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1. Introduction

Optimal control problems are playing an increasingly important role in modern life. They have various backgrounds
in social, economic, scientific and engineering numerical simulation etc. Finite element approximation is widely applied
though other methods are also used. A systematic introduction of finite element method for PDEs and optimal control can
be found in, for example, [1-5].

For optimal control problem governed by elliptic equations, there are many works on error estimates and super-
convergence, for a priori error estimate, see [6-12], for a posteriori error estimate, see [13-15], for the superconvergence
results, see [16,17]. Note that all the above works aimed at standard finite element method.

In this work, we will use mixed finite element methods to deal with optimal control problem. When the objective
functional contains the gradient of the state variable, mixed methods should be used for discretization of the state equation
with which both the scalar variable and its flux variable can be approximated in the same accuracy. Though mixed finite
element method has been widely used in engineering simulations, there does not seem to exist much work on theoretical
analysis of mixed methods in computational optimal control.

For the constraint optimal control problem, the regularity of the optimal control is generally quite low. The goal of this
paper is to investigate a priori error estimates for the elliptic optimal control problem with a special constraint set which
will be specified later. We can see that with the special structure of this constraint set, the regularity of the optimal control
can be raised to H(£2).
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In this paper, we consider the following distributed convex optimal control problem:

. 1
min  ={[lp — pall® + Iy — yall® + llull®} (1.1)
uekcI2(2) 2
—div(Agrady) =f +u, xe £, (1.2)
y=0, xe€05, (1.3)

where £2 is a bounded domain in R* and with a smooth boundary 8£2. Here, K denotes the admissible set of the control
variable, defined by

K:{UGLZ(.Q):/ vzo}. (1.4)
2

The details will be specified later.
In this paper, we adopt the standard notation W™P(£2) for Sobolev spaces on £2 with anorm || - ||» , given by

g1, = > 1Dl g
loe|<m

a semi-norm | - |, given by

B2, = D 1Dl q)-

|la|=m

We set WP (2) = {p € W™P(£2) : ¢|s0 = 0}. For p = 2, we denote

H™(2) = W™(2),  H'(2) = Wi (),
and

I Al =1 llm,2, 1= Tlo.z-

The paper is organized as follows: In Section 2, we study the mixed finite element approximation of the optimal control

problems. In Section 3, we discuss the properties of the control variable and introduce some important projection operators.

We give some intermediate error estimates in Section 4. The full error estimates for the state variables, costate variables and
control variable are presented in Section 5.

2. Mixed formulation of optimal control problems

In this section, we study the mixed finite element approximation of the problem (1.1)-(1.3). First, the problem can be
rewritten in the first order system as following:

min 1{||17—Pa||2+ ly = yall® + llull®} (2.1)

uekcL2(2) 2

divp=f+u, xe£, (2.2)

p = —Agrady, xc¢€ £, (2.3)
with the boundary condition

y=0, X € 082. (2.4)
Next, we introduce the costate elliptic equation

—div(AX)(gradz +p —py) =y — Y4, X € £2, (2.5)
with the boundary condition

z =0, X € os2. (2.6)

For our purpose of this paper, we will make some assumptions:

(1) A(X) = (a;(x))2x2 is a symmetric matrix with a;;(x) € W' (£2) and for any vector X € R?, there is a constant ¢ > 0,
such that

X'AX > c||X|12,. 2.7)
(2) The given functions in the problem satisfy the following regularity:
ya €L*(2),  pa€ H () (2.8)

Now, we give a weak formulation of the problem (2.1)-(2.4). Let
V = H(div; 22) = {v € (1*(£2))?, divv € [}(22)},
endowed with the norm given by

