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1. Introduction

Lie symmetries provide a powerful and systematic tool for the analysis of partial differential equations. For instance, the
method of reduction of variables via Lie point symmetries is an extremely useful technique for simplifying or solving PDE’s
[1,2,7,8,10,11,13,14,17,15,18,21,3]. Of course, the entire theory is based on the notion of local one-parameter actions of Lie
groups. As a result, the various algorithms give rise to infinitesimal symmetries that only generate a Lie algebra. Typically,
the corresponding local one-parameter actions do not exponentiate to a global action of the corresponding Lie group. As
a result, the enormous body of literature devoted to the study of Lie groups is frequently not applicable to the study of
symmetries of PDE’s.

However in [5,6], M. Craddock made an important discovery. He found that, in certain cases, a global representation was
made possible by restricting to an appropriate subset of the solution space. This allows the full weight of representation
theory to be brought to bear. For instance when this machinery is applied to the wave equation, representation theory
naturally picks out a distinguished orthonormal basis that is extremely well behaved with respect to energy and momentum
(actually consisting of smooth rational solutions when the space dimension is odd) [9]. Similarly nice results are achieved
in the case of the heat and Schrédinger equations with links to the harmonic oscillator [19,20].

Of course the cases mentioned above consist of linear PDE’s and so it is not surprising that representation theory can be
used on the problem. In this paper we examine the nonlinear heat equation

ue = (k()uy),

where k(u) is not a constant. The classification of Lie point symmetries and equivalence transformations are well known
[10,16,15,4,14]. The Lie point symmetries of this equation fall into four categories, each of which will be examined. It turns
out that three of the cases generate solvable groups while one case has a semisimple component. A priori, there is no
reason to suppose that an algebra of Lie point symmetries exponentiates to an action of the entire corresponding group.
Nevertheless in each case, we show that the Lie algebra of symmetries extends to a global action of the corresponding Lie
group by restricting to a natural subclass of functions. In each of the four cases, we explicitly write down this global action.
Remarkably in three of these cases, including the one with the semisimple component, we show that the action of the
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group is actually given by a linear action. In the remaining case where the group acts nonlinearly, we show that the action
is given by the composition of a linear action with a relatively simple (nonlinear) translation.

2. Equivalence transformations
The equivalence transformations for

ue = (k(u)uy),,
k(u) not a constant, are given by

_ _ b2
t=at+e, X=bx+ f, ﬁ:cu—i—g,k:;k

where abc # 0 [10,16,15,14]. Up to these transformations, the classification of the Lie point symmetries breaks into four
cases: the generic case, k =e, k=u° with 0 #£0,—2, and k = u~3. The first three cases lead to solvable Lie algebras
and will be studied in Section 3. The last case leads to an algebra with an s((2, R) component and will be examined in
Section 4. All cases end up producing a global action of the corresponding Lie group on a natural class of functions. In all
but the second case, the resulting global action is the restriction of a linear action.

3. Solvable cases
3.1. Generic case

In the generic case, the symmetry Lie algebra is three-dimensional and spanned by

X1 =i,
ot

Xp= O,
0x

X3 =Xi +2ti.
0x at

As to be expected, this case is particularly simple.
To find a globalization of the corresponding local one-parameter actions, consider the solvable group G; = Rt x R? given

by
r 0 v
G1= (0 r2 w)
0 0 1

along with the subgroups

r 0 0
D= (0 r? O)‘reR,r>0},

0 0 1

1 0 x
N1 = (0 1 t)’x,teR}.
0 0 1

Define the trivial character x;: D7 — C* by

r 00
X1 ((O r 0)):1
0 0 1

and consider the representation of G4

r,v,weR,r>0}

Indj)! 1= {p € C*(G1) | p(gd) = x1(d)'¢(g) for g € Gy, d € D1}

with Gi-action given by

(g1-N)g2) = f(g;'82)
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for g; € G1. Using what would be called the noncompact picture if we were working in the semisimple case [12], let

1 0 x
I]:{feCoo(Rz)’f(x,t)zw((O 1 t)) forsome(pelndgl1 X1}~
0 0 1

By requiring that the map ¢ — f be an intertwining operator, Z; inherits an action of G; so that Z; = Ind¢! X1. Writing
2 Dy

r 0 x 1 0 x r 0 0
(0 r? t):(O 1 t)(O r? 0),
0 0 1 0 01 0 0 1
we see that ¢ can be reconstructed from f by
r 0 x 1 0 x r 00
0 0 1 0 01 0 0 1
= f(x,0).

