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Abstract

We complete the classification of all Lee-extremal and Lee-optimal self-dual codes over F2 + uF2 of
lengths 9 through 20 that have a nontrivial odd order automorphism begun in [W.C. Huffman, On the
decomposition of self-dual codes over F2 + uF2 with an automorphism of odd prime order, Finite Fields
Appl., in press]. Along the way, we find all Lee-extremal self-dual codes over F2 + uF2 of lengths 9
through 11.
© 2007 Published by Elsevier Inc.

Keywords: Self-dual codes; Extremal self-dual codes; Codes with odd order automorphisms

1. Introduction

This paper completes the work begun in [11] to classify all the Lee-extremal or Lee-optimal
self-dual codes over the ring F2 + uF2 of lengths 9 through 20 that have nontrivial odd order
automorphisms. A survey of the classification of self-dual codes over F2 + uF2 is found in [10].
Such codes can be used to construct Gaussian lattices [8] and Hermitian modular forms [2].

The ring F2 + uF2 = {0,1, u, v = 1 + u} is a 2-dimensional algebra over F2 with a nilpotent
element u where u2 = 0; addition is given by (a + bu) + (c + du) = (a + c) + (b + d)u and
multiplication by (a + bu)(c + du) = ac + (ad + bc)u where a, b, c, d ∈ F2. The invertible
elements of F2 + uF2 are 1 and v. This ring can be generalized to the ring Fq + uFq , a 2-
dimensional algebra over the field Fq with q elements. Addition and multiplication in Fq + uFq
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are defined analogously to that in F2 + uF2. The invertible elements of Fq + uFq are precisely
those of the form a + bu where a �= 0.

If R = Fq + uFq , a linear code C of length n over R is an R-submodule of Rn. Define Mn

to be the set of n×n invertible monomial matrices over R. Let Symn be the symmetric group on
{1, . . . , n} viewed either in cycle form or as matrices in Mn. Two codes C1 and C2 of length n are
permutation equivalent if there exists P ∈ Symn such that C2 = C1P . The codes are monomially
equivalent if C2 = C1M for some M ∈ Mn. The codes are equivalent if C2 = C1Mγ where
C1Mγ is obtained from C1 by multiplying by M and then applying the Galois automorphism
γ of Fq componentwise. Since the Galois group of F2 is trivial, equivalence and monomial
equivalence are the same when R = F2 + uF2. The monomial automorphism group of C is
Aut(C) = {M ∈ Mn | CM = C}.

To study self-dual codes over F2 + uF2, first define the ordinary inner product 〈·,·〉 on (F2 +
uF2)

n by

〈x,y〉 =
n∑

i=1

xiyi

where x = x1x2 . . . xn and y = y1y2 . . . yn are in (F2 + uF2)
n. The dual code C⊥ of C is the code

C⊥ = {
x ∈ (F2 + uF2)

n
∣∣ 〈x,y〉 = 0 for all y ∈ C

}
.

C is self-orthogonal if C ⊆ C⊥ and self-dual if C = C⊥. Unlike binary self-dual codes, self-dual
codes over F2 + uF2 can have odd length.

Two weights are used when considering codes over F2 + uF2. If x ∈ (F2 + uF2)
n, let n1(x)

be the number of components of x equaling 1 or v and n2(x) be the number of components of
x equaling u. The Hamming weight of x is wtH(x) = n1(x) + n2(x), and the Lee weight of x is
wtL(x) = n1(x) + 2n2(x). The minimum Lee, respectively Hamming, weight of a code C is the
smallest nonzero Lee, respectively Hamming, weight of a codeword in C . Associated to a code
C of length n over F2 + uF2 is a binary code of length 2n called the Gray image G(C) of C.
First define G : F2 + uF2 → F

2
2 by G(0) = 00, G(1) = 10, G(u) = 11, and G(v) = 01. G(x) is

obtained by applying G to each component of x. This map is F2-linear, and so if C is a linear
code of length n over F2 + uF2, then G(C) is a binary linear code of length 2n. Notice that
wtL(x) = wt(G(x)), where wt denotes the ordinary Hamming weight of a binary vector. In fact,
if the Lee distance between vectors x and y is wtL(x−y), then G is an isometry from (F2 +uF2)

n

under Lee distance to F
2n
2 under Hamming distance; see [8].

Self-dual codes over F2 + uF2 fall into three types. Noting that the Lee weight of a codeword
in a self-orthogonal code is always even, a self-dual code is Type II if all its codewords have
Lee weight a multiple of 4 and Type I if some codeword has Lee weight 2 modulo 4. Unlike
self-dual binary codes where the Hamming weight of a codeword must be even, self-dual codes
over F2 + uF2 can have codewords with odd Hamming weight. A self-dual code over F2 + uF2

is Type IV if all its codewords have even Hamming weight. A Type IV code will also be either
Type I or Type II. Recall that binary self-dual codes are Type II if all codewords have Hamming
weight a multiple of 4 and Type I otherwise; Type II binary codes exist only for lengths a multiple
of 8. The following result is proved in [8], with statements about Type IV codes from [7]. It is
useful in determining whether self-dual codes are Type I, II, and/or IV.
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Theorem 1.1. Let C be a self-orthogonal code of length n over F2 + uF2. Then G(C) is a self-
orthogonal binary code of length 2n. Furthermore, C is Type I if and only if G(C) is Type I, and
C is Type II if and only if G(C) is Type II. Type II codes over F2 + uF2 exist only for lengths
a multiple of 4. Type IV codes over F2 + uF2 exist only for even lengths. Furthermore, if C is
self-dual, then C is Type IV if and only if C has a generator matrix with all rows of even Hamming
weight.

No general bound is known for the minimum Hamming weight of a self-dual code over F2 +
uF2. There are general minimum Lee weight bounds on Types I and II codes found in [2,8],
respectively.1

Theorem 1.2. Let C be a self-dual code over F2 + uF2 of length n and minimum Lee weight dL.
If C is Type II, then dL � 4	n/12
 + 4. If C is Type I, then dL � 4	n/12
 + 2 if n ≡ 0 (mod 12),
dL � 4	n/12
 + 6 if n ≡ 11 (mod 12), and dL � 4	n/12
 + 4 otherwise.

A self-dual code is called Lee-extremal if it meets the appropriate bound of Theorem 1.2. If
no Lee-extremal self-dual code exists for a given length, then a self-dual code of that length with
highest attainable minimum Lee weight is Lee-optimal. For the lengths 1 � n � 20 there are no
Lee-extremal self-dual codes of lengths 1, 2, 3, 5, 13, 14, 15, or 17 as the Gray images of such
codes would have minimum Hamming weights contradicting the classifications and bounds in
[4,5,13]; at length 4 no Lee-extremal Type I codes exist.

All self-dual codes over F2 +uF2 of lengths 1 through 8 have been classified in [7,8]. Knowing
the indecomposable ones (those that are not the direct sum of two smaller length self-dual codes)
is sufficient for classifying all such codes. The indecomposable ones of lengths 1 and 2 are A1
and K2 (which is Type IV), respectively, where

gen(A1) = [u] and gen(K2) = [1 1 ]. (1)

There are two indecomposable self-dual codes of length 4 (both of Type II with one of Type IV),
one indecomposable of length 5, five indecomposables of length 6 (two of Type IV), one inde-
composable of length 7, eleven indecomposables of length 8 and Type I (two of Type IV), and
seven indecomposables of length 8 and Type II (three of Type IV). Generator matrices can be
found in [11]. It is straightforward to see that any self-dual code with minimum Lee weight 2 of
length n � 3 is decomposable with either A1 or K2 as a component.

