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1. Introduction

We consider the initial value problem of the Ostrovsky equation as follows:

{ Bl 4 CoxU 4 oudyu — BoSu =y dy 'u, (x,t) €Rx [0, 00), (11)

U(X, 0):(/)()()3 XER,

where u(x, t) is a real valued function, c, o, 8 and y are real valued constant parameter. The Ostro-
vsky equation has some physical models (see, e.g. [1,5,8,9,29]). For example, it describes the gravity
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waves propagating down a channel under the influence of Coriolis force. The parameter y mea-
sures the effect of the Earth’s rotation and is very small in real situations. When y =0, (1.1) is
the Korteweg-de Vries equation, which is completely integrable. However, when y # 0, (1.1) is known
to be not integrable [9,30]. Our aim is to study the effect of the rotating term, namely, to under-
stand differences and similarities between y =0 and y # 0. Existence and stability of solitary waves
and existence of traveling wave were studied in [16,21,22,24-27]. In the present paper, we consider
more fundamental problems. One is the well-posedness, which means the existence of solutions and
the uniqueness and the continuous dependence on initial data, the other is the convergence of the
solutions when y — 0.

Before we proceed to our problems, for simpleness, we normalize parameters by the change of
variables and the scaling as follows:

c=0, a=1, B=+4+1lor —1, yeR

We first recall the known results for the KdV equation (y = 0). In [3], Bourgain proved the time
local well-posedness in L? by introducing the Fourier restriction norm method. In [19], Kenig, Ponce
and Vega proved refined bilinear estimates to extend Bourgain's result to H® with s > —3/4. Earlier
results can be found in [2,10,17,18]. The lifetime of the solutions by the time local well-posedness
results above, depends only on the size of the HS norm of the initial data. Therefore, by combining
the L2 conservation law and time local results, we have the time global well-posedness in H with
s > 0. Since the KdV equation on H® for s < 0 has no conservation law, it seemed difficult to consider
the long time behavior of solutions in H® with s < 0. However, in [7], Colliander, Keel, Staffilani,
Takaoka and Tao overcame this difficulty and proved the time global well-posedness with s > —3/4
by introducing a regularizing Fourier multiplier operator I and calculating a modified energy defined
in H*, which is called the “I-method”. The value s = —3/4 seems to be critical. Nakanishi, Takaoka and
Tsutsumi proved that the fundamental bilinear estimate used to prove the time local well-posedness
fails when s < —3/4 in [28]. Christ, Colliander and Tao proved the time local well-posedness with
s > —3/4 by studying the modified KdV equation and the Miura transform in [6]. They also proved
the time local ill-posedness with —1 <'s < —3/4 in the sense that the solution operator fails to be
uniformly continuous with respect to the H® norm (see also [4,20,31]).

We next recall the known results for well-posedness of the Ostrovsky equation (y # 0). Assume
that ¢ is in HS N H~'. varlamov and Liu proved the time local well-posedness for s > 3/2 in [32].
Linares and Milanés extended this result to s > 3/4 in [23]. Huo and Jia extended this result to
s > —1/8 by the Fourier restriction norm method in [13]. In [14], Isaza and Mejia considered the case
@ € H® without H~! assumption and proved the time local well-posedness for s > —3/4 with gy <0
and for s > —1/2 with 8y > 0. In [12], Gui and Liu also considered the case ¢ € H® without H~!
assumption and proved the time local well-posedness for s > —7/12 with gy > 0. In [33], Wang and
Cui considered the case ¢ € H}“, which is defined below. They proved the time local well-posedness
for s> —5/8 and 0 > a > —1/2 with By < 0. There is a gap between these lower bounds of s and
the critical value of the KdV equation —3/4 when By > 0. In these papers, bilinear estimates plays
an important role. We have refined the bilinear estimate (see, Proposition 3.2) to obtain the following
theorem, which includes all results mentioned above.

