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derivative of F satisfies Holder continuity condition. This continuity condition is milder
than the usual Lipschitz continuity condition. A new family of recurrence relations are

ﬁiﬁgﬁsﬁke method defined based on the two new constants which depend on the operator F. These recurrence
Lipschitz continuous relations give a priori error bounds for the method. Two numerical examples are worked
Hélder continuous out to demonstrate the applicability of the method in cases where the Lipschitz continuity
Cubic convergence condition over second derivative of F fails but Holder continuity condition holds.
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1. Introduction

Let F:$2 € X — Y be a nonlinear operator on an open convex subset §2 of a Banach space X with values in a Banach
space Y. Many researchers [1,2,4,5] have developed and studied the convergence of one point third order iterative methods
such as Chebyshev’s method, Halley’s method and super-Halley’s method to solve nonlinear operator equations F(x) = 0.
These methods are useful in solving stiff systems of equations [15], where a quick convergence is required. They have
established the convergence of these methods by considering the second Fréchet derivative of F to be Lipschitz continuous.
One drawback of these methods is that they involve the second derivative of the operator F which at times is very difficult
to compute. This restricts the use of these methods as their informational efficiency is less than or equal to unity.

Multipoint third order iterative methods [3,6,7,10-12,16] are also discussed to find the solutions of F(x) =0 in Banach
spaces. These methods require information at more than one point and are easy to use as they need only the operator F
and its first derivative F’. The convergence of one such iterative method studied by Wu and Zhao [11] is given as

Yn =% — F' (xa) "' F(xn),

B (F/(xn)+F/<yn>
Xnpr =X — | ———5——

-1 (1)
) F(xp), n=0,1,....

They constructed a majorizing function to study the convergence of this method under the assumption that F” satisfies
Lipschitz continuity condition. Parida and Gupta [10] developed a semilocal convergence analysis of the above iterative
method by using recurrence relations under the same assumptions on the operator F.
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But there are certain problems for which the convergence analysis cannot be studied under the assumption that the
second derivative of F be Lipschitz continuous.

Example. Let us consider the integral equation of Fredholm type [13]
1

Fx)(s) =x(s) — f(5) —A/ > _xty**rt, 2)
s+t
0

with s € [0,1], x, f € C[0,1], p € (0,1] and A is a real number. Now for instance when we choose sup norm, the corre-
sponding second derivative of the operator F satisfies

[F"o = F")| <A +p)2+p)log2x—ylIP, xye. (3)

Hence for p € (0, 1), F” does not satisfy the Lipschitz continuity condition. For example, for p = 1/2, F” satisfies the Holder
continuity condition given by

15
[F"eo = F"n < Irllog2lix—yI'2, x.y e,

but not the Lipschitz continuity condition. For p = 1, the condition (3) reduces to Lipschitz continuity condition. Under
the assumption that F” satisfies Holder continuity condition, Herndndez and Salanova [9] and Herndndez [7] studied the
convergence of Chebyshev's method and its second derivative free version by using recurrence relations. Also under similar
conditions, by using the technique of recurrence relations, Ye and Li [12] studied the convergence of Euler-Halley method.

In this paper, we establish the semilocal convergence of the method (1) by using recurrence relations under the assump-
tion that F” satisfies Holder continuity condition. In order to increase its R-order of convergence from 2 to (2 + p), we have
also given a reformulation of the method (1).

The paper is organized as follows: In Section 2, some preliminary results are given. The recurrence relations for the
method (1) are established in Section 3. An existence-uniqueness theorem is given in Section 4 to establish the R-order of
the method to be 2 and a priori error bounds. In Section 4.1, the convergence of a modified version of the method (1) is
given to establish that the R-order of the method can be increased. In Section 5, two numerical examples are worked out
to show the efficacy of our convergence analysis. Finally, conclusions form Section 6.

2. Preliminary results

In this section, we shall discuss the convergence of the iterative method (1) for solving the nonlinear operator equation
F(x)=0. (4)

Let F be twice Fréchet differentiable operator in £2 and BL(Y, X) be the set of bounded linear operators from Y into X.
Let Iy = F/(xo)~! € BL(Y, X) exists at some point xg € £2 and assume that the following conditions hold on F:

1. ol <8,

2. |[RoF@o)| <m, (5)
3. '@ <M, ¥xeg,

4. |F"x) —F" ()| <Nlx—yll’, Vx, yef, pe(0,1].