The main technique used to find the Lee-extremal/optimal self-dual codes with a nontrivial
odd order automorphism is developed in [11]. However, to complete the classification out to
length 20 we need a partial classification of all self-dual codes of lengths 9 through 12. To this
end we use a technique, which we call the τ -method, developed in [2, Section 4]; the authors
used this technique to classify the Type II codes of lengths 12 and 16.

The τ -method applies to Type I as well as Type II codes. It works as follows. If C is a self-
dual code over F2 + uF2 of length n and minimum Lee weight dL, then G(C) is a [2n,n, dL]
binary self-dual code with fixed-point-free automorphism τ = (1,2)(3,4) . . . (2n − 1,2n). Con-
versely, start with a [2n,n, d] binary self-dual code D that has a fixed-point-free automorphism
τ = (a1, b1)(a2, b2) . . . (an, bn) of order 2. Obtain an equivalent code D′ by rearranging the

1 An incorrect Type I bound was originally given in [8].
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coordinates of D in the order a1, b1, a2, b2, . . . , an, bn. Then D′ will have the fixed-point-free
automorphism τ ′ = (1,2)(3,4) . . . (2n − 1,2n), and G−1(D′) will be a self-dual code over
F2 + uF2 with minimum Lee weight dL = d . Furthermore, if you start with two inequivalent
binary self-dual codes D1 and D2 each with fixed-point-free automorphisms of order 2, then
G−1(D′

1) and G−1(D′
2) will be monomially inequivalent. If you start with a binary self-dual

code D with two fixed-point-free automorphisms, τ1 and τ2, of order 2 and produce G−1(D′
1)

and G−1(D′
2) using τ1 and τ2 respectively, then G−1(D′

1) and G−1(D′
2) are monomially equiv-

alent if and only if τ1 and τ2 are conjugate in the automorphism group of D. Finally, if C is a
self-dual code over F2 + uF2, there is a natural bijection between Aut(C) and the centralizer of
τ = (1,2)(3,4) . . . (2n − 1,2n) in the automorphism group of G(C).

The main technique in the classification was developed in [11], which we now summarize.
Let X be an indeterminate and r an odd positive integer. Let Rr = F2 + uF2[X]/[Xr − 1] and
Rr = F2[X]/(Xr − 1) where [Xr − 1] and (Xr − 1) are the principal ideals of F2 + uF2[X] and
F2[X], respectively, generated by Xr − 1. By [11, Lemma 2.1], Rr = Rr ⊕ uRr . The ring Rr is
semisimple. Let Xr −1 = ∏t

i=0 mi(X), where mi(X) is irreducible over F2 with m0(X) = X−1,
and define Ii to be the principle ideal of Rr generated by (Xr − 1)/mi(X). Then Rr = I0 ⊕
I1 ⊕ · · · ⊕ It and Rr = (I0 + uI0) ⊕ (I1 + uI1) ⊕ · · · ⊕ (It + uIt ). Each Ii is an extension
field of F2 of order 2di where di is the degree of mi(X). Also Ii Ij = {0} when i �= j , and I0 =
{k(1 + X + · · · + Xr−1) | k ∈ F2} � F2. For any integer b relatively prime to r , define τb : Rr →
Rr by τb(

∑r−1
i=0 ciX

i) = ∑r−1
i=0 ciX

bi . Then τb is the identity on I0, permutes I1, . . . , It , and
if τb(Ii ) = Ij , τb is a field isomorphism of Ii onto Ij . The map τb can be extended to a ring
automorphism of Rr by τb(f (X) + ug(X)) = τb(f (X)) + uτb(g(X)). If τb(Ii ) = Ij , τb is a
ring isomorphism of Ii + uIi onto Ij + uIj . We will use τ−1 in the next theorem.

In this paper we only need the structure of I0, I1, . . . , It when r = 3 and 5; in each case t = 1.
The polynomial a0 + a1X + · · ·+ ar−1X

r−1 is denoted a0a1 . . . ar−1. In each case I0 = {0,1} �
F2 where 0 = 00 . . .0 and 1 = 11 . . .1. When r = 3 and 5, m1(X) = 1 + X + · · · + Xr−1; hence
I1 = 〈1 + X〉, the principal ideal of Rr generated by 1 + X. For the field I1, the zero element
will be denoted 0.

When r = 3, I1 = 〈1 + X〉 � F4. A primitive element of I1 is α = 101. Tables for I0 and I1
are

I0: 0 | 000 || 1 | 111 I1: 0 | 000 || α0 | 011 || α1 |101 || α2 | 110.

Notice that τ−1(α) = α2, and multiplying by α in I1 is the same as multiplying by X.
When r = 5, I1 = 〈1 + X〉 � F16. A primitive element of I1 is β = 10001. Tables for I0 and

I1 are

I0:
0 00000
1 11111

I1:

0 00000 β3 10111 β7 01100 β11 01010
β0 01111 β4 11000 β8 10100 β12 11110
β1 10001 β5 01001 β9 11101 β13 00011
β2 10010 β6 11011 β10 00110 β14 00101

.

Notice that τ−1(β) = β4, and multiplying by β3 in I1 is the same as multiplying by X.
Let C be a code over F2 + uF2. If C has a monomial automorphism M = PD of odd prime

order r where P is a permutation matrix and D is a diagonal matrix, then there is a code equiva-
lent to C that has P in its automorphism group. Therefore when classifying self-dual codes over
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F2 + uF2 with an automorphism of odd prime order r , we may assume the automorphism is a
permutation automorphism.

Now let C be a code of length n over F2 + uF2 with an automorphism σ of odd prime order r

with form

(1,2, . . . , r)(r + 1, r + 2, . . . ,2r) . . .
(
(c − 1)r + 1, (c − 1)r + 2, . . . , cr

)
. (2)

Denote the r-cycles of σ by Ω1, . . . ,Ωc and the f = n − rc fixed points by Ωc+1, . . . ,Ωc+f .
For x ∈ C , let x|Ωi

denote x restricted to Ωi . If 1 � i � c, x|Ωi
can be viewed as an element

a0 + a1X + · · · + ar−1X
r−1 ∈ Rr . Notice that xσ |Ωi

= (a0 + a1X + · · · + ar−1X
r−1)X. Let

C(σ ) = {x ∈ C | xσ = x}, and if J = (I1 + uI1) ⊕ · · · ⊕ (It + uIt ), let E (σ ) = {x ∈ C | x|Ωj
∈

J for 1 � j � c and x|Ωj
= 0 for c + 1 � j � c + f }. Also for 1 � i � t , let Ei (σ ) = {x ∈

C | x|Ωj
∈ Ii + uIi for 1 � j � c and x|Ωj

= 0 for c + 1 � j � c + f }. By [11, Theorem 2.2],
C = C(σ ) ⊕ E (σ ) and E (σ ) = E1(σ ) ⊕ · · · ⊕ Et (σ ).

