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Abstract

Classically, Grobner bases are computed by first prescribing a fixed monomial order. Moss Sweedler
suggested an alternative in the mid-1980s and developed a framework for performing such computations
by using valuation rings in place of monomial orders. We build on these ideas by providing a class of
valuations on K (x, y) that are suitable for this framework. We then perform such computations for ideals in
the polynomial ring K[x, y]. Interestingly, for these valuations, some ideals have finite Grobner bases with
respect to a valuation that are not Grobner bases with respect to any monomial order, whereas other ideals
only have Grobner bases that are infinite.
© 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

Throughout this paper, we denote by Z the set of integers, N the set of nonnegative integers,
77 the set of positive integers, and Q the set of rational numbers. Given r € Q and a subset
S CQ, wedefinerS ={rs|seSlandr+ S ={r+s|s € S} Whenever K is a field, its
algebraic closure will be denoted by K. Whenever R is a monoid, written additively, we denote
by R* the nonzero elements of R. (This applies in particular to the additive group of a ring.)
Finally, we denote by x the n-tuple of indeterminates x, ..., X,.

In this section, we provide a brief account of a generalized theory of Grobner bases that
uses valuations in place of monomial orders. The fundamental idea is that monomial orders are
well-orderings on the set of monomials, which leads to a natural reduction process that includes
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multivariate polynomial division. Here valuations permit a more general reduction process than
is provided by monomial orders. The development of this theory can be found entirely in Moss
Sweedler’s unpublished manuscript on ideal bases and valuation rings (Sweedler, 1986), and it is
briefly provided here solely for the sake of completeness. In that manuscript, Sweedler develops
the theory in terms of valuation rings. Here we present the same results in terms of valuations
rather than valuation rings. Proofs are omitted since they can all be found in Sweedler’s original
manuscript.

Definition 1.1. A valuation on a field F' is a homomorphism v from the multiplicative group of
nonzero elements of F onto an ordered group G (called the value group) such that v(f + g) <
max{v(f), v(g)} forall f, g € F* with f + g € F*. Suppose K is a subfield of F. A valuation
on F over K is a valuation on F such that its restriction to K* is the zero map.

Note that the triangle inequality in the definition above was chosen to be the opposite of many
conventions so that our results most closely align with those concerning monomial orders. In
addition, the valuations being used in Sweedler’s generalized theory of Grobner bases require
the extra conditions described in the following definition.

Definition 1.2. We say that a valuation v on K (x) over K is suitable relative to K|[x] if it
satisfies the following three properties:

(i) For all f € K[x]*, we have v(f) = 0iff f € K*.

(i) Let f, g € KX)*. If v(f) = v(g), then 1 € K™ such that either f = Ag or both f # Ag

and v(f — Ag) < v(f).
(iii) v(K[x]*) is a well-ordered set.

It should be noted that if v is a valuation on K (x) over K that is suitable relative to K[x], then
the choice of A in part (ii) above is unique.

When using monomial orders, it is clear what is meant by one monomial dividing another.
The analogue that we use in the case of valuations deals with arithmetic in the set v(K [x]*).

Definition 1.3. Let v be a valuation on K (x). Given f, g € K[x]*, we say that v(g) divides
v(f), denoted as v(g) | v(f), if there exists h € K[x]* such that v(f) = v(gh). We say that
h is an approximate quotient of f by g (relative to v) if either f = gh or both f # gh and

v(f —gh) <v(f).
The following simple proposition follows from the definition above.

Proposition 1.4. Let v be a valuation on K(x) over K that is suitable relative to K[X]. Let
fs g € K[x]*. Then v(g) divides v(f) if and only if there exists an approximate quotient h of f

by g.

The following is a generalized form of the standard polynomial reduction algorithm that
makes use of valuations.

Algorithm 1.5. Let v be a valuation on K (x) over K that is suitable relative to K[x]. Let G
be a nonempty subset of K[x]*. The following algorithm computes a reduction of a polynomial
f € K[x]* over G relative to v.
eSeti =0and fo = f.
e While f; # 0 and v(g) | v(f;) for some g € G do:
Choose g; € G such that v(g;) | v(fi). Let h; be an approximate quotient of f;
by g;. Set fi+1 = fi — gih;. Increment i by 1.
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Definition 1.6. In the algorithm above, we say that f; is an n-th reduction of f over G. We say
that f reduces to b if b is a reduction of f.

It can be shown that if v is suitable relative to K [x], then the reduction of any nonzero element
of K[x] over G terminates after a finite number of steps. This leads us to one of many possible
formulations of the definition of a Grobner basis.

Definition 1.7. Let v be a valuation on K (x) over K that is suitable relative to K[x]. Let J be a
nonzero ideal in K [x] and let G be a nonempty subset of J*. We say that G is a Grobner basis
for J relative to v if every nonzero element of J has a first reduction over G.

We can use Grobner bases in the generalized setting to solve the ideal membership problem in
much the same way that we do in the case of working with monomial orders. As in the classical
case with monomial orders, it can be shown that a Grobner basis necessarily generates the given
ideal. In addition, we have the following equivalent conditions for a set to be a Grobner basis.

Proposition 1.8. Let v be a valuation on K (X) over K that is suitable relative to K[X]. Let J be
a nonzero ideal in K [X] and let G be a nonempty subset of J*. The following are equivalent:

(1) G is a Grobner basis for J.
(i) Every element of J reduces to 0 over G.
(iii) Given f € K[x]*, we have f € J if and only if f reduces to 0 over G.

Definition 1.9. Anideal J of a commutative monoid M is a nonempty subset of M such that for
anym € M and j € J, we have j +m € J. The smallest ideal containing m1, ..., mg will be
denoted as (my, ..., mg) and is called the ideal generated by m 1, ..., my.

Definition 1.10. Let v be a valuation on K (x) over K that is suitable relative to K[x]. Given
f,g € K[x]*, we say that T C v(K[x]*) is a monoid ideal generating set for / and g with
respect to v if T generates the ideal (v(f)) N (v(g)) in V(K [x]*). It can be shown that for each
t € T, there exist a, b € K[x]* such that the following two properties hold:

@) v(af) =v(bg) =1.
(ii) Either af = bg orboth af # bg and v(af — bg) < t.

Note that the pair (a, b) is not uniquely determined by ¢ in general. Indeed, for any A € K*, the
pair (Aa, Ab) also satisfies properties (i) and (ii) above. By invoking the Axiom of Choice, we
can choose a pair (a, b) € K[x]* for each 7 € T which yields a map

T — K|[x]
t — af —bg.

The image of this map is a syzygy family for f and g indexed by 7. We say that af — bg is the
element of the family corresponding to .

This definition shows one of the main differences between the generalized theory using
valuations and the classical theory using monomial orders, namely, that each pair of polynomials
may have many syzygies. An example is provided in Sweedler (1986) where this family may
consist of multiple elements. There he considers valuations on subalgebras of K (x) other than
just K[x]. Here we construct an example of a valuation on K (x, y) where syzygy families may
have more than one member even when working in K [x, y].
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Example 1.11. It can be shown that there is a unique valuation over K of the form
vV:Kx, ) > ZDZ
x = (2,2)
y = (3,3
3 2
X =y = (2,1).

Furthermore, it can be shown that this valuation is suitable relative to K[x, y] and that
{(2,1),(2,2),(3,3)} is a minimal set of generators for the monoid v(K (x, y)*). Consider
((2,2)) N {(3,3)), which can be shown to be ((5,5), (6, 6), (7,6)), and hence is clearly not
principal.

The algorithm below provides a method for constructing a Grobner basis for a nonzero ideal
J with generating set G.

Algorithm 1.12 (Grobner Basis Construction Algorithm). Let v be a valuation on K (x) over K
that is suitable relative to K [x], and let G C J* be a generating set for a nonzero ideal J.
(i) Seti =0and Gy = G.
(i1) For each pair of distinct elements g, 4 € G, find a monoid ideal generating set Tgo’ pforg, h
and a syzygy family S0 for g, h indexed by Tgo Define U; = | g#heG S e
(iii) Determine a set H; of nonzero final reductions that occur from reducmg the elements of U;
over G;.
(iv) If H; is empty, stop.
(v) Define G;+1 = G; U H;.
(vi) For each pair of distinct elements g € G;1, h € H;, find amonoid ideal generating set T"H

for g, h, and a syzygy family S‘H for g, h indexed by T’Jrl Define U = U, peq S, S’+1
(vii) Increment i and go to step (111)

Sweedler showed that if G is finite and v(J*) is Noetherian (i.e., every ascending chain of
monoid ideals stabilizes), then the construction algorithm can be completed so that it terminates
with a finite Grobner basis. However, even if v(J*) isn’t Noetherian, the set Uff;]Gn is still a
Grobner basis.

These algorithms will allow us to compute Grobner bases using a class of valuations on
K (x, y) originally studied in Zariski (1939). In Section 2, we develop the background necessary
to work with such valuations and we state one of the main results of the paper, which provides
an explicit construction of v(K [x, y]*). In Section 3, we build on these ideas to show that each
element of v(K[x, y]*) can be decomposed as a unique sum, which leads to a more precise
description of v(K[x, y]*). Finally, we use these decompositions to compute Grobner bases
using Sweedler’s algorithms in Section 4. In Section 5, we prove many of the supporting results
needed to prove the main theorems, and in Section 6, we prove additional technical results
concerning certain sequences related to the valuations of interest.

2. Value groups and monoids from power series

In this section, we examine a class of valuations on K (x, y) described in Zariski (1939). The
value groups of these valuations were explicitly constructed in MacLane and Schilling (1939).
In this section, we state one of our main results, which is an explicit construction of the image
of the restriction of such valuations to K[x, y]*. Since the valuations of interest are constructed
using generalized power series, we begin with a review of the relevant concepts.
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Definition 2.1. We say that a set / C Q is Noetherian if every nonempty subset of / has a
largest element. Given a function z : QQ — K, the support of z is defined by

Supp(z) = {i € Q| z(i) # 0}.

The collection of Noetherian power series, denoted by K ((tQ)), consists of all functions from
Q to K with Noetherian support.

More commonly in the literature, generalized power series are defined as functions with well-
ordered support, and we will freely use the analogues of these results for Noetherian power series.
We choose the supports of our series to be opposite to those of the usual definition so that our
results more closely fit with the theory of monomial orders and Grobner bases. For more details,
see Mosteig and Sweedler (2002, 2004), and Mosteig (2002).

