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Abstract

In this paper, we establish an oscillation estimate of nonnegative harmonic functions for a pure-jump
subordinate Brownian motion. The infinitesimal generator of such subordinate Brownian motion is an
integro-differential operator. As an application, we give a probabilistic proof of the following form of
relative Fatou theorem for such subordinate Brownian motion X in a bounded «-fat open set; if u is a
positive harmonic function with respect to X in a bounded «-fat open set D and 4 is a positive harmonic
function in D vanishing on D€, then the non-tangential limit of u/h exists almost everywhere with respect
to the Martin-representing measure of 4.
© 2012 Elsevier B.V. All rights reserved.
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1. Introduction

Nowadays Lévy processes have been receiving intensive study due to their importance both
in theories and applications. They are widely used in various fields, such as mathematical
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finance, actuarial mathematics and mathematical physics. Typically, the infinitesimal generators
of general Lévy processes in R? are not differential operators but integro-differential operators.
Even though integro-differential operators are very important in the theory of partial differential
equations, general Lévy processes and corresponding integro-differential operators are not easy
to deal with. For a summary of some of these recent results from the probability literature, one
can see [8] and the references therein. We refer readers to [11,12] for samples of recent progresses
in the PDE literature.

Let W = (W, : t > 0) be a Brownian motion in R and S = (S, : ¢ > 0) be a subordinator
independent of W. The process X = (X; : t > 0) defined by X; = W, is a rotationally invariant
Lévy process in R and is called a subordinate Brownian motion. Subordinate Brownian motions
form a very large class of Lévy processes. Nonetheless, compared with general Lévy processes,
subordinate Brownian motions are much more tractable. If we take the Brownian motion W as
given, then X is completely determined by the Laplace exponent of subordinator S. Hence one
can deduce the properties of X from the subordinator S, or equivalently the Laplace exponent
of it.

The purpose of this paper is to give an oscillation estimate for (unbounded) harmonic func-
tions (see Section 2 for the definition of harmonicity) for a large class of subordinate Brownian
motions. Then using our estimates, we discuss non-tangential limits of the ratio of two harmonic
functions with respect to such subordinate Brownian motions.

Now we state the first main result of this paper.

Theorem 1.1. Suppose that X = (X; : t > 0) is a Lévy process whose characteristic exponent is
given by ¢(0) = ¢(|9|2), 0 € R4, where ¢ : (0, 00) — [0, 00) is a complete Bernstein function
such that ¢ (A) = 222800, o € (0,2) and £ : (0, 00) = (0, 00) is slowly varying at oo. Then for
every n > 0, there existsa = a(n, o, d, £) € (0, 1) such that for every xo € R and r € 0, 1],

sup u(x) <A +mn) inf u(x)

x€B(xg,ar) x€B(xg,ar)
for every nonnegative function u in RY which is harmonic in B(xo, r) with respect to X.

Note that, for unlike a local operator, Theorem 1.1 cannot be obtained from the Harnack
inequality and Moser’s iteration method because harmonic functions in Theorem 1.1 are non-
negative in the whole space R?. On the other hand, if one just assumes that a harmonic function
is nonnegative in B(xg, 2r), then even the Harnack inequality does not hold (see [21]).

Recently many results are obtained under the weaker assumption that ¢ is comparable to a
regularly varying function at oo (see [24,26—28]). But our technical Lemmas 3.2-3.4 cannot be
obtained under such assumptions.

Doob proved the relative Fatou theorem in the classical sense [17]. That is, the ratio u/h of
two positive harmonic functions with respect to Brownian motion on a unit open ball has non-
tangential limits almost everywhere with respect to the Martin measure of /. Later, the relative
Fatou theorem in the classical sense has been extended to some general open sets (see [35] and
references therein). But the relative Fatou theorem stated above and the Fatou theorem are not
true for harmonic functions for the fractional Laplacian A%2 = —(—A*2) when a € (0,2)
(see [5] for some counterexamples). Correct formulation of the relative Fatou theorem for the
integro-differential operator is the existence of non-tangential limits of the ratio u/ h, where u is
positive harmonic in an open set D and 4 is a positive harmonic function in D vanishing on D¢
(see [9,23,25,30]).
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In this paper, through a probabilistic method and Theorem 1.1, we show in Theorem 4.11
that the relative Fatou theorem holds for subordinate Brownian motion in very general open sets,
namely, bounded «-fat open sets, the family that includes bounded Lipschitz open sets.

This paper is organized as follows. In Section 2, we recall the definition of subordinate
Brownian motion and its basic properties under our assumptions. In Section 3, we give the proof
of Theorem 1.1. In these sections, the influence of [10] in our results will be apparent. Section 4
contains the proof of the relative Fatou theorem in bounded «-fat open sets. The main idea of our
proof is similar to [23], which is inspired by Doob’s approach (see also [1]). We use the Harnack
and the boundary Harnack principle obtained in [29] and our Theorem 1.1. If the open set is the
unit ball in R2, we show that our result is the best possible one.

In the sequel, we will use the following convention: the value of the constant C, will re-
main the same throughout this paper, while the constants cy, ci, c2, . . . signify constants whose
values are unimportant and which may change from location to location. The labeling of the
constants cg, c1, €2, . .. starts anew in the statement of each result. We use “:=" to denote a def-
inition, which is read as “is defined to be”. We denote a A b := min{a, b}, a vV b .= max{a, b}
and f(t) ~ g),t — 0 (f(t) ~ g(t), t — oo, respectively) means lim;_.o f(¢)/g(t) = 1
(lim;, o f(¢)/g(¢) = 1, respectively). For any open set U, we denote 8y (x) = dist(x, U). Let
A(x,a,b) ={y € R? : a < |x — y| < b} and B(x, r) be a ball in R¢ centered at xo whose
radius is 7. When xg is the origin, we simply denote B, := B(0, r).

2. Preliminaries

Suppose that § = (S; : ¢t > 0) is a subordinator, that is, an increasing Lévy process taking val-
ues in [0, co) with So = 0. A subordinator S is completely characterized by its Laplace exponent
¢ via

Elexp(—AS;)] = exp(—tp(X)), A > 0.

A smooth function ¢ : (0, c0) — [0, 00) is called a Bernstein function if (—1)"D"¢ < 0 for
every natural number n. Every Bernstein function has a representation

d(L) =a+br+ / (1 —e ™) u(dr)
(0,00)
where a, b > 0 and u is a measure on (0, co) satisfying f(o)w(l A1) u(dt) < oo. a is called
the killing coefficient, b is the drift and w is the Lévy measure of the Bernstein function. A
nonnegative function ¢ on (0, co) is the Laplace exponent of a subordinator if and only if it is
a Bernstein function with ¢ (0+) = 0. We also call u the Lévy measure of the subordinator S.
A Bernstein function ¢ is called a complete Bernstein function if u has a completely monotone
density t — w(t),i.e., u(t)dt = u(dt) and (—1)" D" u > 0 for every non-negative integer .
Throughout this paper we will assume the following.