The ring I0 + uI0 is isomorphic to F2 + uF2 under the correspondence a(1 + X + · · · +
Xr−1) ↔ a for a ∈ F2 + uF2. A codeword x ∈ C(σ ) is constant on each r-cycle; hence x|Ωi

=
xi(1 + X + · · · + Xr−1) where xi ∈ F2 + uF2 when 1 � i � c, and x|Ωi

= xi ∈ F2 + uF2 for c +
1 � i � c + f . For such x ∈ C(σ ), define the projection of x as Φ(x) = x1 . . . xcxc+1 . . . xc+f ∈
(F2 +uF2)

c+f . Thus Φ(C(σ )) is a code of length c+f over F2 +uF2. We may essentially view
each Ei (σ ) as a code of length c + f where the first c components are in Ii + uIi and the last f

components are zeros. Let Ei (σ )∗ be Ei (σ ) punctured on the f fixed points and viewed as a code
of length c over Ii + uIi . Define E (σ )∗ = E1(σ )∗ ⊕ · · · ⊕ Et (σ )∗ as a code of length c over J .

Define a bilinear form 〈·,·〉J on J c by

〈x,y〉J =
c∑

i=1

xiyi (3)

where x = x1x2 . . . xc and y = y1y2 . . . yc are in J c. The dual code D⊥ of a code D over J of
length c is

D⊥ = {
x ∈ J c

∣∣ 〈x,y〉J = 0 for all y ∈ D
}
.

D is self-orthogonal if D ⊆ D⊥ and self-dual if D = D⊥. Since τ−1 permutes I1, . . . , It and
hence I1 + uI1, . . . , It + uIt , there is a permutation λ of 1,2, . . . , t such that τ−1(Ii + uIi ) =
Iλ(i) + uIλ(i). When r = 3 or 5, λ is trivial. The main theorem required for our classification is
[11, Theorem 2.5].

Theorem 1.3. Let C be a code of length n over F2 + uF2 with automorphism σ as in (2). The
following hold:

(i) Assume that C is self-dual. Then Φ(C(σ )) is self-dual under 〈·,·〉, and for 1 � i � t ,
Eλ(i)(σ )∗ = (τ−1(Ei (σ )∗))⊥ under 〈·,·〉J .

(ii) Conversely, if Φ(C(σ )) is self-dual under 〈·,·〉, and for 1 � i � t , Eλ(i)(σ )∗ = (τ−1(Ei (σ )∗))⊥
under 〈·,·〉J , then C is self-dual.
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In our classification, testing for equivalence of the self-dual codes will be required. In [11]
two methods were described. Only one of them is actually needed for the codes we obtain in this
paper. We first define a series of maps that will be used.

• Since σ has form (2), let σi = ((i−1)r +1, (i−1)r +2, . . . , (i−1)r +r) for 1 � i � c. Thus
σ = σ1σ2 . . . σc. Let W = {σa1

1 . . . σ
ac
c | 0 � ai < r, for 1 � i � c}. Application of an element

of W to C cycles each of the r-cycles separately and hence acts on a|Ωj
for 1 � j � c by

multiplying by a power of X. Thus an element of W acts trivially on Φ(C(σ )) and cycli-
cally shifts codewords of Ei (σ )∗ on each r-cycle. For example when r = 3, respectively 5,
application of the elements of W is the same as applying powers of α, respectively β3,
independently to the coordinates of E1(σ )∗.

• Define Σ ′
c = {φ′ ∈ Symn | φ ∈ Symc} where ((i − 1)r + j)φ′ = (iφ − 1)r + j for 1 �

i � c, 1 � j � r , and xφ′ = x for cr + 1 � x � cr + f . Elements of Σ ′
c permute the c r-

cycles keeping the natural order in each r-cycle. So an element of Σ ′
c permutes the r-cycle

components of codewords in either Φ(C(σ )) or Ei (σ )∗.
• Let Σ∗

f = {φ∗ ∈ Symn | φ ∈ Symf } where xφ∗ = x for 1 � x � cr and (cr + i)φ∗ = iφ

for 1 � i � f . Application of an element of Σ∗
f permutes the fixed points of C(σ ) and acts

trivially on Ei (σ )∗.
• Let D = {diag(d1, . . . , dn) | dj ∈ {1, v} for 1 � j � n with d(i−1)r+1 = d(i−1)r+2 = · · · =

d(i−1)r+r when 1 � i � c}. Applying elements of D to C scales each coordinate but with
a constant scalar on each r-cycle. An element of D acts as a diagonal map on Φ(C(σ )) or
Ei (σ )∗.

• For any integer i, let ir ≡ i (mod r) where 0 � ir < r . For 1 � b < r , define gb to be the
permutation in Symn given by ((i − 1)r + 1 + k)gb = (i − 1)r + 1 + (kb)r for 1 � i � c,
0 � k < r , and igb = i for cr + 1 � i � cr + f . The effect of applying gb to C is to replace
X by Xb in each r-cycle, which is exactly the same as applying τb to each r-cycle. Let
G = {gb | 1 � b < r}. If gb ∈ G , then gb acts like τb on each r-cycle. This is a trivial action
on Φ(C(σ )) and sends a codeword of Ei (σ )∗ to a vector whose r-cycle components are all
in some Ij + uIj .

The following result combines Theorems 2.8 and 2.9 of [11].

Theorem 1.4. Let C and C′ be codes over F2 +uF2 both having σ in their automorphism groups.
Suppose that C = C(σ ) ⊕ E1(σ ) ⊕ · · · ⊕ Et (σ ) and C′ = C′(σ ) ⊕ E ′

1(σ ) ⊕ · · · ⊕ E ′
t (σ ) are the

decompositions of C and C′.

(i) Assume that 〈σ 〉 is a Sylow r-subgroup of Aut(C). Then C and C′ are equivalent if and only
if C′ = CM for some M ∈ W Σ ′

cΣ
∗
f D G .

(ii) Let M ∈ W Σ ′
cΣ

∗
f D G where C′ = CM . Then C′(σ ) = C(σ )M and E ′

ν(i)(σ ) = Ei (σ )M for

some permutation ν of 1,2, . . . , t . Furthermore, if M̂ is the projection of M onto Σ ′
cΣ

∗
f D

(i.e. ignore the W and G portions of M), then M̂ ∈ Aut(Φ(C(σ ))).

For a given n, r , and c, the classification strategy is as follows.

• Up to permutation equivalence and application of elements of W and G , find all possible gen-
erator matrices for the Ei (σ )∗’s, where Ei (σ ) does not contain low Lee weight codewords.
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Compute the subgroup of W Σ ′
c G that fixes each Ei (σ ); let T be the group of permutation

parts (in Symc) that arise.
• For Φ(C(σ )) examine all possible self-dual codes over F2 +uF2 of length c +f and choose

coordinates that will correspond to the c r-cycle coordinates up to equivalence under the
automorphism group. Many cases can be eliminated by the presence of low Lee weight
codewords in C(σ ). For each choice, fix a generator matrix and hence an order of these r-
cycle coordinates; compute the subgroup S of the automorphism group that stabilizes these
coordinates, ignoring the action on the fixed points.

• The r-cycle coordinates of Φ(C(σ )) must be permuted in all possible ways to check with
each choice of E1(σ )∗, . . . , Et (σ )∗. However, equivalent codes are obtained when two per-
mutations are in the same double coset SgT in Symc; thus choose only representatives from
these double cosets and permute the coordinates of Φ(C(σ )) by these permutations.

• After a pair, Φ(C(σ )) and E (σ )∗, is combined to produce the code C over F2 +uF2, generate
G(C). The minimum Lee weight of C is the minimum Hamming weight of G(C).

• In the cases arising in this paper where the codes were not previously found in [11], the
Sylow r-subgroup of Aut(C) had order r . Apply Theorem 1.4 to decide equivalence between
codes.

