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Abstract

First, we show that a certain sequence of idempotents e0; e1; : : : ; el in a ring A de6nes a
tilting complex P• for A of term length l + 1 and that there exists a sequence of rings B0 =
A; B1; : : : ; Bl = EndK(Mod-A)(P•) such that for any 06 i ¡ l, Bi+1 is the endomorphism ring of
a tilting complex for Bi of term length two de6ned by an idempotent. Next, in the case of A
being a 6nite dimensional algebra over a 6eld, we provide a construction of a two-sided tilting
complex corresponding to P•. Simultaneously, we provide a su=cient condition for an algebra
B containing A as a subalgebra to be derived equivalent to A.
c© 2003 Elsevier B.V. All rights reserved.
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Rickard [13] showed that the Brauer tree algebras with the same numerical invari-
ants are derived equivalent to each other. Let A be a Brauer tree algebra corresponding
to a Brauer tree whose edges are labelled 1; 2; : : : ; n. Note that there exists a partition
of the edges {1; : : : ; n} = E0 ∪ · · · ∪ El, where Es consists of the edges i for which
there exists a sequence of edges i0; i1; : : : ; is = i such that i0 is adjacent to the excep-
tional vertex and for any 06 r ¡ l, ir �= ir+1 and ir ; ir+1 have a vertex in common.
He constructed a tilting complex P• ∈Kb(PA) such that Pj =0 for j¿ 0 and j¡− l,
P−j ∈ add(⊕i∈El−j

eiA), where ei ∈A is a local idempotent corresponding to the edge i,
for 06 j6 l and EndK(Mod-A)(P•) is a Brauer “star” algebra with the same numerical
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invariants as A. On the other hand, Okuyama [11] pointed out recently that for Brauer
tree algebras A, B with the same numerical invariants there exists a sequence of Brauer
tree algebras B0 = A; B1; : : : ; Bl = B such that Br+1 is the endomorphism algebra of a
tilting complex for Br of term length two de6ned by an idempotent. See KKonig and
Zimmermann [8] for another example of derived equivalences which are iterations
of derived equivalences induced by tilting complexes of term length two. We will
formulate these results.
Let A be a noetherian ring and e0; e1; : : : ; el ∈A a sequence of idempotents such that

add(e0AA)=PA, ei+1 ∈ eiAei for 06 i¡ l and ExtjA(A=AeiA; eiA)=0 for 06 j¡ i6 l.
First, we will show that there exists a tilting complex P• ∈Kb(PA) such that Pi = 0
for i¿ 0 and i¡ − l, P−i ∈ add(eiA) for 06 i6 l and H−j(P•)∈Mod-(A=AeiA)
for 06 j¡ i6 l (Proposition 2.4), and that such a tilting complex P• is essentially
unique (Remark 2.3). Next, we will show that there exists a sequence of rings B0 =
A; B1; : : : ; Bl=EndK(Mod-A)(P•) such that for any 06 i¡ l, Bi+1 is the endomorphism
ring of a tilting complex for Bi of term length two de6ned by an idempotent (Theorem
2.7). Furthermore, in case A is a sel6njective artin algebra over a commutative artin
ring R and add(eiAA) = add(D(AAei)) for 16 i6 l, where D=HomR(−; E(R=rad R)),
we will show that EndK(Mod-A)(P•) is a sel6njective artin R-algebra whose Nakayama
permutation coincides with that of A (Proposition 3.3). Finally, we deal with the case
where A is a 6nite dimensional algebra over a 6eld k and add(eiAA) = add(D(AAei))
for 16 i6 l, where D = Homk(−; k). We will construct a two-sided tilting complex
which corresponds to P• (Section 4). Simultaneously, we will provide a su=cient con-
dition for an algebra B containing A as a subalgebra to be derived equivalent to A
(Theorem 5.3).
Throughout this note, rings are associative rings with identity and modules are uni-

tary modules. Unless otherwise stated, modules are right modules. For a ring A, we
denote by Aop the opposite ring of A and consider left A-modules as Aop-modules.
In case A is a 6nite dimensional algebra over a 6eld k, we denote by Ae the
enveloping algebra Aop ⊗k A. Sometimes, we use the notation XA (resp., AX )
to signify that the module X considered is a right (resp., left) A-module. We de-
note by Mod-A the category of A-modules and by PA the full additive subcategory
of Mod-A consisting of 6nitely generated projective modules. For an object X in
an additive category A, we denote by add(X ) the full additive subcategory of A
consisting of objects isomorphic to direct summands of 6nite direct sums of copies
of X . For an additive category A, we denote by K(A) the homotopy category of
cochain complexes over A and by Kb(A) the full subcategories of K(A) consist-
ing of bounded complexes. In case A is an abelian category, we denote by D(A)
the derived category of cochain complexes over A. Also, we denote by Zi(X •),
Z′i(X •) and Hi(X •) the ith cycle, the ith cocycle and the ith cohomology of a com-
plex X •, respectively. Finally, we use the notation Hom•(−;−) (resp., − ⊗• −) to
denote the single complex associated with the double hom (resp., tensor) complex
(cf. Remark 1.12). We refer to [3,18,1] for basic results in the theory of derived
categories. Also, we refer to [12,14] for de6nitions and basic properties of tilting com-
plexes and two-sided tilting complexes, and to e.g. [2,14–17] and so on for recent
progress.
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1. Preliminaries

In this section, we collect several basic facts which we need in later sections. Let A
be a ring and e∈A an idempotent. We identify Mod-(A=AeA) with the full subcategory
of Mod-A consisting of X ∈Mod-A with Xe = 0.

Lemma 1.1. For any l¿ 1 the following are equivalent:
(1) ExtiA(A=AeA; eA) = 0 for 06 i¡ l.
(2) ExtiA(−; eA) vanishes on Mod-(A=AeA) for 06 i¡ l.

Remark 1.2. Let A be an artin algebra over a commutative artin ring R and D =
HomR(−; E(R=rad R)). Assume add(eAA)=add(D(AAe)). Then ExtiA(A=AeA; eA)=0 for
i¿ 0.

Remark 1.3. The functor −⊗AAe : Mod-A → Mod-eAe is exact and has a fully faithful
left adjoint − ⊗eAe eA : Mod-eAe → Mod-A. Furthermore, these functors induce an
equivalence add(eAA)

∼→PeAe.

Remark 1.4. If X ∈Mod-A is noetherian, so is X ⊗A Ae∈Mod-eAe.

Remark 1.5. Let A be an additive category, X ∈A and B=EndA(X ). Then we have
a fully faithful additive functor HomA(X;−) : add(X ) → PB. Furthermore, if every
idempotent e∈B splits in A, then HomA(X;−) induces an equivalence add(X ) ∼→PB.