2 . 241
Ivllaw = (Ivll® + Idivy|)2,
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and
W = [%(2).
Then, the mixed weak formulation for the problem (2.1)-(2.4) is to find (p, y, u) € V. x W x K such that
i 1 _ 2 _ 2 2

min —{[lp — pall* + Iy — yall” + llu]°} (2.9)
uek 2

(A7'p.v) — (y.divv) =0, VeV, (2.10)
divp,w) = (f +u,w), YweWw, (2.11)

where (-) denotes the inner product in L>(£2) or (L>(£2))2. It is well known that the convex control problem (2.9)-(2.11)
has a unique solution (p, y, u), and that a triplet (p, y, u) is the solution of (2.9)-(2.11) if and only if there exists a costate
(q,z) € V x W such that (p, y, q, z, u) satisfies the following optimality conditions:

A7 'p,v) — (y,divv) =0, VveV, (2.12)
(divp,w) = (f +u,w), YweWw, (2.13)
(A'q,v) — (z,divv) = —(p—pa. V), WEV, (2.14)
(divg, w) = ¥ —ya, w), YweW, (2.15)
(z+u,u—u)>0, Vuek. (2.16)

In the following, we consider the mixed finite element approximation of the control problem. Let 7" denotes a quasi-
uniform (in the sense of [ 12]) family of partition of §2 into triangles or rectangles, with boundary elements allowed to have
one curved side. Here h is the maximum diameter of the element T in 7". Let V, x W), C V x W denote the Raviart-Thomas
space [18] of order k associated with the triangulations or rectangulations 7" of §2. P, denotes polynomials of total degree
at most k, Qm,, indicates the space of polynomials of degree no more than m and n in x; and x, variables respectively, where
x = (x1,%2). If T € 7" is a triangle, let

V(T) = P(T) & span(xPy(T)),  W(T) = P(T).
Similarly, if T € 7" is a rectangle, let

V(T) = Q1. (T) X Qi1 (T), W(T) = P(T)
where Pi(T) = (P¢(T))?. Then we can define the finite dimensional spaces as follows

Vi={v,eV:wlr eV, TeTh, (2.17)
Wy ={wp € W : wylr € W(T), TeTh, (2.18)
Ky = {iiy € K : fip|r = P(T), T € 7M. (2.19)
Then the finite element approximation of the problem (2.9)-(2.11) is to find (py, yn, up) € Vi x Wy x Kj such that

min 1{||p —pal? — yall? 2 2.2

min = (lpn = Pall® + v = yal® + ) (2.20)
(AP, Vi) — h. divvy) =0, Vv, € V, (2.21)
(divpp, wy) = (f + up, wy), Ywy € Wy (2.22)

The control problem (2.20)-(2.22) again has a unique solution (py, yp, ux) and that a triplet (py, ¥, us) is the solution of
(2.20)-(2.22) if and only if there exists a costate (qp, zy) € V, x Wy such that (pn, Vi, qn, zn, Up) satisfies the following
optimality conditions:

(A7'ph, vi) — h, divvy) =0, Vv, € Vy, (2.23)
(divpn, wp) = (f + up, wp), Ywy € Wh, (2.24)
(A7'qn, vi) — (z, divvy) = —(Ph — Pa, Vi),  VV4 € Vp, (2.25)
(div qn, wp) = Wh — Yo, wn), Ywp € Wy, (2.26)

(zn + up, Uy —up) >0, Vi € K. (2.27)

In the rest of the paper, we shall use some intermediate variables. For any control function @i € K, we first define the
state solution (p(u1), y(i1), q(i1), z(11)) associated with i that satisfies

A" 'p@), v) — (y(@),divv) =0, YveV, (2.28)
(divp), w) = (f + 1, w), VYw e W, (2.29)
(A7'q(@), v) — (z(1), divv) = —(p(@) — pg,v), W EV, (2.30)
(divq@@), w) = (y(@) —yq, w), Yw e W. (2.31)
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Correspondingly, we define the discrete state solution (py (i), yn (i), qn(11), z,(11)) associated with & € K that satisfies