Much of the work can be done by hand, particularly eliminating choices for Φ(C(σ )) and the
Ei (σ )∗’s. Computer work was performed using GAP [1] and GUAVA [6].

Before proceeding with the results, we note that all extremal/optimal binary self-dual codes
are known through length 36. From these codes, the τ -method could be used to find all ex-
tremal/optimal self-dual codes over F2 + uF2 through length 18. However, evidence suggests
that the number of such codes could be quite large. For example, in [2], the 9, respectively 85, in-
equivalent binary Type II (extremal and nonextremal) codes of length 24, respectively length 32,
lead to 82 and 1894 self-dual codes over F2 + uF2 of lengths 12 and 16. In the next section,
we show that the 7 inequivalent binary extremal codes of length 20 produce 83 self-dual codes
over F2 + uF2 of length 10 using the τ -method. As there are 938 [34,17,6] and 41 [36,18,8]
extremal binary self-dual codes [3,12], the number of extremal self-dual codes over F2 + uF2

of lengths 17 and 18 (especially 17) is probably indeed large. In addition the τ -method cannot
be used for codes over F2 + uF2 of lengths 19 and 20 as no classification of extremal self-dual
binary codes of lengths 38 and 40 is known.

2. Results

In completing our classifications, we need to know all the self-dual codes over F2 + uF2

of lengths n = 9 and 10. In classifying these codes, those with minimum Lee distance 2 are
decomposable as stated previously. By Theorem 1.2, the maximum Lee distance of self-dual
codes of length 9 or 10 is 4. So in each case to find all self-dual codes, those of minimum Lee
distance 4 become the ones of interest.

When n = 9, we applied the τ -method to the [18,9,4] binary self-dual codes found in [13].
Only two possibilities arose and both had automorphisms of order 3; hence they had been found
in [11]. This yields the following theorem.

Theorem 2.1. There are exactly two inequivalent self-dual codes over F2 + uF2 of length n = 9
with minimum Lee weight dL = 4.
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Table 1
Generator matrices for some self-dual codes of lengths 9 and 10.

C Generator matrix

B0 u00000000;011110u00;00u11110u;0000u1111;010101010
B1 uuu000000;000111111;000000u0u;0000000uu;011011000;101101000
B2 uuu000000;00011101u;0000001u1;011011000;101101000

C38 1111110u00;000u11110u;00000u1111;1110101010;0uu0000000;u0u0000000
C39 1110001u00;uuu111010u;0000000u11;0110110000;1011010000
C41 111111110u;uuu1110111;uuu000u000;uuuuuu00u0;0110110000;1011010000
C42 11100010u0;uuu000011u;00011100u1;0110110000;1011010000
C43 111uuu10u0;000111u1u0;uuuuuu0011;0110110000;1011010000

Generator matrices for these codes, denoted B1 and B2, are given in Table 1. The decompos-
able code B0 with minimum Lee weight 2 listed in that table is required in our classification of
Lee-optimal codes of length n = 17.

For length n = 10, the τ -method was applied to the [20,10,4] binary self-dual codes found
in [13]. A total of 83 codes resulted. Of these, 54 had odd prime order automorphisms and were
the 54 codes found in Tables 2–5 of [11]. Generator matrices for the ones among these that we
need for our classification of Lee-extremal codes of length 20 are given in Table 1 with code
numbers corresponding to the numbering in [11]. Generator matrices for the remaining 29 codes
are given in Table 2. Each of these codes has an automorphism group of order 2k , with k given
in the table. Using the numbering in the table, C55 comes from A8 ⊕ B12 in [13], C56–C58 from
K20, C59–C65 from M20, and C66–C83 from S20; the codes arising from J20, L20, and R20 all had
odd prime order automorphisms. Codes C1–C9 from Table 2 in [11] and C55 from Table 2 are
decomposable. There were 12 Type IV codes among the 54 codes in [11]; only C68 and C73 are
Type IV from Table 2.

Theorem 2.2. Up to equivalence there are 83 Lee-extremal self-dual codes over F2 + uF2 of
length 10. Ten are decomposable and 14 are Type IV.

We proceed with our main results. When n = 17, there are no Lee-extremal self-dual codes
and Lee-optimal self-dual codes have minimum Lee weight dL = 6. In [11] all such codes were
classified with odd prime order automorphisms except those having automorphisms of order 5
with 2 5-cycles or order 3 with 4 3-cycles.

Let C be a Lee-optimal self-dual code having automorphism σ of order 5 with 2 5-cycles.
Then Φ(C(σ )) is a self-dual code of length 9; such codes have minimum Lee weight 2 or 4.
Two of the 9 coordinates must represent the 5-cycles. Suppose Φ(C(σ )) is decomposable with
three or more components. Then one component must have its entire support in the fixed points
of σ , implying that C(σ ) has a codeword of weight 2 or 4. Assume Φ(C(σ )) is decomposable
with two components; by the same argument both components must each have one coordinate
representing a 5-cycle. There are no indecomposable self-dual codes of lengths 3 or 5 imply-
ing that Φ(C(σ )) is either the sum of A1 (from (1)) with an indecomposable of length 8 or K2
with an indecomposable of length 7. In the first case, by examining the generator matrices of the
length 8 indecomposables in [11], all but two of these indecomposables, denoted [8,4]_e8a and
[8,4]_e8b, have four codewords equivalent to uu000000, 00uu0000, 0000uu00, and 000000uu;
three of these codewords have their supports entirely in fixed points leading to Lee weight 4
codewords in C(σ ). Each of [8,4]_e8a and [8,4]_e8b has transitive automorphism groups and
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Table 2
The [10,5,4] self-dual codes with automorphism groups of order 2k .

i gen(Ci ) k

55 101u000000;01u1000000;0000110u00;0000u0110u;0000000u11 12
56 0u11000000;0011110000;00000011u0;110u0u1100;0011uu0u11 11
57 0u11000000;0011110000;0000001111;11u00u1100;000011u01v 12
58 0u11000000;0011110000;0000001111;11u00u1100;0u0000u0u0;uu00000000 12
59 000011u0u0;0u1100000u;0u00u01100;110u00u0u0;u0u00u0011 11
60 110000v1v1;0u11000011;000uvv1v1v;000uuu0u0u;0u00u00u00;000000uu00;00000000uu 13
61 110u00u011;0u11000011;000011u011;000u0011u0;u0u00u000u;00000000uu 12
62 110000v1v1;0u1100000u;000u11v1v1;000u00u011;0u00u00u00;000000uu00 11
63 1100u00uu0;00110u000u;0uu0110uu0;0u00u01100;0uu00u0011 11
64 1100000uu0;0011110000;0000001111;0u11000v0v;00v0u11001 8
65 v111000v0v;0011110000;0000001111;00v0u11001;uu00000000;u000000uu0 9
66 1100u0u011;0011u0u011;u0u0110011;u0u0001111;00000000uu;u0u0u0u0u0 13
67 1100u0u0u0;0011u0u0u0;u0u01100u0;u0u00011u0;u0u0u0u011 13
68 11u000000u;u01100000u;000011u00u;0000u0110u;u0u0u0u011 13
69 11u0u00u00;u011u00u00;u0u0110uu0;u0u0u011u0;0000u00u11 12
70 11u0u00u00;u011u00u00;u0u01100u0;u0u00011u0;0000u00u11 12
71 110011001v;1111000000;u0u0110011;0000111100;0000u00u0u;00000000uu 12
72 11000011u0;00110011u0;0000111100;u00u000011;000000uu00;u00uu00u00 13
73 110u0011u0;u0110011u0;0000111100;0000u00u11;000000uu00;u00uu00u00 13
74 1100110011;1111000000;0000111100;u00u00000u;0000u00u0u;000000uu00;00000000uu 13
75 11u0000000;u011110011;000011u000;00u00u1111;00u000u0u0;00000000uu 11
76 11u0000000;u0111100u0;000011u000;00u0u011u0;00u000u011 11
77 11u0000000;u011110011;000011u000;00u0u01111;00u000u01v 11
78 11u0000000;u011110011;0000111100;00u01100u0;0000u0v1v1 11
79 11u0000000;u0111100u0;0000111100;00u0110011;00u0u0u0u0;00000000uu 11
80 11u0000000;u011110011;0000111100;00u011001v;00u0u0u011 11
81 11u0000000;u011110011;0000111100;00u0u01v11;00u00011u0 11
82 11u0000000;u0111100u0;0000111100;00u0u01vu0;00u0001111 11
83 11u0000000;u011110011;0000111100;00u0u01v11;0000u00u0u;00000000uu 11

