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Abstract

A compact finite difference method with non-isotropic mesh is proposed for a two-dimensional fourth-order nonlinear elliptic
boundary value problem. The existence and uniqueness of its solutions are investigated by the method of upper and lower solutions,
without any requirement of the monotonicity of the nonlinear term. Three monotone and convergent iterations are provided for
resolving the resulting discrete systems efficiently. The convergence and the fourth-order accuracy of the proposed method are
proved. Numerical results demonstrate the high efficiency and advantages of this new approach.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Boundary value problems of fourth-order nonlinear differential equations have been paid considerable attention.
Most of the existing results in this field were devoted to the existence, uniqueness and multiplicity of solutions for the
following one-dimensional two-point boundary value problem:

u” = f(x,u,u”), 0<x<l, (1.1
1(0) = u(l) =0, u”(0) =u"(1) =0, )

where f(x,u, v) is, in general, a nonlinear function of u and v (cf. [1,2,8,13,18,27]). This equation describes the
static deflection of an elastic bending beam (with hinged ends) under a possible nonlinear loading (cf. [10,22]). It also
describes the steady state of a prototype problem for phase transitions in condensed matter systems (cf. [9,23]).

Recently, much attention has been also paid to certain fourth-order elliptic boundary value problems in multiple
dimensions (cf. [7,14—17,21]). In this paper, we focus on the following two-dimensional fourth-order nonlinear elliptic
boundary value problem:
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Alk(x, y)Au) = f(x,y,u, Au), (x,y) € 2, (12)
u(x,y) = g(x,y), Au(x,y) = g*(x,y), (x,y) €, '

where (2 is a rectangular domain or a union of rectangular domains, and A is the Laplacian operator. Assume that
f(x,y,u,v), g(x,y) and g*(x, y) are continuous functions, k(x, y) is a strictly positive C2-function on 2 = QU3 2.
As a physical interpretation, (1.2) governs the static deflection of a plate under a lateral loading. In this case, k(x, y)
is the stiffness of plate, g(x, y) and g*(x, y) are the possible boundary sources, and f(x, y, u, Au) stands for the
loading function, which may depend on the deflection and the curvature of the plate (cf. [22]).

The existing work on (1.2) was also concerned with the existence, uniqueness, and multiplicity of solutions (cf.
[7,14,15,21]). On the other hand, some authors developed numerical methods, but mainly for the linear cases (cf.
[4,6,12]). Recently, a finite difference method was proposed in [16,17], for a class of nonlinear fourth-order elliptic
boundary value problems including (1.2), by using the standard second-order finite difference approximation and three
monotone iterations for resolving the resulting discrete systems with the quasimonotone function f (-, -, u, v).

As we know, the standard second-order finite difference method fails to approach underlying problems effectively,
unless a large number of mesh points are used. In other words, we have to take small mesh sizes for obtaining desirable
accuracy. Thereby, in order to obtain satisfactory numerical results with reasonable computational cost, a reasonable
approach is to develop a higher-order compact finite difference method, which not only provides accurate numerical
results and saves computational work, but also is easier to treat boundary conditions. However, the usual fourth-order
compact finite difference method is only available for second-order linear problems, see [19,20,28] and the references
therein.

In this work, we propose a compact finite difference method for the fourth-order nonlinear problem (1.2), and three
iteration processes for resolving the resulting nonlinear discrete system. These algorithms have several advantages.
Firstly, the proposed compact finite difference scheme possesses the fourth-order accuracy and thus provides precise
numerical results. Next, we do not need to deal with boundary conditions approximately. Moreover, the scheme
preserves the monotonicity as the approximated continuous version and so the numerical solution fits the exact
solution properly. Furthermore, the suggested iterations converge monotonically with geometric rates, which save
a lot of work. Finally, these processes do not require any monotonicity of function f(-, -, u, v) and so essentially
enlarge their applications. Besides, we generalize in this work the method of upper and lower solutions to fourth-order
elliptic problems in multiple dimensions, which is applicable to many other nonlinear elliptic problems of high order.

The outline of the paper is as follows. In the next section, we reformulate (1.2) to a coupled system of nonlinear
second-order equations and then construct the compact finite difference scheme. In Section 3, we deal with the
existence and uniqueness of its solutions, with nonmonotone function f(-, -, u, v), by using the method of upper
and lower solutions, which also leads to a monotone and convergent iteration for solving the difference scheme. In
Section 4, we introduce two additional monotone iterations (block Jacobi and block Gauss—Seidel iterations), which
simplify actual computation essentially and save a lot of computational cost. In Section 5, we prove the fourth-
order accuracy of numerical solution. In Section 6, we present some numerical results demonstrating the monotone
convergence of iterations and the fourth-order accuracy of numerical solution. We also compare our new method with
other finite difference methods and show its advantages. The final section is for some concluding remarks.

2. Compact finite difference scheme

To design a proper finite difference scheme, we set v = —k Au and reform problem (1.2) to the coupled system of
second-order elliptic equations:

{—Au =v/k, —Av=f,y.u,—v/k), (x,y) e, 2.1)

u(x,y) =gV, y), vix,y) =gP,y), (x,y) €90,

where gV (x, y) = g(x, y) and g (x, y) = —k(x, y)g*(x, y). Obviously, u is a solution of (1.2), if and only if (u, v)
is a solution of (2.1).

For simplicity, we consider a rectangular domain {2 = [0, L] x [0, L,]. We partition {2 with non-isotropic uniform
mesh sizes hy and hy in the x and y directions, respectively. The integers Ny = Ly/hy and Ny = Ly/hy. The mesh
points (x;, y;) = (ihx, jhy),0 <i < N,,0 < j < N,. For convenience, we also use the index pair (i, j) to represent
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the mesh point (x;, y;), and the notations:

ui j=ulxi,y;), vi,j = v(xi, yj), kij =k(xi,y;),
) @

8i =W, y)), 8i =g(2)(xi,)’j), Fij(uij,vij) = i, yj,uij, —vij/kij).
Our compact method for (1.2) is based on the alternative system (2.1). To do this, we set

2 -2 2 -2
Suij = hy"(uiv1,j —2uij+ui-1,j), Syuij =Ny (i jo1 — 2uij +ui j-1),

and introduce the finite difference operators

_ h?
(Sg[u,-,j = (1 + 1—;83) Wij, a=x,y. (2.2)

According to the Numerov’s formula (cf. [3]),
2, . 52 .. 4 —
Saul,] = Sa(uoux)t,] + O(ha)9 oa=x,Y, (2.3)
or symbolically,
8y 2Squi j = (tae)ij + Olhy), a=x,y, 24)

where 8,2 = (52) ! denotes the inverse of 52.