(A1) ¢ is a complete Bernstein function and regularly varying of index o/2 at oo for some
o € (0,2). That is,

d(n) =272 (2.1)

for some a € (0, 2) and some positive function £ which is slowly varying at co.

Note that, this is an assumption about ¢ at oo and nothing is assumed about the behavior near
zero. Clearly (2.1) implies that b = 0 and A — £(A) is strictly positive and continuous on (0, 00).
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We refer the reader to [29] for examples. From [8, Proposition 5.23], we get

o —1, -1
1)~ ————t t ast — 0 2.2
WO~ Sr !t PO 22)
where I'(A) = [ t*~le~"dt.
Let W :== (W;,P, : t > 0, x € R?) be a Brownian motion on R? with P, (Wy = x) = 1 and
E [el6Wi=W0] = ¢~ for £ € RY,¢ > 0 and x € R In the remainder of this paper we will
use X = (X;, P, :t>0,x € R? ) to denote the subordinate Brownian motion defined by X; =

Ws,, where S = (S, t > 0) is a subordinator whose Laplace exponent is ¢ and S is independent
of W.
Let

oo
j(r) = / 1)~/ y(yde forr > 0 (2.3)
0

where w(t) is the Lévy density of S. Then J(x) = j(|x|) is the Lévy density of X. Note
that the function r +— j(r) is strictly positive, continuous and decreasing on (0, 00). Since

|8/3r(e—r2/(4t))| — 4,.—1 <I”2/(8t) e_rz/(Sz)) e—rz/(St) < Cr—le—rz/(St) and fooo(4n’l‘)_d/27_l
e”z/(gt),u(t)dt =r! j(r/\/i), j'(r) is well-defined and is continuous.

Applying [26, Lemma 13.3.1], we have the following.
Theorem 2.1.

al(d+a)/2) ¢G72)

WerdP (1 —aj2y A S0

Jjr) ~

As an immediate consequence of Theorem 2.1 and the continuity of » — j(r) on (0, 00), we
have the following.

Corollary 2.2. For every R > 0, there exists c = ¢(R, a, d, £) > 1 such that for every positive
y with |y| < R,

Ty oUyI™) = T =y ™oy 7).
By Kim et al. [26, Proposition 13.3.5], the function r +— j () enjoys the following properties.

Proposition 2.3. (1) For any M > 0, there exists c; = c{(M) > 0 such that j(r) < c1j(Q2r) for
everyr € (0, M).
(2) There exists co > 0 such that j(r) < cj(r + 1) for everyr > 1.

For any open set D, we use tp to denote the first exit time of D, i.e., tp = inf{t > 0: X; ¢
D}. Given an open set D C RY, we define X?(w) = X;(w) ift < tp(w) and XP(w) = 3 if
t > 1p(w), where 9 is a cemetery state. We now recall the definition of harmonic functions with
respect to X.

Definition 2.4. Let D be an open subset in R?. A function u defined on R is said to be

(1) harmonic in D with respect to X if E, [|u(X,B)|] < oo and u(x) = Ey[u(X,)] for every
x € B and open set B whose closure is a compact subset of D;
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(2) regular harmonic in D with respect to X if it is harmonic in D with respect to X and for each
x € D, u(x) =Ey [u(Xz))]:

(3) harmonic with respect to X D if it is harmonic with respect to X in D and vanishes
outside D.

By Kim et al. [26, Corollary 13.4.8], we have the following Harnack inequality.

Theorem 2.5 (Harnack Inequality). There exists a constant Co > 0 such that for every r € (0,
1), xp € R4 and function f > 0in R? which is harmonic in B(xq, r) with respect to X, we have

sup f(y) <Co inf f(y).
yeB(on,)r/Z) yeB(xq,r/2)

It follows from [8, Chapter 5] that the process X has a transition density p(, x, y) which is
jointly continuous. By the joint continuity and the strong Markov property, one can easily check
that

pp(t,x,y) = pt,x,y) —Ex[p(t — tp, X¢p,¥);t > tp] forx,ye D

is the transition density of X, which is jointly continuous (for example, see [24, Lemma 5.5]).
For any bounded open set D C R4, we will use G p to denote the Green function of X2, i.e.,

o0
Gp(x,y) :=/ pp(t,x,y)dt forx,ye D.
0

Note that G p is continuous in (D x D) \ {(x,x) : x € D}.
We define the Poisson kernel Pp(x, y) as

Pp(x,y) ::f Gpx,2)J(z—y)dz for(x,y) € R? x D°.
D

Thus we have for every bounded open subset D, function f > 0 and x € D,

B [f(Xep): Xep # Xep] = /ﬁ P, ) f (). 2.4)

Using the continuities of Gp and J, one can easily check that Pp is continuous on D X D"
Moreover, from [33, Theorem 1] we know P, (X, 5 €0B,) =0 for x € B,. Thus every harmonic
function u in D is written as

u(x) =/ Pg, (x, y)u(y)dy forx e B, C B, C D. (2.5)
B¢

r

When r < 1, by the continuity of Pg(y,,-) and the Harnack inequality (Theorem 2.5), we get
Pp(xo.r) (X, ¥) < Co Py (x0.y) forevery (x,y) € B(xo,r/2) x B(xo.7)".

Since Pg(x,,r) (X0, MIu(y)| € LY(D) for y € B(xo, r)C by the definition of the harmonicity,
applying the Lebesgue dominated convergence theorem to (2.5) we see that every harmonic
function in D with respect to X is continuous.
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3. Oscillation of harmonic functions

Recall that S; is a subordinator with Laplace exponent ¢», W is a Brownian motion independent
of S; and X; = Wy,. First we show that ¢ being a complete Bernstein function implies that its
Lévy density of X cannot decrease too fast in the following sense.

Lemma 3.1.

i ()
msup ——— =
810 451 u(t +9)

Proof. Let n > 0 be given. Since p is a completely monotone function, by Bernstein’s theo-

rem [31, Theorem 1.4] there exists a measure m on [0, co) such that () = f[o 00) e "*m(dx).
Choose r = r(n) > 0 such that

n/ e “m(dx) > f e “m(dx).
[0,r] (r,00)

Then for any ¢ > 1, we have

n/ e M m(dx) = n/ e~ DX p(dx) > e_(t_l)’r]/ e m(dx)
[0,r] [0,r] [0,r]

ef(’fl)r/‘ e “m(dx) = / e Ve ™ (dx)
(r,00) (r,00)

/ e " m(dx).
(r,00)

Thus for any ¢t > 1 and § > 0,

v

v

u(t +8) > / e~ U 1 (dx) > efr‘s/ e ™ m(dx)
[0.r] [0.7]

e A+t (/ e " m(dx) + n/ e ™* m(dx))
[0.r] [0.r]

> e (147! (/ e m(dx) + / e ™ m(dx))
[0,r] (r,00)

=e 1+ / e M m(dx) = e (L4 m) 7 (o).
[0,00)

\Y

Therefore,

. p(t)
lim sup <sup —) <1l+4n.
550 \s>1 Mt +98)

u()
n(t+8)

Since 1 > 0 is arbitrary and > 1, we conclude that this lemma holds. O

Lemma 3.2.