It follows that Z; = C°(R?) in this case. Of course it is possible to move out of the smooth category by studying L%-
functions, though we do not pursue such ideas here.

Theorem 1. The (linear) action of G1 on Z; is given by

r 0 v
((O r w>.f>(x,t):f<x_v,t_zw>.
0 0 1 r r

Proof. Observe that

r 0 vyl/1 0 x 10 =22\ 1 0 o0
(0 r2 w) (01t)= 0 1 f;—zw (0 r2 0).
0 0 1 0 0 1 00 1 0 0 1

Thus

where ¢ corresponds to f under the isomorphism 77 = lndg11 x1- O

Corollary 1. The linear action of G on Z7 gives a globalization of the local one-parameter group action generated by the Lie point
symmetries of the nonlinear heat equation u; = (k(u)uy)y in the generic case.

Proof. Let

1 00 0 01 00O
R=<O 2 0), V=<O 0 O), and W=(O 0 1)
0 0O 00O 000

be a basis for the Lie algebra of G;. Using Theorem 1, it follows that
(eR- f)x 0 = f(e *x,e7*t),
€' fan=fx=su,
e flxn=fxt—s).

Applying %| s=o0 shows that R, V, W act on Z; by the differential operators
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Under the prolongation formalism, an easy application of the chain rule shows that the vector field Lie point symmetry
ad a
hix,t) — +ha(x, ) —
1(x, 1) P 2(x, 8) o
on R? x R corresponds to the differential operator
] ad
—hy(x,t)— — hy(x,t)—
1( )8x 2( )8t
on C!(R?). Therefore the one-parameter groups corresponding to {R, V, W} give rise to the symmetry vector fields

0 d
X3 =x— +2t—,

0Xx at
X_B
2_8X7
X_B
LT

Since the Lie point symmetries of u; = (k(u)uy)yx are spanned by {Xj, X2, X3} in the generic case, we are done. O

32 k=¢e"

In this case, the symmetry Lie algebra is four-dimensional and spanned by

X_a
1=
X_a
2_8)(7
X —xa -1-2t8
3T Tox at’
X —Xa +28
T T o

To find a globalization of these local one-parameter actions, consider the solvable group G, = (R1)2 x R? given by

rn 0 v
Cz: <0 [ W)
0 0 1

along with the subgroups

5] 00
Dy = <0 ) 0)
0 0 1

1 0 x
Ny = (0 1 t)’x,teR}.
00 1

Define the trivial character x, : Dy — C* by

I8 00
X2 ((0 ) 0)):1
0 0 1

and consider the representation of G,

ri,v,weR, ri>0}

rieR, r,->0},

Indi2 x = {9 € C*(G2) | p(gd) = x2(d) "¢ (g) for g € Gy, d € D5}
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with Gy-action given by (g1 - f)(g2) = f(gl’lgz) for g; € G,. Using what would be called the noncompact picture if we
were working in the semisimple case, let

1 0 x

Izz:feCoo(Rz)’f(x,t):<p<<0 1 t)) forsome(pelndgi)(z .
0 0 1

By requiring that the map ¢ — f be an intertwining operator, 7, inherits an action of G, so that 7, = lndgé X2. Writing

rn 0 x 1 0 x rn 0 O
(o rz t)z(o I )(0 rz 0),
0 0 1 0 0 1 0 0 1
we see that ¢ can be reconstructed from f by
rn 0 x 1 0 x rr 0 O
0 0 1 0 0 1 0 0 1
= fxt).

