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Abstract

Let X be a Banach space, and let £(X) denote the Banach algebra of endomorphisms
of X. A one-parameter family of operator-valued functions {S(t), t € R*}, where
S(t):R+ — &(X), is said to be a generalized semigroup of operators on X if (1) S(s-+2)—
—8($)S(t)=F(s, ), 8, t € Bt, (2) S(8)S(t)=8(t)S(s), (3) S(O)=1, where F(s, t): R+ X
X B+ — &(X). Solutions of Eq. (1) in the uniform operator topology were considered
in an earlier paper of the authors (Proc. Nat. Acad. Sci. U.S.A. 60 (1968), 1170-1174).
In this paper the authors investigate the analytical properties of Eq. (1) in the strong
operator topology, when it is assumed that the perturbation family F(s, t) is bounded
relative to the family S(¢). A representation of S(¢) is given; and, as an example,
a generalized semigroup of translations on C[0, co] is considered.

1. Introduction
Let X be a Banach space, and let &(X) denote the Banach algebra of

endomorphisms of X. A one-parameter family of operator-valued functions
{8(t), t € R*}, where S(t): Rt — &(X), is said to be a generalized semigroup
of operators on X if

g S(s+t)—S()S(t)=F(s, t), s, t € B+,
(1) S(s)S(#)=8()8(s), s, t € B+,

, S(0) =1,

\

where F(s, t): Bt x R+ — &(X). The generalized semigroup relation (1) was
introduced by RicHArRDSON {7]. The two-parameter family of operator-
valued functions F(s, f) can be regarded as a perturbation family which
expresses the departure of {S(¢), ¢ € Rt} from a semigroup relation, which
would hold in case F(s, t)= @ (the null operator) for all s, f € R+. From (1)
it follows immediately that (i) F(0,¢)=F(s, 0)=0, (i) F(s,t)=F(, s)
(symmetry).

The study of operators S(¢) which arise as solutions in the uniform
operator topology of functional equations of the form (1) was initiated
by BucHE and BaArRUCHA-REID [1]. In this paper we investigate the
analytical properties of the solution of Eq. (1) in the strong operator
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topology, when it is assumed that the perturbation family F(s, ) is
bounded relative to the family S(¢) (cf., Karo [4]). In Section 2 we
establish a result on the rate of growth of ||S(t)}j, and obtain an extension
of a result of PHILLiPS [6] on the connection between strong measurability
and boundness of a semigroup. Section 3 is concerned with the properties
of the (first) infinitesimal generator of the generalized semigroup; and in
Section 4 we present results on the representation of S(t) in the strong
operator topology. Finally, in Section 5 we consider as a concrete example
a generalized semigroup of translations on C[0, oo].

2. Measurability and Boundedness of the Generalized Semigroup Operator

The two-parameter family of operator-valued functions {F (s, ), s, t € R*}
will be said to be relatively bounded with respect to the one-parameter
family {S(¢), t € R+} if

(2) 1F(s, DA< KISSSOf,  feX.
We now prove the following lemma on the rate of growth of log ||S(£)]}.

Lemma 1. If p(t)= log |IS(¢)]] is bounded on the interval (0, to) for each
to>0, and if F(s,t) satisfies condition (2), then lim sup £ log [IS(#)]| < oo.
t— 00

Proof. Since |[F(s, t)]|< K|S(s)S(#)|, it follows that

[18(s + Ol < (K 4 DIIS(s)S @),

and hence
IS (2E)[} < (K + IS @O,
and
ISBHIF< (K+ D)ISEOS@) | < (K + LIS @)
By induetion, [|S(nt)]|<(K+1)»-1|S(¢#)||» for any positive integer » and
t>0. Consider now a fixed {>0. Let n be a positive integer such that
ntg<t<(n-+ Dtp. Then
S(t) = S(nto +t —nk)

= S(nt)S(t —nto) + F(nty, t — ntpy),

so that
IS < (K + 1)K + 1) LIS (fo) [ 1S (£ —ndo)|

(K -+ 1)»[[S(to)I"po
(A 4 )nponﬂ,

VAN AN AN

where po=sup ||§(t)|. Hence

0ty

t1log |IS()| < nt1 log (K -+ 1)+ (n+ 1)1 log po,
from which it follows that

(3) lim sup ¢ log ||S(#)]| <to‘1[log (K +1)+ log po].

t— 00



28

Corollary 1. There exist positive constants M and f such that
IS} < Me.

We now state and prove a result on the relationship between the strong
measurability and boundedness of S(f).

Lemma 2. If S(¢) is strongly measurable, and F(s,t) satisfies con-
dition (2), then ||S(¢)]| is bounded on every finite interval [t, &), 1, t2 € R+,
t1<t2.

Proof. The proof is based on arguments of Mivapera [5]. In view
of the uniform boundedness theorem it would suffice to prove that ||S(#)f|l
is bounded in [#, 2] for each f € X. Suppose that this is not true for some
fe X. Then there exists a 7 € (f1, £) and a sequence {r,} C [t1, £5] such
that 7, — 7 and ||S(zy)f||>n for all ». On the other hand ||S(¢)f|| being
measurable, there exist a constant N and a measurable set G C [0, 7],
with measure u(@)>7/2, such that sup ||S{)f||<N.

leG

Let Ep={(tn—0): € G@ N [0, v4]}. Then E, is measurable, and for n
sufficiently large u(Eyz)>t/2. Now for 6 € ¢ N[0, 7,] we have

n<[IS(za)fll

<I(S(zn—8)S(6) + F (vn— 6, )|

< (K +1)18(za —O)| IS

<(K+1)N|8(zn— ),
and hence ||S(t)||>n/(K+1)N for all t € E,. Denoting lim sup, E, by E
we see that [|S(t)||=oo for all ¢t € £, and u(H)>7/2>0, which is a contra-
diction.