Theorem 1.1. Let y #0, B=+1or —1and ¢ € H}". If s> —a/2 —3/4and 0 > a > —1, then (1.1) is time
locally well-posed. Moreover, we assume |y | < I and —1/2 > a > —1. Then, the lifetime (i.e. the size of the
existence time of the solution) depends only on s, a, I" and || ¢|| HE -

The definition of H}" for s € R and a <0 is as follows:

Hy'={ues| lullgse < +o0},

lullgze = |€)*(ve ™) “a®)

)
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where (-) =1+ .| and @ = Fxu denote the Fourier transform with respect to x variable. Obviously,
we have

H3=H°N H® whens>a,

H3* D H°N H® whens <a,
and

H}"=H* whena=0.

Remark 1.1. When a = —1, the assumption on s in Theorem 1.1 is s > —1/4. When a = 0, the lower
bound of s of the assumption in Theorem 1.1 is —3/4, which is equal to the critical value of the KdV
equation. Since we cannot apply the Miura transform for the case y # 0, it seems difficult to prove
the time local well-posedness with s = —3/4.

The Ostrovsky equation has the L? conservation law and the following a priori estimates.

Proposition 1.2. Let u be a solution of (1.1). Then, for —1 < a < 0, we have

Juc.0]% =llel. (12)

sup Jue. 050 < Ui, + T4y 13100 197), (13
o2 2 4/3,. 12y.,110/3

sup.[u.0)yge < CAleNon + 71y Plolz") (14)

By (1.4), we can extend the time local solutions in Theorem 1.1 to time global ones.

Theorem 1.3. et y #0, B =+1o0or —1 and ¢ € Hi,’a. Ifs>0and —1 < a < 0, then (1.1) is time globally
well-posed.

In [15], Isaza and Mejia proved a priori estimate by I-method and obtained the time global well-
posedness of (1.1) in H® with s > —3/10 for both By > 0 and By < 0. However, the time global
well-posedness in Hy" with s <0 and a < 0 is still open.

We next consider the convergence of the solutions when y — 0. Let u, and v be the solutions of
the following equations:

{3tun_ﬂa;?un+unaxunzynax1una (x,t) e R x [0, 00), (15)
Un(x,0) = @n(x), xeR,
{8tv—583v+v8xv:0, (x,t) e R x [0, 00), (16)
v(x,0) =y (x), xeR. ’

In [25], Liu and Varlamov proved the following proposition.

Proposition 1.4. Let s > 3/2, =@, e HHNH ' and T > 0. Then,

sup [[v(®) —un(®)] 2 > O,
<T

Itx

when y, — 0.
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In this proposition, there is a gap of regularity between the convergence of the solutions and the
assumption on the initial data. Our aim is to obtain a result similar to this proposition under more
natural assumption, namely, the initial data are in L2. The main tool of the proof of Proposition 1.4 is
the L? inequality for wy := v — u, as follows:

T T
// w2d,v dxdt yn// Wiy 'up dxdt
0 0

|fw%3xv dx| is bounded by ||wn||§2 |vIly32+e by the Sobolev embedding. This is the reason why we
need the assumption s > 3/2 in Proposition 1.4. To overcome this difficulty, we combine a time local
bilinear estimate and a priori estimates and we obtain the following theorem.

+

[T = [wn @) < c(

Theorem 1.5. Let  =+10r —1, ¥ € L2, o, € L NH™", I' >0, M > 0 and T > 0. Assume that |y,| < I,
l¥ll2 <M and ||@q|l 0-1 < M. Then, we have

”H}/n

sup_ [ V() = un®] 2 < ColI¥ = @ulliz + il lgnll -1 + 1yal®lnl?2) (17)
t

It

for the solutions of (1.5)-(1.6), where Co depends only on I, T and M.

Corollary 1.6. Let § = +1 0or —1, ¥ € L2, @, € L>NH~" and T > 0. Then, we have

sup |v(t) —up(®)] 2 — 0
<T

0\\

for the solutions of (1.5)-(1.6), when

I — @nll;2 — 0, Yall@nllg-1 — 0, yn— 0.

Remark 1.2. In Theorem 1.5 and Corollary 1.6, ¢ is not necessary to be in H~' and l@nll-1 is not
necessary to be bounded.