. j()
imsup ——— =
810 52 j(r +9)
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Proof. Fix ¢ € (0,1) and let L := m Using (2.1), (2.2) and the fact that £ is slowly
varying, we choose #, = f,(¢) € (0, 1/2) such that for every r < 21,,

a +e>—‘L¢(It—_l) <n = a +e)L¢(tt_1) and
¢ (4ot 14a/2 G-
= W <({+e¢) .
By (3.1) we get
1o _
w((1+e)) = (He)‘w% > (1467~ “/ZL"’(Z )
> (146492 u(@t) foreveryt <2t,. (3.2)
Now using Lemma 3.1, we choose 61 € (0, (1 + s)_l] such that for every ¢t > 1,
pu(t+681) < () = (L +e)u( + 681). (3.3)
Since
pO —p (="' _p0-—p(d-8"")
p(@=8-ty ~ n(4)
and

u) — (@ +1) - u(t) — @ +1)
u +1) - n)

for every 6 € (0, 1/2) and ¢ € [t,, 2], by using the continuity of u, we choose 6, € (0, §1] such
that

w0 = d+e)pu(rd-57") and
w(@) < (1+¢)u(t+ ) forevery t € [t,, 2]. 3.4
Combining (3.2)—(3.4), we have that for every § < §,,

i (t(l — 3)—1) when 7 < 2
u(t +6) when ¢t > 1/2.

p(t) < (1+e)*e/?% x { (3.5)

Let r > 2. Using (2.3), we put

jr+38) = (/ / )(4m) /2 exp ( (:5) >u(t)dt=:1+ll.

Since (1 — 8)(r +8)2 <r> +8(r +8) (2 — (r +8)) < r2, by (3.5) and a change of variables,

1 1.2
1> /0 (@)~ exp (—%) w(t) dt

—14d/2 0 —d)2 r? -1
—(1-5) /0 @)~ exp (_E> u(t(l —5) ) dt
1-46 r2
> (1—8) " 1Td/2(1 4 g)~47/2 f (4mt)~ 2 exp (—5) (1t dt
0

for every § < 65.
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On the other hand, from 0 < (r +8 — 1)2 = (r + 8)2 — 2tr + t(r — 8) — 8t, we see that
t(t —8) = 2tr + 8t — (r + 8)%. Thus we get
(r +8)? r2 8t —8) —r’t  8Qr+8t—(r+8)?) U9
4t 40 —8) 41 (t — §) B 4t (t — §) ~ 4

Therefore by using this, a change of variables, (3.5) and the inequality  + 8 < (1 — 8)~! for
1—-6 <t < oo, we get

00
e_‘wf (4rr) =472 exp (—
1
oo 2
— 8_8/4/ (47[(t—|—8))_d/26Xp <_;_t> [,(,(Z‘—G—(S)dt
1-8

0 2
6—3/4(1 +8)—4—a/2(1 _ 3)d/2[ (47_[[)—61/2 exp <_Z_[) w(t) dt
1-8

for every § < 8,.
Consequently for every § < 6 and r > 2,

2

-
11
4(t —9)

v

) w(t)dt

v

jo+8) = (=07 F 2 A A= 5)12) (14 &2 ()

and so

. Jjr) 4402
lim sup <sup —> < (14"~
810 r>2 ](r +4)

J(r)
Jj(r+8)

Since ¢ > 0 is arbitrary and > 1, the proof is completed.  [J

Lemma 3.3.

. J(r)
lim sup ———— =1
830 re0.41 J (r(1 +6))

Proof. Fix ¢ > 0 and let A := oI'((d + «)/2)2~ "7 =4/2(I"(1 — «/2))~". By Potter’s Theo-
rem [6, Theorem 1.5.6(i)], there exists 1 = ri(e) > 0 such that

L) o[t

>(14+¢) min{-, - fors,t <2ry.
0(s72) ~ ( ) st !

Moreover by Theorem 2.1, there exists 7, = r2(¢) > 0 such that

Als™?) -1
1+52m2(1+8) fors < 2r.

Thus forr <r3:=riArpandé € (0, 1)

Jjra+8) (j(r(l +8)) rite (1 +3)d+a) <Aar—2)) e(r2(1+68)72)

j @) AL(r2(1+8)72) i) )
x (14874
> (14831 +8 91,
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On the other hand for every é§ € (0, 1) and r € [r3, 4],

JO) —j (@A +8r) _jir) —jd+8r)
jad+8r) - J(®

and so (1 + 4j(8)_18|j ! (r3)|) Jj(@r (1 +6)) = j(r). Therefore

. Jj(r) 3
limsup| sup ———— | < (1 +¢)’.
840 (re(0,4] Jrd+ 5)))

< j@®7'srlj’ (r3)] <45 ®) 781" (r3)]

i)
J(r(1+4))

In this section, for the notational convention we define

Since ¢ > 0 is arbitrary and > 1, we complete the proof. [

Ag.p(u) 1=/ JyDu(y)dy and Aq(u) 3=/ JUyDu(y)dy
A(0,a,b) BS

for every nonnegative function u on R? and constants a and b with b > a > 0. By Lemmas 3.2
and 3.3, there exists an increasing continuous function é(¢) : (0, 1/2] — (0, 1/2] such that
limg o 6(¢) = 0 and

i) j@)
_ - 1 . 3.6
(f‘ié’ i +8<s)>) Y (ri?o% jerd +a<e)>)> =i G0

Lemma 3.4. For every0 < ¢ < 1/2,0 < p < 1/2, r < 2 and any nonnegative function u in
R4, we have for every x € Bspr/3

(1 + 8)_1Apr(u)Ex[fng,/3] S / PBapr/jg ()C, )’)u(}’)dy S (l + 8)Apr(u)Ex[tB(gpr/3]
B¢

pr

where § = §(¢) € (0, 1/2] is in (3.6).
Proof. If z € Bsp, /3 and y € A(0, pr, 1), then we have
ly =zl = Iyl + 1zl = |yl +8pr/3 < (1 +8/3)|y| = (1 +8)lyl
and
ly—zl = Iyl =zl = Iyl = 8pr/3 = (1 = 8/3)lyl = A +8)"|yl.
Thus by (3.6) and the fact that r — j(r) is decreasing,
JA+8)""yh S Jy—zh _ jd+9lyD

JyD A ) A AR Y))

fory € A(O, pr, 1).
On the other hand, since the assumptions » <2 and p < 1/2 imply dpr/3 < §, we have

lde> > (1+e)7!

ly =zl < Iyl + 1zl < Iyl +8pr/3 < |yl +§
and

ly —zl = |yl — Izl = |yl = épr/3 = |y| — 6.
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Thus by (3.6) and the fact that j is decreasing,

JyI=8) _ jdy—zh _ jlyl+9)
JAyD = Jdyb T jdyD
So we have for x € Bjp,/3,

I4e> >(1+e)7" forly| > 1.