Remark 1.6. Let A, B be additive categories and F :A → B an additive covari-
ant functor. Let X ∈A and put B = EndA(X ) and C = EndB(FX ). Then we have a
commutative diagram of functors

add(X )
HomA(X;−)−−−−−→ PB

F

� � −⊗BC

add(FX )
HomB(FX;−)−−−−−−→ PC:

In particular, if idempotents split in A and B, and if F induces a ring isomorphism
EndA(X )

∼→EndB(FX ), then F induces an equivalence add(X ) ∼→ add(FX ).

Remark 1.7. For any P• ∈Kb(PA), the following hold:
(1) We have equivalences

HomK(Mod-A)(P•;−) : add(P•) ∼→PB;

HomD(Mod-A)(P•;−) : add(P•) ∼→PB;

where B= EndK(Mod-A)(P•) ∼= EndD(Mod-A)(P•).
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(2) The inclusion Kb(PA) → K(Mod-A) induces an equivalence between add(P•) in
Kb(PA) and add(P•) in K(Mod-A).

(3) The canonical functor K(Mod-A) → D(Mod-A) induces an equivalence between
add(P•) in K(Mod-A) and add(P•) in D(Mod-A).

Proof. According to [1, Proposition 3.2], idempotents split in K(Mod-A) and D(Mod-A).
Also, by [1, Proposition 3.4], idempotents split in Kb(PA). Thus the assertions follow
by Remark 1.6.

Lemma 1.8. Let P• ∈Kb(PA). Assume HomK(Mod-A)(P•; P•[i]) = 0 for i¿ 0 and
add(P•) generates Kb(PA) as a triangulated category. Then for any Q• ∈Kb(PA) with
HomK(Mod-A)(P• ⊕ Q•; (P• ⊕ Q•)[i]) = 0 for i¿ 0 we have Q• ∈ add(P•).

Proof. For a complex X • ∈D(Mod-A) we denote by C(X •) the full subcategory of
D(Mod-A) consisting of complexes Z• with HomD(Mod-A)(X •; Z•[i])=0 for i �= 0. We
denote by f the composite of canonical homomorphisms P• ⊕ Q• → P• → P• ⊕ Q•

and set B = EndD(Mod-A)(P• ⊕ Q•). Note that by [7, Remark 1.3] {P•[i]}i∈Z and
{(P•⊕Q•)[i]}i∈Z are generating sets for D(Mod-A) in the sense of Neeman [10]. We
have a commutative diagram

C(P•)
HomD(Mod-A)(P• ;−)−−−−−−−−−−→ Mod-fBf� inc:

� −⊗BBf

C(P• ⊕ Q•)
HomD(Mod-A)(P•⊕Q• ;−)−−−−−−−−−−−−→ Mod-B:

By [6, Theorem 1.3] the horizontal functors are equivalences. Thus, since − ⊗B Bf :
Mod-B → Mod-fBf is dense, C(P•)=C(P•⊕Q•) and −⊗BBf : Mod-B → Mod-fBf
is an equivalence. On the other hand, we have a commutative diagram

add(P•)
HomD(Mod-A)(P• ;−)−−−−−−−−−−→ PfBf� inc:

� −⊗BBf

add(P• ⊕ Q•)
HomD(Mod-A)(P•⊕Q• ;−)−−−−−−−−−−−−→ PB:

According to [1, Proposition 3.4], it follows by Remark 1.5 that the horizontal functors
are equivalences. Now, since − ⊗B Bf :PB → PfBf is an equivalence, add(P•) =
add(P• ⊕ Q•) and Q• ∈ add(P•).

Lemma 1.9. Let l¿ 0 and P• ∈Kb(PA) with Pi = 0 for i¿ 0 and i¡ − l. Assume
H−i(P•)∈Mod-(A=AeA) for 06 i¡ l. Then the following hold.
(1) H−i(Hom•

A(eA; P
•)) = 0 for 06 i¡ l.

(2) If ExtiA(A=AeA; eA) = 0 for 06 i¡ l, then Hi(Hom•
A(P

•; eA)) = 0 for 06 i¡ l.

Proof. (1) We have H−i(Hom•
A(eA; P

•)) ∼= HomA(eA;H−i(P•)) = 0 for all 06 i¡ l.
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(2) In case l=0, we have nothing to prove. Assume l¿ 1. Since H0(P•)∈
Mod-(A=AeA), H0(Hom•

A(P
•; eA)) ∼= HomA(H0(P•); eA) = 0. For each 0¡i¡l, let

�−i :P−i → Z′−i(P•) be the canonical epimorphism and ’−i : Z′−i(P•) → P−i+1 the
homomorphism with d−i

P = ’−i ◦ �−i. Then we have exact sequences in Mod-A

(ci): 0→ H−i(P•)→ Z′−i(P•)
’−i

→ P−i+1 → Z′−i+1(P•)→ 0:

For any 0¡m¡l, by applying HomA(−; eA) to (cm); : : : ; (c1) successively, we get
Hm(Hom•

A(P
•; eA))∼=Cok (HomA(’−m; eA))

∼=Ext1A(Z′−m+1(P•); eA)

...

∼=ExtmA (Z′0(P•); eA)

= 0:

Lemma 1.10. Let l¿ 0 and P• ∈Kb(PA) a tilting complex with Pi=0 for i¿ 0 and
i¡− l. Assume H−i(P•)∈Mod-(A=AeA) for 06 i¡ l. Then eA[l]∈ add(P•).

Proof. Since H−i(P• ⊕ eA[l])∈Mod-(A=AeA) for 06 i¡ l, by Lemma 1.9(1)
HomK(Mod-A)(P•⊕eA[l]; (P•⊕eA[l])[i])=0 for i¿ 0. The assertion follows by Lemma
1.8.

Lemma 1.11 (cf. Hoshino and Kato [5, Lemma 2.1]). Let A be an additive category.
Let l¿ 1, P1; : : : ; Pl ∈A with add(Pi+1) ⊂ add(Pi) for 16 i¡ l and P• ∈Kb(A)
with Pi=0 for i¿ 0 and i¡− l and P−i ∈ add(Pi) for 16 i6 l. Then the following
hold:

(1) If H−j(Hom•
A(Pi; P

•)) = 0 for 06 j¡ i6 l, then HomK(A)(P•; P•[i]) = 0 for
i¿ 0.

(2) If Hj(Hom•
A(P

•; Pi))=0 for 06 j¡ i6 l, then HomK(A)(P•; P•[i])=0 for i¡ 0.

Proof. Although this is essentially the same as [5, Lemma 2.1], we include a proof
for the bene6t of the reader.