We now apply the above fourth-order compact approximations to the second-order derivatives involved in (2.1).
This yields symbolically that

- (S;%sf + 5;255) wi; = (vij/kij) + O(h*),

_ _ 2.5)

— (57262 + 57267 vij = Fijwi g vij) + O(hY),

where O(h*) denotes the truncated term of the order O (ht + h‘;). Multiplying the above equations by the finite

difference operator 5%55, we have

- (555)% + Sf(Si) wij =878, (i j/ ki j) + O™,

- - i (2.6)
- (5§5§ 4 5)%55) v = 8282 F; j(ui j.vi, ) + O(hY),
After dropping the O (h*) terms, we derive a finite difference scheme as follows,
- (S§5§ + Sﬁaﬁ) ul = 828200 k). L)) e 9,
— (3024 8282) ol = BIFwl ol ) G e 2, @7

h 1 h 2 ..
ui,j = gi(,j)’ vi,j = gi(,j)’ (i,j) € 212,

where ufl j and vff ; represent the approximations to u and v at the point (i, j), respectively. Furthermore, let
o = hy/hy be the ratio of mesh sizes, and introduce the operators £, = —6/1)2C (558)% + 5)%83) and P, = 6h§§%52,.
Then a direct calculation shows that
Ly} ; = 1001+ 0>u} ; + (6% - 5)(uf7+1’j + uf‘_l’j) +(1— sovz)(uﬁj+l + u{{j_l)
2 ¢, h h h h
=0 Uiy g Fuiy o F iy F Uiy )/2 28)

Puuf ;= 25hiu} /6 4+ Shyuly +ul ) 4wl ) /12

i,j x*i,j

2, h h h h
Fh iy o F iy o Ty g F gy jo)/24.
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Accordingly, we can rewrite (2.7) as the following alternative form,

Eh”?,j = Ph(vffj/ki,j), G, j) e 1,

Ly} =PuFij};,vf ), G, )€, 29
1 2 ..

Wl =gl Wt =g ) e0n.

The operator L, preserves the same maximum principle as the corresponding continuous operator, stated below.

Lemma 2.1. Let 1/5 < 02 < 5. If Lhuﬁj <0 forall (i, j) € 12, then

max u!, < max u’ .. (2.10)

i.pe " T d e

Proof. We suppose that for some (ig, jo) € {2, ”Z),jo = max; g ulhl = Mg. If (io, jo) € 0{2, then (2.10)
h

follows immediately. Otherwise, we have from (2.8) that Eh”zo, io

L‘huf.‘o, 0= 0. This leads to M that is attained also at all points which are the connected neighbors of (io, jo). The
same argument is valid at each of these points. Finally, all u? j take the same value M. This proves (2.10). U

> (. This with the condition Ehu? i = 0 implies

The above lemma leads to the following result which plays an important role in the forthcoming discussions. Its
proof will be given in Appendix A.

Lemma 2.2. Let 1/5 < 0% < 5, and let uf’J be a discrete function defined on 2 = 2 U 312. Then

max |uf .| < max |u]

< "4+ max |Lpul |/(12h%). 2.11
@,per " T (,j)ean iJ| (i,j)e!2| it j1/(1205) @11

For analyzing the system (2.9), it is more convenient to consider its matrix form. To do this, we order the mesh
points lexicographically. More precisely, we first arrange them from the left to the right in the x direction and then from
the bottom to the top in the y direction. Corresponding to this ordering, we define the following (N, — 1)-dimensional
column vectors:

_h o h h T o hh h T
Uh,j—(ul’j,uz’j,...,uNFl’j) , Vh,j—(vl’j,vz,j,...,vNFl’j) ,
h h h h T :

F](Uh,]’ Vh,j) = (Fl‘j(ul’jﬂvlyj)v--'a FNX*L].(MNV\-—I,]"v;\lx—l,j)) ’ J = 1527""Ny - 1 (212)

We also define the following (N, — 1)-order diagonal and symmetric tridiagonal matrices:
Kj=diaglky j.ky oo kyl oy )0 J=12, 0 Ny — 1,
A = tridiag(6? — 5, 10(1 4+ ¢2), 0% — 5), Ay = tridiag((1 +6%)/2,50% — 1, (1 + 6%)/2),
By = tridiag(5/12,25/6,5/12), B = tridiag(1/24,5/12, 1/24). (2.13)

Then the system (2.9) can be expressed in the matrix form as
—A1Up,j—1 + AoUp,j — AtUp j1 = 2 (BIKj—1Vh,j—1 4+ BoK;jVhj+ BiKjy1 Vi j+1) + GE-I),
—A1Vijo1 + AoVi,j — A1V, j+1 = h2 (BIFj—1(Un,j—1, Vh,j—1) + BoF;(Un.j, Vi, ;) (2.14)

+ BiFjs1(Un,j+1, Vi j+1)) + GEZ), Jj=12,...,Ny—1,

where Upo = Vio = Unny = Van, = Fo(Uno. Vao) = Fy,(Unn,. Vin,) = 0, and G are the (N, — 1)-
dimensional vectors associated with the boundary functions.
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We can rewrite (2.14) in a more compact form. For this purpose, we set ' = (Ny — 1) x (N, — 1), and define the
N -dimensional vectors:

Up=Un1.Un2 - U= V= Vit Ve oo Viw, -0
GV =G, 6y, ....GY D" (=12), (2.15)
F(Un, Vi) = (FLUn1, Vi1)s - - -+ Fny—1(Unvy—1. Vin,—))'
We also introduce the A -order block matrices A, B and K as
A = tridiag(—A1, Ao, —A1), B = tridiag(B1, By, B1), K = diag(Ky, K>, ..., KNy,l). (2.16)
Then, (2.14) reads

— 2 M
{AUh_thKVh—i—G , 2.17)

AVj, = i2BF (U, Vi) + G2,

If all entries of matrix S are positive (or nonnegative), then we say that S is positive (or nonnegative), also denoted
by S > 0 (or S > 0) for simplicity. We define positive (or nonnegative) vectors similarly.
The matrices A and B have the following properties.

Lemma 2.3. Let 1/5 < 02 < 5, and Lo be the smallest eigenvalue of the generalized eigenvalue problem

Ad =2h’Bd. (2.18)
Then A is real and positive. Moreover, its corresponding eigenvector could be chosen as a positive vector.

Proof. Since 1/5 < o2 < 5, the matrix A is a real, symmetric and irreducibly diagonally dominant matrix with
nonpositive off-diagonal entries. Thus, we have from Corollaries 1 and 2 of [24, p. 85] that A~! > 0 and A is
positive definite. On the other hand, along with Gerschgorin circle theorem, a direct calculation shows that the matrix
B is also positive definite. Therefore, all eigenvalues of problem (2.18), including A, are real and positive (cf. [11],
pp- 176—177). Obviously, 1/X is the largest eigenvalue of the matrix h)ch_lB, and ,o(h)%A_1 B) = 1/10 (p(-) denotes
the spectral radius of the corresponding matrix). Since h,zc A~!B is a positive matrix, we know from Perron—Frobenius
theorem (cf. [24], p. 30) that the eigenvector corresponding to its largest eigenvalue 1/A¢ may be chosen as a positive
vector. [

Lemma 2.4. Let M be a given constant. We have that
@ if
1/5 <o6? <5, 0 < Mh2 < 12min{5 — o2, 56 — 1}/5, (2.19)
then A1 — Mh%B] > 0, and the inverses (A + Mh%B)_l and (Ag + Mh)zc Bo)~! exist and are positive;
(i) if
1/5 <o? <5, A<M <0, (2.20)

where Ay > 0 is the smallest eigenvalue of generalized eigenvalue problem (2.18), then the inverse (A + M h/%B)fl
exists and is positive.

Proof. By (2.13) and (2.16),

A+ Mh2 B = tridiag(—A| + Mh2 By, Ao + Mh2 By, —A; + Mh>By),

Ao + Mh2 By = tridiag(c® — 5 + 5Mh2 /12, 10(1 + o) + 25Mh2 /6, 5% — 54+ 5Mh2/12),

—Ay + Mh2 By = tridiag(—(1 4+ 6%)/2 + Mh? /24,1 — 56> + 5Mh2 /12, —(1 + 6%)/2 + Mh? /24).
The condition (2.19) ensures that

0% —5+5Mh%/12 <0, 10(1 + o2) +25MK2 /6 > 0,

—(1+02)/2+Mhr2/24 <0, 1—502+5Mh2/12 < 0.
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Thus, the matrices A + M h%B and Ag + M h% By are irreducibly diagonally dominant. Moreover, A — M h%B 1 > 0.
Furthermore, we have from Corollary 1 of [24, p. 85] (also see [5]) that the inverses (A + M hﬁB)’1
(Ag+M hi Bo)~! exist and are positive. This ends the proof of conclusion (i).