codewords equivalent to 00001111 leading to a codeword of Lee weight 4 whose support is en-
tirely in fixed points. In the second case, there is only one indecomposable of length 7, denoted
[7,3]_e7; it has a transitive automorphism group also with a codeword equivalent to 0001111
leading to a codeword of Lee weight 4 whose support is entirely in fixed points. So by The-
orem 2.1, Φ(C(σ )) = Bi for i = 1 or 2. If Φ(C(σ )) = B1, rows three and four of gen(B1) in
Table 1 show that both 5-cycle coordinates of Φ(C(σ )) come from coordinates 7, 8, and 9 of
B1 implying the Lee weight 4 codeword in row five has its support entirely in fixed points. If
Φ(C(σ )) = B2, row three of gen(B2) shows that one 5-cycle coordinate of Φ(C(σ )) comes from
coordinates 7, 8, and 9 of B2. Thus row four, row five, or the sum of these two rows gives a Lee
weight 4 codeword with support entirely in fixed points. This shows that there are no Lee-optimal
self-dual codes of length 17 with an automorphism having 2 5-cycles and 7 fixed points.

Now assume that σ is an automorphism with 4 3-cycles and 5 fixed points of the Lee-optimal
code C of length n = 17. A similar but slightly more tedious argument to the prime 5 case
eliminates all but B0 = A1 +[8,4]_e8b, B1, and B2 from Table 1 as choices for Φ(C(σ )). (In the
argument, it is helpful to note that if either A1 or K2 is a component, all its coordinates represent
3-cycles, the automorphism group of [7,3]_e7 is doubly transitive, and the automorphism group
of [8,4]_e8a is triply transitive.) As in [11] the possibilities for gen(E1(σ )∗) are
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Table 3
Lee-extremal self-dual codes of length 17 where σ = (1,2,3) . . . (10,11,12).

0:1,2,3,4;3;3 0:1,2,3,4;4;3 1:1,2,7,8;3;3 2:1,2,3,7;3;5 2:7,2,3,1;4;3 2:1,2,4,7;1;5
2:1,2,4,7;3;5 2:1,2,7,4;3;2 2:1,2,7,4;4;2 2:2,1,7,4;4;5 2:1,2,6,7;3;5 2:7,2,6,1;4;3
2:1,2,7,8;1;3 2:1,2,7,8;3;2 2:1,7,2,8;3;5 2:1,2,7,8;4;2 2:7,1,8,2;4;3 2:1,2,7,9;3;3
2:1,2,7,9;4;3

[
α0 α0 α0 α0 + ua

0 uα0 0 uα0

0 0 uα0 uα0

]
, where a =

{
0 #1,

α0 #2,
or (4)

[
α0 0 α0 + ub uα0

0 α0 uα0 α0 + uc

]
, where (b, c) =

⎧⎨⎩
(0,0) #3,

(0, α0) #4,

(α0, α0) #5.

(5)

We have the following result.

Theorem 2.3. There are no Lee-extremal self-dual codes of length n = 17. The Lee-optimal codes
have minimum Lee weight dL = 6. Up to equivalence there are 21 Lee-optimal self-dual codes
C having an automorphism of order 3 with 4 3-cycles. Two of these codes also have automor-
phisms of order 3 with 5 3-cycles and are given in Table 11 of [11]. The remaining 19 codes are
presented in Table 3; they all have automorphism groups of order 2k · 3. (The entries in Table 3
are interpreted as follows. The first entry i gives Bi = Φ(C(σ )) from Table 1, the next 4 entries
after the colon are the columns of Bi that are the 3-cycle coordinates of Φ(C(σ )) in the order
listed. The entry between the semicolons gives gen(E1(σ )∗) from (4) and (5). The rightmost entry
is k where the automorphism group has order 2k · 3.) There are no Lee-optimal self-dual codes
with an automorphism of order 5 having 2 5-cycles.

When n = 18, Lee-optimal self-dual codes have minimum Lee weight dL = 8. In [11] all such
codes were classified with odd prime order automorphisms except those having automorphisms
of order 5 with 2 5-cycles or order 3 with 4 3-cycles. We briefly show no codes arise with these
automorphisms.

First consider the case that C is a Lee-extremal self-dual code of length 18 with an automor-
phism σ having 2 5-cycles and 8 fixed points. Then Φ(C(σ )) is a self-dual code of length 10.
If Φ(C(σ )) is decomposable, any A1 or K2 component must have all its coordinates represent-
ing 5-cycle coordinates as dL = 8. By examining the generator matrices of the indecomposable
self-dual codes of length 9 or less, it is easy to show that it is impossible to choose 2 coordinates
that would represent the 2 5-cycles without having a low Lee weight codeword in C(σ ). Thus
the 73 indecomposable codes of Theorem 2.2 remain. These can also be eliminated by hand for
the same reason. (Many of these have five codewords equivalent to uu00000000, 00uu000000,
0000uu0000, 000000uu00, and 00000000uu. This means that at least three of these have their
supports in fixed points of Φ(C(σ )) and hence C(σ ) has a Lee weight 4 codeword, contradicting
dL = 8.)

Next consider the case that C is a Lee-extremal self-dual code of length 18 with an auto-
morphism σ having 4 3-cycles and 6 fixed points. Then Φ(C(σ )) is again a self-dual code of
length 10. Φ(C(σ )) cannot have A1 or K2 as a component as such a component leads to a code-
word in C(σ ) with Lee weight 2, 4, or 6. Thus Φ(C(σ )) has minimum Lee weight 4 and hence
is one of the 83 codes of Theorem 2.2. Using the structure of the generator matrices and auto-
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morphism groups it is easy, though tedious, to show that there is no way to choose 4 coordinates
from Φ(C(σ )) that would represent 3-cycle coordinates without yielding a nonzero codeword in
C(σ ) of Lee weight 6 or less. This gives the following result.

Theorem 2.4. There are no Lee-extremal self-dual codes of length n = 18 with an automorphism
of order 5 having 2 5-cycles or of order 3 having 4 3-cycles.