In general, it seems difficult to apply the Fourier restriction norm method to this kind of limit
problem because the Fourier restriction norm depends on the linear part of the equation which in-
clude the parameter y. In our problem, the Fourier restriction norm X;";;b defined below depends

on y. However, we prove a bilinear estimate which is uniform with respect to y when —1/2 >a > —1
(see, Proposition 3.2). Moreover, from Lemma 2.2, we have uniform estimate as follows:

lullysp < lullys.ab
gt S Xy

for —a > b > 0. These are the crucial points of our proof.
In Section 2, we give some notations and preliminary lemmas. In Section 3, we prove Theorem 1.1.
In Section 4, we prove Proposition 1.2 and Theorem 1.5.
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2. Notations and preliminary lemmas

Throughout this paper C > 0 denotes various constants depending only on s, a, b, b’ and I, not
depending on y. Cop,Cy,Ca,... are constants which may depend on y and other parameters. The
notation P < Q denotes the estimate P < CQ. We use P~ Q to denote P < Q < P.

We define the Fourier restriction norms for the Ostrovsky equation and the KdV equation as fol-
lows:

Juc. O] as = [Voy (DU O ypysa
= | e ) (e + g3 +ve Vi, Ol -
Jute,Ollyso = [Up(—OuCe O 5
=[@rfr + 8% e D

where Vg, (t) = exp{t,B33 + ty8‘1} and Ug(t) = exp{tﬁaf}. i = Fxu denotes the Fourier transform
with respect to t and x variables. We define the Xﬂ V space and the Y;‘b space as follows:

X5 ={ues' (R | lullsap < +oo},
y;»b ={ueS'(R?)| llyso < +o0}.

We can easily check that the X;’f’};b space is continuously embedded in C;(R: H}") and the Y), space

is continuously embedded in C;(R: H%) when b > 1/2. Put

Ulow = Uljig|<t0ly|>  Unigh = Uljg|>|y|/10

A N

U =1ilg<ary,  Uh=Ulg o
Since (y&~1) ~1 and (t + B&3 + y&~1) ~ (r + B£3) for |£] > |y|/10, we have the following lemma.
Lemma 2.1. Forany s,a,b e Rand u € st’b, we have
Itnignllyse < N ||uh1gh||XSﬂb N Ittnighllyso < llullyso-
We can easily prove the following lemma by the triangle inequality.
Lemma 2.2. Let s € Rand —a > b > 0. Then, for any function u € X/3 y , we have
lutlyse < Nz

The following lemma is a variant of the bilinear estimate proved by Isaza and Mejia in [14].
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Lemma 2.3. Let = +1or —1, min{2b — 1/2,5/8} > b’ > b > 1/2. Then, forany u, v € xg;‘;b, we have

Ox(V) | yo05—1 < Crllullyoo0 IVl 006
” “Xﬁ.y b Xﬁ,y Xﬁ,y ’

where C1 > 0 may depend on b, b’ and y.

Proof. The case y =1 follows from Lemma 1.1 and Lemma 1.2 with s =0 in [14]. The case y # 1 fol-
lows by rescaling T’ = |y |47, £’ = |y|/4 because (T + &3 +y&~) = (ly P4T/ + % +&71)). O

We define smooth cut-off functions p(t), o, (t) € C* such that

1, for|t| <1,

= p(t/to).
0. for|t|>2. Prg = p(t/to)

p(t) = {

The following lemmas are basic tools of the Fourier restriction norm method. For the proofs, see
e.g. [3,11,19].

Lemma 2.4.let § =+1o0r —1, Y eRand s, a,b € R Then, for any function f € H;,'a, we have
lo@®Vey®F | ysab SN Fllpsa
B.y 4
and for any function f € H%, we have
[pOUsOF[lyso S 1S 118

Lemma 2.5. Let B=+10or -1,y €eR s,ae€R, 1/2 <b <b' <1 and 0 <ty < 1. Then, for any function

Fe X;‘,a};b, we have

t
Pro () / Veyt—t)F@hdt' | <P Fllgsap-
YV
0]

s,a,b
Xg.y

and for any function F € Y;’b, we have

b'—b
Sto CIFE
s,b
Yy

t
Pr () f Up(t —t)F(t)dt’ ysv1-
0

Lemma 2.6.