As demonstrated in Hahn (1907), the collection of Noetherian power series forms a field
in which addition is defined pointwise and multiplication is defined via convolution; i.e., if
u,v € K((IQ)) and i € Q, then (u + v)(i) = u(i) + v(@) and (uv)(@) = ZjJrk:i u(jv(k).
Given a Noetherian power series z with nonempty support 7, we will often use the notation

z= ZZiti

iel
where z; := z(i). For simplicity, we often write 7 in place of #!.
Example 2.2. Given u = ¢'/2 +¢1/4 418 4 ... and v = 3¢ + 1, we have
udv=3+" 4 4By 41
and
wv = 324304 4308 ) (g,
Definition 2.3. Let z € K ((tQ))*.
(i) The leading exponent of z is the rational number given by
le(z) = max{i | i € Supp(z)}.
(ii) The leading coefficient of 7 is the element of K given by

Ie(z) = z(le(z)).

(iii) For each m € N, we define z™ as follows. First, define z(® = 0. If Supp(z) has at most m
elements, then define z™ = z. If Supp(z) has more than m elements, then define ey, ..., ey,
to be its m largest elements and define

2 = z(e)t® + - + z(em)rm.
(iv) The leading term of z is defined to be
It(z) = zV.
Example 2.4. For the simple series

=22 43P a5 S
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we have the following:

le(z) = 1/2,

le(z) = 2,

2® = 2¢12 4 3413 4 444, and
lt(z) = 2¢'/.

Note that le : K((t©))* — Q is a valuation, and so given u, v € K((t9)* withu — v €
K ((19))*, the following hold:

le(uv) = le(u) + le(v), 2.1
Ic(uv) = lc(u)lc(v), and 2.2)
It(uv) = It(u) 1t(v). 2.3)

Moreover, we have the following triangle inequality:
le(u — v) < max{le(u), le(v)}.
If, in addition, It(u) # 1t(v), then
le(u — v) = max{le(u), le(v)}. 2.4)

Definition 2.5. We say that z € K ((IQ))* is simple if it can be written in the form

n
2=y zt" 2.5)
i=1

where z; € K*,n € ZT U {oo}, e; € Q, and ¢; > e;1 1. Whenever we write a series in this form,
we implicitly assume that each z; is nonzero and the exponents are written in descending order.

Definition 2.6. Let z € K ((1©))* be a simple series written in the form (2.5).

(i) We call e = (ey, e2, .. .) the exponent sequence of z.

(i) Write e; = n;/d; in reduced terms where n;, d; € Z. If n; = 0, then choose d; = 1. Define
ro = landfori > 1,setr; =lcm(dy, ..., d;). Wecallr = (rg, ry, rp, ...) the ramification
sequence of z.

(iii) Denote the sequence obtained from the ramification sequence after removing repetitions by
(rged, ry ed rged, ...). Note that the reduced ramification sequence possibly only consists
of finitely many terms (which occurs whenever the ramification sequence has only finitely
many distinct terms). For each i € N, denote by /(i) the smallest nonnegative integer (if it
exists) such that ri’ed =1y ie.,

red } ]

() =min{j e N|r; =7,
(iv) Define ug = O and fori > 1,
i1 .
l 1
=S (0 e
’ ,go rjrjin/

We call u = (ug, u1, ua, ...) the bounding sequence of z.
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(v) For each positive integer i such that /(i) exists, define

Pi = Uii)—1 T €.
We call (p1, p2, p3,...) the monoid generating sequence of z. Note that this sequence
may either be finite or infinite.
(vi) For each positive integer i such that /(i — 1) and /(i) exist, define
Si = r1G)y/TiGi—1) = i)/ Fii)-1-

The partial ramification sequence of 7 is defined as s = (s, 52, 53, . .. ). If the ramification
index increases without bound, then the partial ramification index is infinite. Note, however,
that the partial ramification sequence is not even defined unless /(1) exists.

Example 2.7. Given the simple series
2= 24 32 V2 B S T
we have the following associated sequences:
311111
e=\2, -, =207 )
2°2 35711
r=(1,1,2,2,6, 30, 210, 2310, ...),

o, ried, rhed ) = (1, 2,6, 30,210, 2310, . ...),

10),1(1),1(2),...) = (0,2,4,5,6,7,...),
< 3 3 31 799 39331 4761151 )

( ) 3 11 161 5623 432851 d
= N S AN A1~ LA ’ n

P1, P2, P3, 276730 2107 2310 )

(s1,82,53,...) = (2,3,5,7,11,...).

Since /(i) marks the point where the ramification index increases, we have r; = r) for
(i) < j <G+ 1),and so
rj/rj—1 =1 whenever I(i) < j <I(i+1). (2.6)
In particular, this yields r;;_1y = r;¢)—1, and so
Uii—1) = Ui@)—1 2.7

despite the fact that ¢;;_1) and ¢;;)—1 need not be the same. Under certain assumptions, the
monoid generating sequence is guaranteed to be infinite. In particular, we have the following
result.

Lemma28. Ifz € K (19)) is a simple series with positive support such that t and 7 are
algebraically independent over K, then the monoid generating sequence of z is infinite.

Proof. Since the terms of the exponent sequence are positive and decreasing, the ramification
sequence must increase without bound. Thus, /(i) exists for each i € N, and so the monoid
generating sequence is infinite. [

We are now in a position to define valuations on K (x, y) based on Noetherian power series.
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Definition 2.9. Let z € K ((1©)) be a Noetherian power series such that ¢ and z are algebraically
independent over K. Consider the embedding
¢o K (x, )" = K((%)
X =t
y Bz

Since le is a valuation on K((IQ)), the composite map le o ¢, : K(x, y)* — Q is a valuation on
K(x,y).

In general, given a valuation v on K (x)*, the set
V={feKIxI"|v(f) <0}
is a valuation ring with maximal ideal
m={f € K[x]" | v(f) < 0}.

The quotient V/m is called the residue class field and contains an isomorphic copy of K. The
transcendence degree of V/m over K is called the dimension of the valuation. The rank of the
valuation is defined to be the number of isolated subgroups of v(K [x]*), which is also the Krull
dimension of the valuation ring V (see Theorem 15 from Zariski and Samuel (1958) for details).
It follows that le o @, is a zero-dimensional valuation of rank 1.

Example 2.10. Let K be a field such that char K # 2. Given z = t'/2 +¢1/4 4+ ¢1/8 4 ... we
have

(leogy)(x) = le(r) =1,
(leo@:)(y) = le(z) = 1/2, and
(leo@)(y> —x) =le(z> — 1) =le((r +263/* + 2678 ...y —1) = 3/4.

MacLane and Schilling proved the following result in MacLane and Schilling (1939), which
precisely describes the value group of le o ¢, in the case where K has characteristic zero.

Theorem 2.11. If K is a field of characteristic zero and 7 € K ((19)) is a simple series with
exponent sequence (e1, ez, €3, ...) such that t and 7 are algebraically independent over K, then

(leow)(K(x,)*)=Z+Ze\ + Zer + -+ .

One of the primary goals of this paper is to restrict such valuations to the nonzero elements of
the polynomial ring K [x, y] and compute the monoid consisting of all the images.

Definition 2.12. Given a simple series z € K ((IQ)) such that ¢+ and z are algebraically
independent over K, the value monoid with respect to z is given by

A= (leop)(K[x,yI") = {le(f(t,2)) | f(x,y) € K[x, y]"}.

Theorem 2.13. Let z € K((tQ)) be a simple series with positive support such that t and z are
algebraically independent over K. If no term of the ramification index of z is divisible by the
characteristic of K, then the value monoid with respect to 7 is

(leo@)(K[x,y]") =N+ Np; +Npp + -+ - .
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A more precise version of this theorem will be given in Section 3. In particular, we
demonstrate in Theorem 3.20 that each element of the value monoid has a unique representation
as the sum of a nonnegative integer and an N-linear combination of terms of the monoid
generating sequence.

3. Construction of the value monoid

We begin with an explanation of some notation to be used from this point forward. The field
of Laurent series in the variable ¢ over the field K is denoted by K ((t)) and consists of all
functions z : Z — K with well-ordered support. In contrast, we will consider K ((#~1)), which
consists of all functions z : Z — K with Noetherian support. Note that every element of the
rational function field K (¢) can be written as a series in either 7 or !, and so we can view K (7)
as embedded in both K ((r)) and K ((t~1)). Again, since we focus on series with Noetherian
support, we consider the following inclusions:

K@) Cc K™Y c k(D) c K((«D)).

We cite various references concerning power series, most of which use the field K ((¢)) rather
than K ((¢t~!)), though the proofs can be easily translated. In the first half of this section,
we describe the algebraic closure of K (¢ YY) in K ((t@)), whose description depends on the
characteristic of K. We then demonstrate that for each p(x, y) € K[x, y]*, there exists f(x, y) €
K[x, y]* such that le(p(¢, z)) > le(f (¢, z)) where p(x, y) and f(x, y) have the same degree in
the variable y and the roots of f(z,y) in K ((tQ)) have finite support. Using this intermediate
result, we give an explicit form for the elements of the value monoid (le o ¢;)(K[x, y]*).

Definition 3.1. An element of K ((tQ)) is said to be Puiseux if it lies in K ((~'/")) for some
positive integer r. The ramification index of a Puiseux series w € K ((tQ)) is the smallest
positive integer  such that w € K ((t~'/7)).

When K is an algebraically closed field of characteristic zero, the following result (known
as Puiseux’s Theorem or the Newton—Puiseux Theorem) describes the algebraic closure of the
field of Laurent series in K ((tQ)). (See Abhyankar and Moh (1973) or Duval (1989) for further
details.) Here we provide the analogue where K ((¢)) is replaced by K ((t=H).

Theorem 3.2 (Puiseux’s Theorem). Let K be an algebraically closed field of characteristic
zero. The algebraic closure of K((t™)) in K ((t9)) precisely consists of all the elements of
K ((tQ)) that are Puiseux.

The case when K has positive characteristic is more complex and is considered in Kedlaya
(2001). First, we review a few preliminary definitions.