(A 'p(@), vi) — (yn(@D), divvy) =0, Vv, € Uy, (2.32)
divpa(@), wp) = (f + 11, wy), Ywy € W, (2.33)
A™'qu(@), vi) — (@), divvy) = =@y (@) — pg. Vi), YV € Vy, (2.34)
(div g, (1), wp) = Wa(@) — ya, wr), Ywp € Wh. (2.35)

Thus, for the sake of simplicity, we write the exact solution and its approximation in the following way:

?.y.9,2) = (p(w), y(w), q(u), z(v)),
Prs Vi, Gns zn) = Pn(up), ya(up), qn(up), zn(up)).

3. Properties of the control variable

Generally, the regularity of the optimal control for a constrained optimal control problem is quite low, say only in H! (£2),
see [19]. For example, in our priori work, we have considered the obstacle type constraint set: K = {v : a < v < b}, where
a and b are real numbers. For optimal control problem with this constraint set, we have the following relationship between
the control variable u and the costate variable z:

u = max(a, min(b, —z(x))).

Thus, the gradient of u jumps along the boundary of the set of z where z = a or z = b. Moreover, the location is generally
unknown.

In this paper, we consider the special constraint set K defined as (1.4). We will show that the optimal control of the
optimal control problem (2.12)-(2.16) can be infinitely smooth if the initial data are so. To this end, we first derive an
important relationship between the optimal control and the optimal costate z. The following Theorem has been proved in
Chen-Yi-Liu [20].

Theorem 3.1. Let (p,y, q,z,u) € (V x W)? x K be the solution of (2.12)-(2.16). Then we have
u = max(0, z) — z,
wherez = f o 2/182| denotes the integral average on £2 of the function z.

Proof. IfZ > 0,thenu =z — zand forany v € K

u+z,v—u) =/(u—|—z)(v—u)
2

:/E(v—i—i—z)
2
=2/v20.
2
Ifz<0,thenu = —z and

u+z,v—u)=0.
Now, note that for the costate solution z the solution of (2.16) is unique. Then we have proved the theorem. O

Due to this theorem, we can obtain the following regularity result for the control variable.

Theorem 3.2. Let (p, y, q, z, u) satisfy the optimality conditions (2.12)-(2.16). Assume that the data functions pq, yq and the
domain §2 are infinitely smooth. Then,

ue C®(0).
Proof. Applying the regularity argument of elliptic problems, it is clear that y € H?(£2), so that p € H'(£2). It follows from

the costate equation (2.5) and the assumption of py, y4, we can obtain that z € H?(§2). With the relationship between the
control and the costate

u = max(0,z) — z,

that u € H2(£2). Thus y € H*(£2), p € H>(£2). By repeating the above process, we can conclude thatu € C®(£2). O

Remark 3.1. If £2 is a convex open domain with a Lipschitz boundary 852, and p; € (H'(£2))?, yq € [*(£2), then we have
u e H2(2).
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4. Error estimates for the intermediate error

In this section, we will give some error estimates for the intermediate error. First of all, we define the standard L?(£2)-

orthogonal projection P, : W — W)}, which satisfies: for any w € W
(w — Pyw, wy) =0, Ywp € Wp.
We also consider the Fortin projection [21,22] IT, : V — V}, which satisfies: forany q € V,
(div(q — ITyq), wp) =0, Yw, € W
For the projection defined above, we have the following relations (see [21-23]):
div o [T, = P, o div,
lg — Mhgllo < Chigly, forq e (H'(2))*,
|div (q — IT,q)|—s < Ch'"*|divq|;, s=0,1, foralldivqg € H'(2),

g — Pugll—s < Ch'|¢l1, s=0,1, forgp € H'(2).