/ PB,sp,</3 ()C, y)”()’)dy = / / GB(gpr/_g (-xv Z)](lz - y|)dZ u()’)dy
B¢ B;r Bspr/3

pr

<(l+e) GBB,,,/3(x,z)dZ/C J(UyDuy)dy

Bspr/3 Byr
= (1 + S)Ex [TB(SWN]Apr(M)

and

/B Py Uy = (14 6) / Gy, s (6. 2z / yhutndy

pr B‘SI"”/3 Bpr

= (14 &) 'Exlts,,,5]14pr ). O
The next two results were proved in [28] in a more general setting.

Lemma 3.5 (/28, Lemma 5.2]). For every p € (0, 1), there exists c = c(a,d, €, p) > 0 such
that for every r € (0, 1) and (x,y) € By, x B,

C

] P S dz+j .
= (/A(O,(l—i—p)r/Z,r)](lZ') B, (2, y)dz J(Iyl))

Lemma 3.6 (/28, Lemma 5.4]). There exists ¢ = c(a, d, £) > 1 such that for every r € (0, 1)
and (x,y) € By x Bf,

Pg.(x,y) <

C

Pg, (x,y) > i (I1z]) Pg, (z, y)dz + j :
B, (x,y) = Y= (/A(O,r/Z,r)JqZ') B, (2, y)dz J(|)’|)>

Note that since £ is slowly varying at oo and ¢ is strictly positive and continuous on (0, 00),
there exists a constant ¢ = c(«, £) > 1 such that for every r € (0, 1),

e e(@2r/3)7?) s €(@2r/3)7?) Y e((r/272) e
£(r=2) £(r=2) £(r=2)

(3.7)

Recall that C is the constant in Theorem 2.5.

Lemma 3.7. There exists C, = Cy(a, d, £) > Co such that for everyr € (0, 1), any nonnegative
function u in R? which is regular harmonic in By with respect to X and for any x € B2,

IA

C, 'Beltp, 1A, 2(u) < u(x) < CuByltpy, 3143, /4(1) (3-8)

Ci Ex[tp, 14r 2 (). (3.9

IA

Proof. Since u is regular harmonic in B, with respect to X and P;(X., € 9B,) =0forz € B,,
we have u(z) = fBC Pg, (z, y)u(y)dy for every z € B, (see (2.5)). Thus by using Lemma 3.5 in
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the first, and (3.7) in the second inequality, we get

u(x) < — / / J (2D Py, @, y)dzu(y)dy + / JAyDuy)dy
é(r==) \JBe Ja©.3r/4.r) BE

=1 / J (2D / Py, (2. Vu(ydy | dz + / J(yDu(ndy
&) \Jaw©,3r/4.r BS BE

1

=g : dz + / : d
(r2) </A(0,3r/4,r)](|Z|)u(Z) Z B;_J(Iyl)u(y) y)

2 / J(yDu(y)dy.
B34

< =
T ¢ (@r/3)72)

Similarly using Lemma 3.6, we also get u(x) > ﬁfy/z JUyDu(y)dy. Now applying
[26, Lemmas 13.4.2 and 13.4.3], we have proved (3.8). (3.9) follows immediately from
(3.8. O

For the remainder of the section, we fix C, in Lemma 3.7.

Lemma 3.8. Suppose that r € (0,1). For nonnegative functions uy,us in R which are
harmonic in B, with respect to X, we have for every 0 < p < gq/4 < 1/8,

c?—-1 u u
sup&—infg—l < ’; sup—l—inf—l ,
Bpr 82 Bpr &2 C* + 1 Byr uj Bgr up

where g;(x) = ]Ex[ui(X,szr) : Xfszr € A0, 2pr, qr)].

Proof. For a > 0, we define m, = infp, (u1/u2) and M, = supg, (u1/uy). Let
SO i=Ex[(ug — mqruZ)(Xrg ) Xrg € A0, 2pr, gr)] = g1(x) — mqrgZ(x)
2pr 2pr
and

h(x) = Bl (Mgrtty = ) (Xey, )2 Xy, € A, 2pr,qr)] = Myrga(®) — g1(x),

then f and & are regular harmonic in B3, and nonnegative in R¢. Thus by applying (3.9) to f
and &, we get

supg—1 — Mgy = supi < Ci infi = Cf (inf& —mqr>
By 82 By 82 Bpr 82 Bpr 82

and
h h
Mq,—inf&:sup—ECfinf—:Cf Mq,—sup& .
Bpr &2 By 82 Bpr &2 Byr 82
By adding these inequalities, we proved the lemma. [

Now we are ready to prove the main result of this section. We prove the main result for
the quotient of two harmonic functions in the next theorem. We closely follow the proof of
[10, Lemma 8].
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Theorem 3.9. For every n > 0, there exists a = a(n, a, d, £) € (0, 1) such that for every xo €
R? and r € (0, 1],

ui . /3]
sup — <({1+n) inf —
B(xg,ar) U2 B(xg,ar) Uz

for nonnegative functions uy and uy in R? which are harmonic in B(xg, r) with respect to X.

Proof. We assume xg = 0. We fix € (0, 1] and nonnegative functions u, u» in R which are
harmonic in B, with respect to X. Fix n > 0 and let

n +Cf

) =1
=Tty e

(t—1

fort > land ¢! := @, ¢'T! := @(¢!) forl = 1,2, .. ..
Then
I

1,2 n Sy C; 2
) =1 : =) (c2-1
#{C) +2<C£+1);<C$+1>+<C$+1>(* )

l

<142 5+ C. (C?-1)
C2+1 * ’

Choose | = I(C, n) large such that

l
Cc: 2 n L2
<C*2——T—l> Cc;—1< 2 so that ¢ (C;) < 1+ 1. (3.10)
Also we choose ¢ = ¢(n) small enough so that
L+ = (et t0) (1 +0 (3.11)
C2+1~
(1+C2%)? <1 ! and 1+ C2e c (3.12)
T 2CE+) =1 :

Let k = k(¢) > 3 be the smallest integer such that k > 1 + 1/¢2. We recall that § = §(g) > 0
is the constant from (3.6) and fix it. Let p; := (8/6)' /2 fori =0, ..., lk — 1. For simplicity, we
put m, = infp, ui/uy and M, = = supg, ui/uj.