If ag = MBn, bg = NBn'*P be two parameters, then for n € Z,, define two real sequences

any1 = anf(an)zg(ana bp) and bpy = bnf(an)2+pg(ana bn)l+p7 (6)
where
f)=@2-x/2-3%), (7)
x4 =03 —%) (p+4y
g(’"y)_[ 2-x? 2<p+1>(p+2>]' ®)

Let ro be the smallest positive zero of the polynomial h(x) = —x> +16x2 — 24x+4, then rg = 0.1905960896 .. . . The following
lemmas will prove a number of properties of the sequences {a,} and {b,}.

Lemma 2.1. Let f and g be the functions defined by (7) and (8) respectively, then for x € (0, ro),

(i) fisincreasingand f(x) > 1,
(ii) gisincreasing in both arguments for y > 0,
(iii) f(8x) < f(x) and g(8x,8Py) <8P g(x,y),for 8 € (0,1) and p € (0, 1].
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Proof. The proof is simple and can be omitted. O

Lemma 2.2. For fixed p € (0, 1], let f and g be the functions defined by (7) and (8), respectively. Let
2(p+1)(p +2)(—x3 +16x* — 24x + 4)

(P+42—x? '
If0 <ag <1pand 0 < bg < @p(ap), then

Dp(x) =

(i) f(an)zg(an, bp) <1,
(ii) {an}, {bn} are decreasing and a, < 1, Vn.

Proof. From definitions of f and g, one can easily conclude that
2(p + 1) (p +2)(—a3 + 16a2 — 24a, + 4)

(p+42—an)?

Induction will be used to prove this lemma. For 0 < ag <o and 0 < by < @p(ap), one can easily conclude from above that
f(ag)?g(ag, bo) < 1. Thus, from Eq. (6), we obtain

f(an)?gan,by) <1 iff by < =Pp(an).

a1 =ao f(ag)>g(ao. bo) <ag < 1,
and as f(x) > 1 in (0, 1], we get
b1 = bo f (a0)*™P g(a0. bo)' P < bo f (a0)*g(ao, bo)[ f (a0)*g(a0. bo)]” < bo.

Let the statements hold for n = k. Then proceeding similarly, one can easily prove that ay,q <ay <1, and by4q < by. Since
f and g are increasing functions, we get

f(@k1)8(@k11, by 1) < flap)?glar, by) < 1.

Thus, the above statements also hold for n =k + 1. Hence, it is true for all n. This proves Lemma 2.2. O
Lemma 2.3. Let us suppose 0 < ag < 1o and 0 < bg < ®p(ap). Define y = ay /ao, then forn > 1, we have

(i) an < ¥2" an_1 < y?'ay, strictly holds forn > 2,
(i) by < ¥®" 'bu_1 < ¥ by,
(i) f(@n)g(@n.bn) <y?'/f (@0).

Proof. We will prove (i) and (ii) by induction. Since a; = yap and a; < ap from Lemma 2.2(i), we get ¥ < 1. By Lem-
mas 2.1(i) and 2.2(i), we get
b1 =bo f (a0)**Pg(ao, bo) P = bo(f (a0)*g(ao. bo)) (f (a0)g(ao, bo))”
< (f(a0)*g(ao. bo))(f (@0)*g(ao. bo))"bo < (f (a0)*g(ao. bo))bo = ¥ bo.
Also,
ay =a1 f(@)*g(@1.b1) < yaof(yao)*g(yao. ybo) < yao f (@o)*y g(@o. bo) = y*ar.
Suppose (i) and (ii) hold for n =k, then

k—1 k—1 2 k—1 k—1
a1 = af (@)?gar, b) <v? a1 f(v* ac1) g(y? a1 v? beor)
k—1 k—1 k
<y? a1 f@-1)*y® gax—1.be-) =y* ar.

Also as f(x) > 1 in (0,1p], we get
b1 = bif (@)* P gk, bi) P = by (f (an)® g (@, b)) (f (@) g (ax, by))”
< bi(f (@) (@, bo) (f (@) g b)) < bk(a’;—f) <v”b.