Next, we know from the proof of Lemma 2.3 that A~! > 0 and the spectral radius ,o(h,z(A’]B) = 1/Xo.
Therefore by (2.20), —Mp(h2 A~' B) < 1 which implies that the inverse (I +Mh2A~! B)~! exists and is positive (see
[24, p. 83]). Finally, the conclusion (ii) follows from A~! > 0O and A + Mh2B = A(I + Mh2A~'B). O

Remark 2.1. If the mesh sizes are isotropic, i.e., h = hy = hy, then the scheme (2.9) or (2.17) has a simple form,
while the condition (2.19) is reduced to 0 < M h? < 48 /5. However, the non-isotropic mesh sizes are more preferable,
if the approximated solutions change more rapidly in one direction than in another direction.

3. Qualitative analysis of the scheme

To investigate the existence and uniqueness of the solution of (2.17) and derive an efficient algorithm, we have to
generalize the method of upper and lower solutions.

Definition 3.1. A pair of vectors (Uh, Vh) and (U I Vh) is called a pair of coupled upper and lower solutions of (2.17),
if (Un, Vi) = (Up, Vi) and

AU, = hi2BKV, + GO,

AV > h2BF(Zy, Vi) + G2,

AU, < 2BKV, + GO,

AV), < W2BF(Z,, Vi) + G® . forall U, < Z, < Uy,

3.1

Hereafter, the inequalities between vectors are in the componentwise sense.

Clearly, the above definition does not depend on any monotonicity of function F. For a given pair of coupled upper
and lower solutions (Uh, Vh) and (Uh, Vh) we set

S= {(Uh» Vi) € ®RN)2; (O, Vi) < Wi, Vi) < (U, ‘7h)} :
(3.2)
Sl] = {(ul]a vt/) ER2 (M, jo lJ) = (uljvvlj) = (”, jo 1J)}
where iih ,'ﬁf’ , l. cand ¥’ v i stand for the components of Uh, Vh, ﬁh and 17;,, respectively.
In what follows Wlthout any more explanation, we always denote a pair of coupled upper and lower solutions of
(2.17) by (Un. V4) and (Up, V).
We now make the following basic hypothesis on F:
(H) There exists a constant M > 0 such that

F(Up, Vi) = F(Up, V) = =M (Vyy = V) (3.3)

whenever (U, Vi) < (Un. V}) < (Up, Vi) < (Un, V).
The existence of the constant M in (3.3) is trivial, if F(Uy, V4) is a C'-function of (Uy, V) in S. In fact, M may
be taken as any nonnegative constant satisfying

aF; ;
M > max{— 3 L (u, v); (u,v) € Si.j, G, j) € Q}. (3.4)
v

Theorem 3.1. Let (17;,, Vh) and (ﬁh, Vh) be a pair of coupled upper and lower solutions of (2.17), and let
hypothesis (H) and the condition (2.19) hold. Then problem (2.17) admits at least one solution (U,’f, V;) inS.

Proof. By Lemma 2.4, (A + M h)%B)_1 and A~! exist and are positive. Thus, for any (U/, V,) € S, the uncoupled
linear problem

{AUh =h2BKV, + GV, 3.5)

(A+ Mh2B)V, = R2B(MV, + F(U,, V) +G?
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has a unique solution (Up,, V) in (RN )2. Now, we define the mapping 7 : § — (RN )2 by

T V) = Wn, Vi), YU} V) €S. (3.6)

It follows from (3.1), (3.3) and (3.5) that for any (U;, V) € S,
AUy — Up) = i2BK(Vyy — V}) = 0, 37
(A + MhiB)(Vh — Vi) > h)Z(B(M(Vh —Vy)+ FU,, Vi) — F(U,, V) = 0. ’

Because of A~' > 0 and (A + Mh)%B)_1 > (0, the above inequalities imply (U, V) < (ﬁh, ‘7h). Similarly, we
have (U, Vi) > (ﬁ;l, \7;,). Hence 7 maps S into itself. This with the continuity of F implies that 7 is a bounded
continuous map on S. Therefore, by virtue of the Brower’s fixed point theorem, there exists (U ;[ , Vh*) in S such that
TWr, Vi) = Uy, V), which is a solution of problem (2.17)in S. [

By Theorem 3.1, (2.17) has at least one solution, provided that it possesses a pair of coupled upper and lower
solutions, which also serve as the upper and lower bounds of this solution.

Next, we consider the uniqueness of solution by using a monotone iteration, which also improves the upper and
lower bounds of the solution, step-by- step

We construct two sequences {(ﬁh V;lm))} and {(U, (m) V(m))} by the following Picard-type iteration:

770 w(0)

0 0 5O
@, Vi) =On V)., WY V) = U V),
AT =2BKV" "+ GO, m>1,
A+MRBV" = 2B V"V + max FZn V"N +G6D, m>1, -
ZhES(m_]) ( . )
AU = 2BKV" Y GO m > 1,
A+ MR2B)YV"™ = i2Bm*y" " 4 min F(Zp, V" "N +6?, m=>1,
ZpeSim—
where M* is a nonnegative constant specified later, and
S =z, eRV; U™ < 7z, <T"). 3.9)

In the above iteration, the maximum and the minimum of a vector function are in componentwise sense. The
following lemma shows that these sequences are well-defined.

Lemma 3.1. If hypothesis (H) and condition (2.19) hold, then the sequences defined by (3.8) and (3.9) with M* = M

are well-defined, and for allm > 0, (U;,m) V;,m)) > (_(m) V(m))

Proof. Clearly, the set S© is well-defined. Therefore, by the existence of A~! and A+ M h%B)_l, the vectors

w ;ll), Vv h ) and (U, o Vgll) ) are determined uniquely. Further, by hypothesis (H),

(0)

MV;,O) + max F(Zp,V, ) > MV(O) + mln F(Zy, V(O))
Z,eSO neS©

Thus, we have from (3.8) with m = 1 that

77 (1)

AT, ()

~u =0, (A+MREB)V), V) =0

Then it follows from the positivity of A~! and (A + MA2B)~! that (T, V§) = WD, vD), while the set SV is
well-defined. Finally, the desired conclusion follows inductively. [
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We next show that the sequences {(ﬁh V;lm) )}and {(U, (m) V;lm))} converge monotonically to the limits Un, Vi)

and (U,,, V,,) respectively, Uy, V) > U,,V,) and
AU, =h?BKV), + G,

AV, =h2B max__ F(Z,,V;)+G?,
Uy<Zy<U,

AU, = hiBKV,, + G,

AV, =h’B min_ F(Z,,V,)+G®.
QhSZhSUh

(3.10)

Theorem 3.2. Let the conditions in Lemma 3.1 hold. Then the sequences {(Uh V;,m))} and {(U(m) V(m))} given by

(3.8) with M* = M converge monotonically to the limits (Uy, V) and (U n» V), respectively. They satisfy (3.10),
and form > 1,

—(m) —(m) w5 (m—1)

@D ymhy < ™ vy <, v,) < @ Vi) < @V <@y v

V). (.11)

Moreover, for any solution (U, , V;) of problem (2.17) in S, we have (U,,, V,) < (U;, V) < U, V).
Proof. In fact, the second and the fourth inequalities in (3.1) are equivalent to

(A+ Mh2B)V), = h>B(MV), + max F(Z, Vi) + G2,

5 ZyeS oy (3.12)
(A+ Mh2B)V,, < h>B(MV), + min F(Z. Vi) + G
ZheS

Thanks to (3.12), and the first and the third inequalities of (3.1), we derive from (3.8) with M* = M that

ATY -y =0, @Aa+MeB@Y V") >0,

AU —uM" =0,  A+mrzBE -V >0
By the positivity of A~ and (A + Mh2B)~!, we have from the above inequalities that U;l >U ;l]), V,(lo) > V;,l),
U ;1) >U, O and K(l) > K(O). These facts with Lemma 3.1 lead to

w v = vi = @, v, = @), V).