Case 1. Suppose that the followmg holds for both i = 1 and 2; forevery 0 < m < lk,

/ JUyDu;(y)dy = Arpm+1,rpm (u;) > gArpm (u;)
AQO,rpm+1,rPm)

8/ JUyDui(y) dy.
BC

Pm

By the definition of k, for0 < j <[ — 1

k-2
Azrp(jJrl)kaerk (ui) = A"P(jJrl)k—lserk (ui) = Z Arpjk+771+lsrpjk+m (ui)
m=0
k—2
—1
> 6> Appn @) = (k= De Ay (i) > eV Ay (). (Gu13)
m=0
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Fori=1,2and j=1,...,1 — 1, welet

B/, ] =/BC PBayy; 1y 6 M) i (3) dy

Pk

J — .
f,‘ (x) = Ex[u; (XrBZVP(jJrl)k )

T
Barp(j i

and

g/ (x) = Eylu; (X

ui (Xt ) Xq
Barp(j i Barp(j i

€ A0, 2rp(j+1yks rpjio]

= Pp, (x,y)u;(y)dy,
//;(0,2rP(j+1)k,erk) Pk

which are regular harmonic in 82,1,(], )k and u; = fij + gij .
By (3.8) applied to Brpiiiik in the first, and the facts that fl.j (x) =00n A0, 2rp(j+ 1k, P jk)

and £/ (x) = u; (x) on B

Pk in the second inequality, we have for x € B, .,

£ () = CoEilta, () = CeBalny, ) Arpyy )

143,
3rP(j+1)k FrP(j+Dk

forj=1,...,1—1.
Hence by (3.13), the fact that gi] (x) = u;i(x) on A0, 2p(j+1)kr, pjxr) and (3.9) applied to
B

rP@i+Dk>
J N J
fi (x) < CyeEy [TBZVP(jH)k] A2rp(j+1)k,rpjk (u;) = CyeEy [TBZ’P(jH)k] A2rp(j+1)k (gi )
J 2 J
< CyeEy [TBZYP(jH)k] Arp(j+])k (g,' ) <Ce¢ 8 (x)
forx € BrmH”k and j=1,...,]—1.
: J uy f1 +31
Since u; (x) = f; (x) +g (x) and —— ]+ 7<m = , we have
gz
2 _\—1 g{ 2 81
1
I+Cie)” B inf 7 = Mrpgank = Miypiye = (L+Ce)  sup 5
"P(j+Dk 8) Brpiink 82

forj=1,...,1—1.
Thus by Lemma 3.8,

(Cf + 1) ((1 + Cig)ierp(j_H)k - (1 + Cfg)mrp(j-%—l)k)
J J
<@C2+1)[ sup 8L gpr 8L

2
5 < (Cy = DMypy —mrp ;)
Brpjyin 82 PrPU+Dk &)

forj=1,...,1—1.
Multiplying by (1 + Cf &)/ (Mrp i1y (Cf + 1)) and using the obvious fact Myrpie = Mrpjcs
we obtain

2
Mip iy < +C28)2+(1 +C2 )C2 1 (Mrp ~1).
Mrpank Ci;+1 Myrp i
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M, Myp; M
P(j+Dk Pjk Yrj2 2
By the definition of ¢ and (3.12), o <e¢ T ) We already know that s < C; by
(3.9). And also by the monotonicity of ¢ and (3.10), we get
M M M
TPk < g VI R (pl( r/2> < ¢1(C*2) <147
My pig Mrpg_iy mr/2

Case 2. Suppose that there exists m < [k such that for either i = 1 or 2,

/ JUyDu; (y) dy = Arp,,,+1,rpm (i) <e Arpm (u;)
A0, rppy1,7pm)

= S/C JyDui(y)dy.

Pm
Note that by (3.9),
1 uz—i(y) ui(y)
C, l—ly <E, [rBerm] < C*L fory € AQO, rpm+1,rpm)-
rpm(u3 i) rpm(ui)

Hence by integrating on A(0, rpy+1, rPm), We get

Arpmﬂ,rpm(“_’»fi) < >%A/lrp,,,Jrl,rpm(Mi) < Cf&.
Arpm (u37i) Arpm (ul)
Thus
Arpsrrpm i) < Cfs Ayp,,(u;) forbothi = 1and 2. (3.14)
Let
F'00) = fi(0) = Balti Xy, )2 Xey, € B ]
- / Pay, (6 V) ui(y)dy
BC
Pm
and
glm(x) =gi(x) = EX[Mi(Xthy,, +1) : XtBZVI) " € A0, 2rpm+1, rpm)]

= / Ppy,, (6 ) ui(y)dy,
A0, 2rpp41,rpm)

so that u; = f; + g;. Since g; is regular harmonic in By, ,, by (3.8) we obtain for x € Byp, .,

8i(x) < CxEyfrp, 143

3"Pm+1 27Pm+1 (gl) = C* Ex [TBz"l’mH ]Arperl (gl)
Also since g; = 0 on B,,,m “and gi =ujon A, 2rpy+1, rpm), we get

gi(x) < CyE, [rBZVPm+1 ]Arperl,rpm (gi) < CyEy [TBZ,I,m+l ]Arperl,rpm (u;)

IA

& Ci E, [TBZmeH ]Arpm (u;) forx e B"I’m-H .

The last inequality comes from (3.14).

Then by (3.14), applying Lemma 3.4 to f;(x) and the fact that f]-;}gz < b= A ;{g‘ we
have
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(I + &) A, (u1) _m@) (L4 &) +&C3) App,, (ur)
(A +8)+eC3) App, (uz) ~ ua(x) ~ (1 +e)~14,p, (u2)

forx € Byp,, ;-

Soby (3.11), Yo < Bt (o034 (14 0)) A+ <142 <147

> Mrppe Mrpy4q C,%-‘rl
In these two cases, we prove the theorem witha = p;,. U

Proof of Theorem 1.1. Take u; = u and up = 1 in Theorem 3.9. [

As a corollary of Theorem 1.1, we get the following.
Corollary 3.10. There exists an increasing continuous function 0 : (0, 1) — (0, 0o) with lim,_¢
0(t) = 0 such that for every xq € R4 R e O,1]andr < R/2,

sup lu(x) —u(y)| =6(x —yl/r) sup |u(w)]
x,yeB(x0,R/2),|x—y|<r weB(xg,R)

for nonnegative function u in R® which is harmonic in B(xo, R) with respect to X.
Proof. Without loss of generality, we assume xo = 0. For fixed R € (0, 1] and r with r < R/2,

let x, y € Bry2 be such that |[x — y| < rand x,y € B(z, |x — y|) C Bg for some z € Bg/>. For
a nonnegative integer k, by Theorem 1.1 we can choose a4 < ai recurrently such that

sup u < (14+275Y inf u forze Bgp. (3.15)
B(z,rax) BG.ra)