(i) Let0<r < p+q—1andr <min{p, q}. Then, for any I, m € R, we have

N

f 1 Ca
dx ,
(x —DP(x —m)d (I—m)"

where C; depends only on p, qand r.
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(ii) Let p > 1/2. Then, for any I, m € R, we have

[ee)

/ ! dx < Cs
(x—DPlx—m|1/2 7" = (1 —m)1/2’

where C3 depends only on p.
The following argument was originally used in [19].
Lemma 2.7. For a subset 2 C R*, we define the characteristic function x ¢ as follows:

1, for(t.€,11,61) €2,

X2(T, 8,711,861 = {0, for (t,€,71,61) ¢ 2

and we put
FS@,/v>=|s|/an<r—n,s—sov(n,sl)dn .
RZ
If we have
|E12(5)2 (y&=1)~2a /XQ (E1) B (yE 2
ve (T B8y 200 T pe] 4y 2
E—&) ByE—g)HH 2
dr1dé&g <M 2.8
T ntBE P yE g B @8
or

() F g ™ / Pl
6 (T + BES +yE 2 J (T + BE3 + y&—1)20-D)

(£ —&) > (rE —g)H™
Tt +BE-E)P3+yE—&)71)?

-dTdé < M? (2.9)
for a constant M > 0, then we have
Fo, v)| sap—1 < Mluflysabl V]l ysab. (2.10)
H Hxﬂvyb 1 Xﬂ,y Xﬁ,y
Proof. (i) We first consider the case that (2.8) holds. Put

G(r, &) = (&) (ye ) (v + &3 +y&e Vi(r, ),
H(r,&) = &) (ye ) [+ 863 + ye Vir,6).

By the Schwartz inequality, we have
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25 (pg1)2a _Ey2s g —1\2a
|Fo, v[ |§|/ (€)= (g E—&)2yE -

dtid
(01 + B+ y P (T BE £y E—g) B

X / |Gt — 11, & —51)|2|H(‘C1,$l)|2dﬁ$1-

R2

Therefore, we obtain

IFa v)|or- <M2f|G<r—n,s—sl>|2|H<r1,s1>|2dns1 dr d
.y
R4

2 2 2 2
< MG IIHIILz <M IIUIImeIIVIIme
T.& 7.6 By

(ii) We next consider the case that (2.9) holds. By the duality argument, (2.10) is equivalent to

/ Fo @, VW ATdg < MUl yeon IV o Wl oo (211)
s s Y

R2

The left-hand side is bounded by

/|§|x.oﬁ(r—n,s—&)er,slﬁv(r,adrdwndsl
”/Iélxmt(t—ﬁ £ — e, s)drdsH LWl
By a similar argument as in (i), from (2.9), we have
H / |s|xm7(r—n,s—sn%,@drdsH <Ml Wl o
R2 Xp.y ry a4

Thus, we obtain (2.11). O
3. Bilinear estimates and time local well-posedness

The following bilinear estimate was proved by Kenig, Ponce and Vega in [19].

Proposition 3.1. Let 8 = +1 or —1 and min{b +1/4+s/3,1} > b’ > b > 1/2. Then, forany u, v € Y;’b, we
have

3l ysos S Hulyso1Vilyse- (3.12)

The following bilinear estimate plays an important role in the present paper.



K. Tsugawa / ]. Differential Equations 247 (2009) 3163-3180 3171

Proposition 3.2. Let 8 =+1or —1, |y| < I, 0> s > max{—a/2 + b’ /2 — 1 b —5/4},0>a> -1 and
min{b+1/4+5s/3,2b—1/2,5/8} > b’ > b > 1/2 Then, forany u, v € Xﬂ Y b we have

||a,<(uv)||X§.ay,b/,1 < Callullgsa IV s (3.13)
where C4 > 0 depends only on s, a, b, b’ and I when —1/2 > a > —1, and may depend not only on s, a, b

and b’, but also y when0>a > —1/2.