(1) Let 0¡i6 l and f :P• → P•[i] a cochain map. Put h0 = 0 :P−i+1 → P0. Since
HomA(P−i ; d−1

P ) is epic, there exists h−1 :P−i → P−1 such that f−i − h0 ◦d−i
P =

d−1
P ◦ h−1. Next, let 06 j6 l − i and assume there exist h−k :P−k−i+1 → P−k

such that f−k−i+1 − h−k+1 ◦ d−k−i+1
P = d−k

P ◦ h−k for all 06 k6 j. Then, since
d−j
P ◦ (f−j−i − h−j ◦ d−j−i

P ) = 0, and since

HomA(P−j−i ; P−j−1)→ HomA(P−j−i ; P−j)→ HomA(P−j−i ; P−j+1)

is exact, there exists h−j−1 :P−j−i → P−j−1 such that f−j−i − h−j ◦ d−j−i
P =

d−j−1
P ◦ h−j−1. Thus by induction we get a homotopy h :f � 0.
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(2) Similar to (1).

Remark 1.12 (Rickard [14, Section 4]). Let A, B and C be algebras over a 6eld k.
Then the following hold.
(1) Let X • ∈K−(Mod-(Bop ⊗k A)) and Y • ∈K+(Mod-(Cop ⊗k A)). If either each term

of X • is projective as an A-module or each term of Y • is injective as an A-module,
the canonical homomorphism in D(Mod-(Cop ⊗k B))

Hom•
A(X

•; Y •)→ RHom•
A(X

•; Y •)

is an isomorphism.
(2) Let X • ∈K−(Mod-(Bop⊗k A)) and Y • ∈K−(Mod-(Aop⊗k C)). If either each term

of X • is Qat as an A-module or each term of Y • is Qat as an Aop-module, the
canonical homomorphism in D(Mod-(Bop ⊗k C))

X • ⊗LA Y • → X • ⊗•
A Y

•

is an isomorphism.

2. General case

In this section, we will show that a certain sequence of idempotents e0; e1; : : : ; el in a
ring A de6nes a tilting complex P• ∈Kb(PA) of term length l+1 and that there exists
a sequence of rings B0 = A; B1; : : : ; Bl = EndK(Mod-A)(P•) such that for any 06 i¡ l,
Bi+1 is the endomorphism ring of a tilting complex for Bi of term length two de6ned
by an idempotent.

De!nition 2.1 (Hartshorne [3]). For a complex X • and n∈Z, we de6ne the following
truncation:

!¿n(X •): · · · → 0→ X n → X n+1 → X n+2 → · · · :

Lemma 2.2. Let l¿ 0 and P• ∈Kb(PA) a tilting complex with Pi = 0 for i¿ 0 and
i¡− l. Assume there exists an idempotent e∈A such that H−i(P•)∈Mod-(A=AeA)
for 06 i¡ l, Z−l(P•) ⊗A AeeAe is 8nitely generated and ExtiA(A=AeA; eA) = 0 for
06 i6 l. Then there exists a tilting complex P̂• ∈Kb(PA) such that P̂i=0 for i¿ 0
and i¡− l− 1, P̂−l−1 ∈ add(eA), H−l(P̂•)∈Mod-(A=AeA) and !¿−l(P̂•) = P•.

Proof. Let f :Q−l−1 → Z−l(P•) ⊗A Ae be an epimorphism in Mod-eAe with Q−l−1

∈PeAe and set

g= ’ ◦ # ◦ (f ⊗eAe eA) :Q−l−1 ⊗eAe eA → P−l;
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where ’ : Z−l(P•)→ P−l is the inclusion and # : Z−l(P•)⊗AAe⊗eAe eA → Z−l(P•) is
the multiplication map. Denote by P′• the mapping cone of g[l] :Q−l−1 ⊗eAe eA[l]→
P• and set P̂• = P′• ⊕ eA[l + 1]. We claim that P̂• is a complex as desired. It is
obvious that P̂−l−1 ∈ add(eA) and !¿−l(P̂•) = P•. Since P′• ⊗•

A Ae is isomorphic to
the mapping cone of ((’⊗AAe)◦f)[l] :Q−l−1[l]→ P•⊗•

AAe, we have H
i(P′•)⊗AAe ∼=

Hi(P′• ⊗•
A Ae) = 0 for i �= −l − 1 and Hi(P̂•)∈Mod-(A=AeA) for i �= −l − 1. Note

that we have a distinguished triangle in Kb(PA) of the form

P̂−l−1[l]→ P• → P̂• → :

Since P̂−l−1[l+ 1]∈ add(P̂•), it follows that add(P̂•) generates Kb(PA) as a triangu-
lated category. It only remains to prove the following.

Claim. HomK(Mod-A)(P̂•; P̂•[i]) = 0 for i �= 0.

Proof. We set Exti(−;−)=HomK(Mod-A)(−;−[i]) for i∈Z. Then, by applying
HomK(Mod-A)(P•;−) to the above distinguished triangle, we get exact sequences

Exti(P•; P•)→ Exti(P•; P̂•)→ Exti+l+1(P•; P̂−l−1):

Since P̂−l−1 ∈ add(eA), by Lemma 1.9 Exti+l+1(P•; P̂−l−1) = 0 for i �= −1 and
Exti(P•; P̂•) = 0 for i �= 0;−1. Next, apply HomK(Mod-A)(−; P̂•) to the above dis-
tinguished triangle. Then we get exact sequences

Exti−l−1(P̂−l−1; P̂•)→ Exti(P̂•; P̂•)→ Exti(P•; P̂•):

Since Hi(P̂•)∈Mod-(A=AeA) for i �= −l− 1, by Lemma 1.9 Exti−l−1(P̂−l−1; P̂•) = 0
for i �= 0. Thus Exti(P̂•; P̂•) = 0 for i �= 0;−1. By the dual argument, we also have
Exti(P̂•; P̂•) = 0 for i �= 0; 1.

Throughout the rest of this section, e0; e1; : : : are idempotents in A such that add(e0A)=
PA and ei+1 ∈ eiAei for all i¿ 0.

Remark 2.3. Let l¿ 0 and P• ∈Kb(PA) a complex such that Pi = 0 for i¿ 0 and
i¡− l, P−i ∈ add(eiA) for 06 i6 l and H−j(P•)∈Mod-(A=AeiA) for 06 j¡ i6 l.
Assume HomK(Mod-A)(P•; P•[i]) = 0 for i¿ 0 and add(P•) generates Kb(PA) as a
triangulated category. Then add(P•) is uniquely determined.

Proof. Let P′• ∈Kb(PA) be another complex satisfying the same conditions as P•.
Then, since H−j(P• ⊕ P′•) ∼= H−j(P•)⊕H−j(P′•)∈Mod-(A=AeiA) for 06 j¡ i6 l,
by Lemmas 1.9(1) and 1.11(1) HomD(Mod-A)(P• ⊕ P′•; (P• ⊕ P′•)[i]) = 0 for i¿ 0. It
follows by Lemma 1.8 that add(P•) = add(P′•).