Hence,

2k 2k 2k—1 20 2k+171
g1 <Y " Qe <y~ Y e YT Ao = (¢1y)

and

1

k k k— 0 k+1_
br+1 <y2 bk<)/2 y2 ~~-y2 bozy2 1b0.
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Thus (i) and (ii) hold for all n by induction. Condition (iii) follows from
f@ngan, bn) < f(y* ao)g(y* a0, y* o) < y*' 7! f(a0)g(ao, bo) = y*'/ f (@o)

as y =ay1/ap = f(aop)?g(ao, bo). O

3. Recurrence relations for the method

353

In this section, the recurrence relations are derived for the method given by (1) under the assumptions mentioned in the

previous section.
Since existence of I gives existence of yg, we get M||Io]|l|yo — Xoll < MBn =ap. Also,

F’ F'(x F'(xo) — F 1 a
Fo) + F (o) =”ro—( OO0 Mirlix - yol < 2 <1.

-1
0 2

2 2

Hence, (M)”F(xo) exists by Banach theorem [14, p. 155], and

1 2
1 < :
— s M| IolllIXo — yoll ~ 2—ao

(F/(J’o) + F'(x0)

-1
5 ) F’(Xo)” <

Thus, we have

F'(yo) + F'(x0)\ " _
%1 —Xoll < ||| ———=——] F'xo)||F(x0)""Fx0)| < lyo —xoll
2 2—ap
and
_ao
lx1 — yoll < llx1 — Xoll + llxo — Yoll < > lyo — xoll-
_ao
Also,

NI Tollllyo — xoll"™*P < NBn'*P = b.
Based on these results, the following inequalities can be proved for n > 1,
M) 1l =[F )| < F@n-Dl -1l

(D) Nlyn — Xl = | TnF ) | < f(@n-1)8(@n—1, ba—1D)l|¥n-1 — Xn—11l.
() M Tl yn — Xall < an,

I\ X —Xpll < — Xnll,

(V) llXn41 nll 2—a, lyn nll
4 —aqp

(V) lxne1 = ynll < 2 lyn — Xnll,
—ap

(VD) NITalllyn = %all'P < by
Now induction can be used to prove the conditions (I)-(VI). Assume that x; € £2. We now have

2(10

<1.
2—(10

2
|1 = [oF (x) | < Ml TolllIxo — x11l < Mﬁmllm —Xoll <

Hence by Banach theorem, Iy = F/(x1)~! exists and

[l 7ol c 27 |
3

171l < | Toll = f (@)l Toll-
S 1=M|Iollllxo—xl ~ 2-3a

Thus yp exists. Now by applying Taylor’s method, one can easily obtain

1 1

1
F(Xnt+1) = / F//(J’n +t(Xnt1 — J’n))(l —t)dt(xXn+1 — J’n)z + s / F//(Xn +t(yn _Xn)) dt(yn — Xn)(¥n+1 — Yn)

2
0 0

N =

1 1
/ F” (%n + t(yn — X)) dt(yn — xa)? + / F” (%n + t(yn — x2)) (1 = O dt (Y — %)%
0 0

(11)

(12)

(13)

(14)
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It is to be noted that

1 1 1
f F’ (x0 +t(yo — x0)) (1 — ) dt(yo — x0)* — 5 / F” (xo + t(yo — Xo)) dt(yo — X0)?
0 0

1
< / F”(x0 +t(yo — X0)) (1 — t) dt(yo — X0)* — %F”(Xo)(YO —x0)?
0
1
+ % f F”(xo + t(yo — X)) dt(yo — x0)* — %F”(Xo)(YO —X0)?
0
(p+4N 24p

<K——————|yo—x
2+ Dp+2) Yo%l

Using this result in (14), we get

[P Fx) | < I Fea) |

(4 —aop)(3 —ao) 2 (p+4N 2+p]
< Lol M—222 20y — — T iyo-—
< f(ao)ll oll[ @ —ao)? lyo — xoll +2(p+1)(p+2) lyo — xoll
ap(4 — ap)(3 — ap) (p +4bo
éf(ao)[ @ —ap)? 2(p+1)(p+2)]I|YO—XoH
= f(ao)g(ao, bo)llyo — xoll. (15)
Also,

M|\ Iy |llly1 = x1 1l < M| o]l f (a0)*g(@o. bo) Il yo — %ol < ao f (@0)*g(ao. bo) =a. (16)