Define a(n) using the linear interpolation as

a ifn=27%

am =1 ar—a S B
® ﬁ”ﬂLzakﬂ—ak if27% 1 <y <27k

Then a(n) is continuous and strictly increasing, so there exists an inverse function 6 = a~! :
(0, 1) — (0, 00), which is increasing and continuous.
Now we choose a nonnegative integer k such that a;41 < =yl a, so that k=1 <

-
0 (lxr;y'> Using this and (3.15), we get

x —
sup u < sup u<( +2_k_1) inf u < (1 +6 (' y|)> inf u
B(z,|lx—y]) B(z.rar) B(z.rar) r B(z.rax)

lx — ¥l .
146 inf  u.
r B(z,|x—yl)

x —
lu(x) —u(y)] < sup u— inf wu<6 <| yl) inf  u
B(z,]x—y) B(z,1x—y]) r B(z,|x=yl)

< 9<|x_y|)sup u. O
r Br

Even though this corollary gives merely the continuity estimates, notice that the supremum is

taken over the ball B(xg, R) and not the whole space R as in the existing literature (see [3,4,2,
12,18,19,22,32,34]).

IA

Therefore
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4. The relative Fatou theorem

In this section, we assume that d > 2. In the case d = 2, we will always assume the following.

(A2) There exists y € (0, 1) such that liminf, o ¢ (X)/AY > 0.

Then by the criterion of Chung—Fuchs type, the process X is transient under this assumption
(see [26, (13.3.1)]).

In this section, using Theorem 1.1 we prove the relative Fatou theorem. The proofs of the
results in this section are similar to the corresponding parts of [23]. For this reason, some proofs
in this section will be omitted.

In this section, we assume that D is a bounded «-fat open set. We recall the definition of x-fat
open set.

Definition 4.1. Let « € (0, 1/2]. We say that an open set D in R? is «-fat if there exists R > 0
such that for each Q € 9D and r € (0, R), D N B(Q, r) contains a ball B(A,(Q), «r). The pair
(R, k) is called the characteristics of the «-fat open set D.

Note that all Lipschitz domains and all non-tangentially accessible domains (see [20] for the
definition) are «-fat. The boundary of a k-fat open set may be not rectifiable, and in general, no
regularity of its boundary can be inferred. A bounded «-fat open set may be disconnected.

The following boundary Harnack principle is the main result in [29,26].

Theorem 4.2 (/29, Theorem 4.8] and [26, Theorem 13.4.22]). Suppose that D is a k-fat open
set with the characteristics (R, k). There exists a constant ¢ = c(a,d, ¥, R, k) > 1 such that
ifr < RA ‘—1‘ and Q € 3D, then for any nonnegative functions u, v in R¢ which are regular
harmonic in D N B(Q, 2r) with respect to X and vanish in D N B(Q, 2r), we have

—1 u(A(Q) _ ulx) u(Ar(Q))
c < <c
v(A-(Q) T vlx) T v(A(Q)

forxeDﬂB(Q,%).

Let xg € D be fixed and set

GD()C, )’)

M = ,
p(x,y) Gpo.y)

forx,y e D and y # xp.
For each fixed z € 9D and x € D, let Mp(x, z) := limpsy_., Mp(x, y), which exists by Kim
et al. [29, Theorem 5.5]. For each z € D, set Mp(x, z) to be zero for x € D¢. Mp is called the
Martin kernel of D with respect to X.

As a consequence of [29, Theorem 5.11], for every nonnegative harmonic function A for X D
there exists a unique finite measure v on d D such that

h(x) :[ Mp(x, z)v(dz) forx € D.
aD

v is called the Martin measure of A.

We willuse G(x,y) = G(x —y) = fooo p(t, x, y) dt to denote the Green function of X. G is
radially decreasing and continuous in R? \ {0}.

The proof of the next result is similar to [15, Theorem 2.4] and [23, Lemma 3.2].

Lemma 4.3. For each z € dD, Mp(-, z) is bounded regular harmonic in D \ B(z, €) for every
e>0.
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Proof. Fix z € 9D and ¢ > 0, and let A(x) := Mp(x,z) for x € R?. Note that G(x, y) >
Gp(x,y). By Kimetal. [26, Theorem 13.3.2] and [27, Lemma 3.3] and Theorem 4.2, there exist
c1, ¢2 > 0 which depend on «, d, ¢, k, R and diam(D) such that for every x € D \ B(z, ¢/2),

_ Gpx,y) Gp(x, 4)
h = M k) = 1 =
()= Mol = I Gty = < Golro A)

G(x, A) 1
=05 =0 sup 7 — < 00
Gp(xo, A) yeD\B(z,e/2) |y — Al4 ¢(ly — A|75)G p(x0, A)
where A = A./16(2) (see Definition 4.1). Take an increasing sequence of smooth open sets

{Dm}m=1 such that D,, C Dy and US_ D,y = D\ B(z, ). Set T, = 7p,, and Toy =
TD\B(z,¢)- Then T, 1 Too and limy, o0 X, = X1, by quasi-left continuity of X. Set £ = {1, =
Too for some m > 1} and N be the set of irregular boundary points of D. Since X is symmetric,
by Blumenthal and Getoor [7, (V1.4.6), (V1.4.10)] we get

Py(Xy, € N)=0 forx e D. .1

We also know from [29, Lemma 5.9(i)] that if w € 9D, w # z and w is a regular boundary point,
then 2(x) — 0 as x — w so that & is continuous on D \ B(z,¢) \ N. Since & is bounded on
R4 \ B(z, €/2), by the bounded convergence theorem and (4.1), we have

i By [A(Xg,): T < Too] = lim By [ h(Xe,) I pipan (Xo,): T < 7o

= B [ h(Xe) g Xe)i E€ |
= Ee [h(Xe): E€]. “2)

Since 1, 1 T and {7, = Too} = {Ty = Too,n = m} + E asm — 00, by (4.2) and the
monotone convergence theorem,

h(x) = lim E)c[h(er)] = lim Ex[h(er); Tm < Too)
m—0oQ m—00
+ lim E [h(X7,); Tn = Too]
m—0Q
= Ex[n(Xr); E 1+ Ex[h(Xr); E1 = Ex[h(X )] O
Throughout this paper, F; is the augmented right continuous o -field generated by X tD .Fora

positive harmonic function # with respect to X D welet (IP’Q, X f) be the A-transform of (P, X [D ),
that is,

h(xPy
h(x) "’

Pi(A) = Ex[ A:| ifAeF,.
When h(-) = Mp(-, z), we use the notation (P, X?) := (P, X") so that (P%, X?) is Mp(-, 2)-
transform of (P, XtD).

Let 7, be the life time of X°. Using [24, Theorem 3.10] and (A1), the proof of the next result
is similar to [23, Theorem 3.3].

Theorem 4.4.