We now assume inductively that for certain m = mqo > 1,

7 (m—1)

) 17(m) 77 (m—1) VY

@D vy < @™, vy < @, V") < @

Then by hypothesis (H),

MV V4 max F(Zp VIOV = MV 4 max F(z,, V™),
ZpeSmo=h ZpeSmo)

MY+ min F(Zp, V") = My min F(Z, VD).
ZpeSm0 ZpeStmo=h

)- (3.13)

Accordingly, we use (3.8) to deduce that

(A+M2ZBTV,"™ — V") >0, A+ MRZB)(V "D — vy >,

On the other hand, by (3.8) and (3.13) with m = my,

+7(mo+1)

A(U;lmO) _ U ) > 0, A(U(m0+1) (mo)) > (.

In view of (A+Mh2B)~! > 0, A=! > 0 and Lemma 3.1, we assert that the relation (3.13) holds also for m = mg+1.
This completes the induction. The monotonicity of iteration also ensures the existence of the limits, namely,

Tim @V =@V, lim W, V) = (U, V),
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To prove (3.10), it suffices to show that

lim MV + max F(Z,, V") =MVy+ max_ F(Zy Vi),
m—0Q —

ZpeSm Uy<Zp<Uy
(3.14)
lim (MV{" + min F(Z,, V") =MV, + min_ F(Zy,V,).
m— 00 ZhES(m) thzhfvh

Indeed, the above fact can be verified by exactly the same argument as that in proving Lemma A of the Appendix
in [26].
. ’ ’ . . 0) (0) / / —(0) 70
Finally, let (U, V;) be any solution of (2.17) in §. Then (U,,”, V") < (U;, V;) < (U}, V},). We next assume
inductively that for some m = mg > 0,

Wy, vy < W v < @ VM. (3.15)
Then by hypothesis (H),
MV & max F(Zp, V™) > MV] + FU,. V).
Zy eSmo)
Therefore by (2.17) and (3.8),
AT —uhy =0, A+MEEBTITY — vy >o.

This leads to (U, V;) < (ﬁszH), V;,mOH)). In the same manner, we verify that (U], V) > @"0+! | ymotD),

This completes the induction. IhusL the relation (3.15) is valid for all m > 0. Letting m — oo in (3.15), we conclude
that (U,,, V,) < (U}, V;) < (U, V). O

We know from Theorem 3.2 that if (U, V) = (Uy,, V), then it is the unique solution of (2.17) in S.
To explore the conditions ensuring the uniqueness of solution, we assume that F is a C'-function and introduce
the following notations:

M, = max

3F; ;
’ “L(u, v)
u

; w,v)es G, j)e Q},
— oF; ;
1‘41):I‘na'X a_,l(u,v);(u,v)ESi’j,(i,j)GQ},

v

(3.16)

ME =min |+ 3;” (u,v); (u,v) €S}, (i, j) € 9} . M, =max{0, M}, M},

v
k=maxik ;. G, )) € Q) k=mink;}. (., )) € 2},

. |0F;; ..
M, = min =, v); w,v) €S, j)e 2y,

The following result is for the uniqueness of solution in S, as well as an efficient algorithm.

Theorem 3.3. Let the conditions in Lemma 3.1 hold, and let Ao be the smallest eigenvalue of the generalized
eigenvalue problem (2.18). If, in addition, either

ho(ho — My) > kMy or k(o — M,) < kM, (3.17)
——(m) —(m) (m) «,(m) . . * _ .
then the sequences {(U; ", V, ")} and {(U;"", V; ")} given by (3.8) with M* = M converge monotonically to a
unique solution (U, V)) of (2.17)in S.

Proof. It su_fﬁces to show that (_ﬁ mVy) = U n» V), where (Up, V) and (Uy,, V,,) are the limits in Theorem 3.2.
Let W, =U, — U, and X, = Vy — V,. Then W, > 0, X;, > 0 and by (3.10),

AW, = h2BK Xy, AXp =h2B( max_ F(Zp, Vi) — min_ F(Z, V). (3.18)
U,<Z,<Uy U,<Zp<Uy
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Applying the mean-value theorem to the second equality of (3.18), we observe that

AXy < hB2B(M Wy, + M, Xp). (3.19)
Let
v [T ifM, =M} orM, =0, v [ M, =M, (3.20)
U, itM,=M,, h Up, ifM,=M,orM,=0. '

Obviously, (3.18) implies that

AXp = R2B(F(V,, Vi) — F(V], V). (3.21)
Therefore, using the mean-value theorem with (3.20) yields that

AXy = h2B(M, Wy, + M, Xp). (3.22)
A combination of (3.18), (3.19) and (3.22) leads to

AWy =h;BK X, hyB(M, Wy + M, Xp) < AXy < hIB(M, Wy, + M, Xp,). (3.23)

Next, let & be the positive eigenvector corresponding to the eigenvalue Ao. Multiplying the equations in (3.23) by &7
gives

T AW, = B2 dT BK X}, h2 T B(M, Wy, + M X;) < T AX), < B2 0T BIM W), + M, X)), (3.24)
Due to the symmetry of A and B, we have from (2.18) that #7 A = Aoh2 &7 B. Thereby,

roh? T BW), = h2 0T BK X,

h2 8" B (M, Wi + M Xs) < hoh2 " BXy < h2 " B(M, W), + M, Xp). (3:25)
Substituting the equality in (3.25) into the inequality in (3.25), it follows that

(kM,, + 20M,) 8" BX), < 350" BX) < (kM + oM ,) " BX,.
If BX), is not zero, then the above relation with the positivity of @ leads to

kM, + oM, < 2§ <kM, + AM,. (3.26)

This contradicts (3.17), and so BX; = 0 which implies X, = 0. By (3.18), we have also W, = 0. This ends the
proof. [

In general, it is difficult to evaluate Ao exactly. But we can estimate it by using Forbenius theorem, see Appendix B.
We now search other conditions ensuring the uniqueness of solution, which do not involve A¢. For this purpose, we
introduce the following discrete norms:

2 Nx_lN —1

" oo = max_|uf';l,  [u")? = DO Wy’
oL, Ly

(i,j)ef? i=1 j=I1
(3.27)
N, Ny—1 Ny—1 Ny
ho_ R
where o is the ratio of mesh sizes as before. We also set
* = min{o (5 — 62), (56 — 1)/o}, L* = max{L}, L}}. (3.28)

For the above norms, we have the following estimates which will be proved in Appendix A.
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Lemma 3.2. If 1/5 < 0% < 5 and u{{j = 0o0n 32, then

Ny—1Ny—1

o*LyLylu"|3 < Z > ul Lyl . (3.29)

i=1 j=1

Lemma 3.3. If ”57] =0o0n a2, then

4l < L3, (3.30)

Theorem 3.4. Let the conditions of Theorem 3.3 hold except that the condition (3.17) is replaced by

30EL* < 4o 20 3wt < 22
o o, —_— s
40* —3okL* " " 3oL*

(3.31)

where M:r = max{0, M,}. Then the conclusions of Theorem 3.3 are also valid.