Hence, for n =1, the conditions (I)-(IIl) follow from Eqgs. (13), (15) and (16), respectively. Proceeding as in (10) and (11), one
can easily prove (IV) and (V) for n=1.
We also have

NIIT1 Iyt — 11" < N[ Toll f (ao) f (@0) P g(ao, bo) P lyo — xoll' P < by. (17)

Thus, condition (VI) follows from the above equation. Now by considering that the statements (I)-(VI) hold for n =k and
Xy € £2, one can easily prove that the conditions (I)-(VI) also hold for n =k + 1. Hence, by induction it holds for all n.

4. Convergence analysis

The following theorem will establish the convergence of the sequence {x,} and give a priori error bounds for it. Let
us denote y =aj/ap and A =1/f(ap), R=2/((2 —ap)(1 — y A)), B(xo, Rn) = {x € X: |[x — X0l < Rn} and B(xo, Rn) =
{xeX: llx—xoll < Rn}.

Theorem 4.1. Let ry be the smallest positive zero of the polynomial h(x) = —x3 + 16x*> — 24x + 4. If @ (x) be the function defined by
Eq. (9), then let us assume that 0 < ag < rg and 0 < bg < @p(ap) hold. Under the assumptions given in (5) on F and B(xo, Rn) C 2,
the method (1) starting from xo generates a sequence {x,} converging to the root x* of (4) with R-order at least 2. In this case x,, yn
and x* lie in B(xp, Rn) and the solution x* is unique in B(xo, 2/(MB) — Rn) N 2. Furthermore, the error bounds on x* is given by

2)/2”71 An
2—yTTa) 1—y7a) "

% = Xl < (18)

Proof. It is sufficient to show that {x,} is a Cauchy sequence in order to establish the convergence of {x;}.
Now for ag =ro, bg = ®p(ap) =0 and f(ao)?g(ag, bg) = 1. Hence from (6), ap =an_1 =---=agp and by =by_q =--- =
bo=0.
Also from (12), we have
lyn —xnll < f(@n—1)8@n—1, bn—1)lYn-1 — *n—1l = f(@0)g(ao, bo)lyn—1 — Xn—1|
< -+ < (f(a0)g(a0, bo))"lyo — xoll = A™n

and

lyn —xnll < An.

X; —Xp|| <
” n+1 n||\2_an 2 —ao
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Thus,

_ 2A™ /1 — A"
1Xm+n — Xmll < 1Xm+n — Xman—1ll + - + 1 Xm+1 — Xm|l < [Am+n Tt Am]’] = < )77' (19)

2—ap 2—a\1-A4

Hence, if we take m =0, x, € B(xo, Rn). Similarly one can prove that y, € B(xo, Rn). Also from the above equation, we can
conclude that {x,} is a Cauchy sequence.
Let 0 <ag <o and 0 < by < ®p(ap). Now from (12) and Lemma 2.3(iii), for n > 1, we have

n—1 n—1
lyn = xnll < flan-1)g(@n—1, bn—Dyn-1 — %01l <--- < ||yo — Xoll ]_[ flajegaj,bj) < ]_[(7/ A) =y?~1am,
j=0 j=0
where y =ay/ap <1 and A=1/f(ap) < 1. Hence,
1Xm+n — Xmll < Xm+n — Xm+n—1ll + - + [ Xm+1 — Xml|
2
< m”}’m+n 1= Xmn-1ll+- -+ —— 5= HJ’m Xm||
2 2m+n—1_1 _ m__
< Am+n 1n+_”+ 2 1Am1]
z_am+n—1y z_amy

2AM
2—apm
2 2”‘—1Am
]
2 — ]/2 —lao

[y2"’+"’1—1An—1 +~~+)/2m_1]7)

mpon—1 m
[y At g 221 A )y,

By Bernoulli’s inequality, for every real number x > —1 and every integer k > 0, we have (1 +x)¥ —1 > kx. Thus,
2y2m71Am 1— y2”'nAn

— 20
me+n Xm” < (2 — Vszlao) (.l — yzrnA) n ( )
Thus, for m =0, we get
2 1—yna"
— _ Rn. 21
ll%n X0||<2_a0 T=ya 1R (21)

Hence, x, € B(xg, Rn). Also, y, € B(xo, Rn) results from

Iyne1 — %ol <UYn+1 = Xnall + X1 — Xall +- - + X1 — Xo|

< lyn 2—2an _Xn||+"'+ﬁ”}’0_x0”
2 2
<m||J’n+1—Xn+l||+2 ||J’n Xn\|+"’+m||l’0—xo||
2 1_yn+2An+2
<-oe< n < Rn.