Definition 3.3. Let K be a field of characteristic p > 0 and let {c,} be a sequence of elements
of K. We say that {c,} satisfies the linearized recurrence relation (LRR) corresponding to
do,...,dr € K (where di # 0) if foralln € N,

k
docn +dicl 4 -+ +dich, =0. 3.1)
Definition 3.4. Let p be a positive prime. Given a € Z* and b, ¢ € N, define
by b

1
Sa,b,C:{;<n+;+?+...)‘n§b, bi €{0,...,p—1}, Zbifc}.
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Definition 3.5. Let K be a field of characteristic p > 0. Let T, = S1,0. N (0,1) and let k
be a positive integer. A function f : T, — K is twist-recurrent (of order k) if there exist
do, ..., dr € K such that (3.1) holds for any sequence of the form

by bj_1 1 (b
st (G g (e

wheren € N, j € ZT,b; €{0,...,p—1}and Y b; <c.

Definition 3.6. Let K be a field of characteristic p > 0. Wesay w € K ((tQ)) is twist-recurrent
if all the following conditions hold:

(a) There exist positive integers a, b, ¢ such that Supp(w) C Sg.p.c-
(b) For some positive integers a, b, ¢ such that Supp(w) C S4.p,¢, and for all m < b, the function

Jm:Te > K
T =~ W(m+1)/a

is twist-recurrent.
(c) The functions of the form f;, span a finite-dimensional vector space over K .

The following is the analogue of Corollary 9 from Kedlaya (2001) where K ((¢)) is replaced
by K((t™1).

Theorem 3.7. Let K be a perfect field of positive characteristic. The algebraic closure of
K@Y inK ((tQ)) precisely consists of all twist-recurrent series whose coefficients lie in a
finite extension of K.

We state the following straightforward lemma without proof.

Lemma 3.8. For each ¢ € 7, we define the function ny; : Q — K* in two different ways,
depending on the characteristic of K. For each b € 7%, we denote by &), a primitive b-th root of
unity. Note that K contains such a primitive root of unity provided that b is not divisible by char
K.

L. If char K = 0, then for a € Z and b € 7™, define

a
n(p) =4
IL. If char K = p > 0, thenfora € Z, n € N, and b € 7 such that gcd(p, b) = 1, define

a lq"
ne (bp”) =§ba 1

where q is an integer such that pg =1 mod b.

The function ng is a homomorphism from the additive group of rational numbers to the
multiplicative group of nonzero elements of K. The kernel of this homomorphism contains 7.

Since the kernel of i, contains Z, the lemma below follows immediately.
Lemma 3.9. The function ¥y : E((tQ)) — E((ZQ)) given by
Z w,-ti = Z ng(i)w,-ti

is a K ((t~1))-automorphism ofE((tQ)). The collection ¥ = {yy | £ € Z} forms a cyclic group
under composition since Y o Yrj = iy j = Vj o Y.
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We now reformulate Theorem 2.4 from Mosteig and Sweedler (2004) in terms of functions
from ¥ = {y, | £ € Z}. This result holds for arbitrary characteristic since we are assuming that
the ramification index of w is not divisible by char K.

Proposition 3.10. Let w be a nonzero Puiseux series with finite, nonnegative support and
ramification index n. If n is not divisible by char K, then the minimal polynomial of w over
K () (and over K((@™YH) as well) is

fO)=T]&—viw) € Klt, yl.

=1

A similar argument produces the following result.

Proposition 3.11. Let w be a nonzero Puiseux series with ramification index n. If n is not
divisible by char K, then the minimal polynomial of w over K ((t™1)) is

fo) =T]0-viw) e K@ Nyl
=1

For the remainder of this paper, we make the following assumptions.

e The field K is perfect.

o The series z € K((19)) is simple with positive support.

o The series ¢ and z are algebraically independent over K.

e No term of the ramification sequence of z is divisible by char K.
e We adopt the notation introduced in Definition 2.6.

o The value monoid with respect to z will be denoted as A.

The following proposition is the main building block for the construction of the value monoid.
In essence, it aids us in showing that the value monoid can be described purely in terms of
polynomials f(x,y) € K[x, y]* such that the roots of f(z,y) in K ((IQ)) have finite support.
This proposition will be justified in Section 5 immediately following Proposition 5.14.

Proposition 3.12. For each p(x,y) € K[x, yl*, there exists f(x,y) € K[x, yI* such that the
following hold:

(i) deg, p(x. y) = deg, f(x, ),
(i) le(p(t, z)) = le(f(t, 2)), and
(iii) f(z, y) is a product of minimal polynomials of series of the form z!D=V over K (1).

Since part (iii) of this proposition suggests that we need to compute leading exponents of
minimal polynomials of series of the form z(/‘/)=1 | we produce a result that precisely allows us
to do that (see Lemma 3.15).

Definition 3.13. Given u, v € K ((tQ)), we say that ¥ and v agree to (finite) order m € N if
u™ = pm pug M £ ym+D,
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We next use Proposition 3.10 to strengthen Proposition 4.6 from Mosteig (2002) to include
both fields of characteristic zero and of positive characteristic. Since z is an infinite, simple series
with positive support, we know that the ramification sequence increases without bound and so z
is not Puiseux. Therefore, for any Puiseux series w, we have that z and w agree to a finite order.

Proposition 3.14. Let w € K ((t@))* be a finite Puiseux series whose ramification index r
is not divisible by char K. Define m to be the order to which z and w agree, and define
p(y) € K((t_l))[y] to be the minimal polynomial of w over K@~ hH). If none of the conjugates

of win K((t—1)) agree with 7 to an order greater than m, then

r r
le(p(2)) = <a> [um +le(z — w)] > (a) [um + em+1]-

Lemma 3.15. If j € ZT and f(t,y) € K((t~")[y] is the minimal polynomial of z!'D=1 over

K((t™Y)), then

() f@,y) € K[z, yl,
(i) deg, (f(z, y)) = rij)—1, and
(iii) le(f(t,2)) = pj.

Proof. Let f(t,y) € K((t")[y] be the minimal polynomial of Z4D=D over K (™ 1)).
Since the exponent sequence of z consists solely of positive numbers, it follows that the finite
series z¢!P~D has positive support, and so by Proposition 3.10, we know that f(z,y) €
K¢, y]. Moreover, since ZYD=D has ramification index r1(j)—1, Proposition 3.10 tells us that
deg, f(t, y) = ri(j)—1. Finally, by Proposition 3.14,

Ti(i)—1

le(f(1,2)) = (rz

" 1) (ui(jy—1 + ew)) = wijy—1 + ey = pj. U
'

The next lemma, which will be demonstrated in Section 6 immediately following Lemma 6.3,
allows us to define the minimal possible value of the image of a polynomial of a given degree
under the map le o ¢;.

Lemma 3.16. The monoid generating sequence is increasing.

Let p(x,y) € Kl[x,y] be a nonzero polynomial of degree d in the variable y. By
Proposition 3.12 and Lemma 3.15, there exists a nonzero polynomial f(x,y) of degree d in
y such that le(p(z, 7)) > le(f (¢, z)) and le(f (¢, z)) is a sum of terms of the monoid generating
sequence. Since the monoid generating sequence is increasing by Lemma 3.16, there exists a
choice of f(x, y) € K[x, y] such that le(f (¢, z)) is as small as possible.

Definition 3.17. Foreachd € N,

Ag = min{le(f(z,2)) | f € K[x, y]" and deg,(f(x,y)) = d}.

The following proposition, which will be proved in Section 6 immediately following
Lemma 6.6, shows that each A; has a unique representation as a sum of terms of the monoid
generating sequence.
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Proposition 3.18. For each d € 7™, there exist a unique J € ZV and d\, ...,d; € N where
0<d; <sjforeach je{l,...,J}suchthatd; # 0,

J
d=7 ding-
j=1

and

J
i = Zdj,oj.
=

The following result, which will be proved at the very end of Section 6, shows how to
decompose the value monoid as a disjoint union of cosets of N.

Proposition 3.19. The value monoid with respect to z is the disjoint union

A= UW +N).
d=0

Combining Proposition 3.18 and Proposition 3.19, we obtain the following theorem.

Theorem 3.20. For each m € A, either m € N or there exist a unique J € Z7, n € N and
dy,...,dy € Nwhere0 < d; < sj foreach j € {1, ..., J} suchthatd;j # 0 and

J
m =n+Zdjpj.
j=1

It would be interesting to determine whether this result can be generalized. In particular, it
would be desirable to compute the value monoid after either removing the restriction that the
exponent sequence must be positive or permitting some of the terms of the exponent sequence to
be divisible by the characteristic of the ground field K.

4. Algorithms

In this section, we develop the algorithms necessary for constructing Grobner bases using
valuations. To begin, if we use the characteristic-free version of Proposition 3.12 presented in
this paper, we can generalize Corollary 5.2 from Mosteig (2002) to form the following result
where we include the assumption that no term of the ramification sequence of z is divisible by
char K.

Theorem 4.1. The value monoid A is well-ordered.

Using this theorem, we can conclude that le o ¢, is suitable with respect to K[x, y] as
described in Definition 1.2, and so we can use le o ¢, in the algorithms described in Section 1.
Throughout this section we will abuse notation and refer to the composite maps le o ¢, and Ico ¢,
simply as le and Ic.

Given a rational number m € Q, we would like to decide whether m € A, and if it is,
express it in terms of the generators 1, p1, o2, . ... To accomplish this, we need a few preliminary
definitions and results. To begin, we describe one method of building the value monoid in stages.
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Definition 4.2. Define {2y = N, and for each J € Z™, define

J
Q]:{n+2djpj|n€N,0§dj<Sj .
j=1

The next lemma will be demonstrated in Section 6 immediately following Lemma 6.5. It
essentially gives restrictions on the denominators of certain Z-linear combinations of terms of
the monoid generating sequence.

Lemma4.3. Let J € ZT and 0 < dj < sjfor j € {1,...,J}. Ifdj # 0, then

7
Zdj/)j € (I/rn)Z — (1/rig-1))Z.
Jj=1

Using this lemma, we can prove the following result, which relates A and {2;.
Lemma 4.4. Forall J € 7,
2y =ANZ-{1,p1,p2,...,p}.

Proof. We begin by demonstrating that 2; C ANZ- {1, p1, p2,..., ps}. Given m € (2;, there

existsn e Nand dy,...,d; € Nwhere 0 <d; < s; for j € {1, ..., J} such that
J
m =n+Zdjpj
j=1
andsom € Z-{1, p1, p2, ..., ps}. Moreover, if we define f;(z, y) to be the minimal polynomial

Z D=1 over K((r~1)), then by Lemma 3.15, we have f;(x, y) € K[x, y] and

J J
16(){:’1 fj(x’y)d/> :n+zdjpj
j=1 j=1

Thus, m € A and so we have shown that 2; C ANZ- {1, p1, p2,..., ps}.