Proposition 2.4. Assume A is right noetherian. Let l¿ 0 and assume ExtjA(A=AeiA; eiA)
=0 for 06 j¡ i6 l. Then there exists a tilting complex P• ∈Kb(PA) such that Pi=0
for i¿ 0 and i¡− l, P−i ∈ add(eiA) for 06 i6 l and H−j(P•)∈Mod-(A=AeiA) for
06 j¡ i6 l.
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Proof. We make use of induction on l¿ 0. Note 6rst that add(ei+1A) ⊂ add(eiA) for
i¿ 0. In case l = 0, e0AA is a required tilting complex. Let l¿ 1 and assume there
exists a tilting complex P• ∈Kb(PA) such that Pi = 0 for i¿ 0 and i¡ − l + 1,
P−i ∈ add(eiA) for 06 i6 l− 1 and H−j(P•)∈Mod-(A=AeiA) for 06 j¡ i6 l− 1.
Assume ExtjA(A=AeiA; eiA)=0 for 06 j¡ i6 l. For any 06 j6 l−1, since el ∈ ejAej,
we have H−j(P•)∈Mod-(A=AelA). Thus it follows by Lemma 2.2 that there exists a
tilting complex P̂• ∈Kb(PA) such that P̂i=0 for i¿ 0 and i¡−l, P̂−i ∈ add(eiA) for
06 i6 l and H−j(P̂•)∈Mod-(A=AeiA) for 06 j¡ i6 l.

Remark 2.5. In case e1= · · ·=el, the construction above is the same as in [5, Theorem
2.3].

Remark 2.6. Assume in Proposition 2.3 that ExtjA(A=AeiA; A) = 0 for 06 j¡ i6 l.
Then HomK(Mod-A)(P•; A[l])∈Mod-Aop is a tilting module of projective dimension at
most l. This construction would be the same as in [9, Theorem 2.2].

Theorem 2.7. Let l¿ 0 and assume ExtjA(A=AeiA; eiA) = 0 for 06 j¡ i6 l. Let
P• ∈Kb(PA) be a tilting complex such that Pi = 0 for i¿ 0 and i¡ − l − 1,
P−i ∈ add(eiA) for 06 i6 l+ 1 and H−j(P•)∈Mod-(A=AeiA) for 06 j¡ i6 l+ 1.
Then the following hold.
(1) There exists a tilting complex SP• ∈Kb(PA) such that SPi=0 for i¿ 0 and i¡−

l, SP−i ∈ add(eiA) for 06 i6 l, H−j( SP•)∈Mod-(A=AeiA) for 06 j¡ i6 l and
el+1A[l] is a direct summand of SP•. Furthermore, we have a distinguished triangle
in Kb(PA) of the form

P[l]→ SP• → P• →

with P = P−l−1 ⊕ el+1A.
(2) Let B= EndK(Mod-A)( SP•) and f∈B the composite of canonical homomorphisms

SP• → el+1A[l] → SP•. Then HomB(B=BfB; fB) = 0 and there exists a tilting
complex Q• ∈Kb(PB) such that Qi = 0 for i �= 0;−1, Q−1 ∈ add(fB),
H0(Q•)∈Mod-(B=BfB) and EndK(Mod-B)(Q•) ∼= EndK(Mod-A)(P•).

Proof. (1) Denote by X • the mapping cone of idel+1A : el+1A → el+1A. Set SP• =
!¿−l(P• ⊕ X •[l]) = !¿−l(P•) ⊕ el+1A[l] and P = P−l−1 ⊕ el+1A∈ add(el+1A). Then,
since P• ⊕ X •[l] ∼= P• in Kb(PA), we have a distinguished triangle in Kb(PA) of the
form

P[l]
’→ SP• → P• →;

where ’= diag(d−l−1
P ; idel+1A)[l]. Note that el+1A[l] is a direct summand of SP

•. Thus
P[l]∈ add( SP•) and add( SP•) generates Kb(PA) as a triangulated category. Note also that
SP−i ∈ add(eiA) for 06 i6 l and H−j( SP•)∈Mod-(A=AeiA) for 06 j¡ i6 l. Thus by
Lemmas 1.9 and 1.11 HomK(Mod-A)( SP•; SP•[i]) = 0 for i �= 0.
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(2) Note 6rst that we have an equivalence HomK(Mod-A)( SP•;−) : add( SP•) ∼→PB.
Denote by Y • ∈K(K(Mod-A)) the complex

· · · → 0→ P[l]
’→ SP• → 0→ · · · ;

where SP• is in degree 0, and set Q•=Hom•
K(Mod-A)( SP

•; Y •)∈Kb(PB). Namely, Qi=0
for i �= 0;−1, Q0 = HomK(Mod-A)( SP•; SP•) = B, Q−1 = HomK(Mod-A)( SP•; P[l]) and
d−1Q =HomK(Mod-A)( SP•; ’). Note that fB[1] is a direct summand of Q• and that, since
add(P)= add(el+1A), we have add(Q−1) = add(fB). In particular, Q−1[1]∈ add(Q•)
and add(Q•) generates Kb(PB) as a triangulated category. We claim 6rst that
H0(Q•)∈Mod-(B=BfB). Note that HomK(Mod-A)(P[l]; P•) = 0. Thus, by applying
HomK(Mod-A)(P[l];−) to the distinguished triangle in (1), we conclude that
HomK(Mod-A)(P[l]; ’) is epic and so is HomB(Q−1; d−1Q ). It follows that
H0(Q•)∈Mod-(B=BfB) and hence, since B0(Q•) ⊂ BfB, H0(Q•) = B=BfB.
Similarly, since HomK(Mod-A)(P•; P[l]) = 0, HomK(Mod-A)(’; P[l]) is monic and so
is HomB(d−1Q ; Q−1). It follows that HomB(B=BfB; fB) = 0. Consequently, by Lemmas
1.9 and 1.11 Q• is a tilting complex for B. Finally, let C = EndK(Mod-B)(Q•). Then
we have an equivalence of triangulated categories Kb(PC)

∼→Kb(PA) which sends C
to P•. Thus EndK(Mod-A)(P•) ∼= C.

3. The case of artin algebras

In this section, we will apply the results of the preceding section to the case where A
is an artin algebra over a commutative artin ring R. We set D=HomR(−; E(R=rad R)).
According to Proposition 2.4 together with Remark 1.2, we have the following.

Proposition 3.1. Let e0; e1; e2; : : : be idempotents in A such that add(e0A) = PA and
ei+1 ∈ eiAei for i¿ 0. Let l¿ 0 and assume add(eiAA) = add(D(AAei)) for 16 i6 l.
Then there exists a tilting complex P• ∈Kb(PA) such that Pi=0 for i¿ 0 and i¡−l,
P−i ∈ add(eiA) for 06 i6 l and H−j(P•)∈Mod-(A=AeiA) for 06 j¡ i6 l.