Proof. Let (U, V) and (U,,, V,,) be the limits in Theorem 3.2. We set W, = U, — U, and X;, = V}, — V. Then
Wj, > 0 and X;, > 0. By (3.10) and the mean-value theorem,

AW, = h2BK Xy, AXy = h2B(F(Z}, Vi) — F(Z*, V), (3.32)

where Z} and Z}* are two intermediate values between U, and U ;. Let w ;; and x ;. ; be the components of the vectors
W, and X s respectlvely Then, in the componentwise form, the system (3.32) can be rewritten as

Lyw ?,»—Ph(x”/kln . j) € %,
Lix!'; = Pu(Fi @00 ) = Fo ol ), () € 92, (3.33)
wﬁj_xh =0, (i, j) € 902

Multiplying the first equation and the second equation of (3.33) by w and x respectlvely, and then summing the
results for all 7, j, we obtain that

Ny—1Ny—1 Ny—1Ny—1
h o h hoy
Z Z i Lawfy =Y Y wi Pulel i/ ki),
=1 =1
—IN‘ 1 Ny—1Ny—1

Z Z X; jﬁhxl j Z Z -xljph(E j(Z;k]},_h ) — t](Z?o;hs_,j))

i i=1 :

By Lemma 3.2 and (3.28), the above system reads

_Nx*IN)'_l
oL Ly|w"? <k Z Z wp Paxl';,
ot Ny_l (3.34)
o LiLylx"} < 3 " (Muxl  Puwl s + M) 3! Pl ).
i=1 j=1
Since
Ne—1Ny—1 Ne—1Ny—1
Z)thph<3h2 . h N2 h2_3LL h)2 h) 2 3.35
FPhxl <300 Y Y ()P 4 ()7 =30 L Ly (Jw” 17 + [1x*]1), (3.35)

i=1 j=1 i=1 j=1
we obtain from (3.34) that

= Vi Vi -+
o lwh} < 3ck(lw > +1Ix"1%),  o* X3 < 3o M, llw" | + 30 (M, + 2M,)|Ix"|>.
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Applying Lemma 3.3 to the above inequalities, we have

4o* _ 4o* — — —
— w1 < 3ok(lw" I + I1x"1?), anhw < 3o Mllw"|> + 30 (M, +2M,)|Ix"||*. (3.36)

L*

The first estimate of (3.36) implies [|w"[|?> < —32kL”

Y L x|, and so by the second estimate,

20" ny2 20" o) eh2
o= (40* "ok e M I
The condition (3.31) ensures ||x" || = 0 which implies (U, V) = (U,, V,). O

In what follows, we shall use the following notations:

—k

— oF; ;
M, =M,, M, = max 3 (u, v)

“ v

; (u,v) €S, G, j)e (l} 3.37)

Theorem 3.5. Let the conditions of Theorem 3.3 hold except that the condition (3.17) is replaced by
kM, +2M, < 4. (3.38)
Then the conclusions of Theorem 3.3 are also valid.

Proof. It suffices to show W, = Xj; = 0, where the components of W), and X}, satisfy (3.33). Applying Lemma 2.2
to (3.33) gives

1w oo < KIx"lloo/2, I lloe < My llw*lloo/2 + My Ix" o0/2.
Consequently,
I loo < (kM /4 + M ,/2) 15" lloc.
The above with condition (3.38) implies | x"|lso = |w"|looc = 0, andso W), = X, =0. O
Remark 3.1. Since we adopt the locally extreme values of F, at the right-hand sides of the iteration (3.8), the

monotone convergence of the produced sequences follows without any requirement on the monotonicity of F. This
fact essentially enlarges their applications.

Remark 3.2. If the function F' (U, V},) is monotone in Uy, then the iteration (3.8) is reduced to a usual iteration with
monotone function F. In this case, the computation of maximum and minimum values of nonlinear function in (3.8)

is trivial. Moreover, M, in (3.16) is defined by M, = min{| aaF;’j (u, v)|; w,v) €8, (1, j) € 2}.

——Uu

Remark 3.3. If F(Uj, Vp) is nonmonotone in Uj, then the maximum and minimum values can be determined by

aF; ; ..
- =0, ) € 2.

4. Two block moneotone iterations

The Picard iteration (3.8) leads to a nine-diagonal linear system at each step of iteration. For resolving this system,
we need another iteration procedure. This is expensive for large number of mesh points. To remedy this deficiency
and maintain the monotonicity of convergence, we now propose two new iterations, called block Jacobi iteration
and block Gauss—Seidel iteration, respectively. To do this, we split the matrices A and Bas A = D — L — U and
B = D* + L* + U*, where D, L, U, D*, L* and U* are N -order block tridiagonal matrices, namely,

D = tridiag(0, Ao, 0), L = tridiag(A1, 0, 0), U = tridiag(0, 0, A1),
D* = tridiag(0, By, 0), L* = tridiag(By, 0, 0), U* = tridiag(0, 0, By).

(a) Block Jacobi iteration

Let (17;,, Vh) and (ﬁh, Vh) be a pair of coupled upper and lower solutions of (2.17). The Block Jacobi iteration

produces the sequences {(U(J’,n}f , V%?)} and {@(ng, X(jmg)} as follows,
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—(0) () ~ & 0 (0 R
Wyn Vi) = WUn, Vi), (Q(J}I, Z(]}i) = (Un, Vi),
DT = (£ + T + 2BKVV 4 GO, m= 1,
(D + M*R2DHVY) = (L+U — M*R2(L* + UV
2 x77(m—1) —(m—1) 2
TRBMIV )y max F(Z Vg )+ G mz L, @D

puY) = +wul Y +n2BKVYTV + G m =1,
(D + MWDV = (L +U — MPR2(LE + UYL

2BV 4 min | P2, V) GO, m= 1,
’ ZpeSin— ’

where M* is a nonnegative constant specified later, and S is defined by (3.9) with respect to U (]”2 and ﬁ(JmZ .

(b) Block Gauss—Seidel iteration

The block Gauss—Seidel iteration is designed by replacing the matrices D, D*, £ + U and L* + U* in (4.1) by the
matrices D — L, D* + L*, U and U*, respectively. It produces the sequences {(U((’;f ;l, Vg'f;,)} and {(U, ((';"}l, Xg'f;l)}.

Evidently, the matrices D, D + M *h%D*, D—-—LandD—-L+ M *h% (D* 4+ L*) are block diagonal or block
lower-tridiagonal. Thereby, at each step of the block Jacobi and block Gauss—Seidel iterations, we could use certain
explicit and efficient algorithms, such as Thomas algorithm. This simplifies the actual computation essentially and
saves a lot of computational time.

Like the Picard iteration, we have the following results on the convergence of the above proposed iterations.

Theorem 4.1. Let the conditions in Lemma 3.1 be satisfied. Then the conclusions in Lemma 3.1 and Theorem 3.2
are valid for the sequences produced by the block Jacobi and block Gauss—Seidel iterations with M* = M. If, in
addition, one of the conditions (3.17), (3.31) and (3.38) holds, then the conclusions in Theorem 3.3 also hold for these
sequences.

