentr X; = tr Xy, tr 212 =tr 222, etc. Thus we must have, under the null hypothesis,

Y1 = y», Where
tr X/m

=—_ i=1,2
(tr Zi/m)?

Vi

A consistent estimator of y; is given by (1.13). Under the null hypothesis 7; is asymptotically normally distributed with mean
y; and variance E,-Z given in (1.14), see Theorem 3.1 of Srivastava [6]. Thus we propose a test based on the test statistic Q,

given in (1.12) where §i2 are consistent estimators of &;, obtained by substituting consistent estimators of a;, i = 1, ..., 4.
The asymptotic distribution of Q, as (n, m) — oo is N(0, 1) under the null hypothesis that the two covariance matrices are
equal. Equivalently Q7 is asymptotically distributed as x?.

4. Testing the equality of several covariance matrices

In this section we consider the problem of testing the hypothesis
H:X ==X, =X, say (4.1)
against the alternative

A: X; # X;foratleastone pair (i,j), i#j, i,j=1,...,k,



1324 M.S. Srivastava, H. Yanagihara / Journal of Multivariate Analysis 101 (2010) 1319-1329

based on N; independent observations x;; from the ith population,i = 1, ...,k j = 1,...,Ni. When X; = X for all i, we
estimate X' by

A 1 1
EZEV:E(VI_i_“'—i_Vk)’ n=n+---+m. (4.2)

We now describe the generalized version of the three tests J,, T,, and Q- for testing the hypothesis
H:Y =---=2%; vsA#H.

For k groups, the Frobenius norm is given by

1 k
d* = - > tr(zi— Z)%

i<j

Using a consistent estimator of d?, Schott [1] proposed the test J, which is normally distributed as N(0, 1) under the null
hypothesis, assumptions (A1)-(A4), and limgy 5, 00) M/N; = ¢; € (0,00),i=1,...,k

To describe the generalized version of T, and Q,, or equivalently of T22 and Q22 as the alternative is two-sided, we remind
the reader that in the definition of various terms such as y;, n;, & or their estimates remain the same. Thus i runs from 1 to
kV=Vi+---+V,n=ny+---+nietc.

From Lemma 2.2, it follows that under the hypothesis H, d,; are independently normally distributed with common mean
a, and variances niz. The common mean a, is estimated by weighing d,; with the weights inversely proportional to its

estimated variances. That is, we estimate a, by (:12 given in (1.18), which is also a consistent estimator of a,. Let

k
N 2
ayi /1 .
< 1=Zl 21/77, 1’Da2
a, = k = 77 ’ (43)
, 1D
> 1/n;
i=1
where1 = (1, ..., 1), ak-vector of ones, D is a k x k diagonal matrix, D = diag(l/n%, R l/nﬁ), and @, = (a1, ..., o).

Note that Cov(@,) = D~'. We derive D'/?(a, — a,1) 4 N(0, I}) as (n, m) — oo under the null hypothesis, where
0 = (0,...,0), a k-vector of zeros. Moreover, we have {I, — 11'D/(1'D1)}'D{l; — 11'D/(1'D1)} = D — D11'D/(1'D1).
Thus, we get

k

N ~ 2 k N K 2
2 (a2 —@)° p (azi — G,)
oy ol 2 g Gl
1

AZ =
i=1 Uh i=1
= (@ — ,1)'D(@ — a,1) = (@ 11'Da, ,D a 1'ba,
- 2 2 2 2 - 2 _l/D.l 2 _l/D_l
D11D D'211'D'/?
=a,(D— —— )a, =a,D"* (I, — ——— ) D"a,.
2( 1’D1) 2T « 1D1 2

Note that {I, — D'/211'D"/?/(1'D1)}(D'/?a,1) = 0. Hence, T? is asymptotically distributed as chi-square with k — 1 degrees
of freedom, x?_, since I, — D/211'D'/2 /(1'D1) is an idempotent matrix. Thus we propose T? as a test statistic for testing the
equality of k covariance matrices, that is, for testing H : Xy = - - - = X, against the alternative A £ H. We state this result
in the following theorem.