Proposition 3.2. Let e0; e1; e2; : : : be idempotents in A such that add(e0A) = PA and
ei+1 ∈ eiAei for i¿ 0. Let l¿ 0 and assume add(eiAA)= add(D(AAei)) for 16 i6 l+
1. Let P• ∈Kb(PA) be a tilting complex such that Pi = 0 for i¿ 0 and i¡− l− 1,
P−i ∈ add(eiA) for 06 i6 l+ 1 and H−j(P•)∈Mod-(A=AeiA) for 06 j¡ i6 l+ 1.
Then the following hold.
(1) There exists a tilting complex SP• ∈Kb(PA) such that SPi = 0 for i¿ 0 and

i¡−l, SP−i ∈ add(eiA) for 06 i6 l, H−j( SP•)∈Mod-(A=AeiA) for 06 j¡ i6 l
and el+1A[l] is a direct summand of SP•. Furthermore, we have a distinguished
triangle in Kb(PA) of the form

P[l]→ SP• → P• →

with P = P−l−1 ⊕ el+1A.
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(2) Let B=EndK(Mod-A)( SP•) and f∈B the composite of canonical homomorphisms
SP• → el+1A[l] → SP•. Then add(fBB) = add(D(BBf)) and there exists a tilt-
ing complex Q• ∈Kb(PB) such that Qi = 0 for i �= 0;−1, Q−1 ∈ add(fB),
H0(Q•)∈Mod-(B=BfB) and EndK(Mod-B)(Q•) ∼= EndK(Mod-A)(P•).

Proof. According to Theorem 2.7 together with Remark 1.2, we have only to show
that add(fB)=add(D(Bf)). We have fBB ∼= HomK(Mod-A)( SP•; el+1A[l]): On the other
hand, by [4, Lemma 3.1]

D(BBf)∼=DHomK(Mod-A)(el+1A[l]; SP•)

∼=HomK(Mod-A)( SP•; D(Ael+1)[l]):

Thus, since add(el+1A) = add(D(Ael+1)), add(fB) = add(D(Bf)).

Consider next the case of A being sel6njective. Let {e1; : : : ; en} be a basic set of
orthogonal local idempotents in A and I0 = {1; : : : ; n}. Set %=D ◦ HomA(−; A). Then
there exists a permutation & of I0, called the Nakayama permutation, such that %(eiA) ∼=
e&(i)A for all i∈ I0.

Proposition 3.3. Let I0 ⊃ I1 ⊃ I2 ⊃ · · · be a descending sequence of nonempty
&-stable subsets of I0 and e(i) =

∑
j∈Ii ej for i¿ 0. Then for any l¿ 0 there exists a

tilting complex P• ∈Kb(PA) such that Pi=0 for i¿ 0 and i¡−l, P−i ∈ add(e(i)A) for
06 i6 l and H−j(P•)∈Mod-(A=Ae(i)A) for 06 j¡ i6 l. Furthermore,
EndK(Mod-A)(P•) is a sel8njective artin algebra whose Nakayama permutation co-
incides with &.

Proof. By Proposition 3.1 there exists a tilting complex P• ∈Kb(PA) such that Pi =0
for i¿ 0 and i¡ − l, P−i ∈ add(e(i)A) for 06 i6 l and H−j(P•)∈Mod-(A=Ae(i)A)
for 06 j¡ i6 l. Note also that %(P•)∈Kb(PA) is a tilting complex and %(P−i)∈
add(e(i)A) for 06 i6 l. For any P ∈PA and X ∈Mod-A we have an isomorphism

P ⊗A HomA(X; A)
∼→HomA(X; P); p⊗ h �→ (x �→ ph(x)):

Thus, since %(e(i)A) ∼= e(i)A for 06 i6 l, we have

HomA(e(i)A;H−j(%(P•)))∼=HomA(e(i)A; %(H−j(P•)))

∼=D(e(i)A⊗A HomA(H−j(P•); A))

∼=DHomA(H−j(P•); e(i)A)

∼=DHomA(H−j(P•); %(e(i)A))

∼=H−j(P•)⊗A HomA(e(i)A; A)

∼=H−j(P•)⊗A Ae(i)

= 0
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for 06 j¡ i6 l. Thus by Remark 2.3 add(P•) = add(%(P•)). Since by [4,
Lemma 3.1] we have an isomorphism in Mod-B

DHomK(Mod-A)(P•; P•) ∼= HomK(Mod-A)(P•; %(P•));

it follows that EndK(Mod-A)(P•) is sel6njective. It remains to show that the Nakayama
permutation of EndK(Mod-A)(P•) coincides with &. In case l=0, this is obvious because
EndK(Mod-A)(P•) is Morita equivalent to A. Assume l¿ 1. Then, according to [4,
Theorem 3.4], Proposition 3.2 enables us to make use of induction.

4. Two-sided tilting complexes

Let A be a 6nite dimensional algebra over a 6eld k and D = Homk(−; k). Our
aim is to construct two-sided tilting complexes which correspond to tilting complexes
constructed in Proposition 3.1 (see Remark 4.7). According to Proposition 3.2, we have
only to deal with tilting complexes of term length two.
Taking Remark 2.3 into account, we will 6rst construct a two-sided tilting complex

T • corresponding to the following tilting complex S• (see Theorem 4.6). Recall that an
idempotent e∈A is called local if eAe is a local ring. Let {e1; : : : ; en} be a basic set of
orthogonal local idempotents in A and J the Jacobson radical of A. We 6x a nonempty
subset I0 of I={1; : : : ; n} and de6ne S• as the mapping cone of the multiplication map

, :
⊕
i∈ I0

Aei ⊗k eiA → A:

We set e=
∑

i∈I0 ei, B=EndK(Mod-A)(S•) and dij=dimk eiAej for i; j∈ I0. We assume
the following conditions are satis6ed:

(a1) there exists a permutation & of I0 such that eiAA ∼= D(AAe&(i)) for all i∈ I0;
(a2) eiJe&(i) �= 0 for all i∈ I0; and
(a3) eiAei=eiJei ∼= k for all i∈ I0.

Remark 4.1. In case k is an algebraically closed 6eld and A is a symmetric k-algebra
without semisimple algebra summands, the conditions (a1) ∼ (a3) are satis6ed for any
nonempty subset I0 of I .

Remark 4.2. For any i; j∈ I0 the following hold.

(1) eiAej ∼= D(ejAe&(i)) ∼= e&(i)Ae&( j).
(2) AHomA(Ae&( j) ⊗k e&(i)AA; AA)A ∼= AAe&(i) ⊗k ejAA ∼= D(AAe&( j) ⊗k eiAA).
(3) ei ⊗ ej ∈Ae is a local idempotent.

Proof. (1) and (2) follow by condition (a1) and (3) follows by the condition (a3).