When n = 19, the automorphisms with order 3 having 4 or 5 3-cycles and with order 5 having
2 5-cycles remained open from [11]. First assume C is a Lee-extremal self-dual code of length
19 with an automorphism σ of order 3 having 5 3-cycles. C has minimum Lee weight dL = 8.
Then Φ(C(σ )) is a self-dual code of length 9. As dL = 8, neither A1 nor K2 can be components
of Φ(C(σ )). Therefore Φ(C(σ )) = B1 or B2 from Table 1. Using GAP and the automorphism
groups of these codes, possible choices can be found for the coordinates of Bi that represent
3-cycles in Φ(C(σ )); by finding low Lee weight codewords, some, but not all, of the cases can
be eliminated by hand. As in [11], gen(E1(σ )∗) is one of

[
α0 0 α0 α0 α0 + ux

0 α0 α0 α + uy α2 + uz

0 0 uα0 uα2 uα

]
, where (x, y, z) =

⎧⎨⎩
(0,0,0) #1,

(0, α0, α0) #2,

(α0, α0, α) #3.

(6)

Using GAP all possible combinations were eliminated.
When n = 19 and σ has 2 5-cycles and 9 fixed points or 4 3-cycles and 7 fixed points,

Φ(C(σ )) is self-dual of length 11. A complete classification of the possible length 11 codes
can be avoided as follows. For both choices of σ , arguments similar to those given before can be
used to eliminate the case where Φ(C(σ )) is decomposable. So Φ(C(σ )) is indecomposable. Let
B = G(Φ(C(σ ))) be the Gray image of Φ(C(σ )), which must be a binary [22,11] self-dual code
with an automorphism τ consisting of 11 transpositions. Even though Φ(C(σ )) is indecompos-
able, it is conceivable that B could be decomposable. If this were the case, τ could not fix any
proper subset of the components as this would imply that Φ(C(σ )) is decomposable. As τ has
order 2, B could have only two equivalent components; these would be binary self-dual codes of
length 11, which is impossible. So B is also indecomposable. By [14], these codes are known; in
that paper they are denoted G22, N22, P22, Q22, R22, S22, T22, and U22.

In constructing the code G−1(B) over F2 + uF2, the 11 transpositions of τ merge to become
the 11 coordinates of G−1(B). Consider first the case that σ has 2 5-cycles. From among the
11 coordinates of G−1(B), 2 coordinates, and hence 2 transpositions of τ , must be chosen to
represent the 2 5-cycles coordinates of Φ(C(σ )). Call the 4 coordinates, among the 22 coordi-
nates of B, making up these 2 transpositions distinguished. Consider what happens to a weight
4 codeword in B. If its support does not overlap the distinguished coordinates, then since G is a
weight preserving isometry, Φ(C(σ )) has a Lee weight 4 codeword with support entirely in the
fixed points of σ , and hence there is a Lee weight 4 codeword in C(σ ), a contradiction. There-
fore the support of any weight 4 binary codeword in B must contain at least one distinguished
coordinate.
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Using this observation, we illustrate how to eliminate all cases but G22. For example, suppose
B = U22. By [14], five rows of a generator matrix for B are⎡⎢⎢⎢⎣

1111000000000000000000
0000111100000000000000
0000000011110000000000
0000000000001111000000
0000000000000000111111

⎤⎥⎥⎥⎦ . (7)

By the above observation, there must be at least one distinguished coordinate from among each
of the sets of coordinates {1,2,3,4}, {5,6,7,8}, {9,10,11,12}, and {13,14,15,16}, and thus
exactly one from each. But then row 5 of (7) leads to a Lee weight 6 codeword in Φ(C(σ ))

with support entirely in the fixed points of σ . Hence there is a Lee weight 6 codeword in C(σ ),
a contradiction. As a second example, suppose that B = T22. By [14], five rows of a generator
matrix for B are ⎡⎢⎢⎢⎣

1111000000000000000000
0000111100000000000000
0000000011110000000000
0000000000111100000000
0000000000000011110000

⎤⎥⎥⎥⎦ . (8)

By the observation, there must be at least one distinguished coordinate from among each of
the sets of coordinates {1,2,3,4}, {5,6,7,8}, {9,10,11,12}, and {15,16,17,18}, and thus
exactly one from each. By the observation again, there must be at least one distinguished co-
ordinate from among each of the sets of coordinates {1,2,3,4}, {5,6,7,8}, {11,12,13,14}, and
{15,16,17,18}, and thus exactly one from each. Therefore there must be one distinguished co-
ordinate from each of {1,2,3,4}, {5,6,7,8}, {11,12}, and {15,16,17,18}, But then row 3 plus
row 4 of (8) leads to a Lee weight 4 codeword in Φ(C(σ )) with support entirely in the fixed
points of σ .

Analogous arguments eliminate all but G22, the [22,11,6] shortened Golay code. The auto-
morphism group of this code has only one class of involutions with 11 transpositions leading
to a unique self-dual code over F2 + uF2 of length 11; this code has minimum Lee weight 6
and has an automorphism of order 5. This must be the unique code, which we denote G11, of
Theorem 5.3 in [11]; the generator matrix is found in Table 4.2 By using GAP, there are three
orbits of pairs of coordinates under the automorphism group of G11. Two of these still give
a Lee weight 6 codeword in C(σ ). The only possibility we need to check is G11: 1,11 with
gen(E1(σ )∗) = [β0 β0 + uβ5]. (Here G11: 1,11 means that coordinates 1 and 11 from Table 4
correspond to the two 5-cycle coordinates of Φ(C(σ )).) This code has minimum Lee weight 6.

Now consider the case where σ has 4 3-cycles. This time we need 8 distinguished coordinates.
Consider again what happens to a weight 4 codeword in B. If its support does not contain at
least two distinguished coordinates, then Φ(C(σ )) has a Lee weight 4 codeword with support
entirely in at least three fixed points of σ ; hence there is a Lee weight 4 or 6 codeword in C(σ ),
a contradiction. Therefore the support of any weight 4 binary codeword in B must contain at
least two distinguished coordinates. Similar arguments to the previous case eliminate all but

2 The only Lee-extremal self-dual codes over F2 + uF2 of length 11 must have Gray image G22. Hence there is only
one such code.
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Table 4
Generator matrices for some self-dual codes of lengths 11 and 12.

C Generator matrix

G11 uuuuu000000;00000111111;011110v11v0;10111v0v110;110111v0v10;1110111v0v0

G12 111000uuu111;000111111uuu;0110000110uu;101000101u0u;0000110uu0vv;000101u0uv0v

X1 111100000000;000011110000;1100v00v100v;10100000u101;0000u10v0101;00001010101u

X2 111100000000;01uv0000v100;0011vv001u01;00001111v1v1;00001v001v11;0000001vv111
Y1 110000000u0u;u00000110011;00u000001111;0011000u000u;000011111111;0000010101uv

Y2 110000001111;u00000v100v1;00u00000v1v1;001100110011;000011111111;0000101010vu

Y3 110000110011;u00001010v0v;0011001100vv;000011111111;0000111v000u;u0u000000u0u;
000000uu00uu

Y4 111100000000;101000000v1u;110000vv00vv;000011111111;000001vu01vu;0000000u111v

Z1 111111000000;000000111111;0110000110uu;101000101u0u;0000110uu0vv;000101u0uv0v

Z2 10001100u001;01001v001vv0;00101v011u10;0001010uu0v1;0000uv1010uv;00000uvv1vu0
Z3 uuu000000000;000uuu000000;000000111111;0110000110uu;101000101u0u;0000110uu011;

000101u0u101

G22, which leads to G11. By GAP, under the automorphism group of G11, there are 6 orbits of
size 4 that would represent the 4 fixed points of σ . Four of these lead easily to low Lee weight
codewords in C(σ ). We tested G11 : 1,2,3,11 and G11 : 1,2,6,11 with gen(E1(σ )∗) chosen from
(4) and (5). All cases yielded codes with minimum Lee weight 6 or less.