We now demonstrate the reverse containment. Givenm € ANZ-{1, p1, p2, ..., ps}, we have
m € (1/ryy))Z. Since m € A, we know by Theorem 3.20 that / has a unique representation
m= n—l—le‘»:] djpjwhere0 < d; < s;,in which case m € (2. Suppose, toward a contradiction,
that J < k. By Lemma 4.3,

m e (1/rw)2 — (1/r14-1)) 2.

Since m & (1/ry—-1y)Z and J < k — 1, it follows that m & (1/r,;))Z, a contradiction. Thus,
J>k,andsom € ) C 2;. O

The corollary below follows immediately from this lemma.
Corollary 4.5. Each (2; is closed under addition.

We are now in a position to describe how to determine whether a positive rational number is
an element of the value monoid A. Given a positive rational number m, write m as a/b where
a and b are relatively prime positive integers. If m € N, then m € A, and so we only need to
consider the case where b > 1.
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Our goal is to decide using modular arithmetic whether m € A. First, find the smallest index
J such that b | ;). It can be shown that the set of all Z-linear combinations of 1, p1, ..., ps
is precisely the set (1/r;))Z; thus, m € Z - {1, p1, ..., ps}. By Lemma 4.4, we know that
m € Aif and only m € {2;, in which case there exist integers dj, ..., d; where 0 < dj < s; for
jef{l,..., J}such that

J
m=n+ Z dip;j.
Jj=1
Since the validity of this last statement can be tested by solving for di, ..., d;, we have the
following algorithm.

Algorithm 4.6. Let m be a positive rational number. The following algorithm determines
whether m € A. If m € A, then the algorithm produces a decomposition of m as a Z-linear
combination of 1, p1, ..., py. For each j, write p; = c;/r(j).

(1) Write m as a/b where a, b are relatively prime, positive integers.

(2) Define J to be the smallest index such that b | r;( ).

(3) Define m; = m.

(4) Solve the congruence c;d; = mr;yy mod s; for d; where 0 < d; < s;. If there are no
solutions, then m ¢ A.

S)Forj=J-1,J—-2,...,1,define mj = mj1 —djy1pj+1 and solve the congruence
cjdj = mryjy mod s; for d;j where 0 < d; < s;. If any of the congruences fail to yield a
solution, then m & A.

(6) Define n = m| — dyp;. If n is negative, then m ¢ A. Otherwise, if n € N, we have m € A
and

J
m =n+Zdjpj.
Jj=1

Now that we have a test for whether a rational number is in the value monoid, we need
to construct preimages of elements of the value monoid under the valuation. The following
algorithm accomplishes this task.

Algorithm 4.7. Let m € A. This algorithm constructs p(x,y) € K[x, y]* such that

le(p(x, y)) =m.

(1) Using Algorithm 4.6, write m = n + ZJJ»ZI djp;.

(2) For each j € {1,..., J}, use Proposition 3.10 to compute p;(x, y), where p;(z, y) is the
minimal polynomial of z/()~1 over K (¢).

(3) Define p(x, y) = x" ]—[]J»=1 pjx, y)4i. By Lemma 3.15(iii), we have le(p(x, y)) = m.

The following algorithm describes how to perform division in K [x, y] relative to le.

Algorithm 4.8. Let f, ¢ € K][x, y]*. This algorithm constructs # € K|[x, y]* such that
le(f — gh) < le(f) provided that such an & exists.

(1) Compute m = le(f) — le(g).
(2) Use Algorithm 4.6 to determine whether m € A, thus determining whether £ exists.
(3) Using Algorithm 4.7, find p(x, y) € K[x, y] such that le(p) = m.
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(4) Define h(x,y) = (Ic(f)/lc(gp))p(x, ¥). Then Ic(f) = Ic(gh), and since le(f) = le(gh), it
follows that le(f — gh) < le(f).

We state the following simple lemma without proof.

Lemma 4.9. Let M be a monoid such that Z. C M C Q, and let g be an element of the quotient
group of M (i.e., the set of differences of elements of M ). Then for sufficiently large n € N, we
haveq +n € M.

Using this lemma, we demonstrate a proposition that will be useful in the construction of
generators of intersections of ideals in A of the form (le(f)).

Proposition 4.10. Given f, g € K[x, y]* such that le(f), le(g) € {2y, there exists a finite subset
of £25 that generates {le(f)) N (le(g)).

Proof. The proof is simple when J = 0, and so we consider the case when J € Z*. In this
proof, whenever the upper limit of summation is less than the lower limit, we declare the empty
sum to be zero. For each positive integer J, define

J
Q}:{Zdjpj|0§dj<sj‘ .
=1

By Lemma 4.9, for each w € (2, there exists a smallest n,, € N such that w — le(f) + n,, and
w —le(g) + ny, are both elements of A; that is, w + n,, € (le(f)) N (le(g)). Define I'; C {2 to
be the finite collection

I'y={w+n,|we )}

We will show that I'; generates (le(f)) N (le(g)).

Given m € (le(f)) N (le(g)), we can write m = le(f) +my and m = le(g) + m, where
my,mg € A. By Theorem 3.20, there exists k € Z* and ny, ng, di, ..., d, dj,....d; € N
where 0 < d, d} < sj foreach j € {1, ..., k} such that

k
mp=ng+y dipj,
j=1

k
my = ng +Zd}p]~.
=

Then
k
m=le(f)+ns+ar+ > djpj. (4.1)
j=J+1
k
m =le(®) +ng+ay+ Y dip;, (4.2)
j=J+1

where oy = ZJJ':1 djpj and oy = Z,J-:1 d}pj. Since le(f), le(g), af, g € 27, we know
by Corollary 4.5 that le(f) + ny + o and le(g) + n, + o, are both elements of {2;. Thus,
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it follows from the uniqueness of representation promised by Theorem 3.20 that d; = d} for
je{J+1,...,k}. Thus,

le(f)+ny+oar=1le(g) +ng+ og. “4.3)

If we define m’ € {25 to be the quantity expressed in (4.3), then by Theorem 3.20, we can write

J
m =le(f)+ns+ar=n+ 8;p;. 4.4
J=1

where n € Nand 0 < §; < s;. Define w = Z]Jt] 8jpj € 2}, and let n, be the smallest
nonnegative integer such that w + n, € (le(f)) N (le(g)) (whose existence is guaranteed by
Lemma 4.9). Since m’ = w + n € (le(f)) N {le(g)), it follows that n > n,. Combining (4.1)
and (4.4), we have

k
m=m'+ Z dipj
j=T+1

k
= (w+ny) + (1 —ny) + Z djp;j.
j=T+1

Since n > n,, it follows that n — n, € N, and so (n — ngy) + Zl;zlJrl djpj € A. Moreover,
w ~+ ny, € I'y and so I'y generates (le(f)) N (le(g)). U

The following algorithm uses the lemma above to produce a syzygy family.

Algorithm 4.11. Let f, g € K|[x, y]*. This algorithm will produce my,...,my € A such
that (le(f)) N (le(g)) = (my, ..., myg). In addition, for each j € {1, ..., £}, we will produce
aj,bj € K[x, y]* such that eithera; f = b;g orbotha; f # bjgandle(a; f —bjg) < m;j.

(1) Using Algorithm 4.6, write le(f) = n + ij'=1 djpj and le(g) = n’ + Z]J-ZI d;.pj where
n,n’ e Nand 0 < dj,d} <sj.

(2) Let wy, ..., w; be all the elements of {ZJJ-:] dipj | 0 < d;j < s;}. For each t, find the
smallest n, € N such that w; — le(f) + n; and w; — le(g) + n, are both in A. (Note that the
existence of such an integer n, is guaranteed by Lemma 4.9.) To accomplish this, begin with
n; = 0 and keep incrementing n; until w; — le(f) + n; and w, — le(g) + n; are both in A
(which can be tested using Algorithm 4.6).

(3) For each ¢, define m; = n; 4+ w;. By the proof of Proposition 4.10, {m1, ..., m,} generates

(le(f)) N (le(g)).

Bernd Sturmfels posed the following question at the Third Annual Colloquiumfest at the
University of Saskatchewan in 2002: Given a generalized Grobner basis with respect to a
valuation, does it necessarily follow that there exists a monomial order such that G is a Grobner
basis with respect to the monomial order? The following example demonstrates that the answer
is negative.

Example 4.12. Let K be a field that is not of characteristic 2. Define f; = y> —x and f> = xy.
Then one can check that the set G = {f1, f2} is a Grobner basis for the ideal I = (f, f») with
respect to the valuation induced by z = /2 4 (1/4 4 ¢1/8 4 1/16 4 ... using Algorithm 1.12.
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We now demonstrate that G is not a Grobner basis with respect to any monomial order.
Suppose, for a contradiction, that G is a Grébner basis with respect to some monomial order
‘<’. Note that x2, y3 € I since x> = yf> — xfi and y> = yfi + f>. We consider two cases,
depending on whether x > y? orx < y. If x < y?, then It(f;) = y? and It(f>) = xy. However,
x2 € I, and so if G were a Grobner basis with respect to ‘<’, then we would have either y2 | x2
or xy | x2, a contradiction. Now suppose x > yZ, in which case It(f;) = —x and It(f2) = xy.
However, y3 € I, and so if G were a Grobner basis with respect to ‘<’, then we would have
either —x | y3 or xy | 3, a contradiction.

Lastly, we note by example that some ideals do not have finite Grobner bases with respect to
a given valuation.

Example 4.13. Consider the ideal (x, y) of K[x, y], and let G be a Grobner basis with respect
to z € K((t@)). For each p;, choose p;(x,y) € K[x, y] such that le(p;) = p;. Since G is a
Grobner basis, there exists g; € G such that le(g;) | le(p;). That is, for some h; € K[x, y], we
have le(g;h;) = p;. By Lemma 4.3, we have p; & (1/r;i—1y)Z. Since G N K = @, it follows that
le(g;) > 0, and so le(h;) < p;. Suppose, for a contradiction, le(g;) # p;. Then le(g;) < p;, and
so by Theorem 3.20 and Lemma 3.16, le(g;) = n + Z'j_:ll djpj and le(h;) = n' + Z'j_:ll d}p.,'.
Thus, p; = le(gih;) € (1/r;i-1))Z, a contradiction. Therefore, le(g;) = p;, and since the
monoid generating sequence is infinite, it follows that G is infinite.