(4.1)

(4.2)

Now, if we choose it = u in (2.32)-(2.35), we can obtain the intermediate solution (p,(u), y, (1), g (1), z, (1)) following

equations:
A7 'pr(w), vy) — p(u), divvy) =0, Vv, € Vp,
(divpp(u), wy) = (f +u, wy), Yw, € Wy,

(A 'gn(u), v) — (zn (), divvy) = —(Pr(u) — Pa, V), Vv € Vy,
(divqn(u), wp) = V(W) — yg, wn), Ywp € W

(4.7)
(4.8)
(4.9)
(4.10)

Remark 4.1. Obviously, we can see that (p,(u), ys(u)) is the mixed finite element approximation of the elliptic problem

(2.12) and (2.13).
Now, we define some intermediate errors:

m=p-—pW, A =y—yn)),
m=q—qy), Ary=2z—2z().
Then, from (2.12), (2.13), (4.7) and (4.8), we can obtain the following error equations:

(A "1, vp) — (A, divvy) =0, Vv, € Wy,
(divnq, wp) =0, VYwy € Wy

From the classical mixed finite element error estimates in [22], we can establish the following results:

Lemma 4.1. For h sufficiently small, there exists a constant C which only dependent on A and $2, such that

Iy = ya @) < CHH Y llics 145,05

Ip— Pl < CR 1y llksas
lIdiv (p — pr) |l < CH* Iyl

where 8y is Dirac function.

For the costate variables, we derive the following error equations from (2.14), (2.15), (4.9) and (4.10):

A "o, v) — (g, divvy) = —(1, Vi) WY € Vi,
(divmy, wp) = Ay, wy), Ywy € W

Using the standard stability result [21] of mixed finite element, we can easily deduce that

g — gu ) llaw + 11z = 2n@I < CUP — Pr@) llaiv + Iy — ya@ 1) < CHMlylleys,

where we have used Lemma 4.1.

(4.11)
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5. Error estimates for optimal control problems

In this section, we consider the constraint optimal control problem where the convex set K is defined in (1.4). First, set
the following errors:
r1 = pn(U) — pn, e1 = Yn(W) — Y,
rp=qnu) —qn, ey =2zy(u) — zp.
Thus, we have
P—DPh=T1+n, Y—Yi=e1+Ai, (5.1)
q—qu=r2+m, Z—zz=ex+ A (5.2)
In order to estimate ||p — pull, Iy — ¥, 19 — qull, Iz — zx||, along with the result given in Section 4, we only need to

estimate |||, [les[l, 2]l llezll.
From (2.23)-(2.26) and (4.7)-(4.10), we have that

(A 'ry, v) — (er, divwy) =0, Vv, € Vp, (5.3)

(divry, wp) = (U — up, wp), Ywy € Wh, (5.4)

(A7 ry, vi) — (€2, divvy) = —(Br(W) — Pr, Vh), YV € Vi, (55)

(divry, wy) = Yn(W) — yn, wp), Ywp € Wh. (5.6)
From the stability property of the saddle point problem (5.3)-(5.6), we have

T llaiv + llexll < Cllu — unll, (5.7)

I2lldiv + llezll < Clpn(@) — pall + llyn(@) — yall) < Cllu — unll. (5.8)

So, we need to give the estimate for ||u — up]|.

Theorem 5.1. Let (p,y, q,z,u) € (V x W)% x K and (P, Yn, G, zn, Un) € (Vi x Wj,)? x Ky be the solution of (2.12)-(2.16)
and (2.23)-(2.27) respectively. Then, we have

lu — upll < CHT (Y lliss + Nutlligs + l12llicen)- (5.9)
and

Iy = yall + P = Pallav < CH yllkrs + lulls + 12 0e),
Iz = zull + 11g — @nllav < CHF (Yl + Nl + 12l