P <1im X =1z1} <oo> =1 foreveryx € D,z €9dD.

Z
Ty
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Proof. See [23, Theorem 3.3]. [

The following result is a simple consequence of Theorem 4.4.

Proposition 4.5. Let h be a positive harmonic function with respect to X with Martin measure
v. Then

1

P (antinxt ek t) = oo [ My oFam@2)
tTrlh) h(x) Jg

forevery x € D, A € F,, and Borel subset K of dD.

Proof. See [23, Proposition 3.5]. O

Definition 4.6. A € F;, is shift-invariant if whenever T < tp is a stopping time, 14 o 07 =
14P-a.s. for every x € D.

Using [29, Theorem 5.11], the proof of the next proposition is the same as the one in
[23, Proposition 3.7] (see also [1, p. 196]).
Proposition 4.7 (0—1 Law). If A is shift-invariant, then x — P%(A) is a constant function which
is either O or 1.

Using (2.1), [6, Theorem 1.5.3] and the O-version of [6, Theorem 1.5.11], we have the follow-
ing inequalities; there exists ¢ = c(«, d, £) > 0 such that

sl <crdpr™) forO<s<r<4 4.3)
and
/r;dsfc; forO0 < r <4. “4.4)
0 SP(s™) ¢ (r=2)

From now on, we use notations T := inf{t > 0 : X; € B}, Tj :=inf{r > 0: X; € B} and
B;‘ = B(y, Adp(y)) for the convenience.

Proposition 4.8. There exists c = c(o, £, D) > 1 such that if 0 < A < 1/2and x,y € D with
ly — x| > 286p(y), then

Py (T < 0) = ¢ G, A*80()%6 (2280 72).

Proof. Fix A € (0,1/2) and x, y € D with |y — x| > 28p(y). Since x € B(y, 5p(y)), by Kim
et al. [27, Theorem 2.14] we get

™
Ey f 1p (Xy)ds | = / G, 2)dz = e1Gp(x. »A8p (). (4.5)
i B

- - y

On the other hand, by the strong Markov property,

™
=E, I:EXTBA |:/ 13;(Xs)d5i| : TB)): < ‘L’Di|
y 0

™D
<P, (TB;A < rD) sup E, [ /0 1 B;A(Xs)ds]. 4.6)

weB}

™D
Ex / 13{: (Xs)ds
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Note Eat since 0 < A ép(y) < diam(D), by (4.4) and [26, Theorem 13.3.2], we obtain for every
w € B*
y

™
Ey |:/ 152 (Xx)dsi|
0 y

IA

dv
G(w —v)dv < 62/
/B; 5y lw — vl (w — v ~2)

dv
“ /{|w_.,|§m,)<y)} lw—vl¢(w — v]2)
2x18p(y) 1 1
- 63/0 6D =4 (@0 D)
Combining this with (4.5)—(4.6), we finish the proof. [

Now we define the Stolz open set for «-fat open set D with the characteristics (R, k).

IA

Definition 4.9. For z € 9D and 8 > (1 — «)/«k, let Af ={y € D;ép(y) < R A (6p(x0)
/3)and |y — z| < Bdp(y)}. We call AZ’3 the Stolz open set for D at z with the angle 8.

Since § > (1 — k) /«k, there exists a sequence {yx}k>1 C Af such that limg_ o yx = z (see
[23, Lemma 3.9]).

Proposition 4.10. Given 8 > (1 — k)/k and x € D, there exists ¢ = c(a, B, D, x) > 0 such
that for every z € 0D, L € (0,1/2) and y € Af with §p(y) < %Ix — y| Abdp(x), we have

-2
IP’; <T§A < ‘L’B) > c)»d —¢ ((2)»80()1))_2)'
) ¢ (6p(»)/8)72)

Proof. Fix 8 > (1 —«k)/k,z€ 0D, x € D,A € (0,1/2)and y € Azﬂ with ép(y) < %lx —y|
A Sp(x). Let z1 == Asp(y)/8(z) so that B(z1,«dp(y)/8) C B(z,dp(y)/8) N D and fix z; €
dB(y,ép(y)/8). Since Mp (-, z) is a harmonic function with respect to X in D (Lemma 4.3), by
the Harnack principle [27, Theorem 2.14] and Proposition 4.8 we have

Mp(Xt,,,2) Mp(y,2)
P T2 A ) By T > P (T ) Ypoly. )
(70 <o) [ Mp(r.z) BT TD] = U =) My

Gp(y,
> 2 Gpx, NA'8p(»)'6 ((2)»5D(y))_2) pim ngc Z;

Gp(y, z1)

Gp(x,z1)

The last inequality comes from Theorem 4.2 because |y — z| A |x — z| > dp(y)/2. We see
that 6p(z1) = kép(y)/8 > dp(y)/ (8(B + 1)), dp(z2) > dp(y)/2 and |z2 — y| = dp(y)/8.
Moreover using our assumptions that §p(y) < ép(x) and |x — y| > 25p(y), we have

Sp(y)

v

&3 Gplx, X180 (%6 (28p () 2)

lz2 = x| = |x = y| = [y = 221 = 28p(y) — > p(y),

Sp(y)  p(y)

|21 —x| = Ix —z| —lz —z1] = dp(x) — > =

and

Sp(y) - Sp(y)
8 2

lz1 =yl =1y —zl—lz1 —z| = ép(y) —
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Thus G p(y, -) and G p(x, -) are harmonic functions in B(z1, 8 (8 + 1)"18p(y)) U B(z, 87!
(B+1)7'8p(y)). Since |21 — 22| < |21 — 2l + |z — | + [y — 22| < @4~" + B) 6p(y)., by Kim
et al. [27, Theorem 2.14] we have Gp(y, z1) = c4aGp(y,z2) and Gp(x, z1) < ¢5Gp(x,72) <
¢c6G p(x, y). On the other hand, by Kim et al. [27, Lemma 3.3] and (4.3), we get

1 1
> .
y— 2y — 2D~ Cop()ie (6p()/8)2)

Combining these observations, we prove the proposition. [

Gp(y,z2) = ¢7

Now we are ready to show the relative Fatou theorem for the harmonic function with respect
to X in D. The proof is similar to the proof of [23, Theorem 3.13]. But, since we state a slightly
more general version, we spell out detail for the reader’s convenience.