5. Approximating algebraic series with finite Puiseux series
In this section, we provide justification for the results that lead to Proposition 3.12. After

defining some new terminology, we present a proposition that states that a twist-recurrent series
remains twist-recurrent under the action of the functions described in Lemma 3.9.

Throughout this section, we adopt the notation i, for the functions described in
Lemma 3.9.

Definition 5.1. Given E C K((t@)), afunction ¢ : £ — K((tQ)) is called support-preserving
if the following two conditions hold:

(1) For all w € E, we have Supp(w) = Supp(y w).
(ii) For all wy, wy € E and g € Q,

wi(q) = wa(g) = [¥(wllg) = [V (w2)](g).

Note that each function v is support-preserving.

Proposition 5.2. Let K be a field of characteristic p > 0. If w is a twist-recurrent series, then
Ye(w) is also a twist-recurrent series.

Proof. Suppose w = Y w;t' is twist-recurrent. We will show that v, (3" w;#') is twist-recurrent.
By Definition 3.6, w is supported on a set of the form S, .. Since v is support-preserving,
Y¢(w) is also supported on the set S, 5 .. Thus, we have shown that v, (w) satisfies part (a) of
Definition 3.6.

Next, we proceed to show that v, (w) satisfies part (b) of Definition 3.6. Let S, 5  be a set on
which ¢ (w) is supported. Since v, is support-preserving, w must be supported on the set S, p ¢
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as well. Let m < b. To show that v, (w) satisfies part (b) of Definition 3.6, we must demonstrate
that the function

gm T, — K
T = Ye(W)(m+1)/a

is twist-recurrent. That is, we must show that givenanyn € N, j € Zt,b; €{0,..., p—1},and
> b; < c, the sequence

+

’ m
Cp = 8&m(th) = n¢ W(intt,)/a

satisfies a LRR of the form (3.1) where 7, is given by

b bioi 1 (b
T J~ﬁ+—n(—"+"')- (5.1)
P p’ p"\p/

Since w is twist-recurrent, the function
fm:Te > K
T = Win+1) /a

is twist-recurrent, and so the sequence ¢, = W(y41,)/q satisfies an LRR of the form

P P*
docy, +d1cn+1 +"'+dkcn+k =0.

Note that for all n,
m-+ T
ch = ( ”) Cn. (5.2)
a
Now, there exist nonnegative integers o, 8, y,r,s,u where gcd(e, p) = ged(B8,p) =

gcd(y, p) =1,r < j— lands > j such that
m+bip 4 b p U =ap”
bip~/ +bjp Ut 4. = gp°
a = yp“.
From this, we see by (5.1) that

m+ 1, _ ap—r +p—nﬁp—s _ apn+s—r +ﬂ
a - yp! - ypltstn

If we denote the multiplicative inverse of p modulo y by ¢ and let ¢ denote a primitive y-th root
of unity in K, then since s > r, by using the notation of Lemma 3.8, we have

m + Tn nES=r 4 gy pgttsn Pl Lgitstn
TM( y )zg(ap Bq = %% ,gﬂq .

If we define

’ —alg"tu i
di =< TP d;
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then by (5.2),
k _ k P
;7 Ipt —alg" T i m—i—‘c,,_H
Sl = 3y (P )
i=0 i=0
k +u i i i +stnti i pl
_agrltl azrut ZMSVI!IP
= TP g petaT TP Bl Pl
i=0
_ ﬁequ+s+n+i‘ni ) P
- ¢ dlcn+i

ﬂequ+s+n ) pf
C dl cn+i

k .
_ ﬁ[qu—‘H—n Z ) [,l
- { dl Cn—i—i
i=0

- 10~

Il
o

=0,

and so ¥y (w) satisfies part (b) of Definition 3.6.

Lastly, we need to show that the functions of the form g,, span a finite-dimensional vector
space. Since w = Y w;t’ is twist-recurrent, the functions of the form f, span a finite-
dimensional vector space. Let f,,,, ..., fin; be a finite collection of functions that span this
space. Forany t € T, C {hp™ | h € Z, n € N}, we have

mz(m T)e{co,fl,...,zy‘l}.

For?¢ € {0,...,y — 1}, define f,, ¢ : T. — K by

w it n(m+1)/a) =t
fm,é ('L’) _ (m+7)/a T}(( . )/ ) ;
0 otherwise.

Thus, f = Y./, fi.c» and so

y—1
8m = Z szm,b
=0

Thus, the vector space spanned by all functions of the form g, is a subspace of the finite-
dimensional vector space spanned by the set {fy,,r | 1 <e <E, 0<{ <y —1}. O

—_~—

Proposition 5.3. Each v, sends K ((t=1)) to itself.

Proof. Let w € K((t~1)). If K has characteristic~ zero, then by Theorem 3.2, w is a Puiseux
series of ramification index r with coefficients in K. Then there exists a finite extension L of K

such that w € L((t~1/")) c K((t~)) (see Duval (1989) for details). By the definition of 1,
there exists a primitive r-th root of unity ¢, such that ¥, (w) € L(§,)((t_1/’)) C K@t )).

If K has positive characteristic, then the result follows from Theorem 3.7 and
Proposition 5.2. [
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Given w € K((t~!)), denote by O(w) the orbit of w under the actionby ¥ = {y | £ € Z).
The next result provides us with the cardinality of the orbit of w.

—_~

Proposition 5.4. Let w be a nonzero element of K ((t—1)).

(1) If char K = 0, then |O(w)| is the ramification index of w.
(i) If char K = p > 0, then |O(w)| is the smallest positive integer n such that

Supp(w) C {k € Q| Fe € N such that knp® € 7.}.

Proof. (i) Since char K = 0, by Puiseux’s Theorem, w can be expressed as

N
w = Z w; ™",
i=1

where N € Z1T U{oo}, w; € E*, n is the ramification index of w and m; > m;y;. By Lemma 3.9,
we have that for all j,

N .
Yj(w) = wi(gil "y
i=1
We will show that ¥ (w) = ¥ j(w) if and only if j = j* mod n, from which we can conclude
O@w)] = n. | )
Suppose ¥j(w) = ¥ (w). Then w;i (] tY/mMym = w;(g] tY/")y™ for each i. Therefore,

i i i’ i . . . . .
S — ;,{ ™ for each i, and so Jjm; = j'm; mod n. Since n is the ramification index of w,
the integers n, my, mo, ... do not all have a common factor, and so j = j° mod n. Conversely,

if j = j/ mod n, then wi(g,{tl/”)mf =w; (;,{/tl/”)mi for each i, and so ¥ (w) = ¥ (w).

(i1) Let char K = p > 0, and write w as

w = Z w;t i,
iel
where 7 is a nonempty, Noetherian subset of Q. Define n to be the smallest positive integer n
such that

Supp(w) C {k € Q| Je € N such that knp® € Z}. (5.3)

—_—

The existence of such an integer n is promised by Kedlaya’s description of K ((¢t~!)). (More
specifically, Kedlaya demonstrates in Corollary 9 from Kedlaya (2001) that any finite extension
E of K((t~1)) can be expressed as a tower of Artin—Schreier extensions over M ((¢=Y/™y), where
m is a positive integer and M is the integral closure of K in E.)

We will show that /;(w) = v /(w) if and only if j = j' mod n, from which we can
conclude |O(w)| = n.

Suppose ¥ j(w) = v ;/(w). Using the notation of Lemma 3.9, we see that n; (i) = n;/(i) for
all i € I. Since n is the smallest positive integer that satisfies (5.3), there exists s € Z* and
it,...,is € Supp(w) of the form i, = a,/(np™) where r € {1,...,s}, a, € Z*,m, € N,
p1a,suchthatn, ap, ..., as do not all share a common factor. By the definition of , it follows
that ged(n, p) = 1. Since n;(i,) = nj(i,) for each r, we have g™ ;f’qm'/ where
g €{l,...,n— 1}is chosen so that pg = 1 mod n. Thus, a,q™" j = a,q™ j' mod n, and so
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n|aq" (j — j). Since ged(n, g) = 1, it follows that n | a,(j — j'). Since n, ay, . . ., ag do not
all have a common factor, it follows thatn | j — j’, and so j = j/ mod n.

Conversely, suppose j = j' mod n. Each i € I can be written as a/(np®) where a € Z,
n e Z+ ande € N. Then n;(i) = ¢4 and n; (i) = ¢'7 where g € {1,....n — 1} is
chosen so that pg = 1 mod n. Since j = j' mod n, it follows that n;(i) = 5 (i), and so
vi(w) =y (w). U

—_~—

Using this proposition, we can more precisely describe the orbit of any w € K((t~1)) as
below.

—~—

Corollary 5.5. Given w € K((t71)), denote by O(w) the orbit of w under the action by
U= {yy|LeZ}If|O| =n, then

Ow) = {Y1(w), ..., yn(w)}.

Proof. In the proofs of both parts (i) and (ii) of Proposition 5.4, it was shown that ¥;(w) =
¥ jr(w) if and only if j = j* mod n, and so O(w) = {Y1(w), ..., Yu(w)}. O

Definition 5.6. Let w = Y ;; w;t’ € K((19)).

(i) If K has characteristic zero, then define P(w) = w.
(ii) If K has positive characteristic p, then define

I,={a/bel|aecZ/beZ and p{b}.
If 1, is empty, define P(w) = 0; otherwise, define

Pw) = Z wit'.

iely

Note that if w is algebraic over K ((+~1)), then P(w) is a Puiseux series whose ramification
index is not divisible by char K.

Example 5.7. If K has characteristic 2 and

w = V2 V3 fUS T 13 T
then

Pw) = 1173 4 V5 4 /U7 4 110 L 113 LT
Ifw =124 V44 ¢1/8 4 11/16 L. then P(w) = 0.

A simple proof provides the following corollary of Proposition 5.4.

—_~—

Corollary 5.8. Let w € K((t~1)). The ramification index of P(w) divides |O(w)|.
The following simple lemma follows directly from Definitions 5.1 and 5.6.

Lemma 5.9. Let E be a field contained in K () and let Y be a support-preserving function
on E. Then ¥ (P(w)) = Py (w)).