Proof. Without loss of generality, we can assume i > 0 and v > 0. By the Plancherel theorem, the
left-hand side of (3.13) is equal to

|| Fra(u, v)|

s,a,b’—15 (314)
X5y
where Fg (u, v) is defined in Lemma 2.7. We divide the region R?* into six parts:

={(r.&.11.&) eR* | min{|& ], [£]. 1€ — &} > |y|/10}, (3.15)
={(t.&.m.&) eR* | max{|&1. [, 1§ — &} < 11]y1}, (
As={(t.& 1.&) eR* | 5] >10]y|. |&1] < |y|/10}, (
Ay={(t.&.11.6) eR | |E] > 10|, |& — &1 < |y|/10}, (318)
As={(t.£.11.&) eR* | [E] < |y /10, |&] > 10]y |}, (
As={(r.&.11.6) eR* | |E] < |y/10, & — &1] > 10|y}, (

By symmetry, we have only to consider A;, Az, Az and As. We first consider the region Ai. From
Lemma 2.1 and Proposition 3.1, we have

| Fa, (u,v) ||X;,a,bu1 < || x(uhighVhign) | v
BY
S Nunighllyso 1V highllys.b
B B
S Nunighll .00 1V highll ys.a
& Xﬂ,y e Xﬁ-r
< lullysap VI ysab.
b Xﬁ,y Xﬁ,y
We next consider the region A;. From Hélder’s inequality and Sobolev’s inequality, we have
[ Fay @, )| ysar Sluvill iz < lullpa Ivilla S Tl ygsas VI gsab-
2 Xy Lix Lo e~ TG TR

We next consider the region As. In A3, we have

—a

€S ye VS EnSve ) e - gy —gnT)

Therefore, from Lemma 2.3, we have

[ Fas v

ab'—1 <G ||U|| s,a,b ”V“ s,a,b
Xgy Xsy " Xy



3172 K. Tsugawa / ]. Differential Equations 247 (2009) 3163-3180

where C; may depends on b, b’ and y. When —a > b, from Lemma 2.2, we have
< < <
[P ) gsav S Donvion) [y S HnllysolViowllyso S lullysan 1Vl gsa0.
where implicit constants do not depend on y. Next, we consider As. In As, we have

(t+B+ye ) ~(t+ye"),
(11 + B +v& 1)~ (11 + BED),
(t—m+BE-a)+yE—&) )~ (Tt —T)+BE — &)
€ (e ") elE — e (v E — e ) S vE ) Sy En) T E gl

We divide As into two parts as follows:

Ast={(1.& 11, &) € As | 3% |&1 1 < 10y 1}, (3.21)
Asy={(r.&.711.61) € As | 3£[*|&11* > 10y |}. (3.22)

When 2 = Asq, from Lemma 2.6, the left-hand side of (2.9) is bounded by

ly| > (61)~* |g[>+2

(1 + BEF)Y? B/ (T 4y~ — B —&)3)20-D)

dé

|;§_ |2a+2

(y&~1—3p8&)20-0

< |V|’2“<€1)’45/ de, (3.23)
B

where

B={¢ eR||g| <min{l& |y V2 IyI})

Here, we consider the following two cases:
(i) By <O. In this case, we have (y&~1 —38&£2) > max{|y||&]~", |&]|&112). If |&] > 1, then (3.23)
is bounded by

Cleal My '/?

5 4 |&|2a+2 b +1/2 ). (—ds—2a+2b'—5

ly|7= &)™ —— e dE S|y [T R B
(1&]1&1[2)20=b"

—Clg |~y 11/2
because s > —a/2 +b'/2 — 5/4. If |&1]| < 1, then (3.23) is bounded by

Clyl Clyl

|§-|20+2 , ,
ds 5 |y|—2a+2b -2 / |$|20—2b +4 ds S 1.