Remark 4.3. For any i; j∈ I0 the following hold.

(1) dij = dj;&(i) = d&(i);&( j).
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(2) dij¿ 1 if either j = i or j = &(i).
(3) dij¿ 2 if j = i = &(i).

Proof. (1) follows by Remark 4.2(1) and (2), (3) follow by the condition (a2).

Proposition 4.4. The following hold.

(1) S• ∈Kb(PA) is a tilting complex with H0(S•)∈Mod-(A=AeA).
(2) The left multiplication of A on each homogeneous component of S• gives rise

to an injective k-algebra homomorphism ’ :A → B.
(3) A(B=A)A ∼=⊕

i; j∈I0 (AAei ⊗k ejAA)(-ij), where

-ij =



dji − 2 if i = j = &(j);

dji − 1 if j �= &(j) and i∈{j; &(j)};
dji otherwise:

(4) For any i∈ I0, eiBB ∼=⊕
j∈I0 HomK(Mod-A)(S•; e&( j)A[1])(#ij), where

#ij =

{
dji − 1 if i = &(j);

dji otherwise:

Proof. (1) See [4, Propositions 2.4(1) and 5..1(1)].
(2) We have to show the injectivity of ’. Set V =

⊕
i∈I0 Aei ⊗k eiA and A =

{g∈EndA(VA) | , ◦ g= 0}. Then we have homomorphisms in Mod-Ae

3 :V → A; v �→ (v′ �→ v,(v′)− ,(v)v′);

5 :A → B; g �→ g[1]:

We need the following.

Claim. We have a pull-back diagram in Mod-Ae of the form

(∗)
A

−5−−→ B

3

� � ’

V
,−−→ A:

Proof. For any u∈B, since ,(u−1(v)−u0(1)v)=u0(,(v))−u0(1),(v)=0 for all v∈V ,
there exists g∈A such that u−’(u0(1)) = 5(g). Also, for any v∈V , the cochain map
5(3(v)) +’(,(v)) : S• → S• is homotopic to zero by the homotopy h :AA → VA which
sends 1 to v. Therefore, the square (*) is commutative. Next, let (g; a)∈A × A and
assume ’(a) = −5(g) in B, i.e., there exists a homotopy h : 5(g) + ’(a) � 0. Then
a=,(h(1)) and, since the fact that h is a homotopy, g(v′)+av′=h(1),(v′) for any v′ ∈V
which implies that we have g= 3(h(1)). Thus we have Im (t[3 ,])) = Ker ([− 5 ’]).
It remains to show that Ker (t[3 ,]) = 0. Let K = Ker , and 8 :K → V the inclusion.
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Denote by

9 :K → HomA(AA; KA); v �→ (a �→ va);

the canonical isomorphism. Then HomA(,; KA) ◦ 9= 3 ◦ 8 and by (1) we have
Ker (t[3 ,])∼=Ker (3 ◦ 8)

∼=Ker (HomA(,; KA))

∼=HomA(Cok ,; KA)

∼=HomK(Mod-A)(S•; S•[− 1])
= 0:

Now, according to Claim, it su=ces to prove that Ker 3=0. Note that Ker 3∩Ker ,=
Ker (t[3 ,])= 0. Thus it su=ces to show that soc(AVA) ⊂ Ker ,. Note that soc(AVA)=⊕

i∈I0 soc(AAei ⊗k eiAA). We claim ,(soc(AAei ⊗k eiAA))=0 for all i∈ I0. Let i∈ I0. It
is obvious that soc(AAei)⊗k soc(eiAA) ⊂ soc(AAei⊗k eiAA). On the other hand, since by
Remark 4.2 AAei ⊗k eiAA is indecomposable injective, soc(AAei ⊗k eiAA) is simple and
hence soc(AAei ⊗k eiAA)= soc(AAei)⊗k soc(eiAA). Finally, for any a∈ soc(AAei) ⊂ Jei,
since eiAA is indecomposable injective, the homomorphism eiAA → AA, x �→ ax, cannot
be monic and a(soc(eiAA)) = 0.
(3) Note that A ∼= HomA(VA; KA) and that by Remark 4.2(2) V and HomA(VA; A)

are projective-injective in Mod-Ae. Thus 3 is a split monomorphism. Also, by (1) and
Remark 4.2(2) HomA(VA; ,) is a split epimorphism. Thus

B=A⊕ V ⊕ HomA(VA; AA)∼=Cok 3⊕ V ⊕ HomA(VA; AA)

∼=HomA(VA; KA)⊕ HomA(VA; AA)

∼=HomA(VA; VA)

∼= V ⊗A HomA(VA; AA)

in Mod-Ae. Also, by Remark 4.2(2) we have

HomA(VA; AA) ∼=
⊕
j∈ I0

Ae&( j) ⊗k ejA;

V ⊗A HomA(VA; AA) ∼=
⊕
i; j∈ I0

Aei ⊗k eiAe&( j) ⊗k ejA

in Mod-Ae. Thus

B=A⊕

⊕

j∈ I0

Aej ⊗k ejA


⊕


⊕

j∈ I0

Ae&( j) ⊗k ejA


 ∼=

⊕
i; j∈ I0

(
Aei ⊗k ejA

)(dji)

in Mod-Ae and the assertion follows by the Krull–Schmidt theorem.
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(4) Since eiA ⊗A , is a split epimorphism, and since di;&( j) = dji for all j∈ I0,
eiA⊗•

A S
• ∼=⊕

j∈I0 e&( j)A[1]
(#ij) in K(Mod-A) and

eiBB ∼=HomK(Mod-A)(S•; eiA⊗•
A S•)

∼=
⊕
j∈I0

HomK(Mod-A)(S•; e&( j)A[1])(#ij)

in Mod-B.

Proposition 4.5. For any i∈ I0 there exists a local idempotent fi ∈ eiBei such that
fiBB ∼= HomK(Mod-A)(S•; e&(i)A[1]). Furthermore, the following hold.

(1) fiBB �∼= fjBB unless i = j.
(2) fiBB ∼= D(BBf&(i)) for all i∈ I0.
(3) fiBfj

∼= eiAej for all i; j∈ I0.
(4) eiBB ∼=⊕

j∈I0 fjB
(#ij)
B for all i∈ I0.

(5) fiBA ∼=⊕
j∈I0 ejA

(#ji)
A for all i∈ I0.