Proof. It is easy to verify that under the condition (2.19), the inverses DL, D+ M hiD*)_l, (D — £)~! and
(D-L+ Mh)% (D* + £*))~! exist and are positive. Moreover, the matrices £ + U, £+ U — Mh)% (L* +U*), U and
u-—-m h)%Z/{ * are nonnegative. Accordingly, we follow the same line as in the proofs of Lemma 3.1, and Theorems 3.2
and 3.3 to reach the desired results. [

‘We next compare the Picard, block Jacobi and block Gauss—Seidel iterations.
Theorem 4.2. Let the conditions in Lemma 3.1 hold, and let {U;lm) R Vﬁ,m), U ,(1'"), K;lm) L {ﬁ%?, V(Jm; U (Jm}z Z(ng} and

{U(gi, V(gf ;1, U (Gm,)1 X(Gr'f;l} be the sequences produced by the Picard, block Jacobi and block Gauss—Seidel iterations

with M* = M and the same initial data, respectively. Then for allm > 1,

—(m) —(m) —(m) —(m) w5 (m) (m)
Wy v <. veh < vy <@, V" < @G VED = T V). 4.2)

Proof. Let (W,". Z,") = Wgy — Uy Ve — Vi) and (W™, 2y = @™ — U, vi™ — V). Then

we have from (3.8) and the corresponding formulas of block Gauss—Seidel iteration that
D — LWy =u@e, " -T") +n2BKZ," ",
(D — L+ MRA(D* + LWZy" = U — MEuH Ve, =7
2 —(m—1) —(m—1) —(m—1)
+hiB(MZ, + max F(Zp, Vg, )— max F(Z,,V, ),
ZpeS Y ’ ZpeStm=D

@ - oW =uw” - vy +ntBKz ",
(D = L+ MRAD* + LNZ)" = U — MR2UH V" - vED)

+m Bz min | FZ v — min P2y VED)).
ZhGSGm7 '

(4.3)

ZpeSm-1
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where Sg") is defined by (3.9) with respect to the block Gauss—Seidel iteration. Since i/ > 0,/ — M h%u* > 0, and

U, = @) < @ T < @ T

we obtain from (4.3) that

@ - oW >uw!" " + 2Bk 7"V,

(D — L+ MRA(D* + LNZY" = U — MR2UHZ)" ™"
+r2BMZ" )+ max  F(z, Ve, ) - max  F(z, V")),
ZhES(Gmil) ’ ZpeSm=1 (4 4)

(m) m=1) | 12 p g 7 0m=1)
P —=LOW," =UW," " +hiBKZ," ",

-1
(D — L+ MR2(D* + L)Z™ > U — M2u*z" ™"
+h2BMZ" Y+ min F(Z, V)= min F(Zy, YOV
ZheS(m—l) Zhesg"_l) s

We now use induction. Consider the case m = 1. Since the considered iterations possess the same initial data, the
relation (4.4) with m = 1 is reduced to

@ -0W >0, (D-L+MRED* +LNZ >0,

D -0Wi" >0,  (D—L+MRED* +L)Z > 0.

The above with the positivity of (D — £)~! and (D — £ + Mh2(D* + £*)~" leads to (W', Z\") > (0, 0) and
W'D zD) > (0,0). Finally, with the aid of (3.3) and (4.4), we show inductively that (W.", Z\"’) > (0, 0) and
W,z = (0,0) forallm > 1, ie.,

—(m) — () —(m)
W VI <™ vy < @, Vi < @G Ve, m=1.

We can prove the other inequalities in (4.2) in the same manner. [

Remark 4.1. According to (4.2), the Picard iteration might converge faster than the block Gauss—Seidel iteration. The
latter in turn might converge faster than the block Jacobi iteration. However, the block Jacobi and block Gauss—Seidel
iterations are more preferable, since they are much easier to be carried out, and do not require any additional iteration
at each step.

Remark 4.2. Using the same argument as in [25], we can show that the Picard, block Jacobi and block Gauss—Seidel
iterations given in this paper have the geometric convergence rates.

5. Convergence of compact scheme

In this section, we deal with the convergence of finite difference scheme (2.9) (or (2.17)), and show its fourth-order
accuracy.

Let (u;,j, v; ;) be the value at the point (i, j) of solution of (2.1), and (u ., vl ) stands for the solution of (2.9).

i,j° i, j
We consider the errors elh,j =u;j— uflj and elf{lj = — Ul.’fj. In fact, we have from (2.6) and (2.9) that
h th 6 .o
Ehei’j —,Ph(é’l-)j/ki,j)—FO(l’l ), (i, ) €12,
ﬁhe;{; = Pu(Fi j(ui j, vij) — Fi,,-(uffj, vffj)) +0h%, @, j)en, (5.1)

efsze;f'j=0, @i, j)eadl.
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Multiplying the first and the second equations of (5.1) by e and e respectlvely, and then summing the results for
all i, j, we obtain that

Ny—1Ny—1 Ne—1 Ny— Ny—1 Ny—1
IDDBEILEEDS Z ehPaelishig) + OU0) 33 57 el
J= L J
—1N>*1 Ny—1Ny— Ny—1Ny—1 (>-2)
Z Z el Lael, = > Z e/l Pu(Fij(uijvij) — Fij) vl )+ 0% Y " efls
i= i=1

j=I1 i=1 j=I1

Theorem 5.1. Let S* be the set in R? such that (u; o Vi), (ul i vh’j) € Sl-”:j, and let M; and M: be the constants
defined by (3.37) wzth respect to Sl"jj. If u,v e C°([0, L] x [0, Ly, 1/5 < 02 <5and

20'* — — 20'*

7% *
30kL™ < 407, mMu+Mv<3UL*’ (5.3)
then
e = u"l| = —=h lv ="l = —=h
where c* is a positive constant independent of h, and \* = 2(30L* - WM - M, ») > 0.
Proof. By using Lemma 3.2, we have from (5.2) that
Ny—1Ny—1 Ny—1Ny—1
o*LeLyle" T <k Y Y qel 1 Pudlel )+ 0% Y Y el
i=1 j=1 i=1 j=I
Ny—1Ny—1 Ny—1Ny—1 (5'4)
o LiLyle"|} < Z Z (M lel"; |Pu(lel ;D) + Mlef; | Pudlef; D) + 0 Y Y~ el
i=1 j=1
Let ¢ be a suitably small positive constant determined below. It is easy to see that
Ny—1 Ny—1 Ny—1Ny—1 28L L
0(h% Z Zeu Z Z O (h*)h, ,/ e < MNP+ - O(h) etc.
i=1 j=1 i=1 j=
Thus, by virtue of Lemma 3.3 and (3.35), we derive from (5.4) that
4o* — 2¢ 1
el 1P = 30 ("2 + ™ 12) + 11" 17 + ~ o),
5.5
o* — — — 2¢ 1
eI = 30 M lle" 2 + 30 (M, + 2M ) e 2 + eI + ~ 0 ().
For any positive ¢ < (40* — 30kL*)/2, the first estimate of (5.5) implies that
30kL* 1
le"|1* < le™ I + — 0 (). (5.6)
4o* —30kL* —2¢ &
Along with the second estimate of (5.5), we use (5.6) to verify that
20 —€ 4o 20*% —¢ —  —x\ 2 1 3
< — M,+M 17+ —O0(h®). 5.7
o 1 = (o g M L) 1P + 0 57)
Due to the condition (5.3), we may take ¢ to be sufficiently small so that ¢ < (40* — 30kL*) /2 and
20% —¢ 20% —¢ P — .
M,—M,>1">0. (5.8)

30L*  40% —30kL* —2s "
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Hence, there exists a positive constant ¢, independent of /4 such that le™)12 < ;—ihg. This with (5.6) in turn implies
le|? < i—‘;hs, ¢, being a positive constant independent of /. The proof is completed. [

We next give an error estimate of numerical solution in the discrete Ly,-norm, which has the same order as the
error estimate in the discrete L,-norm.