2—ap 1-yA

On taking limit as n — oo in (19) or (21), we get x* € B(xp, Rn). To show that x* is a solution of F(x) =0, we see that
IF )|l < IIF’ (%) [ T F (%) | and the sequence {||F'(xq) |1} is bounded as

[F'xn)|| < [|[F'%0) || + Mlixn — Xoll < | F'(x0)|| + MR7.

Since F is continuous, so by taking limit as n — oo we get F(x*) = 0. To show the uniqueness of x*, let y* be the another
root of (4) in B(xp,2/(MB) — Rn) N §2. Then

1

0=F(y*)—F(X*)=/ (Xt - x9) ey —x5).
0

If we can show that fol F'(x* +t(y* — x*))dt is invertible, then y* = x*. From

7ol

1
/[F’(x* +t(y* —x")) — F'(x0)] dt
0

1 1
sMﬂ/Hx*H(y*—x*)—xOH dt<Mﬂf((1 — DIIX* — Xol| +tlly* — xoll) dt
0 0

Mp R 2 R
o )

and the Banach theorem [14, p. 155], the operator fol F/(x* +t(y* — x*))dt is invertible. Hence, y* =x*. O
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4.1. On the R-order of convergence (2 + p)

The R-order convergence of the method in Section 4 is found to be 2, where as the method is of order 3. In [8], it is
established that the R-order of the Halley’s method can be increased from 2 to (2 + p). In order to increase the R-order of
our method from 2 to (2 + p), we rewrite the method (1) in the following way:

Yn =X — F'(n) " F(xa).
H(xn, yn) = F'(n) " [F'(yn) = F'(xn)],

1 1 - (22)
Q (X, yn) = _EH(Xm yn)[l + EH(Xm J/n)] ,
Xn41=Yn+ Qn, yn)(Yn —Xn), n=0,1,....
Now consider the sequences
Gny1=0n f (@)*&(@n. by) and  byy1 =bnf(@n)**P&@n, bn)' P, (23)
where
fo=2-x/2-3, (24)
2
gy = [(22)2 2(p(i1+>?;y+ 2)]’ 22

ap = MBn and bo = NBn'*P are two parameters.

As the expression for f is the same as the expression of f of the previous section, the properties of f’ are the same as
defined previously. If 7 be the smallest positive zero of the polynomial h(x) = 2x2 — 3x + 1, it is very easy to prove that for
x€(0,7p] and y > 0, g is increasing in both arguments, and g(8x, 8?*1y) < 8Pt1g(x, y), for § € (0,1) and p € (0, 1].

Also it is very easy to prove properties similar to properties of Lemma 2.2 with new functions g and d~>p (x) given by

8(p+D(p+2)(2x* —3x+1)

Dy (x) = 26
p® (p+4)2 -2 20)
Proceeding similarly as in Lemma 2.3, one can easily prove the following lemma.
Lemma 4.1. Let us suppose dg € (0, 7g) and 0 < by < d5p (Gp). Define y = ay /ao, then forn > 1, we have
(i) dp < y &P dy_q < p@HP"=D/A+PGy strictly holds forn > 2,
(if) by < (@+P" ) 14Ph, 1 <y CHR 1]
(iii) f(@)&(@n.bn) < y@P"/ f (o).
Depending upon the properties of the sequences {a,} and {En} we can easily have
M Il =1F ) < F @Dl el
) Nyn =%l < F@-1)&@n—1, bp-1)lIyn-1—%n1l,
() M Glllyn — Xnll < dn, 27

(V) X1 = ynll < n/@2 = an)llyn — Xall,
(V) lxnt1 — xall <2/2 = an)llyn — Xall,
(VD) NIITallllyn — %all'*P < by

Now we give below a theorem to establish the R-order convergence of the method to be (2 + p) and a priori error bounds.
For this, let A=1/f(Gp) and R =2/((2 — dp)(1 — y A)).