(AR . —
v (y[1E-1)20=b)
| —Cly|
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(ii) By > 0. We put x=y£~! — 3B&£2. Then, we have

3

< —1&2
dx NVA

- ‘ —yE~2 —3pE2

Therefore, (3.23) is bounded by

/ J(y. & E)ly| J
, e 6
g (&1 = 3pEED2ly et — 3BEE |EP

1
< - <
Nzlell;]()/,f,&)l{/ X)20TB) [x[e dxwzlellg]()/,f,&),

where 2b' —1 <€ <4s+2a+4 and

| €

Jy .60 = 1y 172 W) g2 ye 1 - 38887

By a simple calculation, we have
Sup J (v £ 1) 5 ly |72 ) TR g e S
€

From (i) and (ii), we obtain (3.23) is bounded by C.
We next consider As,. We put

M = max{|t + &> + y& !

n+BE +yE T |t —m) +BE -} +yE—EDT]

’

From (3.19) and (3.22), we have

g2 > 101 190 S 101y > 100k
1|7 3|$| = 3 ) 1l = = .

Therefore, by the triangle inequality, we obtain

M>|-Bed —ye '+ B +yer T+ BE - +yE—ED)7Y/3

2 ez YLl ly]
> et €% - 51— 561~ 3 — g

> (8]&£2| — 1)/10. (3.24)

Thus, we have

7 2
78 TIyl 70

M > > >=, MZ>7000& (3.25)
10 31|~ 3

We divide As; into three parts as follows:
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Aspn ={(t.£.11.61) € Asy [ M=t + B&> + v},
Asp ={(t.£.11.61) € Asy | M= |11 + BE] + v&; |,
Asp={(T.£. 1.6 €Az |[M=|(T —T1) +BE — &)’ +yE—ED |}

By symmetry, we have only to consider Asy; and Aspy. We first consider Asyi. In Aspq, from (3.25),
we have

|t +3B6% /4 > |t + BE> +y&e | — |€3] /4 = Iy1IEI 7 2 M. (3.26)

From Lemma 2.6, the left-hand side of (2.8) with §2 = Asy; is bounded by

|)’|_za|‘§|2a+2 / XA521|$1|_4S dT‘l dS‘l
(T + BE3 + y&—1)20-b) J (T1 + BEH (T — 71 + B(E — &1)3)2
138&3 + 47|1/2|£|1/2
<K dé&q, 3.27
~ /<r+aﬂss1<s—sl>>2b g 3:27)

where

|y |25 23216~

K = sup 7 .
(T.6.11,6)€Asy (T + BES +y&~1)20-D)13883 4 471/2

From (3.25) and (3.26), we have

—2s
oo (1611511 —2542b'—

when s > —a — 3/4 and

2\ —2s —25—2a-3/2
M |EIM

when s < —a — 3/4 because 0 > s > max{—a/2+b’'/2 —1,b’ — 5/4}.
We put x =1 4+ 38£&1(§ — &1). Then, we have

$1=§ﬂ:l 353+4ﬁ(r—x)’
27 28\ 3&

1 1
T BE(E — 28| BEV2BBE? + 4T —4x[1/7

déy
dx

Therefore, from Lemma 2.6, (3.27) is bounded by

3 3 4 1/2
/ 13683 + 41| .
(X)?P[3B83 + 4T — 4x[1/2
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We next consider Asp,. From Lemma 2.6, the left-hand side of (2.9) with £2 = A5y, is bounded by

lyI7>E /X |2 +2 dr dé
(T1+ BE + yg; 2000 ) T2 (T — 1+ B(E — 61)3) (T +yET)2

< 38 — 02 + 62
~ (-1 +B(E &) —yE)

o dg, (3.28)

where

ly | =208 |~ |&|20+2

L= sup - .
(.&mbneAsy (T1 + BEL +yE 238 — £1)2 + y£2

Since |11 + B} + v&; | 2 |£62] and [3B(¢ — £1)? + yE 2| 2 |&11% in Asz, we have

L< (17180 2 (1€ 18 2) 22072 g 2543,

Therefore, from (3.25), we have L < (|y|/|&) 7207273 (€||&[2)"2+2 3|y |%+3 <1 because —2s +
2b' —3 <0 and —2a — 2s — 3 < 0. Here, we put x=—11 + 8(¢§ — &) — y£~1. Then, we have

1
S BBE —g)? +yE?

&
dx

Therefore, (3.28) is bounded by

1

Now, we prove Theorem 1.1. Precisely speaking, we have the following proposition.