It follows that Z, = C°°(R?) in this case.

Theorem 2. The (linear) action of G, on Z, is given by

rn 0 v . _
((O ) W)~f>(x,t):f(x V,t W).
0 0 1 1 "2

Proof. Observe that

n 0 vyl/1 0 x 10 57 o0 0
(0 r W> (0 1 t>= 01 v 0 r,' 0
0 0 1 00 1 00 0 0 1

Thus

1 0 v 1 0 vyl/1 0 x
((O ) w)-f)(x,t):go <0 r w) (0 1 t)
0 0 1 0 0 1 0 0 1

v

10 =22\ /71 0 0
— — -1
=¢|l0 1 5~ 0o ' o0

00 0 0 1

where ¢ corresponds to f under the isomorphism 7, = lndgz X2. O

To complete our picture, let

r 0 v 2
(1’ ((O T W))-f) (x,t):f(x,t)+ln(—1>.
0 0 1 2

This defines a (nonlinear) action of G, on Z, since

rn 0 v s1 0 vV 12g2
(1: ((0 [ w) (0 Sy W’))-f) (x,t):f(x,t)—i—ln(g)
o o 1/\o o 1 r2s2

and
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rn 0 v s1 0 v
(8 w)) (A 5 7))o
0 0 1 0 0 1
0o v )
= (r (( $2 W’)) -f) (x, t)+ln(—1>
0 0 1 "2
Sz r2
—f(xt)—i—ln( >+ln( )
)

The key observation about this new action is that it commutes with our original action of G, on Z, given in Theorem 2.
In other words,

oY

g1-(t(g) - f)=1(8) (g

for g; € G, and f € 7, since

rn 0 v s1 0 v
(556 4) )

0 0 1 0 0 1
f

st 0V X—V t—w
.C<<O 32 W/>>'f)( 7 )
0 0 1 n 2

and

s1 0 Vv rn 0 v rn 0 v 2
(r((O S w’))-(O r w)-f)(x,t):((O ) w>~f)(x,t)+ln<—1>
0 0 1 0 0 1 0 0 1 52
2
f<x—v’t—w>+ln<s_l)'
r 2 $2

As a result, we get an action of G, x G, on Z, given by (g1, g2)- f = g1-7(g2) - f. Under the diagonal map A:G — G x G,
we therefore get a composite action of G, on Z, given by

5g-f=¢g-19-f.

Explicitly, we see that

rn 0 v 2
(5((01 ry w))-f)(x,t):f(x_v,t_w>+ln(r—l). (31)
0 0 1 m mn V]

Corollary 2. The nonlinear action of G, on Z, given by § gives a globalization of the local one-parameter group action generated by
the Lie point symmetries of the nonlinear heat equation u; = (euy)x.

Proof. Let

1 00 0 0O 0 0 1 00O
R1=<0 0 O), R2=<0 1 0), V=<O 0 O), and W=<O 0 1)
0 0O 0 0O 0 0O 0 0O

be a basis for the Lie algebra of G,. Using Eq. (3.1), it follows that

(&R f)(x, 0) = f(e™*x,t) + 2,
(eR2. f)x.0) = f(x, e75t) —s,
- Nxn=fx=s0,
eV f)x = fxt—s).

Applying 2 |s_o shows that
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eR. ) (x, 0)ls= o——x—f(x £) + 2,

ef2 . f)(x, 0)lsm0 = —t§f<x, -1

,—\,—\,—\

d
eV f)x D)ls=o = — f&,
(SW F)& 0)ls= o———f(x £).

& CDSflwa’|<v$|CD

41

Under the prolongatlon formalism, an easy application of the chain rule shows that the vector field Lie point symmetry

hq(x, f) +h2(X t) +h3(X t, u)—

on R? xR gives rise to a local one-parameter group action on f whose partial with respect to s at s =0 is given by

—hix.0- f(x D —ha(x. 02 f(x t)+hs(x.t, f(x,0)).