Theorem 4.11. Let h be a positive harmonic function with respect to XP with the Martin
measure v. If u is a nonnegative function which is harmonic in D with respect to X and x € D,
then for v-a.e. 7 € 0D, limm;; u(X7)/h(X7) exists and is finite Pi-a.s. Moreover, for every
1—k

K’

“XD _ o MO pe 4.7)

lm Z X
heh BOXG)  aPsyoss h(Y)

x € D and every B >

In particular, for v-a.e. z € 3D,

im @ exists for every 8 >
4 h(y)

Az3y—z

(4.8)

Proof. Without loss of generality, we assume v(dD) = 1 and fix x € D. Note that u is a non-
negative and continuous superharmonic function with respect to X2 ie., for x € B, u(x) >
E, [u X %)] for every open set B whose closure is a compact subset of D. Since X is a Hunt
process and u is non-negative and continuous superharmonic with respect to X, u is excessive
with respect to X (see [7, Corollary I1.5.3] and the second part of the proof of [1, Proposition
11.6.7]). In particular, E,,[u(XP)] < u(w) for every w € D. So by the Markov property for the
conditional process (for example, see [16, Chapter 11]), we have for every ¢, s > 0

f[u0t] 2] [uxh]_ b1 UKD
E{ fs]_EX?‘[mxﬁ) = o = [0 = iy

h(Xzfl—i-s)
Therefore we see that u(X ,h) /h(X ,h) is a non-negative supermartingale with respect to ]P’ﬁ, and
so the martingale convergence theorem gives lim, reh u(X lh) /h(X ,h) exists and is finite Pﬁ—a.s..
Thus by Proposition 4.5, for v-a.e. z € dD,

e w (X)) o
P> { lim — exists and is finite | = 1. “4.9)
TT'L'IZ) h(X[)

Fix z € 9D satistfying (4.9) and B > (1 —«)/«.By (2.1) and Proposition 4.10, for every sequence

)22, c A converging to z, P2 T;;yk_k < tdi0.) > liminfy_ o P2 Tl;;k < té) > 0 for
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every A € (0, 1/2). Since {Tléx < 15, i.0.} is shift-invariant, by Proposition 4.7,
Vi

P2 (Xf hits infinitely many B;‘k> =P (TgA <15 i.0.> =1
Yk
for every A € (0, 1/2). (4.10)

Now let

m = liminf M and [ := limsup @

APsyaz h() Aoy M)
First we note that / < oo. If not, for any M > 1, there exists a sequence {xi};2, C Ag such that
u(xr)/h(xg) > 4M and x; — z. By Theorem 1.1, there exists Ay = A;(M, «,d, £) > 0 such
that u(w)/h(w) > M*(M + 1) 2u(xz)/ h(xx) > M for every w € B,?k' . Thus by (4.10) we have
limt% u(X7)/h(X7) > M,Pi-as. for every M > 1, which is a contradiction to (4.9). Also if
[ =0, then 0 < m <[ = 0 so the theorem is clear. So we assume 0 < [ < o0.

For given & > 0, choose sequences {yi}7>, U {2}, C AZ'8 such that u(y;)/h(yr) > (1 +
&), u(ze)/ h(zx) < m + € and yi, zx — z. By Theorem 1.1, there is A = Az(s, a0, d, £) > 0
such that

u(w) u(y) l Py

hw) = (T elhGo ~ drep oY e b
and

:EZi <(+¢)? Zgg <A +e)*m+e) foreveryw e B;‘kz. 4.12)

Applying (4.9)—(4.12) and letting ¢ |, 0, we obtain both (4.7) and (4.8). O

If u and h are harmonic functions in D and u/h is bounded, then u can be recovered from
non-tangential boundary limit values of u/ h.

Theorem 4.12. If u is a harmonic function in D with respect to X and u/h is bounded for a
positive harmonic function h in D with respect to X with the Martin measure v, then for every
xeD

u(x) = h(x)E" | ¢, ( lim X!
* tTrg

where ¢, (2) == limA,saxﬁz u(x)/h(x), B > (1 — «)/k, which is well-defined for v-a.e. z € dD.

If we further assume that u is positive in D, then ¢,(z) is the Radon—Nikodym derivative of the
(unique) Martin measure [, with respect to v.

Proof. Using our Propositions 4.5 and 4.7, the proof is the same as [23, Theorem 3.18] (There
are typos in the proof of [23, Theorem 3.18]; v should be replaced by 7). [

When the boundary of D is sufficiently smooth, by Kim et al. [27, Theorem 1.1] the Martin
kernel enjoys the following estimate:

-1)2 /2
(96 ™) =2 = Mp( ) e ($Gp@ D) k-2 @13)
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Now suppose that d = 2, D = B := B(0, 1), xo = 0 and o7 is the normalized surface
measure on d B. It is showed in [23] that the Stolz domain is the best possible one for the Fatou
theorem in B for the (— A)*/?-harmonic function. Similarly, using (4.13), we can show that our
Stolz open set is also the best possible one here.

A curve Cy is called a tangential curve in B which ends on aB if Co N 0B = {wp} € 9B,
Co \ {wo} C B and there are no r > 0 and 8 > 1 such that Cy N B(wo, r) C Ag)o N B(wo, r).

Theorem 4.13. Let h(x) := faB Mp(x, w)o1(dw), Cy be a tangential curve in B which ends on
dB and Cy be the rotation of Cy about xq through an angle 6. Then there exists a positive har-
monic function u with respect to X in B := B(xg, 1) such that for a.e. 0 € [0, 2] with respect
to Lebesgue measure,

u(x)

im does not exist.
|x|—>1,xeCq h(x)

Proof. See [23, Lemma 3.22 and Theorem 3.23]. [

With the relative Fatou theorem given in Theorem 4.11, the proof of Theorem 4.14 is almost
identical to the corresponding parts of [23]. For this reason, the proof of Theorem 4.14 will be
omitted. We refer [13,14,23] for the definitions of Soo (X?) and Aso (X ).

For a smooth measure y associated with a continuous additive functional A* and a Borel
measurable function F on D x D that vanishes along the diagonal, define

eanyp(t) == exp (Af+ Z F(XSD_,XSD)> fort > 0.

O<s<t

Let i € Seo(XP) and F € Aso(XP) such that the gauge function x +— E, [eanyr(tp)] is
bounded. A Borel measurable function k defined on D is said to be a positive (£, F)-harmonic
function if £ > 0 and E, [eAqup(rB)k(Xg)] = k(x) for every open set B whose closure is a
compact subset of D and x € B. By Chen and Kim [14, Theorem 5.16 and Section 6], there
is a unique finite measure v on d D such that k(x) = faD Kp(x, 2)v(dz), where Kp(x, z) is
the Martin kernel for the semigroup Q; f(x) = Ey[eanyr(t)f (XtD )]. We call v the Martin-
representing measure of k.

Theorem 4.14. Let D be a bounded « -fat open set and k be a positive (., F)-harmonic function
with the Martin-representing measure v. If u is a nonnegative (i, F)-harmonic function, then
(x)

forv-a.e. 7 € 0D, limAfax—>z Z(—x) exists for every B > (1 — k) /«k.

Proof. See the proof of [23, Theorem 4.7]. [
Using the same argument as the one in [23, Lemma 4.9 and Theorem 4.10], one can see that
the Stolz open set is the best possible one like Theorem 4.13.
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