Theorem 4.1. Let V; be independently distributed as Wy, (X, n;),V = Vi + -+« + Vi, n=ny + - - - + ny, ay; and éz defined in
(1.4) and (1.18) respectively, and 7; are consistent estimators of n;. Then the statistic Tk2 defined in (1.17) is distributed as sz—l
under the assumption (A1)-(A4) as (m, n) — oc.

To obtain the generalized version of Q, to test the equality of k covariance matrices, we define the estimator of the
common value of y; = --- = y, = ¥ by 7 given in (1.20), and propose the test statistic Q,f in (1.19). Following the step of
Theorem 4.1 in obtaining the distribution of Tkz, we obtain the following theorem.

Theorem 4.2. Let V; be independently distributed as Wy, (X, n;),V = Vi + -+ Vy,n = ny + -+ - + ny, 9 and ):/ defined in
(1.13) and (1.20) respectively. Then under the assumptions (A1)-(A4), ka 4 szq as (m, n) — oo.
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5. Comparison of power of various tests and Attained Significance Level with the nominal value 0.05

To demonstrate how our tests perform, we carry out several simulations. We first consider the two-sample case for the
test statistics J,, To, Q; we define the Attained Significance Level (ASL) as

A~ # OfJZH > Zy A~ # OfTZZH > Xlz.ot A~ # OfQZZH > Xlz,ot
a, = 7r s ar, = 7}‘ s Qq, = 7]’ s

respectively, where r is the number of replications, z, is the upper 100a% point of the N(0, 1) distribution, and X%a is the

upper 100«% point of the chi-square distribution with f degrees of freedom. The ASL is used to get an idea of how close the

empirical distributions of J,, T22, and sz are to their asymptotic ones. Here, o4, T2y, and Qo are values of the test statistics

computed from data simulated under H.

Based on the empirical distributions constructed from the above simulations, we define Z, as the upper 100«% point of
the empirical distribution of J, and f(lzya’i, i = 1,2 as the upper 100«a% point of the empirical distributions of T22 and QZZ,
respectively. We then define the Attained Power of |, TZ, and Q7 as

- #0f oa > 2, s #0f T3, > X7, ] #0f Q) > X7,

ﬁjz - r ) ,BTZ - r s Q — r s

respectively. Here, |4, TZ,, and Q7, are values of the test statistics computed from data simulated under A.

In our simulation, we selected r = 1000. Let 2 = diag(ws, ..., ®wy), Where wq, ..., w, ~ ii.d. Unif(1,5), and
Aj (j=0,1,2) beam x m matrix whose (a, b)th element are defined by (—1)*°{0.2 x (j + 2)}1a=b1""° We considered the
following hypothesis testing setup:

H: S1=3=2X=QAR,
A: i=X and Xy = R2A,82.

We computed the ASL under H and Attained Power under A. Table 1 presents the ASL and Attained Power for the tests
b, T22, and Q22 for our hypothesis testing setup. In Table 2, we present the results for k = 3. We consider the hypothesis and
the alternative as follows:

H: 21222:23:E:QA09,

A: =X, EZZQAl.(Z, and 23:QA29
We find that all three tests have good performance for large m. The power of T,f, however, is low for small sample sizes, and
the power of Ji is also low when n; = n, = 10and ny = n, = n3 = 10. The power on,f is higher than that okaz. The reason
why the power of ka becomes better than that of Tk2 may be that the ka—statistic measures the difference of covariances
by both tr X; and tr Eiz although the T,f—statistic measures the difference of covariances by only tr X;. Moreover, in the all

cases, the ASL of J, greatly exceeds 0.05. Its difference tends to be large when the sample size increases. As for the ASL, the
test based on Tk2 will be the best among three tests. The reason why the ASL of T1<2 is better than that onk2 may be that an

estimation of n? standardizing T? is easier than that of &? standardizing Q2, because &? depends on many terms than n?.
The difficulty in getting a fast convergent estimator of niz makes the convergence of the test statistic ka to the chi-square
distribution slow but still better than the convergence of J, to normal. Taking into consideration the attained ASL as well
as power, it appears that the test based on ka may be preferred as the ASL for the J; test is significantly higher than the
prescribed level most of the times unless m is very large.