Theorem 5.2. Let the hypotheses in Theorem 5.1 be satisfied except that the condition (5.3) is replaced by (3.38).
Then there exists a positive constant c’ independent of h such that

h C"< 4 h C* 4

lu —u"lloo < 22h%, v —"lloo = 50R7, (5.9)
)“OO }"OO

where 5 = 34 — kM, — 2M) > 0.

Proof. Let ef’ j and elfhj be the same as before. An application of the mean-value theorem and Lemma 2.2 to (5.1)
yields that

le"loo < Klle"loo/2 + O,  [l€" oo < Mylle" |oo/2 + M, lle" |00/2 + O(h*). (5.10)
This implies
le™loo < (W% +M§ﬁ/2) " oo + O (™). (5.11)

By using (3.38), we reach the estimate (5.9). [
6. Numerical results

We now present some numerical results demonstrating the monotone convergence of iterations and the fourth-order
accuracy of numerical solution, as predicted in the analysis. As mentioned in the previous sections, we have to find
certain pairs of coupled upper and lower solutions for ensuring the monotone convergence of iterations, which, in
turn, depend mainly on the function F (U, V). Our example below also illustrates a technique for constructing such
pairs.

Let 2 ={(x,y);0 <x < 1,0 < y < 1}, and consider the boundary value problem

Au
2., _
Afu = p(x,y)—1 +M +q(x,y), (x,y) €, 6.1
u=Au =0, (x,y) € 312,

where p(x, y) is a sign-changing continuous function and ¢ (x, y) is a nonnegative continuous function. Problem (6.1)
is a special case of (1.2) with

v
k(x,y)=1, f(x,y,u,v)=px, y)H—u +q(x,y), gx,y)=g"(x,y)=0, Ly=L,=1. (6.2)
To obtain an explicit solution of (6.1), we take a positive constant «, and

px,y)
1 + « sin(wx) sin(rry)

q(x,y) =27 (2712 + ) sin(rrx) sin(rr y). (6.3)
The true solution of (6.1) is given by u(x,y) = « sin(wrx)sin(ry) for any p(x, y). Moreover, g(x,y) > 0, if
px,y) > —272%in 0.

Let h = hy = hy. The finite difference scheme (2.17) for problem (6.1) is now reduced to

12
{AUh_h BV, 6.4)

AVj, = h*BF (Uy, Vi),

where A and B are the same as in (2.16) with ¢ = 1, and F(Uj, V},) is defined by (2.15) and (6.2). Since p(x, y)
changes sign, F (Uj, Vp,) is not monotone in Uj,.
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Fig. 6.1. The monotone property of {ﬁ;lm), Q(m)} at (0.5, 0.5) by different iterations (left: U;lm) right: U(m))

To find a pair of coupled upper and lower solutions of (6.4), we consider the following auxiliary linear system

> —=12n7 —12
{AZh = ph*BZ;, + qgh*BE, ©5)

AW;, = thZh,

where p and g are sufficiently large so that [p(x,y)] < P and g(x,y) < gin 2, E € RV is a vector whose
components are all one. The system (6.5) admits a unique solution (W, Z;), and (Wh, Zh) > (0,0) if p < Ao, where
Ao is the smallest eigenvalue of the generalized eigenvalue problem (2.18) (see Lemma 2.4). Notice that 1y > 8/3 (see
Theorem B.1 in Appendix B). It is easy to verify that F(Uy, Vi) < pVi+qE forall (Up, Vi) = (0, 0). Consequently,
(Wh Zh) and (0, 0) form a pair of coupled upper and lower solutions of (6.4).

Since dF; j/0v = —p/(1 +u) > —p for all u > 0, the nonnegative constant M* in the iteration processes (3.8)

and (4.1) may be chosen as M* = p. Letk = 1, p(x, y) = 0.5cos(wx) cos(wry), p=1/2andg = 272 K(2TL’ + 1).

Taking (U ;0), V;lo)) = (Wh, Zh) and (U ©) Kzo)) (0, 0), we produce the corresponding sequences {(U ,(lm) V;lm))}

and {(U;, (m) V(m))} by the Picard iteration, block Jacobi iteration and block Gauss—Seidel iteration. All computations
are carried out on a Pentium-4 computer with 512 MB memory and a MATLAB subroutine. The termination criterion
of iterations is

77 (m)

7 m)
1U

— U oo+ 1V =V < 10712, (6.6)

In Fig. 6.1, we plot the values of sequences {Uh } and {U(m)} at the point (x;, y;) = (0.5, 0.5), with & = 1/20.

As expected from our analysis, the sequence {U h } is nonincreasing, while the sequence {U ;lm)} is nondecreasing.

Besides, the comparison result (4.2) is also confirmed. In numerical experiments, the sequences {(U ;lm) Vglm))}

{(w, (m) V(m))} tend to the same limit (U fi Vh ) as m — oo. It indicates that the limit (U} i V;) is the unique solution

of 64)in S = {(Uy, Vp) € (RN)2 0,0) < (Up, Vi) < (VT/;, Z,)} Therefore, for illustrating the accuracy of

iterations, we may take (U ,(;n ) (m )

of iterations for the tolerance in (6 6).

In Table 6.1, we list the values of computed solution U at the point (x;, y;), with y; = 0.5 and the mesh size

= 1/10, 1/20, 1/40. We also list the relative error (Relat. err.) between the computed solution U;" and the true
solution u at every point, the values of the true solution u, the number of required steps of iterations (Number of iter.)
and CPU time (in seconds). We see that the Picard iteration converges faster than the block Gauss—Seidel and block
Jacobi iterations. However, the block Gauss—Seidel and block Jacobi iterations cost much less computational time,
especially for small mesh size.

In Fig. 6.2, we sketch the absolute maximum errors (i.e., Lo-errors, see (6.7)) between the true solution u# and
the computed solution U’ produced by the block Gauss—Seidel iteration with 27 = 1/N for different N. Clearly, the
computed solution meets the true solution closely, and the numerical error decays as the mesh size decreases.