Proof. The existence of a desired fi follows by the fact that #ii¿ 1.
(1) By the fact that HomK(Mod-A)(S•;−) induces an equivalence add(S•) ∼→PB.
(2) By [4, Lemma 3.1] we have

f&−1(i)BB ∼=HomK(Mod-A)(S•; eiA[1])

∼=HomK(Mod-A)(S•; DHomA(e&(i)A; A)[1])

∼=DHomK(Mod-A)(e&(i)A[1]; S•)

∼=D(BBfi):

(3) By Remark 4.2(1) we have

fiBfj
∼=HomB(fjB; fiB)

∼=HomK(Mod-A)(e&( j)A[1]; e&(i)A[1])

∼= e&(i)Ae&( j)

∼= eiAej:

(4) Immediate by Proposition 4.4(4).
(5) We have

fiBA ∼=HomK(Mod-A)(S•; e&(i)A[1])

∼=H1(Hom•
A(S

•; e&(i)A))

∼=Cok (HomA(,; e&(i)A)):
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Also, by Remark 4.3(1) we have

HomA(Ae&( j) ⊗k e&( j)A; e&(i)AA)∼=Homk(Ae&( j); e&(i)Ae&( j))

∼= e&(i)Ae&( j) ⊗k D(AAe&( j))

∼= ejA
(dij)
A

for all j∈ I0. Thus we have a split monomorphism

HomA(,; e&(i)A) : e&(i)AA →
⊕
j∈I0

ejA
(dij)
A

and the desired isomorphism follows by the Krull–Schmidt theorem.

Theorem 4.6. The mapping cone T • of the multiplication map⊕
i∈I0

BBfi ⊗k eiAA → BBA

is a two-sided tilting complex with T • ∼= S• in K(Mod-A).

We will prove this in the next section (see Theorem 5.3).

Remark 4.7. Let P• ∈Kb(PA) be a tilting complex such that Pi = 0 for i �= 0;−1,
add(P0) =PA, P−1 ∈ add(eA) and H0(P•)∈Mod-(A=AeA). Then by Remark 2.3 C =
EndK(Mod-A)(P•) is Morita equivalent to B, so that there exists V ∈Mod-(Cop ⊗k B)
such that V ⊗LB T • is a two-sided tilting complex corresponding to P•.

Remark 4.8. Consider the case where k is an algebraically closed 6eld and A is a
k-algebra without semisimple algebra summands. Let e(0) = 1; e(1); e(2); : : : ; e(l) be a
sequence of idempotents in A such that add(e(i)AA)=add(D(AAe(i))) for 16 i6 l and
e(i+1) ∈ e(i)Ae(i) for 06 i¡ l. Let P• ∈Kb(PA) be a tilting complex such that Pi = 0
for i¿ 0 and i¡ − l, P−i ∈ add(e(i)A) for 06 i6 l and H−j(P•)∈Mod-(A=Ae(i)A)
for 06 j¡ i6 l. It then follows by Proposition 3.2 and Remark 4.7 that there exists
a two-sided tilting complex, corresponding to P•, of the form

T •
l ⊗LBl−1 · · · ⊗LB1 T •

1

with the T •
i two-sided tilting complexes of term length two.

5. Derived equivalent extension algebras

Let A be the same as in Section 4. We will show that an algebra B containing A
as a subalgebra satisfying (3) of Proposition 4.4 and (1)–(5) of Proposition 4.5 is
derived equivalent to A.
More precisely, let B be a 6nite dimensional k-algebra containing A as a subalge-

bra and for each i∈ I0 take a local idempotent fi ∈ eiBei. We assume the following
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conditions are satis6ed:

(b1) A(B=A)A ∼=⊕
i; j∈I0 (AAei ⊗k ejAA)(-ij);

(b2) fiBB �∼= fjBB unless i = j and fiBB ∼= D(BBf&(i)) for all i∈ I0;
(b3) fiBfj

∼= eiAej for all i; j∈ I0;
(b4) eiBB ∼=⊕

j∈I0 fjB
(#ij)
B for all i∈ I0; and

(b5) fiBA ∼=⊕
j∈I0 ejA

(%ij)
A for all i∈ I0.

Remark 5.1. The following hold:

(1) BBf&(i) ⊗k fjBB ∼= D(BBf&( j) ⊗k fiBB) for all i; j∈ I0.
(2) BBei ∼=

⊕
j∈I0 BBf

(#ij)
j for all i∈ I0.

(3) ABfi
∼=⊕

j∈I0 AAe
(%&−1(i);&−1( j))
j for all i∈ I0.

Proof. (1) follows by the condition (b2), (2) follows by condition (b4) and (3) follows
by conditions (b2), (b5).

Remark 5.2. For any i; j∈ I0 the following hold.

(1) BBf&(i) ⊗k ejAA ∼= D(AAe&( j) ⊗k fiBB).
(2) fi ⊗ ej ∈Bop ⊗k A and ei ⊗ fj ∈Aop ⊗k B are local idempotents.

Proof. (1) follows by conditions (a1); (b2) and (2) follows by conditions (a3), (b3).

Theorem 5.3. Denote by T • the mapping cone of the multiplication map

: :
⊕
i∈I0

BBfi ⊗k eiAA → BBA:

Then T • is a two-sided tilting complex with T • ∼= S• in K(Mod-A) if

-ij =



dji − 2 if i = j = &(j);

dji − 1 if j �= &(j) and i∈{j; &(j)};
dji otherwise;

#ij = %ji =

{
dji − 1 if i = &(j);

dji otherwise:

Proof. Set ; = Cok : and T̃ • = Hom•
B(T

•; BB)∈K(Mod-(Aop ⊗k B)). We divide the
proof into several steps.

Claim 1. There exists a homomorphism in Mod-(Aop ⊗k B)

:̃ : ABB →
⊕
i∈I0

AAe&(i) ⊗k fiBB

the mapping cone of which is isomorphic to T̃ •[1]. In particular, Ker :̃ ∼= HomB(;; BB).
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Proof. By condition (a1), HomB(BBfi ⊗k ejA;B B) ∼= Ae&( j) ⊗k fiB in Mod-(Aop ⊗k B)
for all i; j∈ I0.

Claim 2. Im :=
∑

i∈I0 BeiA=
∑

i∈I0 BfiB, so that ;ei = 0 = fi; for all i∈ I0.

Proof. We claim 6rst that ei ∈ Im : for all i∈ I0. Let i∈ I0 and ei =
∑m

s=1 fis in B
with the fis orthogonal local idempotents. For any 16 s6m, by the condition (b4)
there exists l∈ I0 such that flBB ∼= fisBB and then there exists b∈fisBfl such that
fis=bfl ∈

∑
j∈I0 BfjA=Im :. Next, we claim that fiB ⊂ Im : for all i∈ I0. Note that

we have proved Im : =
∑

j∈I0 BejA. For any i∈ I0, by the condition (b5) there exists
9 :

⊕
j∈I0 ejAA

(%ij) → BA such that fiB= Im9 ⊂ ∑
j∈I0 BejA= Im :.

Claim 3. For any i∈ I0 the following hold:

(1) :⊗A Aei and fiB⊗B : are epic.
(2) eiA⊗A :̃ and :̃⊗B Bfi are monic.