Therefore the one parameter groups correspondmg to {R1, Ry, V, W} give rise to the symmetry vector fields

X—xa+2a
37 ou’
11, 0 @
27072 T e T aw
9

Z—ax’

o

LTS

Since the Lie point symmetries of u; = (euy)y are spanned by {X1, X2, X3, X4}, we are done. O

4
33 k=u%0#0,—3

In this case, the symmetry Lie algebra is four-dimensional and spanned by

X_a

1=
X_B

2= 50

X —x8 -1-2t8
37 %ox at’
X g 8—1—
4= 2 ax u

To find a globalization of these local one-parameter actions, consider the solvable group G3 = (R+)% x R2

r 0 v
G3= <0 ] W)
0 0 1

(here G3 = G, though we keep separate notation for the sake of clarity) along with the subgroups

I 0 0
D3= (0 I 0)
0 0 1

1 0 x
N3 = (0 1 t)’x,te]R}.
00 1

Define the character x3: D3 — C* by

I8 0 O T2 &
(3 0))-(D)
0 0 1 2

ri,v,weR, ri>0}

rieR, ri>O],
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and consider the representation of G3

Indj? x3 = {p € C*(G) | p(gd) = x3(d) ' p(g) for g € G3. d € D3}

with Gs-action given by (g1 - f)(g2) = f(g;lgz) for g; € G3. Using what would be called the noncompact picture if we
were working in the semisimple case, let

1 0 x

I3=:f€C°°(R2))f(x,t)=(p<(0 1 t)) forsomecpelndgixg .
0 0 1

By requiring that the map ¢ — f be an intertwining operator, Z3 inherits an action of G3 so that 73 = lndg33 X3. Writing

rn 0 x 1 0 x rr 0 O
(0 " t)=(o i )(0 " 0),
0 0 1 0 0 1 0 0 1
we see that ¢ can be reconstructed from f by
rn 0 x 1 0 x rn 0 O
0 0 1 0 0 1 0 0 1
_2 1
=r, 7ry f(x,t).
It follows that Z3 = C*°(R?) in this case.

Theorem 3. The (linear) action of G3 on Z3 is given by

rn 0 v 2 1 —v -
((0 ro W)-f>(x,t)=r{’r2"f<x v, W).
0 0 1 n 2

Proof. Observe that

rn 0 v 1,1 0 x 1
(0 ) w) (0 1 t): 0
0 0 1 0 0 1 0

0 =55\ /r;' 0 o
t— —1

1 5 0 r,' 0

0 1 0 0 1

Thus

rn 0 v rn 0 v 1 0 x
((O T W)-f)(X,t):(D 0 r w) (0 1 t)
0 0 1 0 0 1 0 01
10 =5\ /i 0 0
_ — -1
=¢llo 1 ~ 0 ' 0
00 1 0 0 1
2 _1 X—Vv t—w
_rUrO“ ,
()

where ¢ corresponds to f under the isomorphism 73 = lndg33 X3. O

Corollary 3. The linear action of G3 on Z3 gives a globalization of the local one-parameter group action generated by the Lie point
symmetries of the nonlinear heat equation u; = (u° uy)x.

Proof. Let

1 00 0 0O 0 0 1 00O
R1=<0 0 O), R2=<0 1 0), V=<O 0 O), and W=<O 0 1)
0 0O 0 0O 00O 000

be a basis for the Lie algebra of G3. Using Theorem 3, it follows that
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(R o = s f(e’sx t),
(eF2. f)x,n=e" af(x e~’t),
eV o= fx—s0),
eV o =fxt—s).
Applying %| s—o0 shows that R, Ry, V, W act on Z by the differential operators

d 2
Ri=—Xx—+—,
X o
R t8 1
2T o
_ d
T
_ d
oot

Under the prolongation formalism, an easy application of the chain rule shows that the Lie symmetry vector field
hq(x, t) +h2(x t) +h3(x t)u%
on R? x R corresponds to the differential operator
—hi(x, t)a —ha(x, t) [ thstx.0)

on C'(R?). Therefore the one-parameter groups corresponding to {R1, Ry, V, W} give rise to the symmetry vector fields