Proposition 3.3. Assume that y #0, B =+1or —1and ¢ € H}". Lets > —a/2—3/4,0>a> —1,b > 1/2
and b be sufficiently close to 1/2. Then, (1.1) is time locally well-posed and the lifetime of the solution tg
satisfies

to 2 {Callpllga)

for some € = 1, where C4 is defined in Proposition 3.2. Moreover, the solution is in C([0, to] : Hy") N X;’,"};b

and satisfies the following estimates:

sup ullyse S ll@llysa,
0<t<to e 14
ullgsap S ll@llpsa.
X5y Hy

The proof of this proposition follows from the standard argument of the Fourier restriction norm
method. Therefore, we mention only the outline of the proof. For more detail, see e.g. [3,11].
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Proof. We consider the following map:

t

t

N@u) =p®)Vg,, O¢ + p“)z( ) / Vi (t —t)dx(u?)dt’.
0

Put X, ={u e Xf‘;a);b [Nullysap < r||<p||H;a}. We shall prove that N is a map from X; into X, for suffi-
’ By

ciently large r > 0. From Lemma 2.4, we have

[p©OViy O] a0 S 10130

From Lemma 2.5, we have

t
t
pf"T() / Vi (t —t)d(u?)dt’
0

5 tg/_b H dx (u2) ” XS.a.b' =1+
Xs,a4b By
By

Therefore, from Proposition 3.2, we have

b'—b 2
”N(U)“ X;’f’y’b < C(||¢||H§;a + Caty ||u||xfs3ayb)

We take r > 2C and 0 < t§ < min{(ZCC4r||<p||H;a)_l, 1} where € =b’ — b. Then, for u € X;, we have

N s.a S,a.
ING a0 <T@l

We can easily check that N is a contraction map, too. Thus, we obtain the existence of the solution by
the fix point argument. The remaining estimate follows from the well-known embedding inequality:

sup flullgse S llullysas. O
t Hy X5y

In the same manner, we can prove the following proposition from Proposition 3.1. This result was
originally proved by Kenig, Ponce and Vega in [19].

Proposition 3.4. Assume that y =0, 8 =+1 or —1 and ¢ € H%. Let s > —3/4, b > 1/2 and b be sufficiently
close to 1/2. Then, (1.1) is time locally well-posed and the lifetime of the solution t1 satisfies

t1 2 (lllus) €

for some € 2 1. Moreover, the solution is in C([0, t1]: H5) N Y;;b and satisfies the following estimates

sup [ullas S llellas,
o<ttty

lullyse S ll@ls-
s
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4. A priori estimates and weak rotation limit

We first prove Proposition 1.2.

Proof. By the density argument, without loss of generality, we can assume u is sufficiently smooth,
u, dxl, afu — 0 as |x| — oo and 1 vanishes at the origin & = 0. Calculating

T
//(Ehu — Bdu +udu — yd; 'u) - udxdt =0,
0

we obtain (1.2). Calculating
/8;1(8tu — Baju +udu —yd; 'u) -9 ludx=0,
we have
1 2 201
§8t||u(~,t)||H,1 <y [ u*d; ludx.
By the Schwarz and the Sobolev inequalities, the right-hand side is bounded by

2 [[4—1 572, 11/2
V||u||L2||3x u||Loo<)/||<,0||Lz llull ;% -

Thus, we obtain (1.3). We put
Pu=Iy"I§1%4®)] \g\< -
Calculating
3 -1 _
/ P(0¢u — Bogu +udsu — ydy; 'u) - Pudx =0,
we obtain
1
/8tPu . Pudx—ﬂ/Pafu - Pudx+ 5/Paxuz -Pudx= V/Pax_]u - Pudx.
The second term of the left-hand side and the right-hand side vanish. The third term is bounded by