Proof. From (2.27) and (2.32)-(2.35), for every ui;, € Kj,, we have
0 > (up + zp, up — Up) = (U, Up — Up) + (Zn, Up — Tp)
= (up, up — Up) + (div (py — pr(tin)), zn)
= (Un, un — ) + (A~ 'qn, P — Pu(@n)) + (Ph — Pa. Pr — P (Tn))
= (up, up — Up) + (A" @n — Pu(@n)), qr) + (Pn — Pa, Pr — Pr(lln))
= (up, up — Up) + Wn — Y (Un), div qn) + (P — Pa, P — Pu(ily))
= (Uup, up — Up) + Wh — Ya, Yo — Yn(@n)) + Pn — Pa> Pr — Pr(ln)), (5.10)
that is
(un, up — tp) + Wn — Ya, Yo — Ya(Un)) + Pr — Pa, Pr — Pr(iin)) <0, Vi, € K. (5.11)
Next, the relation (2.25), (2.26), (2.32) and (2.33) imply that, for any i, € K,
Oh — Yar Ya (@) + Pn — Pas Pr(@n)) = (div qn, ya (@) — (A" Gy, pr(@n)) + (24, div pr(iin))
= (div qn, yn(@n)) — (A" Pu(ln), qn) + (zn, div pp(in))
= (U, zn),
thus,
Wh = Ya, Yn(@n) — yn(W) + (P — Pa, Pr(tin) — pr(w)) = (Zn, Up — W). (5.12)
Similarly,

W) = Ya, Yo — ynW) + Pr(W) — pa, Pn — Pr(w)) = (zp (W), up — u). (5.13)
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Finally, we observe that
lu — upl® < [lu—upll* + Ipn — Pe@ 1 + llyn — ya ) |12
= (U, u —up) + (Pr — Pa, P — Pr(W) + Wh — Ya, Yn — Yn(W)) — (Un, u — up)
— (Pr (W) — pa, pr — Pr(W) — Wr (W) — Ya, yn — yn(W))
= (up, up — Up) + ®n — Pa> P — Pr(Un)) + On — Ya, Yo — yn(Uin))
+ (up, tp — ) + (P — Pa, Pr(Gn) — Pr(W) + Gn — Ya, yn(ln) — yanW) — (U, up — u)
— (Pn(W) — pa, Pr — Pr(W)) — Yu(W) — Ya, yn — yu(w)),
using (5.11)-(5.13),
lu — unll® < (up, it — u) + Pn — P Pa(@n) — PaW)) + Vn — Ya, Yu(iin) — yn ()
— (U, up — u) — (Pa(W) — Pa, Pr — Pr(W)) — Ya(W) — ya, yn — yn(u))
= (up +zp, Up — w) — (U +zp(w), up — w).
Let i, = uy, then for every wy, € Ky, using (2.16) and (2.27),
lu —unll® < (un+ 20, tp — 1) — (U + 2z (w), up — )
= (up +2zn, up — wp) + (Un + 2z, wp —w) + U+ 2z, u —up) + (2 — zp(u), up — u)
< (un +2zp, wp —u) + (2 — zp (W), up — ).

(5.14)

(5.15)

Let wy, = Pyu, we will prove that P,u € Kj,, where P, is the L>-orthogonal projection operator defined in (4.1). Note that

(u—Pyu,ep) =0, Ve, € Wy,

especially letting e, = 1 € W, we have

(u—Ppu, ep) = / (u—Pyu) =0,
2
thus

/Phuzfuzo.
I} Q

Then Pyu € Kj,. So, if we choose w, = Pnu in (5.15), we can obtain that
(up + zp, Pou — u) = (up — u, Phu — u) + (zp — zp(u), Pou — u) + (zp(u) — z, Phu — u) + (u + z, Pou — u)
< 8(llup — ull® + llizw — ze@)I1* + llza(w) — zI*)Cllu — Pyull® + (u + z, Pou — w),
where § is small enough. For the last term of (5.16), we have
Ww+z,Ppu—u) = (u+z—Py(u+2z), Pu—nu)
< P O (fullR + 12075 )
where we use the estimate
lu — Pyull < CR* M fJulisr.
From (4.11), (5.8) and (5.15)-(5.18) we have
lu—unll* < 8llu— unll® + C*Vllyl7 5 + RV (Ul + 1217,)-