The next few results show how to place bounds on leading exponents in special cases.
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Lemma 5.10. For all w € K ((19)),
le(z — w) > le(z — P(w)).

Proof. If P(w) = w, then the result follows trivially. Otherwise, K is a field of positive
characteristic p and w — P(w) # 0. Note that each element of the support of w — P(w) can
be written as a/b where a € Z, b € Z* such that p { a and p | b. Since P(w) is a Puiseux
series whose ramification index is not divisible by p and no term of the ramification sequence of
z is divisible by p, it follows that the supports of z — P(w) and w — P(w) are disjoint. Thus,
It(z — P(w)) # lt(w — P(w)), and so by the triangle inequality (2.4),

le((z — P(w)) — (w — P(w)))
= max{le(z — P(w)), le(w — P(w))}
> le(z = P(w)). O

le(z — w)

Definition 5.11. Let w € K ((IQ)) such that P(w) agrees with z to finite order m. If m = 0, then
define S(w) = 0; otherwise, let L be the largest index such that r;, = r,, and define

S(w) =z,

Note that any Puiseux series agrees with z to a finite order. Therefore, for any w € K ((z~1)),
the series P(w) agrees with z to a finite order, and hence, S(w) is well defined.

e~

Lemma 5.12. Let w € K((t71)) be a Puiseux series whose ramification index is not divisible by
char K, and let E be an algebraic extension of K ((t™')) containing w. Let ¥ be a collection of
support-preserving K ((t~1))-automorphisms of E such that for any € W,

le(z — Y (w)) = le(z — w).
Then for all y € VU,
le(z — Y (w)) > le(z — ¥ (S(w))).

Proof. For this proof, if we write z as

o
= ZZjlej,
Jj=1

where each z; is nonzero, then by the assumption that ¥ is support-preserving we can write
(0.¢]
V@) =) z;'t9,
Jj=1

where each z;’ is nonzero.

Let m denote the order to which z and w agree. Note that since le(z — ¥ (w)) > le(z — w)
by assumption, it necessarily follows that z and v (w) agree to an order of at most m. First, we
consider the case when m = 0. In this case, S(w) = 0 and so

le(z — ¥ (S(w))) = le(z).
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Moreover, if It(y¥(w)) = 1t(z), then z and ¥ (w) agree to an order greater than zero, a
contradiction. Thus, 1t(ys (w)) # 1t(z), and so by the triangle inequality (2.4),

le(z — ¥ (w)) = max{le(z), le(¥ (w))} > le(z) = le(z — ¥ (S(w))).
For the remainder of the argument, we consider the case m > 0. Define

7 =z7—7M, (5.4)
w =w— 7™, (5.5)

Claim 1. le(z — ¥ (w)) > le(z — ¥ (2™)).

Proof of Claim. Using (5.4) and (5.5), we see that
d=pw) = [ =y )]+ =y, (5.6)
2= ™) = [ =y )] + 2, 5.7

We divide the proof of this claim into two cases, depending on whether z™ = ¥ (z™) or

2 3£ 4 (2).

First, we consider the case where

2™ =y ™), (5.8)
in which case

=y =7 -y, (5.9)

2—yE™) =7 (5.10)
Since ¥ is support-preserving,

v t(w")) = 1ty (w"). (5.11)
Moreover, since z and w agree to order m, we have

2D = 2 (e, (5.12)

wmtD = 20m) 4 ey, (5.13)

Suppose, for a contradiction, that 1t(z") = 1t(¥ (w’)). By combining (5.8) and (5.11)—(5.13), we
obtain
[Y )]+ = y @)
= ¥ ") + ¥ )
=z £ty (w))
=z +1t(2)
— Z(m+l)'

Thus, ¥ (w) and z agree to order m + 1, which contradicts our assumption that 1 (w) and z agree
to an order of at most m, and so we may assume 1t(z’) # lt(yr (w)).
Therefore, we can invoke the triangle inequality (2.4) together with (5.9) to obtain

le(z — Y (w)) =le(z’ — ¢ (w) = max{le(z)), le(¥ (w")} = le(2).
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Moreover, by (5.10), we have le(z — ¥ (z™)) = le(z'), and so le(z — ¥ (w)) > le(z — ¥ (z™)).
Secondly, we consider the case where

Z(m) + W(Z(m))-

Note that every element of Supp(z™ — ¥ (z™)) is at least as large as e,,, and so le(z"™ —
w(z(’"))) > ep. Since z and w agree to order m, we can see by (5.4) and (5.5) that any
element of either Supp(z’) or Supp(w’) must be smaller than e,,. Therefore, le(z’) < e, and
le(z/ — ¥ (w')) < ey, and so

lez™ =y (™) > le(z — Y (w),
lez™ =y (™)) > le(@).
Applying these inequalities to (5.6) and (5.7), we obtain
le(z — y(w)) = le@"™ — ¥ (™)
and
le(z — ¥ (c™) =1le™ — ¥ (™)),
in which case
le(z — y(w)) = lez — ¥ ™)),
and so the claim is justified.
Since our next goal is to demonstrate that le(z — ¥ (z"™)) > le(z — S(w)), we focus on the

definition of S(w). Since w is a Puiseux series whose ramification index is not divisible by char
K, it follows that P(w) = w. Let L be the largest integer such that r,, = rz, in which case

Stw) =z (5.14)
Claim 2. le(z — ¥ (z™)) > le(z — ¥ (z(D))).
Proof of Claim. If z; = z;. for all j € {1,...,m}, then le(z — ¥ (z"™)) = eny1 and

le(z — ¥ (zP)) < e,41. Otherwise, let j be the smallest index between 1 and m such that
j # z/j, in which case le(z — ¥ (z™)) = ej and le(z — v (zD)) = ej. Thus, the claim is
justified.

Combining Claim 1 and Claim 2, we obtain le(z — ¥ (w)) > le(z — ¥ (z')). By (5.14), this
becomes le(z — ¥ (w)) > le(z — ¥ (S(w))). O

Using Lemma 5.12, we can prove the following result, which is used in justifying
Proposition 3.12.

—_—

Proposition 5.13. Lerw € K ((t=1)) and let E be an algebraic extension of K ((t~1)) containing
w. Let W be a collection of support-preserving K ((t~1))-automorphisms of E such that for any
v evw,

le(z = Y (P(w))) = le(z — P(w)).
Then for all y € ¥,
le(z — Y (w)) > le(z — Y (S(w))).
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Proof. If we replace w by P(w) in Lemma 5.12, we obtain
le(z = Y (P(w))) = le(z — Y (S(P(w)))).
It follows from Definition 5.11 that S(w) = S(P(w)), and so
le(z = Y(P(w))) = le(z — ¥ (S(w))). (5.15)
By Lemma 5.10 with i (w) in place of w, we obtain
le(z — ¢(w)) = le(z — P(¥(w))).
By Lemma 5.9, we have P(¢¥ (w)) = ¥ (P(w)), and so
le(z — ¢(w)) = le(z — ¥ (P(w))).
The proposition follows by combining this inequality with (5.15). O

We will see that in order to generate A, we need only consider polynomials whose roots are
finite Puiseux series. To demonstrate this, we begin with the following proposition.

Proposition 5.14. For each nonzero, monic, irreducible element p(t,y) of K ((t~")[y], there
exists f(x,y) € K[x, y] such that the following hold:

(i) deg, p(r, y) = deg, f(x,y),
(i) le(p(t,z)) = le(f (1, 2)), and
(iii) f(z, y) is a product of minimal polynomials of series of the form 2"~ over K (t).

Proof. Let E be the splitting field of p(z, y) € K (¢)[y] over K ((+~1)) and denote by ¢ the degree
of inseparability of E/K ((t~1)). If we define ¥ = {t, | £ € Z} as described in Lemma 3.9,

then by Proposition 5.3, each v; sends K ((t~ 1)) to itself, and since E is a normal extension of
K ((t71)), it follows that each ¥ j sends E to itself. Let Oy, ..., Oy, be the orbits of the zeros of
p(t, y) acted on by ¥, in which case

m q
pt.y) = [1‘[ [To- w)} : (5.16)
k=1 weOy

For each Oy, choose wy € O such that for any w € O,

le(z — P(w)) = le(z — P(wy)).
Since Oy = {w | w € O} = {¥(wx) | ¥ € ¥}, we have by Lemma 5.9 that

{Pw) | w e O} ={y(Pwp) | ¥ € ¥}
Thus for all v € ¥,

le(z — ¥ (P(wk))) > le(z — P(wg)). (5.17)
For each k, if we define ny = |O(wy)|, then by Corollary 5.5, we have

Ok = {Y1(wi), - -+, Yy (W)}
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Then by (5.16),

m  ng q
p(t,y) = []—[ [Jo- wj(wk))i| : (5.18)
k=1 j=1
Now define
m ng q
fmw=hIH@—wwwmﬁ. (5.19)
k=1 j=1

We will later show that f (¢, y) € K[¢, y], in which case f(x, y) is a polynomial in the variables
x and y. Thus, by (5.18) and (5.19), it follows that part (i) of the proposition is justified:

deg, (p(1, y)) = deg,(f(x, y)).

If we apply Proposition 5.13 to (5.17), we obtain le(z — ¥ (wg)) > le(z — ¥;(S(wy))) for all
J, k. Thus, if we apply (2.1) to (5.18) and (5.19), we obtain part (ii) of the proposition:

le(p(t, 2)) = le(f(t, 2)).

If we denote the ramification index of the Puiseux series S(wy) by Ry, then by Proposition 3.10,
the minimal polynomial of S(wy) over K (¢) is

Ry
fet,y) =[]0 = vi(S@) € K1, yl.

Jj=1

By Corollary 5.8, the ramification index of P(wy) divides ny. Since the ramification index of
S(wy) divides the ramification index of P(wy), we have Ry | ny. Since S(wy) has ramification
index Ry, we have ¥/ (S(wy)) = ¥ (S(wy)) whenever j = j' mod Ry. Thus,

ni
(fit, )R =TT = vj(Swp) € Kt, 1,

j=1
and so by (5.19),

m

q
ﬂmw=[ (ﬂ@wﬂmmﬂ.

k=1

Therefore, f(x,y) is a product of minimal polynomials of finite Puiseux series of the form
S (wy). If we denote by my, the largest index to which P (wy) and z agree and let Ly be the largest
index such that r;, = ry,, then

S(wy) = Z(Lk)'

By Definition 2.6(iii), we can write each Ly as [(ix) — 1 for some iy, and so part (iii) of the
proposition is justified.