Theorem 2.5. There are no Lee-extremal self-dual codes of length n = 19 with an automorphism
of order 5 having 2 5-cycles or of order 3 having 4 or 5 3-cycles.

When n = 20, the automorphisms with order 3 having 4 or 5 3-cycles and with order 5 having
2 5-cycles remained open from [11]. Assume C is a Lee-extremal self-dual code, with mini-
mum Lee weight dL = 8, of length 20 with an automorphism σ of order 3 having 5 3-cycles.
Then Φ(C(σ )) is a self-dual code of length 10. Arguing as in the case n = 19, Φ(C(σ )) is in-
decomposable. Several possibilities cannot be eliminated by hand and using their automorphism
groups, coordinates representing the 3-cycles were determined. Using gen(E1(σ )∗) from (6), the
extremal codes were determined.

When σ has 2 5-cycles or 4 3-cycles, Φ(C(σ )) is a self-dual code of length 12 and B =
G(Φ(C(σ ))) is a [24,12] self-dual binary code. As in the case n = 19, B is indecomposable, and
hence one of 26 possibilities found in [14], or B = B12 + B12, where B12 is found in [13]. When
σ has 2 5-cycles all but G24, Y24, and Z24 can be eliminated; when σ has 3 4-cycles all but G24,
X24, Y24, and Z24 can be eliminated. Applying the τ -method to these latter four codes gives 1, 6,
6, and 3 self-dual codes of length 12 over F2 + uF2. As in previous arguments, several of these
cannot actually be used as Φ(C(σ )). Only those that occur are listed in Table 4, with the notation
for the code over F2 + uF2 connected to the associated binary code in the obvious way.3

Theorem 2.6. The Lee-extremal codes of length n = 20 have minimum Lee weight dL = 8. We
have the following:

3 The only Lee-extremal Type II self-dual codes over F2 + uF2 of length 12 must have Gray image G24. Hence there
is only one such code, G12, which is the code C3 found in [11, Theorem 5.4]. Furthermore, the other two codes C1 and
C2 of [11, Theorem 5.4] are Z3 and Z1 of Table 4, respectively. All other length 12 self-dual codes in Table 4 have
automorphism groups that are 2-groups.
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Table 5
Lee-extremal self-dual codes of length 20 where σ = (1,2,3) . . . (13,14,15).

38:2,3,7,8,10;1;3 39:1,2,3,8,9;2;2 39:1,2,3,9,8;3;2 39:1,2,3,9,10;2;3 39:1,2,3,9,10;3;3 39:1,2,6,8,9;2;4
39:1,2,6,9,8;3;4 41:1,2,3,7,9;2;6 41:1,2,3,8,9;2;4 42:1,2,3,8,10;3;6 43:1,2,3,7,9;2;8 43:1,2,3,8,9;2;6
59:1,3,5,7,9;1;2 61:1,3,5,7,9;1;5 63:1,3,5,7,9;1;2 64:3,8,4,7,1;2;2 64:1,3,4,7,8;3;2 64:1,3,7,8,4;3;3
64:1,3,4,7,10;1;5 64:1,3,4,7,10;2;2 64:3,10,4,7,1;2;2 64:1,3,4,7,10;3;2 64:1,3,7,10,4;3;3 64:1,3,5,7,8;1;10
64:1,3,5,7,8;2;4 64:1,3,5,7,8;3;5 64:1,3,7,8,5;3;6 64:1,3,5,7,10;2;2 64:1,3,5,7,10;3;2 64:1,3,7,10,5;3;3
64:1,3,6,7,10;1;8 64:1,3,6,7,10;3;5 64:1,3,7,10,6;3;6 65:1,3,4,7,8;3;3 65:1,3,4,7,9;1;8 65:1,3,4,7,9;2;4
65:1,3,4,7,9;3;5 65:1,3,7,9,4;3;10 66:1,3,5,7,9;1;4 67:1,3,5,7,9;1;6 68:1,3,5,7,9;1;6 69:1,3,5,7,9;1;3
70:1,3,5,7,9;1;5 72:1,3,5,7,9;1;6 73:1,3,5,7,9;1;8

(i) Up to equivalence there are 4 Lee-extremal self-dual codes C with an automorphism of
order 5 having 2 5-cycles. Two codes have automorphism groups of order 212 · 5; both have
gen(E1(σ )∗) = [β0 β0 + uβ5] with Φ(C(σ )) = G12: 1,2 in one case and Φ(C(σ )) = Z2:
1,2 in the other. The first is Type II and the other Type I; neither is Type IV. The remaining
two codes also have automorphisms of order 5 with 4 5-cycles and are presented in Table 16
of [11].

(ii) Up to equivalence there are 56 Lee-extremal self-dual codes C with an automorphism of
order 3 having 5 3-cycles. Eleven of the codes also have an automorphism of order 5 with
4 5-cycles or order 3 with 6 3-cycles; they are presented in Tables 16 and 17 of [11]. The
remaining 45 codes have automorphism groups of order 2k · 3 and are presented in Table 5.
(The entries in Table 5 are interpreted as follows. The first entry i gives Ci = Φ(C(σ )) from
Tables 1 and 2. The next 5 entries after the colon are the columns of Ci that are the 3-
cycle coordinates of Φ(C(σ )) in the order listed. The entry between the semicolons gives
gen(E1(σ )∗) from (6). The rightmost entry is k where the automorphism group has order
2k ·3.) Of these 45 codes, 32 are Type I but not IV, one is both Type I and IV, nine are Type II
but not IV, and three are both Type II and IV.

(iii) Up to equivalence there are 134 Lee-extremal self-dual codes C with an automorphism of
order 3 having 4 3-cycles. Three of the codes also have an automorphism of order 5 with 4 5-
cycles; they are presented in Table 16 of [11]. The remaining 131 codes have automorphism
groups of order 2k ·3 and are presented in Table 6. (The entries in Table 6 are interpreted as
follows. The first 4 entries are the 3-cycle coordinates of Φ(C(σ )) in the order listed. The
entry between the semicolons gives gen(E1(σ )∗) from (4) and (5). The rightmost entry is k

where the automorphism group has order 2k · 3.) Of these 131 codes, 76 are Type I but not
IV, nine are both Type I and IV, 46 are Type II but not IV, and none are both Type II and IV.

The current results combined with those of [11] classify all Lee-optimal or Lee-extremal self-
dual codes of length n for 9 � n � 20 that have an odd prime order automorphism, and hence any
odd order. All Lee-optimal or Lee-extremal codes of length 1 � n � 8 had been classified previ-
ously; see [8,11]. Tables 7 and 8 summarize the number of Lee-optimal or Lee-extremal self-dual
length n codes of Types I and II, respectively, that have an odd prime order automorphism. In
the tables, “dL” is the largest minimum Lee weight for which a Type I, respectively Type II,
code exists. The superscripts “E”and “O” indicate that the code is Lee-extremal, respectively
Lee-optimal. Also “(r, c)/#” is the number of inequivalent codes with an automorphism of prime
order r having c r-cycles. For 12 � n � 20 in Table 7 and n = 20 in Table 8, “Total” indicates the
total number of Lee-extremal or Lee-optimal Type I or II codes with an odd order automorphism;
this is not necessarily the sum of the counts in the previous column as many codes have more
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Table 6
Lee-extremal self-dual codes of length 20 where σ = (1,2,3) . . . (10,11,12).