Theorem 4.2. Let 0 < dg < 7o and 0 < bg < ép(ﬁo) hold, where Ty is the smallest positive zero of the polynomial h(x) = 2x2 — 3x+ 1

and cﬁp (x) be the function defined by (26). Under the assumptions given in (5) on F and B(xo, Rn) C £2, the method (22) starting from

Xo generates a sequence {x,} converging to the root x* of (4) with R-order at least (p + 2). In this case xn, yn and x* lie in B(xo, Rn)

and the solution x* is unique in B(xp, 2/(MB) — Rn) N £2. Furthermore, the error bounds on x* are given by
2y((2+p)”f1)/(1+P) Al

2 — y(@p"=D/+P)gg) (1 — y(2+p)"j) -

X% — x| < (28)
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Proof. Here it is sufficient to prove the R-order convergence of the sequence {x,}. Let 0 <dg <To and 0 < by < qu (ag).
Now from (27) and Lemma 4.1(iii), for n > 1, we obtain

IXm+n — Xmll < Xm+n — Xm4n—11l + - + | Xm+1 — Xml|

2 m+n72~~~~~ mfl~~~~~
<2_am[( I1 f(aj>g<aj,bj>>n+~--+(1‘[f(a,~>g<aj,b,~>>n}

j=0 j=0

2 m+n—1 ~ " y
< I [y((2+p) -1)/(+p) fgmAn—1 +”.+y((2+p) 7])/(1+p)Am])7
—
24" m+n—1_ . m
= m[y((%—w 1)/(1-0—[1)An 1 4ot y((2+p) 1)/(1+p)]n

2@ =D/(14p) jm
=2 p@r-n/+pg, [

(@+p)™M@+p)" ' =1D/(1+p) fn—1

+ V((2+p)m[(2+p)"*2—1l)/(1+p)A”n—Z et J,((2+p)’“l(2+p)—1l>/(1+p)A~ + 1],7.

Thus, by Bernoulli’s inequality, we get
2y (@P"=D/A4p) fm 1, @+p)n g
2 — y@p"=D/(+D)g) (1 — y@+p" 4)

n. (29)

IXm+n — Xmll <
Rest of the things are the same as given in Theorem 4.1. O

Remark 4.1. Note that, if p =1, then Holder continuity condition reduces to Lipschitz continuity condition. So the R-order
of convergence is at least 3 for this case.

5. Numerical examples

In this section, two numerical examples are given for demonstrating the efficacy of our convergence analysis described
in the previous section.

Example 5.1. Let X = C[a, b] be the space of continuous functions on [a, b] and consider the integral equation F(x) =0,
where

b
F(x)(s) = x(s) — f(s) — A [ G(s, H)x(t)>TP dt, (30)

a

with s € [a, b], X, f € X, p € (0,1] and A be a real number. The kernel G is continuous and nonnegative in [a, b] x [a, b].

Sol. The given integral equations are Hammerstein integral equations of second kind [17]. Here, we have taken norm as
sup-norm and G(s, t) as the Green’s function

b-s)t—a)/(b—a), t<s,

G(s,t):{
s—ayb—-t)/(b—a), s<t.

Now it is easy to find the first and the second derivatives of F as

b
F’(x)u(s)=u(s)—A(2+p)/G(s,t)x(t)”l’u(t)dt, ue,
a

b
F"(x)(uv)(s) = =11+ p)(2 +p)/G(s, OxOP v))dt, u,ves.

Here F” does not satisfy the Lipschitz continuity condition as, for p € (0, 1) and Vx, y € £2, we have

b

/G(s,t)dt

a

b
[F"0) — F"(y)| = | A1+ p)(2+ p) / G, O)[x(OP — y©P]dt| <A1+ p)2+ p)sgl[aa%] [x®P — y®)P|

<A +p@+plllix—yi?,
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Fig. 1. Conditions on the parameter S.
where
b
Il = max / G(s, t)dt|.
sela,b]

a
But it satisfies the Holder continuity condition as p € (0, 1). Hence, N = |A|(1+ p)(2 + p)||l||. Note that it is easy to compute
| Fxo)|| < llxo — FII + AL lIxolI**P
and
[F"Gol| <121+ p)@ + Pyl X117
Hence, M = |A|(1+ p)(2 + p)|Il||Ix]|P = N||x||P. Also note that
|1 = F'xo) | < 212 + p) 1ol *P
and if [A|(2 + p)|ll|lIxo]l*tP < 1, then by Banach theorem [14, p. 155], we obtain

1

IToll = | F'(x0) ™" < =
“ < e

B.