1

o 7B o < e P20 2 P70

H1

1/2
L2

1/2

2 3/2
< lulld,ly P2 Pul o

[l

Here, we used

Pa —ag14a

Therefore, we have

5/2
12

1/2

dlPul?, Sy P2 lel 2

[l Pull
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Therefore, we obtain

3/2 3/2 5/2
sup [ Puc. 0|12 <IP@I}S +CTly P2 lol}). (4.29)

Itx

Since

[uc. 0] yoo S [Puc.Of 2 + [uc. 0] 2,
we have (1.4) from (1.2) and (4.29). O

We next prove Theorem 1.5.

Proof. Let u, be the solution of (1.5) obtained in Proposition 3.3 and v be the solution of (1.6) ob-
tained in Proposition 3.4, namely, u, and v satisfy the following integral equations:

t
)
Un = POV (O@n + pf°2 / Vgt — )y (ud)dt’,
0

t
v=p®UgO) Y + p“T(t) f Ug(t —t)dx(v?)dt’,
0

where tg, t is the lifetimes obtained in Propositions 3.3, 3.4. By density argument, we have only
to prove estimate (1.7) for sufficiently smooth solutions. Since u, satisfies (1.5) on t € [0, to], the
following equation holds on t € [0, to]:

t
1 , _
un(t) =Up(Ogn + 5 / Ug(t — t){0x(up) + yady 'unfdt’.
0

Put w, =u, — v. Then, for 0 <t < min{to, t1}, w;, satisfies the following integral equation:

t
Wn(t) = Ug () Wy (0) + % / Ug(t — t) {ox(Wn(tin + ) + yady 'tin ) dt'.
0

We put

t
fn = pOUp w0 + 220 / Up(t — )| (Wn(tin + V) + yad; g} dt’
0

for 0 < t; < min{tg, t1}/2. Then, it follows that w, = u, on t € [0, t2]. From Lemma 2.5, for b > 1/2,
we have
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Pty (t) / Up(t —t)yndy undt’ Pty (1) / Up(t —t') par, (¢ ) yudy " undt’
0

Yg,b ng
1yl | P22, 05 ' un y00
- ||/02t2||1_20 sup alun®
\ \ ty
5@’/2*” sup |yn|||un(t)||H1

<2t

Therefore, in the same manner as the proof of Proposition 3.3, we obtain

2 llyoo < [Wn(@ 2 + €5 Iwnlly00 (Inlly 00 + 1Vily00)

3/2—b

+t sup |Vn|”uﬂ(t)”H !
0<tL2

Xxtx42

from Proposition 3.1 and Lemmas 2.4, 2.5. We have lunllyob < llunllyo-1b < lgnll ;0.1 from Proposi-
Yp Xg,

2,
yn

tion 3.3 and Lemma 2.2 and we have ||v||Y ob S |l¥ ]2 from Proposition 3.4. We take ty > 0 such that

tSM is sufficiently small. Then, we obtain

3/2—b

sup [wa(®) 2 S Inllyor 5 [wn(O)|| 2 + 5 sup 17l lun® || -
0<t<ty 0<tL2t,

Fix T > 1. Then, from a priori estimate (1.3), we obtain

sup [wa® |2 < (|Wa©] 2 + [Wall@nllg-1 + T 19 llnl25).
\ \ 2
In the same manner, we obtain
sup  |wa®] ;2 S (|waGit)] 12 + Wl @nll o + T2yl llenll’’)

Ja<t<U+De

for 0 < (j+ 1)ty < T and j € Z. Note that we can take the same size of t; > 0 in this process because
we have a priori estimates (1.2) and (1.4). Finally, we obtain

sup |wa® |2 < Co(|waO) | 2 + 17all@nll -1 + T 1l lenll’y’).

O\ ~X
where Cp depends only on I, T and M. O
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