6. Proofs of Theorems 2.1 and 2.2
In order to prove the consistency of the estimates of ds; and a4, we need the following lemma.

Lemma 6.1. Let V ~ W, (X, n). Then
@ EWVH=nn+1DE*>+ntrx)x,
() EWV)=n?+3n+49)Z>+2n(n+ DHrX)Z? +n(n+ DHtrz>) X + n(trx)>x,
(© E(VYH = nm®+6n*+21n+18) 2% + n(Bn® 4+ 9n + 14)(tr2) 23 + 3n(n + 1) (trx)? 52
+n@2n? +5n+7)rZH 2% + nGBn+ 2)(r2)(trr?) X + n(n® + 3n + ) (rr> X + ntrx)>x.

Proof of Lemma 6.1. The proof of (a) is given by Srivastava and Khatri [5] in Problem 3.2. Following in the same manner,
the proofs of (b) and (c) can be obtained. O

From the above lemma, the following corollary is easily obtained.
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Table 1
ASL (under H) and Attained Power (under A) of J,, T and Q2.
m ng =ny ASL Power
L T Q; J2 2 0}
20 10 0.085 0.054 0.091 0.474 0.243 0.855
20 0.107 0.066 0.076 0.892 0.352 0.968
40 0.082 0.050 0.052 1.000 0.633 1.000
60 0.094 0.051 0.053 1.000 0.753 1.000
40 10 0.081 0.053 0.081 0.403 0.271 0.918
20 0.096 0.054 0.061 0.748 0.479 0.992
40 0.107 0.059 0.061 0.999 0.785 1.000
60 0.094 0.053 0.058 1.000 0.908 1.000
60 10 0.072 0.050 0.060 0.424 0.342 0.910
20 0.099 0.054 0.059 0.849 0.603 0.968
40 0.096 0.051 0.047 1.000 0.893 1.000
60 0.103 0.045 0.051 1.000 0.974 1.000
100 10 0.091 0.059 0.072 0.440 0.343 0.922
20 0.084 0.045 0.046 0.946 0.619 0.997
40 0.093 0.061 0.069 1.000 0.848 1.000
60 0.120 0.066 0.066 1.000 0.952 1.000
200 10 0.071 0.039 0.046 0.629 0.487 0.923
20 0.082 0.042 0.047 0.962 0.742 0.997
40 0.092 0.048 0.043 1.000 0.959 1.000
60 0.097 0.046 0.050 1.000 0.995 1.000
Table 2
ASL (under H) and Attained Power (under A) of J3, T and Q2.
m ny =n; =ns ASL Power
I3 T2 Q7 I3 TZ Q}
20 10 0.081 0.069 0.034 0.952 0.424 0.760
20 0.093 0.060 0.044 1.000 0.737 0.956
40 0.102 0.053 0.047 1.000 0.961 1.000
60 0.091 0.043 0.045 1.000 0.996 1.000
40 10 0.085 0.075 0.026 0.606 0.240 0.835
20 0.087 0.050 0.028 1.000 0.451 0.976
40 0.089 0.052 0.039 1.000 0.751 0.999
60 0.103 0.059 0.048 1.000 0.876 1.000
60 10 0.083 0.073 0.022 0.464 0.182 0.869
20 0.098 0.065 0.044 0.986 0.244 0.980
40 0.101 0.054 0.045 1.000 0.472 1.000
60 0.105 0.045 0.039 1.000 0.657 1.000
100 10 0.069 0.066 0.026 0.571 0.249 0.860
20 0.111 0.066 0.046 0.963 0.408 0.984
40 0.099 0.048 0.039 1.000 0.760 1.000
60 0.111 0.061 0.050 1.000 0.870 1.000
200 10 0.077 0.062 0.025 0.591 0.291 0.890
20 0.097 0.059 0.040 0.992 0.441 0.995
40 0.092 0.058 0.043 1.000 0.813 1.000
60 0.108 0.054 0.049 1.000 0.948 1.000

Corollary 6.1. Let V ~ Wp,(X, n). Then

@ E@rV?) =nmn+ DtrE? + n(trx)?,
(b) Erv?) = nn® + 3n+ Htr2> + 3n(n + DrZ?wX + n(trx)>,
(© EtrVvh = otrZ?* + c;(r ZHtr T + cotr2?(tr2)? + c3(trx?)? + n(trx)*,

where ¢, c1, ¢3, and c3 have been defined in (2.1).