2, _ 0 2 0
%% T o o’

1 1 d 1 0
“X3— —Xg=t— — —u—,
2 o ot o Ju
X d
2= oo

d
X1=—.
LT

Since the Lie point symmetries of u; = (u®uy)y are spanned by {X1, X3, X3, X4}, we are done. O

EN

4. Nonsolvable case,k=u"3

Let A=R* x R be the group of orientation preserving affine motions of R realized as

=16 7)

and consider the group

r,veR, r>0}

G=SL(22,R) x A.
Define the subgroup Q © € G by

e ={((6 ) (6 D))

and the subgroup N~ C G by

A ((ERRER)iE

Define the character x : Q7 — C* by

(5 2) G )=
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and consider the representation of G

Indg . x ={p €C®©G) |p(gn) = x (@ 'p(@) forgeG, ge Q*}

with G-action given by (g1 - f)(g2) = f(gl’lgz) for g; € G. Using what would be called the noncompact picture if we were
working in the semisimple case, let

7= {f eCOO(RZ) ’ fx.tH=¢ (((l ?) , ((1) i))) for some ¢ elndg+ X}-

By requiring that the map ¢ — f be an intertwining operator, Z inherits an action of G so that 7 = IndGQ+ X-
By writing

(- 6 )
(6 9-6 6

when a # 0, we see that ¢ can be reconstructed from f by

EDEDAE N 266

As a result, we see that Z CC*(R?). For instance since (% _01) - (

o =

0-1
10

) as x — o0, any f € T must satisfy
lim X f(x,t)= lim x> f(x,¢t).
X——00 X—> 00
In particular, f(x,t) decays as least as fast as - when x — F-c0.

X

Theorem 4. The (linear) action of G on Z is given by

a b rov 33 . (fax—Cc —Vv+t
(((¢ 2)-(5 7)) r)ewo=a-borts (G5 =)

whenever d — bx # 0.

Proof. By straightforward matrix multiplication,

a b\7'(1 0\ (1 o0\(d—bx  —b
c d x 1) 7\ @ g 0 d-b07!

when d — bx # 0 and

(50 (3= )0 D)

G ) e
(G 6)
ll D w6 TG )

:(d—bx)’3r%f<ax_c —v—H)

d—bx’ r

where ¢ corresponds to f under the isomorphism Z = lndg+ x. O
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Corollary 4. The linear action of G on Z gives a globalization of the local one-parameter group action generated by the Lie point
symmetries of the nonlinear heat equation us = (u™ 3 Uy)x-

Proof. We use Theorem 4 to calculate the various one parameter group actions. Beginning with the action of SL(2, R), write
{H, E, F} for the standard sl,-triple in s[(2, R). We see that

(eSH . t)—e35f(e X, t),

SE -3
(e flx, =01 —sx)" f(l—sx t>,
eF - fx o= fx—s,0).

Applying ;—$|5=0, we see that {H, E, F} act on Z by the differential operators

0
H=2x—+3,
0x
d
E=x*— + 3x,
ax
_ d
TS

Under the prolongation formalism, an easy application of the chain rule shows that the Lie symmetry vector field
d
hq(x, t) +h2(x t) +h3(x t)u—u
on R? x R corresponds to the differential operator
—h1(x, t)8 —ha(x, f) +h3(X t)

on C'(R?). Therefore the one parameter groups corresponding to {H, E, F} give rise to the symmetry vector fields

Turning to the action of A, let R=(_.) and V = ( ) be a basis for the Lie algebra of A. It follows that

(00

(R fx 0 =e%sf(x,e_5t),
eV fxo=fxt—s).
Therefore {R, V} act on Z by the differential operators

Retd 2
ot 4
d

Under the prolongation formalism, this gives rise to the symmetry vector fields

1X3—i—§X4 ti-i- 20
2 4 ot 4ou’
Xi=2.

at

Since the Lie point symmetries of u; = (u™ 3ux)x are spanned by {X1, X2, X3, X4, X5}, we are done. O
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