The above lemma is an extension of a result of PrarLLips [6] for semi-

groups of operators.

3. The infinitesimal generator

In what follows we assume that S(t) is strongly continuous for ¢ € B+,
This implies boundedness on every finite interval of B+. Let Ap=(S(h)—1)/
h, h>0. The (first) infinitesimal generator A of the generalized semigroup
{8(t), t € Rt} is defined by

(4) Af= lim A4,f, f € D(4),

h—>0

where 2(A) C X, and Z(4) is the set of elements f € X for which the limit
exists. Clearly 2(4) is a linear subspace of X, and 4 is a linear operator.
Let

8—>0

SQ(t)/‘ ~ 1im £&1)

f,

and let 2(Q(2)) be the set of all f e X for which the limit exists. In what

(5)
e — lim F———(s’;_i)

§—>0
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follows we assume that 2(Q(t)) is independent of ¢; and, writing 2(Q(¢)) =
=2(Q), we assume that 2(Q) is dense in ¥X. Following DunrorD and
ScawARrTZ ([2], pp. 619-621), the following result is easily obtained from
the above assumptions and the properties of F(s, £).

Lemma 3. (a) If 2(4)=2(Q), then D(A) is invariant under the
transformation S(t) for any t e R+; (b) For each fe D(4A) N 2(Q),

d
o \ & (SO =S®Af +QW) |
[ — AS®F+ Q) 1,

and for all s,te R+, s<t
(1) [50)=S)) - § S(e)Afdr+ j@(r)fdr

c) If 2(4)=2(Q), then D(A) is dense in X, and A is a closed operator
on 2(A4).

4. Representation of the GQeneralized Semigroup

In this section we shall obtain a representation of S(f) as a strong
limit of a sequence of operators on X, convergence being uniform on
every finite interval of R+. The theorem stated below is a generalization
of the corresponding theorem for semigroups of operators and for the
generalized semigroup of operators in the uniform operator topology.

Theorem 1. Under the general assumptions of Section 3, and the
hypothesis that D(A)=D(Q),

(8) S(t) = lim l:exp {tAn} f+ ftexp {(t—7) An} I—ﬂ;’—r—)fdr]
h—>0 0
for each fe X, and uniformly for each t in any finite interval.
Proof. Let feZ(A4). Then by (6) and (7) the following holds:
S@)f— exp {tAn}f=
jt' 7 [exp {(t—7) An}S(7)f] dv =
= I exp {(t—7) An} (—Ar) 8(z) fdr +
+ § exp ((t=7) Ax}S(0) Af+ Q1 dr -

= — j! exp {(t—7) Ap}(Ar—A4) S(z) fdr +

+ OJ! exp {(t—1) An} Q(7) fdr.
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Hence
S~ exp ftdn} - fexp (e—0) dn) T3 e
S Ofexp (t—7) Ap) S(z) [An—A] fdz —
~fewte-m 4 | 2D o) | e
Therefore
“ S()f— exp {tAn}f— exp {(t—7) A} & )fl ’ < éftnexp {(1—7) Ayl dr-

 sup (IS I(An—A) fil+ ” [%—’—’—Q(ﬂ]f“}.

0Tt

The right hand side tends to zero as A — 0 in view of our hypothesis,
and the definitions of 4 and @(t); and since 4 is a strong infinitesimal
generator of a one-parameter semigroup of operators. By Lemma 3 (¢),
9(A) is dense in X; thus the conclusion of the theorem follows by the
Banach-Steinhaus theorem.

It is of interest, especially in applications, to have estimates of ||S(¢) —
—T(t)||; that is, bounds for the departure of S(¢) from a semigroup operator.
We state the following result, which can be verified by straightforward
calculations:

Theorem 2. Let T(t)=s— lime4ht, and let |etdrf]|<Ce|f|| for
h—0

te[0,T] (T finite). Then for each fe X and wniformly for t< [0, T]

® SO -TO1f < ) timsup || E0 D N .

h—0
[ g/

5. A Qeneralized Semigroup of Translations on C[0, co].
We define a family of operators {S(t), { e R*}, S(t): Rt — &(C[0, oo])
as follows:

(10) [S@t) f] (w)=flu+1) k———f?( fe C]0, oo,
where || < 1. Clearly lim (S(t)f)(u)=f(x), and [|S(t)|]| = 14- Ii%%' Since

(F(s, 1) f) ()=
¢ s s+t st
- |:1—+-tf(u’*“8)+ il <1+s+~t T (Ht)) f(u):],

we have

1E (s, Ol < ISE)S®, | € €10, o0], 5, £ 0.
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Also

(@0 )= o [ 10— (s — 1) F0 |

Thus Z(Q(¢)) is independent of ¢, and is defined whenever D= (_ldz—z,-is defined.

The (first) infinitesimal generator is given by

.1 h
A= tim 1| f 1)+ 2 f 10 | =0 1) fo
Hence 9(A)=2(Q(¢)), and 2(A4) is dense in X. Let Anf(u)=flu+h)—
—f(u), h>0. Then, by the representation theorem

501 0= 1im [ (exp ¢ 22+ 525 1) s -
~/x6ft (exp!(t—r) A—h}—b + “it}?}) .

T A 1 (14 (1+a) (14h+1))
' <m7 ’ At (1 +h)(1+r)(1+h+r)> 'ﬂu)dt:"

1+h7
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