We now provide a proof of Proposition 3.12, which generalizes Proposition 5.14 to include
arbitrary, nonzero polynomials.
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Proof of Proposition 3.12. First, factor p(¢, y) as a polynomial in y as

pt.y) =q® [ pitt. .

i=1

where ¢(t) € K[t] and p;(t,y) is a monic, irreducible element of K((t~'))[y]. By
Proposition 5.14, for each index i, there exists f;(x,y) € K[x, y] such that degy pi(t,y) =
degy fi(x, ), le(pi(t, 7)) = le(fi(t, 2)), and the roots of f; (¢, y) are finite Puiseux series of the
desired form. It then follows that f(x, y) = g(x) []i-, fi(x, y) satisfies the conditions of the
proposition. [

6. Associated sequences

In this section, we prove some elementary results about the sequences described in the
previous sections. In particular, we will construct recurrence relations and formulas concerning
the monoid generating sequence and the sequence (A1, A2, A3, ... ) introduced in Definition 3.17.
The following lemma provides a simple recurrence relation for the monoid generating sequence.

Lemma 6.1. The monoid generating sequence satisfies the following recurrence relation:
p1 = ey,

Pi+1 = SiPi — €y + eii+1)-

Proof. By (2.7), uj(1y—1 = ui(1—1y = uo = 0, and so by Definition 2.6, p; = ¢;(1y. Moreover,

m—1
'm I'm
Up + emt1 = - - €j+1 + em+1

m—2
'm "'m—1 "m—1 'm 'm
= — €'+]+( ——)6‘ +e +1
(rm—l>j22(:)< rj rj+1> ! Fm—1 Im " "
-2
'm s Fm—1 'm—1 'm
= — = — ejr1+ em — em + em+1
Fm—1 =0 rj rj+1 Fm—1
'm
= (-1 +em]l —em + emyr.
Fm—1
If we define y,,, := u—1 + e, then
I'm
Ym+1 = ( > Ym — €m + em+1- 6.1)
T'm—1
Replacing m by [(i), we obtain
I
YiG)+1 = (rz('()l)l) i) — ey +eni+1 = Sivia) — e +eii+1- (6.2)
—

Ifi(@) <m <Ii+1),thenr,/r,—1 = 1by (2.6), and so (6.1) yields

Ym+1 = Ym — €m + €m+1.
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Multiple applications of this formula yield a telescoping sum, and so

YiGi+1) = YiG+D—1 — €li+)—1 + eii+1)
Vi+1)—2 — elG+n—2 + eii+1)—1) — eii+1)—1 + e+

= Yi(+1)—-2 — €ii+1)—2 T eli+1)

= Yi()+1 — €li)+1 T eii+1)-

This equation in conjunction with (6.2) yields

YiGi+1) = Yi)+1 — el@i)+1 T eii+1)
= SiYiG) — eii) T eri+1 — eri)+1 + eri+1)
= SiViG) — €l() T eli+1),
and since p; = u;i)—1 + e;;) = yi() for all i, we have
Pi+1 = 8ipi —eiG) + e+, O

We can also construct a recursive formula for the terms of the ramification sequence, as given
in the next result.

Lemma 6.2. Fori € N,
i
rigy =1+ Z(Sj — 1)}’[(]'_1),
j=l1
where the summation on the right is taken to be zero ifi = 0.

Proof. Fori = 0, we have r;g) = ro = 1. Otherwise, i > 1, in which case

i i
Z(Sj = Dri-1y = Z((rl(j)/rl(j—l)) = Dryi-1

j=1 j=1
i
=Y () = r1G-1)
j=1
= TIG) = T10)
= TG — 1. O

Using Lemma 6.1, we can construct yet another recurrence relation for the terms of the
monoid generating sequence.

Lemma 6.3. Fori € Z™,

i—1

pi = Z(Sj — Dpj + e,
=1

where the summation on the left is taken to be zero if i = 1.
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Proof. We proceed by induction. If i = 1, then by Lemma 6.1,
p1=-ei) =0+ eq).
Now suppose the statement holds for the index i. Then by Lemma 6.1 and the induction

hypothesis,
i i—1
Pit1 — Z(Sj —Dpj = pit1—Gi = Dpi — Z(Sj — Dp;
j=1 j=1
= pi+1 — (i — Dpi — (oi — ei))
= s5;0i — ey + e+ — (si — Dpi — pi + e
eli+n- U

At this point, we prove Lemma 3.16, which states that the terms of the monoid generating
sequence are increasing.

Proof of Lemma 3.16. Since s; > 1 for each index j, by Lemma 6.3,

i—1 i—1

pi = Z(sj —Dpj + e > ij +eii) > pi-1-
j=1 j=1

In addition, we can use Lemma 6.3 to extract information about the denominators of the terms
of the monoid generating sequence, as shown in the next result.

Corollary 6.4. Fori € Z™,
pi € (1/rii))Z — (1/r1i-1)) L.
Proof. The result follows by a simple induction. Indeed,
p1 = ey € 1/ray)Z — 7= /ra)Z — (1/ri©)Z.

Now, assuming that p; € (1/7;))Z, we see by Lemma 6.3 that

i
Pitl = Z(Sj —Dpj +eri+n-
=

Since pPj € (l/l’](j))Z C (l/r[(,'))Z for1 < Jj<i,we have

D (sj = Dpj € (1/rigNZ € (1/ri41)Z.
j=1

Moreover, eli+1) € (1/r1(,'+1))Z — (l/rl([))Z, and so

i
Pitl = Z(Sj = Dpj +eirny € 1/Gig+)Z — (1 /ri@)Z. O
Jj=1

The next lemma states that the numerator of any term of the monoid generating sequence is
relatively prime with the corresponding term of the partial ramification sequence.

Lemma 6.5. Fori € Z, if we write p; = ci/ri(i, then gcd(ci, s;) = 1.



718 E. Mosteig / Journal of Symbolic Computation 43 (2008) 688-725

Proof. First, write each term of the exponent sequence in reduced form:
ei =n;/d;,
where n;,d; € Z7" and ged(n;, d;) = 1. By (2.6) and Definition 2.6, we conclude

rigy = lem(ry—1y, digy)-

By Corollary 6.4, for each j < i, we have

pj € A/n)Z C (/r@H)2,

and so

Si =Y (sj — Dpj € (1/ri))Z.

j=1
Thus, for each i, there exists f; € Z™ such that

fi Siv1fi siv1fi

ri(i) Si+171(3) rl(i+l).
Then by Lemma 6.3,

ci sifi-1 . mig
i = —— =Si_1+em = L+&.
ri) rigy - did

6.3)

Suppose, for a contradiction, that gcd(s;, ¢;) # 1. Then for some prime p > 1, we have p | s;
and p | ¢;. Now,

oo T _ lem(riy, dii)) dii
: TiGi—1) riGi—1) ged(rii—1y, diy)
and so
di
ol 0 (6.4)

ged(ri—1y, diiy)”
Moreover, by (6.3) we have
¢ sificr | m@plem(r—n), dig))/digy i fi-1 + mglem@r—, dig)) /dia

riG) FiG) lem(ry—1y, diiy) Ti(i)

and so
¢i = si fi—1 +mplem(rig—1y, dig))/dig)- (6.5)

By (6.4), we have that p | dj), and since n;;y and dj(;) are relatively prime, it follows that
Pt nigpy- Thus, since p | ¢; and p | s;, it follows from (6.5) that

lem(ryi—1y, diy)

Pl
dii
and so
r(i—
pl alal) (6.6)

ged(ri—1y, diy)

Since the expressions in (6.4) and (6.6) are relatively prime, we have a contradiction. [
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We are now in a position to prove Lemma 4.3.
Proof of Lemma 4.3. For i = 1, we have p; = ¢(1), and so for any 0 < d| < s1, we have
dip1 € (1/ri1)Z — Z.
Now, we consider the case i > 1. For j <i — 1, we have by Corollary 6.4,
pj € /N2 C (1/rii-1)2,

and so
i1
Zdjpj € (I/ri—1)Z C (1/r1G))Z. 6.7
=1

Write p; = c,-/rz(i). Suppose, for a contradiction, d; p; = (d,'C,‘)/V[(,‘) S (1/?‘](,'_1))2 where
0 < di < 5. Thus, ri@) | dicirl(i_l). NOW, N I’](,’)/I’l(,’_l), and so Si | d,-c,-. By Lemma 6.5,
we have gcd(c;, sj) = 1 and so s; | d;. Since 0 < d; < s;, we have a contradiction, and so
dip; & (1/ryi-1y)Z. By Corollary 6.4, we know p; € (1/r;;))Z and so

dipi € (1/ri))Z — (1/rii-1))Z. (6.8)
Combining (6.7) and (6.8), we have

1
> dip; € A/r)Z — (1/r-1)Z. O
j=1

The following result gives an explicit formula for A,.

Lemma 6.6. For any d € Z%, there exists J € Z+ andd; € N for j € {1, ..., J} such that
d; #0,

J
Ag =le (1_[ fj(l,Z)df)

j=1

and

7
d = Zdj deg, (f;(x, y)),

Jj=1
where f; is the minimal polynomial of 21D~ over K ().
Proof. By Definition 3.17, there exists p(x,y) € K[x, y] such that deg,(p(x,y)) = d and
le(p(t, 7)) = Aq. By Proposition 3.12, there exists f(x, y) € K[x, y] such that

(i) deg, p(x, y) = deg, f(x,y),
(i) le(p(t, 2)) = le(f(, 2)), and ,
(iii) f(¢, y) is a product of minimal polynomials of series of the form ZUD=D over K (1).

By the minimality of A; in Definition 3.17, we have A4y = le(f (¢, z)). Since f(x, y) is a product
of minimal polynomials of finite Puiseux series, we can write & as

J
feo=[]riea% O

j=1



720 E. Mosteig / Journal of Symbolic Computation 43 (2008) 688-725

Using this lemma, we prove Proposition 3.18, which constructs a unique representation for
each A4 in terms of the monoid generating sequence.