Hence,

X0 — FIl + A %0l 2+P
IoF(xo)| < =
” < et piior ="

Now in the interval [a, b] = [0, 1], we have

1

/G(s,t)dt

0

Here for A =1/3, p=1/2, f(s) =1, and initial point xo = xp(s) = 1 in the interval [a, b] = [0, 1], we have ||Ip]| < B8 =
1.11628, ||[IoF (x0)|| < n =0.0465116, N = 0.15625. Now we look for a domain in the form of 2 = B(xg, S) such that

2 =B(xo, S) € C[0,1] = X.

So M = M(S) = 0.156255P. Hence, ag = ao(S) = M(S)An = 0.00811249SP and by = NAn'*P = 0.00174959. Now in order
to calculate S from the conditions of Theorem 4.1, it is necessary that B(xo, Rn) C £2. For this it is sufficient to check
S—(R(S)n+1)>0 and ®,(ap(S)) — bo > 0. Hence, it is necessary that S € (1.04797, 550.87) as is evident from Fig. 1.

Also, ag(S) < rg = 0.1905960896 if and only if S < 551.9752734. Hence, if we choose S = 550 then we have 2 =
B(1,550), M = 3.66439, ap = 0.190255 and by = 0.00174959 < 0.00312851 = ®,(0.190255). Thus, the conditions of The-
orem 4.1 are satisfied. Hence, a solution of Eq. (30) exists in 5(1,0.243) C £ and the solution is unique in the ball
B(1,0.2459395) N £2.

It is to be noted that if we consider p =1 in Eq. (30), we get the following problem to solve

I|| = max =1/8.
1] Jnax /

b
F(x)(s) =x(s) — f(s) — A/ G(s, t)x(t)3 dt, (31)

a

then it is easy to conclude that F” is Lipschitz continuous as evident from the inequality

[F”Go = F" )| <6lalililix = yll.
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Fig. 2. Conditions on the parameter S.

Thus, if we take A =1/3, f(s) =1, and initial point xo = xo(s) = 1 in the interval [0, 1], we have |Ip| < B8 = 1.14286,
[IoF (%0)]| < n=0.047619 and N = 0.25. Now similarly as above we are looking for a domain in the form of £ = B(xo, S)
such that

2 =B(xo, S) € C[0,1] = X.

So M = M(S) = 0.25S. Hence, ag = ag(S) = M(S)An = 0.0136054S and by = NBn? = 0.000647878. Now in order to
calculate S, from the conditions of Theorem 4.1, it is necessary that B(xo, Rn) € £2. For this it is sufficient to check
S—(R(S)n+1) >0 and ®p(ap(S)) — bo > 0. Hence, it is necessary that S € (1.05017, 14.0052) as evident from Fig. 2.

Also ap(S) < ro = 0.1905960896 if and only if S < 14.008856. Hence, if we choose S =9, then we have 2 = B(1,9),
M =2.25, ap = 0.122449 and bg = 0.000647878 < 0.884571878 = &,(0.122449). Thus the conditions of Theorem 4.1 are
satisfied. Hence, a solution of Eq. (31) exists in B(1,0.09156) C £2 which is unique in the ball B(1,0.6862158) N £2.

But by the work of Wu and Zhao [11], K = M[1 + 3[\5/1’\2’/3] = 2.4120366. Hence, h = KBn = 0.131267496. So t* =

1=v1=2h V;’Zhn = 0.051237443 and t** = 1=v/1=2h V,}’zhn = 0.674288695. Hence, by the convergence method given in [11], the so-

lution of Eq. (31) exists in B(1,0.051237443) C §2 which is unique in the ball B(1, 0.674288695) N §2, both of which are
inferior to our result.

Example 5.2. Let X = C[0, 1] be the space of continuous functions on [0, 1] and let us consider the integral equation
F(x) =0 on X, where

1

— x(s) — | S 2t
F(x)(s) =x(s) — f(s) A/ Py tx(t) dt, (32)
0

with s €[0,1], x, f € X, p € (0,1] and A be a real number.