It has been shown in Srivastava [6] that consistent unbiased estimators of ¢; = tr X'/m, i = 1, 2 are given by ;. To obtain
a consistent estimator of az, one may use consistent estimators of a; and a; in (b), and obtain an expression of as, which is
the same as given in Theorem 2.1. But proving the consistency of ds, that is, the proof of Theorem 2.1 still remains. To prove
it, we need the following lemma which can be proved by using the results of chi-square distributions and the moments of
quadratic forms.
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Lemma 6.2. Let u, ..., uy bei.i.d. Ny(0,I,), w; = uju;. Then
(@ Ew)) =nn+2)---(n+2r-2),r=12,...,

(b) Ew)) = n,i ],

() Ewwd) = n(n+2),i #],

(d) E(wiwjrwi) =n,i #j#Kk,

(e) Var(w?) = 6n(n + 2)(n + 4)(3n® + 30n + 80),

(f) E(wfjw;}) =3nn+2)(n+4)m+6),i#]

(8) E(wiwjwy) = n(n+2)*(n+4)(n+6),i #},
(h) E(wiwy) = n*(n+2)*(n+ 4)(n +6),i # ],
(i) E(wpwuwy)? =n(n+2)(n+8),j #k #1,
() E(wy) =3n(n+2),i#],

(1() E(w;wjkwk,-wkk) = 3n(n =+ 2)2, i 75] ;ﬁ k.

The following lemma gives an alternative expression of E(tr V3).

Lemma 6.3. An alternative expression of E(trV?) is given by

m m m
E(V?) =nn+2)(n+4) > A7 +3n(+2) > Alki+n Y hikjhe (6.1)
i=1 i iik
where A1 > - -+ > A are the eigenvalues of this covariance matrix X.
Proof of Lemma 6.3. We have V. ~ W,,(X, n). Thus, we can write V. = YY’, where Y = (y1,...,y,) and y; are
i.i.d. Nyp(0, X). Let I be an orthogonal matrix such that '>YT"" = A, where A is a m x m diagonal matrix, A =

diag(Aq, ..., Am) and A; are the eigenvalues of ¥. Then, if € = (e, ..., &,), where & are i.i.d. N,(0, I,), Y = X'?¢,
and X'/2 312 = ¥ Thus

V=xVge'xV? ="AV2ree'r'A'V?r = r' AV2uu’' AV?r,

where U’ = €T = (uy, ..., uy) and u; are i.i.d. Ny (0, I). Thus w; = wfw; are i.i.d. x2,i = 1,..., m. Let w; = uju;. This
gives
m m m
trv3 = Z A.?w?l‘ +3 Z Af)\jwﬁw; + Z )»i)\j)\kwijwjkwki. (6.2)
i=1 i i£j£k

Hence, from Lemma 6.2, we obtain the expectation in (6.1). O

6.1. Proof of Theorem 2.1

We note

A

1 2 1 2 *
)y = — trv —E(trv) + 03,

mn?
and
N 1 A A
by = — (tr V3 — 3na,a, — nma3) + 03
1 3 3 2 2 3 *
= —— V> — —trVer V- 4+ —(trvV)>t 4+ 03, (6.3)
mn3 n n?

where 03 and O% denote terms which tend to 0 under the conditions (A1)-(A4). Following the notation in the proof of
Lemma 6.3, we can write

m m m
Verv2 = 2w+ > APwiwy + 2wiwd) + Y hidjhawiwy, (6.4)
i=1 % %7k
m m m
(tr V)3 = Z )\fw?, +3 Z Aiz)\jwiziwij + Z XiAjAkwiiwﬁwkk. (6.5)

i=1 i iAj£k
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By substituting (6.2), (6.4) and (6.5) into (6.3), we can write ds as