Proof of Proposition 3.18. By Lemma 6.6, there exists f(x,y) € K[x,y] such that Ay =
le(f (7, 2)), deg,(f(x,y)) =d, and

J
fa. 0 =1]r02%,

j=1

where J € Z*, and for each j €{l,...,J}, we have dj € N (butd; # 0) and f;(z,2) is
the minimal polynomial of Z2UD=D gver K (t). By Lemma 3.15, it follows that degy fitx,y) =
rijy—1 and le(f;(t, z)) = pj, and so

J J T
ra=le (l_[ fi, z)df) = djle(fj(t,2)) =Y _d;p;

j=1 i=1 i=1

and

J J J
d =deg, f(x,y) = Zdj deg, fi(x,y) = Zdj’”l(j)—l = Zdjrl(j—l)-
=1 =1

j=1

Next we show that each d; satisfies the bound 0 < d; < s;. Suppose, for a contradiction, that
dy > sy forsome k € {1, ..., J}. Define

di — g if j = k;
D; = ydiy1+1 if j=k+1;
dj otherwise.

Using this in conjunction with the recurrence relation given in Lemma 6.1, we obtain

Zdjpj Z Djpj = Sipx — Pk+1 = €l(k) — €ik+1)>
j=1

and by Definition 2.6(vi),

J
de(j—n - Z Djrij—1) = skrig—1) — 1y = 0.
j=I j=I

These equations in conjunction with Lemma 3.15 yield

J
le (]_[fj(t,z)Df) ZD,p, Zd,pj—eumez(km<Zd,p, le(/)
j=1

=1 j=1

and

J J J
deg <1_[ fi, Z)D") = ZDle(j—l) = Zdjrl(j_l) = deg(f).
j=1 =1 =

However, since le(f) = A4, we have contradicted the minimality of A4. Thus 0 < d; < s; for
each j e {1,..., J}.
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Finally, we demonstrate that the representation for A4 given by
J
ha =) dip;
=1
is uniquely determined. Suppose, for a contradiction, we are given two representations for A,:
J J
!
ha =D dipj = dipj
Jj=1 Jj=1

where 0 < dj, d} < s;. If we define A; = dj —d), then Y"7_, Ajp; = 0and |4;] < s;.
Multiplying the expression by 7;(y 1y, we obtain

J
Zrl(‘]fl)Ajpj = 0.
i=1
However, rj(j_1yAjp; € Zfor j € {1,...,J — 1}, and so ryy_1yAjp; € Z. Now write

T1(J) A
— cj.
r1(J—1) | Asey

Since s; and cy are relatively prime by Lemma 6.5, it follows that s; | A;. However,
|Aj| < sy, and so A; = 0. Thus, 27;11 Ajp; = 0. Repeating this argument, we find
Aj1=A4552=---=A;=0,andso d; :d} forall j e{l,...,J}. O

pJ as Cj/r[(j) where cj € Z+. Then r[(j_l)AjCj/r[(]) (S Z, and so s; =

The idea that each A; has a unique representation can be extended further. In fact, there
is a natural bijective correspondence between representations of nonnegative integers and
representations of elements of the value monoid of the form A4. First, we state the following
simple lemma without proof.

Lemma 6.7. Let by, by, b3, ... be a sequence of positive integers such that by = 1,bj1 > b;
and b; | bji1 forall j. Then every d € Zt has a unique representation of the form

J
d=Y djb,
j=1

where J € Zt,d; # 0, and 0 < di <bj1/bj.

For example, if b; = 10/~1, then this says that every positive integer has a unique base 10
representation. Using Lemma 6.7 with b; = r;(;_1) in conjunction with Proposition 3.18, we
produce a method for quickly computing A4.

Corollary 6.8. Given J € Zt and d1, ...,d; € N such thatd; < sj foreach j € {1,...,J},
we have

J J
dzzdjrl(j—l) =4 )LdZZdj,Oj.
j=1 Jj=1

Lemma 6.9. The sequence Ao, A1, A2, ... is increasing.
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Proof. We will show that Ay4; > Ay for all d. By Proposition 3.18, we can write 1y =

Z]J'=1 djpj where 0 < d; < s; and

J
d="Y djng.
j=1

Thus, by Corollary 6.8, it follows that

J
Ad = Z dip;j.
j=1
We now consider different cases, depending on the size of the coefficients d;.

Case 1. First we consider the case d; = s; — 1 forall j € {1, ..., J}, in which case

J
d =Y (sj = Drigj-1),

j=1
and

J

ha =) (sj = Dpj.

Jj=1
Applying Lemma 6.2 to (6.11), we obtain d + 1 = ry(;), and so by Corollary 6.8,
Ad+1l = PJ+1-

If we use Lemma 6.3 in conjunction with (6.12) and (6.13), we obtain

(sj — Dpj =e+1) > 0.

J
Ad+1 — Ad = PJ+1 —

j=1

Case 2. Consider the case di < s — 1. Since ;) = 1, we can rewrite (6.9) as
J
d+1=(d+ Drio) + Zdjrl(j—l),
j=2
and so by Corollary 6.8,
J
havt = (di+ D1+ ) djp;.
j=2

Subtracting (6.10) from (6.14), we obtain

Ad+1 —Aqg = p1 > 0.

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

Case 3. Finally, we consider the case where there exists an index i > 1 such thatd; < s; — 1, but

dj =s;—1forje{l,...,i —1}. Write A4 as
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i—1 J
)LdZZ(Sj—l)pj—i-Zdjpj. (6.15)
Jj=1 J=i
By Corollary 6.8,

i—1 J
d= Z(sj = Dryj—1 + Zdjrl(jfl)a

j=1 j=i

and so by Lemma 6.2,

i—1 J
1+ Z(Sj = Dryg-p + Zdjrl(j—l)

j=1 j=i

J
= rii-1y + Zdjrl(j—l)
j=i

d+1

J
(d; + Drig—1y + Z diryj—n-
j=i+1

Therefore, by Corollary 6.8,
J
davi =i+ Dpi+ Y djpj,
j=i+1

and if we subtract (6.15) from this expression and apply Lemma 6.3, we obtain
i—1
i1 =i =pi— Y (sj— Dpj=e@>0. O
j=I

Definition 6.10. Given a submonoid M of a commutative monoid N, we define an equivalence
relation on N by setting n; ~ s nj if and only if there exist m, my € M such that m| +n; =
my + ny. Denote by N /M the collection of all equivalence classes under this relation, and define
a quotient map 7 from N to N/M that sends n to the equivalence class containing n. The set
N /M has an additive monoid structure where we define w(n1) + m(n2) = w(ny + n2).

Using this notation, we show that any pair of terms from the sequence {A;}; <y are inequivalent
modulo Z.

Proposition 6.11. For all i # k, we have \; #7 \.

Proof. Suppose, toward a contradiction, that there exist distinct indices i and k such that
Ai ~7 Ax. Then for some J € Z™, by Proposition 3.18 we can write

J
k=) dp;
j=1
and

J
o= dipj
=1
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where 0 < dj,d} < sj foreach j € {1,..., J}. For each j, write p; = c;/7(;), where c; and
s are relatively prime, as promised by Lemma 6.5.
If we define A; =d; — d}, then |A;| < s}, and since A; ~7 Ai, we have

J
Ai— A = ZA]',O]' ~7 0.
=1

If we multiply this expression by r;(y—1), we obtain

J=1

Zrl(Jfl)Aij +rg-nAyps ~70.
=

However, rl(J,l)Aj,oj eZforjef{l,...,J —1}andso
rig-nAspr =rig-nacr/riy) € Z.

That is,
Ajcy/sy €7,

and so 57 | Ajcy. Since sy and c¢; are relatively prime, sy | Ay. However, |[Ay| < sy, and so
Ay = 0. Thus, Z]J;l Aipj ~7 0. Repeating this argument, we find Ay = A;j_, = - =
A =0, and so A; = A, which contradicts Lemma 6.9. [

Definition 6.12. Given d € N, define
Aq(z) = {le(f(t,2)) | f € K[x, y]" and deg,(f(x,y)) <d}.
We quote the following result from Mosteig and Sweedler (2004).
Theorem 6.13. For each d € 7., the quotient Ay/ Ao has cardinality d + 1.
Using this theorem in conjunction with Proposition 6.11, we have the following result.
Corollary 6.14. The quotient A;/ Ao consists precisely of the images of Ao, . .., Ag.

Finally, we prove Proposition 3.19, which shows how to explicitly write the value monoid as
a disjoint union of cosets of N.

Proof of Proposition 3.19. Since Ay = N, we have by Definition 6.12 and Corollary 6.14 that
Ag = Uy (ki +N). Moreover, A = [, Aa, and so 4 = | J32 (A +N). The union is disjoint
by Proposition 6.11. [

References

Abhyankar, S., Moh, T., 1973. Newton—Puiseux expansion and generalized Tschirnhausen transformation, part 1. Journal
fiir die Reine und Angewandte Mathematik 260, 47-83.

Duval, D., 1989. Rational Puiseux series. Compositio Mathematica 70, 119-154.

Hahn, H., 1907. Uber die nichtarchimedischen GroBensysteme. Sitz. Akad. Wiss. Wien 116, 601-655.

Kedlaya, K., 2001. The algebraic closure of the power series field in positive characteristic. Proceedings of the American
Mathematical Society 129, 3461-3470.

MacLane, S., Schilling, O.F.G., 1939. Zero-dimensional branches of rank one on algebraic varieties. Annals of
Mathematics 40, 507-520.

Mosteig, E., Sweedler, M., 2002. Valuations and filtrations. Journal of Symbolic Computation 34 (5), 399-435.



E. Mosteig / Journal of Symbolic Computation 43 (2008) 688-725 725

Mosteig, E., Sweedler, M., 2004. The growth of valuations on rational function fields. Proceedings of the American
Mathematical Society 132, 3473-3483.

Mosteig, E., 2002. Computing leading exponents of noetherian power series. Communications in Algebra 30, 6055-6069.

Sweedler, M., 1986. Ideal Bases and Valuation Rings. Manuscript, available at math.usask.ca/fvk/Valth.html.

Zariski, O., 1939. The reduction of the singularities of an algebraic surface. Annals of Mathematics 40, 639-689.

Zariski, O., Samuel, P, 1958. Commutative Algebra, vol. 1. Springer-Verlag.


http://math.usask.ca/fvk/Valth.html

	Value monoids of zero-dimensional valuations of rank 1
	Introduction
	Value groups and monoids from power series
	Construction of the value monoid
	Algorithms
	Approximating algebraic series with finite Puiseux series
	Associated sequences
	References