Φ(C(σ )) = G12

1,2,3,4;1;8 1,2,3,4;2;6 1,2,3,4;3;4 1,2,4,3;3;8 1,2,3,4;4;4 1,2,4,3;4;5 1,2,4,3;5;6
1,2,3,7;1;5 1,2,3,7;3;3 1,2,7,3;3;7 2,1,3,7;4;5 1,2,7,8;1;16 1,2,7,8;2;16 1,2,7,8;3;13
1,2,8,7;3;12 1,2,8,7;4;12

Φ(C(σ )) = Z1

1,2,3,7;1;5 1,2,3,7;3;3 1,2,7,3;3;7 2,1,3,7;4;5 1,2,7,8;1;16 1,2,7,8;2;16 1,2,7,8;3;13
1,2,8,7;3;12 1,2,8,7;4;12

Φ(C(σ )) = Z2

1,2,3,4;1;3 1,2,3,4;3;2 1,3,2,4;3;2 1,2,4,3;4;3 1,2,3,5;1;15 1,2,3,5;2;15 1,2,3,5;3;12
1,2,5,3;3;12 1,3,2,5;3;12 1,2,3,5;4;12 1,2,5,3;4;12 1,5,2,3;4;12 1,2,4,6;1;5 1,2,4,6;2;7
1,2,4,6;3;3 1,4,2,6;3;5 1,2,4,6;4;3 1,4,2,6;4;5 4,1,6,2;4;7 1,4,2,6;5;5 1,2,4,7;1;6
1,2,4,7;2;4 1,2,4,7;3;3 1,4,2,7;3;3 1,2,4,7;4;3 1,4,2,7;4;3 1,2,7,4;5;4 1,2,4,11;1;5
1,2,4,11;3;3 1,4,2,11;3;7 1,4,2,11;4;5 1,3,4,11;1;5 1,3,4,11;3;3 1,4,3,11;3;7 1,4,3,11;4;5
4,6,7,8;1;8 4,6,7,8;2;6 4,6,7,8;3;4 4,7,6,8;3;8 4,6,7,8;4;4 4,7,6,8;4;5 4,7,6,8;5;6
4,6,11.12;1;14 4,6,11,12;2;14 4,6,11,12;3;11 4,6,12,11;3;10 4,6,11,12;4;12 4,6,12,11;4;11 4,11,6,12;4;11
6,4,12,11;4;12

Φ(C(σ )) = Z3

1,4,7,10;1;14 1,4,7,10;2;14 1,4,10,7;3;11 1,7,4,10;3;11 1,4,7,10;4;11 1,4,10,7;4;10 1,4,7,10;5;12

Φ(C(σ )) = X1

1,2,5,6;1;8 1,2,5,6;2;6 1,2,5,6;3;4 1,5,2,6;3;6 1,2,5,6;4;4 1,5,2,6;4;5 1,5,2,6;5;8

Φ(C(σ )) = X2

1,4,5,7;1;5 1,4,5,7;3;3 1,5,4,7;3;7 5,1,7,4;4;5

Φ(C(σ )) = Y1

1,3,5,12;1;5 1,3,5,12;3;3 1,5,3,12;3;7 1,5,3,12;4;5

Φ(C(σ )) = Y2

1,3,5,12;1;5 1,3,5,12;3;3 1,5,3,12;3;5 1,5,3,12;4;7

Φ(C(σ )) = Y3

1,3,5,10;1;8 1,3,5,10;3;4 1,5,3,10;3;5 1,3,5,12;1;8 1,3,5,12;3;4 1,5,3,12;3;5

Φ(C(σ )) = Y4

1,2,5,12;1;7 1,2,5,12;2;5 1,2,5,12;3;3 1,5,2,12;3;5 1,2,5,12;4;3 1,5,2,12;4;5 5,1,12,2;4;5
1,5,2,12;5;7 1,2,6,11;1;7 1,2,6,11;2;5 1,2,6,11;3;3 1,6,2,11;3;5 1,2,6,11;4;3 1,6,2,11;4;5
6,1,11,2;4;5 1,6,2,11;5;7 1,3,6,10;1;5 1,3,6,10;3;3 1,6,3,10;3;7 6,1,10,3;4;5 1,3,6,11;1;5
1,3,6,11;3;3 1,6,3,11;3;7 6,1,11,3;4;5

than one automorphism type. In addition, for 1 � n � 11 in Table 7 and 4 � n � 16 in Table 8 a
second value is given indicating the total number of Lee-extremal or Lee-optimal codes as those
values are determined by [8,11], Theorems 2.1 and 2.2, and footnotes 2 and 3.

The Gray images of the Lee-extremal Type I self-dual codes over F2 +uF2 of length 20 found
here and in [11] are binary self-dual [40,20,8] codes of Type I. By [5,9] the weight enumerator
of such a binary code is

W = 1 + (125 + 16β)y8 + (1664 − 64β)y10 + (10720 + 32β)y12 + · · · ,
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Table 7
Number of Lee-extremal/optimal Type I self-dual codes with odd order automorphisms.

n dL (r, c)/# Total

1 2O 0/1
2 2O 0/2
3 2O (3,1)/1 1/2
4 2O (3,1)/1 1/3
5 2O (3,1)/3 3/5
6 4E (3,1)/2, (3,2)/3, (5,1)/1 4/5
7 4E (3,2)/1, (7,1)/1 1/1
8 4E (3,1)/4, (3,2)/2 5/11
9 4E (3,1)/1, (3,2)/2, (3,3)/1 2/2

10 4E (3,1)/36, (3,2)/37, (3,3)/10, (5,1)/9, (5,2)/5, (7,1)/4 54/83
11 6E (5,2)/1 1/1
12 6E (3,4)/2, (5,2)/1 2
13 6O (3,4)/1 1
14 6O (3,4)/6, (7,2)/2 6
15 6O (3,4)/15, (3,5)/8, (5,3)/3, (7,2)/3 20
16 8E (3,4)/7, (3,5)/3, (7,2)/2 10
17 6O (3,4)/21, (3,5)/16, (5,3)/2 35
18 8E (3,5)/8, (3,6)/31, (5,3)/2 35
19 8E (3,6)/12 12
20 8E (3,4)/87, (3,5)/38, (3,6)/618, (5,2)/2, (5,4)/40 765

Table 8
Number of Lee-extremal/optimal Type II self-dual codes with odd order automorphisms.

n dL (r, c)/# Total

4 4E (3,1)/1 1/2
8 4E (3,1)/5, (3,2)/7, (5,1)/2, (7,1)/2 9/10

12 8E (3,4)/1, (5,2)/1 1/1
16 8E (3,4)/10, (3,5)/5, (5,3)/3, (7,2)/3 13/21
20 8E (3,4)/47, (3,5)/18, (3,6)/273, (5,2)/2, (5,4)/41 358

where 0 � β � 10 with β �= 9. Previously codes with all possible weight enumerators were
known to exist; see [10] for references. We found β for each Gray image of the 765 Type I codes
here and in [11]; all possibilities for β also occurred among the 765 codes.
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