Sol. The given integral equations are called Fredholm-type integral equations studied by Davis [13]. Here the norm is taken
as sup-norm.
Now, it is easy to find the first and the second derivatives of F as

1
F'(0u(s) = u(s) — 22 + p)/ S%x(t)”l’u(t) dt, ue®,
0

1
F" () v)(s) = —A(1 + p)(2 + p)/ %Hx(t)p(uv)(t) dt, u,ves.
0

Here F” does not satisfy the Lipschitz condition as, for p € (0, 1) and Vx, y € £2,

1

/idt
S+t

0

< |A(1+ p)(2 + p) max

Mo Bl _
|F"x) — F" (| = 5€l0.1]

[x@®P — y®P|

1
21+ p)2+ p) / SLH [x®)P — y©)?]dt
0

<A1+ p)2+p)log2|x — y|P.
But it satisfies the Holder continuity condition as p € (0, 1]. Hence, N = |[A|(1 + p)(2 + p) log 2. Now it is easy to compute
IFxo)|| < llxo — f1l + [x]log 2]lxo [P
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Fig. 4. Conditions on the parameter S.

and
[F” | <A1+ p)(2+ p) log 2| x[|P.
Hence, M = |A|(1 + p)(2 + p) log2||x||°P = N|x||. Also note that
|1 = F'(x0)[| <1212+ p) log2|lxo]|"*?
and if [A|(2 + p)log2|xg||'*P < 1, then by Banach theorem, we obtain

1
1— A2+ p)log2]ixo|'+P =5

IToll = | F'(xo) 71| <

Hence,

%0 — £l + 2 log2llxo [P _
1— 1@+ p) log2{lxo["+?

Now for A =1/4, p=1/5, f(s) =1, and initial point xop = xo(s) = 1 in the interval [0, 1], we have | Iy < 8 = 1.61611,
IToF (x0)|l < n=0.280051 and N = 0.457477. Now we look for a domain in the form of £ = B(xp, S) such that

2 =B(xo, S) € C[0,1] = X.

So M = M(S) = 0.457477SP, do = do(S) = M(S)An = 0.207051SP and by = NBn'*™P = 0.160518. Now in order to calculate S
from the conditions of Theorem 4.2, it is necessary that B(xo, Rn) C £2. For this, it is sufficient to check S — (R(S)n +1)>0
and <13p (ap(S)) — 150 > 0. Hence, it is necessary that S € (1.38895, 39.0605) as is evident from Fig. 3.

Also ag(S) < 7o = 0.5 if and only if S < 82.122726. Hence, if we choose S =38 then we have 2 = B5(1,38), M =
0.946948, ap = 0.428582 and by = 0.160518 < 0.16620666 = qu (0.428582). Thus, the conditions of Theorem 4.2 are satis-
fied. Hence, a solution of Eq. (32) exists in 5(1,0.641723) C £2 and the solution is unique in the ball B(1, 0.665147) N £2.

But, for the case of Herndndez [7], it is necessary that S € (1.39047, 38.1489) as seen in Fig. 4. For numerical computation
here we have taken 6 = 1.

Also dg(S) < 0.5 if and only if S < 82.122726. Hence, if we choose S =38, then we have £ = (1, 38), M = 0.946948,
dp = 0.428582 and bg = 0.160518 < 0.161305132 = h;,(0.428582, 1). Thus the conditions of Theorem 4 of that paper are
satisfied. Hence, a solution of Eq. (32) exists in 5(1,0.6518) C £2 and the solution is unique in the ball B(1,0.65507) N £2.

From both the results, we can conclude that the uniqueness ball of solution based on our result is larger than that of
Hernandez [7].

| NoF (xo0)| <
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6. Conclusions

In this paper, recurrence relations are developed for establishing the convergence of third order Newton-like methods for
solving F(x) = 0 in Banach spaces under the Holder continuity condition over F”. An existence-uniqueness theorem is given
to establish the R-order of the method to be 2 and a priori error bounds. Also we give convergence analysis of another
formulation of our method in order to increase the R-order of the method from 2 to (2 + p). One important contribution
of our approach is that the convergence analysis of the method is established even when Lipschitz condition over F” fails.
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