A A@2) , ~3) , ~(4)

a3 =4a; +a; +a; +a; + 03, (6.6)

where
1 3.2\ v
A(1) E 3
3 mn3 < n 112) i1 e
3 2\ & 1
~2) 2 2 ;
i =S <] - H) 2 (w““’ff - E“’ﬁw”') |

i#j
a; = P Z AiAjAg | WiWikWii — 3 Wil Wi ) »
ik
~ (@) 3 ¢ 2 1
(13 = —? Z )\.i}\.j}\.k w,jwjk — Ewnwﬂwkk .
ik

We note that

NUNSI 3,2 3 1
E@) = —(1-—+ - )E > Awi, | =a+0m™,

i=1

o 1 3 2\

~(1 6 3

Var(as”’) e (1 -7 nZ> A7 Var (w;
i=1

»1 m
- E Aom'n) — 0, as(n,m)— cc.
o1

Thus, in probability ﬁ;l) 2 as as (n, m) — oo, where ‘p’ stands for ‘in probability’.

To prove the theorem, we need to show that the remaining terms on the right side of (6.6) go to zero as (n, m) — oo.

The expected value of &gz) is

3 2\ & 1
~(2) E
7]

Similarly, Cov(ry, ri) = 0 for (i # j) # (k # I), wherer; = w,-f(wfj — wjwj;/n). Hence,

9 2 2 m
Var (@) = —— (1 — 7> > aiaivar(ry)
n

216

men o

9 < 2)2 LI 1 .
=—(1-= E M2m=2)(1--)Ewd

216 ] ii

mn n iz n

9

1

= <a2a4 — —aG) o(1) = O(n_]).
n m
Hence agz) & 0as (n,m) — oo.

The third term &f) is given by ?123) = Z&#k LidjAgsie/ (mn®), where s = wiwiwy — wiwjwi/n?. It can easily be seen
~(3 . . . .
thatE(ag )) = 0 and Cov(Sj,j,k; » Siyipk,) = 0 for (iy # j1 # k1) # (i # j» # k2). Hence

. 1 & 1 _
var @) = — > aiazaivar (sp) = - > aiadagomn),
ik ik
from Lemma 6.2 as

Var (sii) = (l + E) M=’ +4n—4) =0
ijk) = n = :

Similarly E(&§4)) = 0and Var(&g“) = 0(mn~*) can be shown. Thus, all the remainder terms go to zero and ds LN as if
n=0(@m’,8 > 1/3,as (n,m) = 0o.0
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6.2. Proof of Theorem 2.2

We first note that we can write

2
m m
trv4 = tr Z )Ll-zwiiu,-ul/» + Z Aikjwyuiu]f
i=1 i
m m m m
4. 4 2452 2 3 2.2 2
= Z )“i w; + Z )‘i )‘j Wi Wjj Wy +4 Z )»,- )\jwﬂ-w,-j +2 Z kikjkkwywj,<w,<iwkk
) i i ik

m m m
+ 2 Z )\,‘)\f)\.kwizjwﬁj + Z}LIZ)‘UZw; + Z )Li)»j)\mlwijwk,wjkw,,-.
i#jF#k i#j iAjFEkEL
By combining the terms from dy, d,, and as, it can be shown as in the case of as, that dy4 is a consistent estimator of a4 for
n=0@m’, §>1/2. O

7. Concluding remarks

In this article, we considered four tests for testing the equality of k > 2 covariance matrices. One of them, namely the G
test does not perform well. All the remaining three tests, namely, Ji, Tkz, and O_,f tests perform well when m or n is large. For
small n and m, the tests J; and ka perform well from the power consideration. The Average Significance Level (ASL) of the
Ji test fluctuates considerably, often much larger than the specified level. Thus, taking into consideration the power as well
as ASL, the Q,f test may be preferred over J, test.
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