Proof. (1) Immediate by Claim 2.
(2) By Claim 2 we have eiHomB(;; BB) ∼= HomB(;ei; BB) = 0 and

HomB(;; BB)fi
∼=HomB(;; BBfi)

∼=HomB(;;D(f&−1(i)BB))

∼=D(f&−1(i);)

= 0:

Claim 4. The following hold.

(1) T̃ • ⊗•
B T • ∼= H0(T̃ • ⊗•

B T •) in K(Mod-Ae).
(2) H0(T̃ • ⊗•

B T
•) ∼= A in Mod-Ae if and only if %ij + %&−1( j); i = -&(i); j + dij for all

i; j∈ I0.

Proof. (1) Note 6rst that T̃ •⊗•
B T

• is isomorphic to the total complex of the following
commutative square in Mod-Ae:⊕

i; j∈I0
Ae&(i) ⊗k fiBfj ⊗k ejA

id⊗:−−→
⊕
i∈I0

Ae&(i) ⊗k fiB

:̃⊗id

�
� :̃⊕

j∈I0
Bfj ⊗k ejA

:−−−−−−−−−−→ B:
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Also, by Claim 3, id⊗B : is epic and :̃⊗B id is monic. Furthermore, by condition (b5)
and Remark 5.1(3) we have⊕

i∈I0
Ae&(i) ⊗k fiB ∼=

⊕
i; j∈I0

(Ae&(i) ⊗k ejA)(%ij);

⊕
j∈I0

Bfj ⊗k ejA ∼=
⊕
i; j∈I0

(Ae&(i) ⊗k ejA)
(%&−1( j);i)

in Mod-Ae. Thus, since by Remark 4.2 the AAei ⊗k ejAA are projective-injective, it
follows that T̃ • ⊗•

B T
• ∼= H0(T̃ • ⊗•

B T
•) in K(Mod-Ae).

(2) According to condition (b1), by (1) we have

H0
(
T̃ • ⊗•

B T •)⊕

⊕

i; j∈I0
(Ae&(i) ⊗k ejA)(%ij)


⊕


⊕

i; j∈I0
(Ae&(i) ⊗k ejA)

(%&−1( j);i)




∼= A⊕

⊕

i; j∈I0
(Ae&(i) ⊗k ejA)(-&(i); j)


⊕


⊕

i; j∈I0
(Ae&(i) ⊗k ejA)(dij)




in Mod-Ae and the assertion follows by the Krull–Schmidt theorem.

Claim 5. The following hold:

(1) T • ⊗•
A T̃

• ∼= H0(T • ⊗•
A T̃

•) in K(Mod-Be).
(2) H0(T • ⊗•

A T̃
•) ∼= B in Mod-(Bop ⊗k A) if and only if∑

s∈I0
di;&(s)%sj +

∑
s∈I0

#si-sj =
∑
s∈I0

#is%sj +
∑
s∈I0

#&(s); i%sj

for all i; j∈ I0.
(3) H0(T • ⊗•

A T̃
•) ∼= B in Mod-(Aop ⊗k B) if and only if∑

s∈I0
%&−1(s);&−1(i)ds;&( j) +

∑
s∈I0

-is#sj

=
∑
s∈I0

%&−1(s);&−1(i)#sj +
∑
s∈I0

%&−1(s);&−1(i)#&( j); s

for all i; j∈ I0.

Proof. (1) Note 6rst that T •⊗•
A T̃

• is isomorphic to the total complex of the following
commutative square in Mod-Be⊕

i; j∈I0
Bfi ⊗k eiAe&( j) ⊗k fjB

:⊗id−−→
⊕
j∈I0

Be&( j) ⊗k fjB

id⊗:̃

� B⊗:̃

�⊕
i∈I0

Bfi ⊗k eiB
:⊗B−−−−−−−−−−→ B⊗A B:
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Also, by Claim 3, : ⊗A id is epic and id ⊗A :̃ is monic. Furthermore, by condition
(b4) and (1), (2) of Remark 5.1, both

⊕
i∈I0 Bfi ⊗k eiB and

⊕
j∈I0 Be&( j) ⊗k fjB are

projective-injective. Thus T • ⊗•
A T̃

• ∼= H0(T • ⊗•
A T̃

•) in K(Mod-Be).
(2) By conditions (b1); (b4); (b5) and Remark 5.1(2) we have⊕

i; s∈I0
Bfi ⊗k eiAe&(s) ⊗k fsB ∼=

⊕
i; j∈I0

(Bfi ⊗k ejA)(
∑

s di; &(s)%sj);

⊕
i∈I0

Bfi ⊗k eiB ∼=
⊕
i; j∈I0

(Bfi ⊗k ejA)(
∑

s #is%sj);

⊕
i∈I0

Be&(i) ⊗k fiB ∼=
⊕
i; j∈I0

(Bfi ⊗k ejA)(
∑

s #&(s); i%sj);

B⊗A B ∼= B⊕

⊕

i; j∈I0
(Bfi ⊗k ejA)(

∑
s #si-sj)


 ;

in Mod-(Bop ⊗k A). Thus by (1) we have

H0(T̃ • ⊗•
B T •)⊕


⊕

i; j∈I0

(
Bfi ⊗k ejA

)(∑s #is%sj)




⊕

⊕

i; j∈I0

(
Bfi ⊗k ejA

)(∑s #&(s); i%sj)




∼= B⊕

⊕

i; j∈I0

(
Bfi ⊗k ejA

)(∑s #si-sj)


⊕


⊕

i; j∈I0

(
Bfi ⊗k ejA

)(∑s di; &(s)%sj)




in Mod-(Bop ⊗k A) and the assertion follows by the Krull–Schmidt theorem.
(3) Similar to (2).
Now, assume

-ij =



dji − 2 if i = j = &(j);

dji − 1 if j �= &(j) and i∈{j; &(j)};
dji otherwise;

#ij = %ji =

{
dji − 1 if i = &(j);

dji otherwise:

Then, according to Remark 4.3(1), it follows by Claim 4 that T̃ • ⊗•
B T • ∼= A in

K(Mod-Ae). Also, it follows by Claim 5 that T • ⊗•
A T̃

• is a two-sided tilting complex
for Be. Thus T • has a right inverse as well as a left inverse, so that T • is a two-sided
tilting complex with T̃ • the inverse. Namely, T • ⊗•

A T̃
• ∼= B in K(Mod-Be) and T̃ • ∼=

Hom•
A(T

•; AA) in K(Mod-(Aop ⊗k B)). Set S̃• ∼= Hom•
A(S

•; AA). Then it is easy to see
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that T • ⊗•
A S̃

• ∼= B in K(Mod-(Bop⊗k A)). Thus T̃ • ∼= S̃• in K(Mod-Aop) and T • ∼= S•

in K(Mod-A).
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