It is easy to obtain that

lu—unll < CHHT AV less + Nl + 12l

Next, we will give the error estimates for the state variables and costate variables. By using Lemma 4.1, (4.11), (5

and (5.20), we get that

ly = ynll + 1Ip — Pullaiv ly = ye@Il + llyn@) — yull + 1P — Pr@llaiv + 1P (W) — Pallaiv
CH* M Iy [l 148, + CRT M Y llis2 + Cllu — ug|
CH N (UIyllis + Nullesr + 1201,
Iz —zn) | + llza(W) — zull + 1 — qu(W l|aiv + 1190 W) — Gnlldiv
CH My llegs + Cllu — up]|
CH T (W lless + ullesr + Nzl n)-

Thus, the theorem has been proved. O

lz = znll + 11 — qnlldiv

INIAIA TA TA TA

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

.7),(5.8)
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Table 1

L? error estimates between the exact solutions and the approximations.
Resolution llu — ug]| Iy — yall iz =zl lp — pall g — qall
16 x 16 2.454e—02 1.243e—03 2.454e—02 3.512e—03 3.466e—02
32 x 32 6.139e—03 3.110e—04 6.139e—03 8.800e—04 8.685e—03
64 x 64 1.535e—03 7.776e—05 1.535e—03 2.203e—04 2.174e—03
128 x 128 3.838e—04 1.944e—05 3.838e—04 5.510e—05 5.438e—04

6. Numerical tests

In this section, we will present an example to test our theoretical results. The problem we will consider is:

min 2 (1~ pal? + Iy~ ol + ) (61

divp + agy = u+f, p=—grady, xec 2, (6.2)

y=0, xe€df (6.3)
and the admissible set is:

K= {u e *(2): f u(x)dx > 0} : (6.4)

2
We make 2 = [0, 1] x [0, 1] and ap = 0, then the state equation can be written as:

divp=u+f, p= —grady, xe £, (6.5)
and the costate elliptic equation is:

divg =y — yq, q=—(gradz+p—py), x€92, (6.6)
with the boundary condition

z=0, xe0d5. (6.7)

Now, we choose the state function

Y(X1, X2) = sin(mwxq) sin(;wx;)
and

pa = (= (14 72) cos(rrxq) sin(rxy), —7 (1 + %) sin(rx;) cos(rxz)).
For simplicity, we can let f = 0. The costate function can be chosen as:

z(x1, X2) = —272 sin(rx;) sin(7wxy).
Now, we can easily obtain that fQ z = —8. From the projection

u = max(0,z) — z,

we have [, u =8> 0.
From (6.6), we can obtain that

—div(gradz +p — py) = —div(gradz) — divp — divpy =y — ya. (6.8)
From the known functions y, z, and p4, we can get that
Valx1,x2) = (1+ 274 sin(xy) sin(wx;).

In the following, without loss of generality, we use the order k = 1 Raviart-Thomas mixed finite element spaces to
approximate the state and costate variables, use piecewise linear function to approximate the control variable.

Table 1 shows the error data of L? norm both for state and costate variables and control variable with triangulation. Fig. 1
shows the numerical solution of control function u in 64 x 64 mesh grid while the state and costate were approximated by
RT1.

7. Conclusion and future works

In this paper, we give a complete estimate for control variable, state variables and the adjoint variables of optimal control
problem (1.1), (1.3) and (1.4) using mixed finite element methods. Our L?-error estimates for the special control constraint
set by mixed methods seem to be new. We have used piecewise constant functions to approximate the control variable. In
our future work, we shall use the standard linear element space to approximate the control function. Furthermore, we shall
consider the optimal boundary control problem and parabolic optimal control problem.
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Fig. 1. The profile of numerical approximation of the control function with triangulation.
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