) as the computed solution (U}, V) where m* is the number of required steps
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Table 6.1
The computed solution U ,:‘ and the true solution u
h (x;,¥5) (0.1,0.5) (0.2,0.5) (0.3,0.5) 0.4,0.5) (0.5,0.5) Number of iter. CPU time (s)
(a) Picard iteration
1/10 Comp. sol. 0.30904218 0.58783315 0.80908293 0.95113402 1.00008150
Relat. err. 8.15165e—5 8.14923e—5 8.15063e—5 8.14883e—5 8.15000e—5 9 0.094
1/20 Comp. sol. 0.30901856 0.58778824 0.80902110 0.95106135 1.00000508
Relat. err. 5.08063e—6 5.08689¢—6 5.08024e—6 5.07856e—5 5.08000e—6 9 4.344
1/40 Comp. sol. 0.30901709 0.58778544 0.80901725 0.95105682 1.00000032
Relat. err. 3.23607e—7 3.23247e—7 3.21378e—7 3.15439e—7 3.20000e—7 9 304.141
(b) Block Gauss—Seidel iteration
1/10 Comp. sol. 0.30904218 0.58783315 0.80908293 0.95113402 1.00008150
Relat. err. 8.15165e—5 8.14923e—5 8.15063e—5 8.14883e—5 8.15000e—5 167 0.344
1/20 Comp. sol. 0.30901856 0.58778824 0.80902110 0.95106135 1.00000508
Relat. err. 5.08063e—6 5.08689e—6 5.08024e—6 5.07856e—5 5.08000e—6 660 2.984
1/40 Comp. sol. 0.30901709 0.58778544 0.80901725 0.95105682 1.00000032
Relat. err. 3.23607e—7 3.23247e—7 3.21378e—7 3.15439e—7 3.20000e—7 2637 56.016
(c) Block Jacobi iteration
1/10 Comp. sol. 0.30904218 0.58783315 0.80908293 0.95113402 1.00008150
Relat. err. 8.15165¢e—5 8.14923e—5 8.15063e—5 8.14883e—5 8.15000e—5 330 0.641
1/20 Comp. sol. 0.30901856 0.58778824 0.80902110 0.95106135 1.00000508
Relat. err. 5.08063e—6 5.08689e—6 5.08024e—6 5.07856e—5 5.08000e—6 1317 7.281
1/40 Comp. sol. 0.30901709 0.58778544 0.80901725 0.95105682 1.00000032
Relat. err. 3.23607e—7 3.23247e—7 3.21378e—7 3.15439e—7 3.20000e—7 5270 166.313
True sol. 0.30901699 0.58778525 0.80901699 0.95105652 1
10°°
10"
10°®
§ 10°
@
107
10°
-9

Fig. 6.2. The absolute maximum errors between U, ;l‘ and u forh = 1/N.

8 16 24 32 40 48 56 64 72 80 88 96 104112120128

N

To further demonstrate the accuracy of scheme (6.4), we calculate the Lg-error and the order of Lg-error of
numerical solution U ;lk (¢ = 2, 00), which are defined by

errory(h) = |U;f = U],

order, (h) = log, (

errory (h)
errory (h/2)

errore(h) = Uy — Ulloos

)9 azzsoos

6.7)

where U denotes the true solution vector. In Tables 6.2 and 6.3, we list the Ly-error and the order of L-error,
where the numerical solution is given by the block Gauss—Seidel iteration with the tolerance in (6.6). We see that the
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Table 6.2
The comparison between scheme (6.4) and SFD in Ly-norm
h Scheme (6.4) SFD

error, (h) order, (h) errory (h) order; (h)
1/4 1.62641965e—3 4.0279 5.44353829e—2 2.0622
1/8 9.97043905e—5 4.0067 1.30346208e—2 2.0154
1/16 6.20261613e—6 4.0017 3.22414850e—3 2.0038
1/32 3.87217570e—7 4.0004 8.03901337e—4 2.0010
1/64 2.41942020e—8 4.0002 2.00842171e—4 2.0002
1/128 1.51192645e—9 5.02022250e—5
Table 6.3
The comparison between scheme (6.4) and SFD in L so-norm
h Scheme (6.4) SFD

erroreo (h) orderso (h) €rroreo (h) orders (h)
1/4 3.25283892e—3 4.0279 1.08870753e—1 2.0622
1/8 1.99408765e—4 4.0067 2.60692390e—2 2.0154
1/16 1.24052313e—5 4.0017 6.44829644¢—3 2.0038
1/32 7.74435076e—7 4.0004 1.60780254e—3 2.0010
1/64 4.83883977e—8 4.0002 4.01684310e—4 2.0002
1/128 3.02384962e—9 1.00404442e—4

numerical solution U} has the fourth-order accuracy in both L;-norm and L.-norm. This coincides well with the
analysis.

For comparison, we also solve (6.1) by the standard finite difference method (SFD) as in [16,17]. This method
leads to a system of nonlinear algebraic equations of the form (6.4) with the matrices

A =trld]ag(_11Als_1)7 Al =tridlag(_]s47_])7 B =1

Thus, a similar block Gauss—Seidel iteration can be used in actual computation. The corresponding L-error and the
order of Lg-error of numerical solution U} (o = 2, 00) are also given in Tables 6.2 and 6.3. We see that the standard
method possesses only the second-order accuracy.

To compare the convergence rates of iterations and time consumption, the number of required steps of iterations
(Number of iter.) and CPU time for scheme (6.4) and SFD scheme are listed in Table 6.4. We see that with the
same mesh size, the iteration for resolving scheme (6.4) converges slightly faster than that for SFD scheme. But
scheme (6.4) costs more computational time than SFD scheme (except the case 7 = 1/4). This is reasonable, since
more number of arithmetic operations are involved in scheme (6.4). However, we see from Tables 6.2—-6.4 that for
obtaining the numerical solution of the SFD scheme, with the Ls-error around 5.02022 x 107> or the Loo-error
around 1.00404 x 10~*, we need to take h = 1 /128, and so cost 10291.766 CPU seconds. In contrast, a more
accurate numerical solution is provided by scheme (6.4) with 4 = 1/16. In this case, the Lj-error is 6.20262 x 1076
and the Loo-error is 1.24052 x 1073, But the corresponding cost is only 1.406 CPU seconds. The above comparisons
clearly indicate that the presented scheme (6.4) is much more efficient than the standard finite difference method.

We end this section by giving a simple comment on the computational cost in Tables 6.1 and 6.4. At each step
of the Picard iteration, we need to resolve a linear algebraic system of order s = O(hiz). When we use the Gauss

elimination method to solve such system, the number of total operations at each step is about s> /3. Therefore, if &
is halved, then the number of total operations becomes (4s)3 /3. Accordingly, the CPU time with the mesh size 4 /2

is approximately 64 times the CPU time with mesh size h. Clearly, the CPU time of the Picard iteration presented in

Table 6.1 agrees with the above analysis. In fact, the numbers of the Picard iterations for 4 = 1—10, %, % are the same.

Therefore, the total CPU times for these three cases are nearly proportional to #, 36h—46, ‘%, respectively. We can
analyze the CPU time of block Gauss—Seidel iteration and block Jacobi iteration similarly. In these cases, the numbers

of total operations at each step is about O (s2).
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Table 6.4
The number of iterations and CPU time for scheme (6.4) and SFD
h Scheme (6.4) SFD

Number of iter. CPU time (s) Number of iter. CPU time (s)
1/4 28 0.093 29 0.141
1/8 105 0.234 107 0.172
1/16 417 1.406 418 1.140
1/32 1661 21.687 1663 15.953
1/64 6601 504.86 6610 370.86
1/128 26303 18798.328 26351 10291.766

7. Concluding remarks

In this paper, we proposed a compact finite difference method for a fourth-order nonlinear elliptic problem, with
the fourth-order accuracy. It also preserves monotonicity as the underlying continuous version and so fits the exact
solution properly. We provided three monotone iterations with geometric convergence rates, for resolving the resulting
nonlinear discrete systems. Moreover, all procedures do not require any monotonicity of involved nonlinear function
and so essentially enlarge their applications. The numerical results coincide with the analysis very well.

In this work, we generalized the method of upper and lower solutions to multi-dimensional partial differential
equations of high order. We also developed a technique for designing and analyzing compact and monotone finite
difference schemes with high accuracy. They are very useful for accurate numerical simulations of many other
nonlinear problems, such as numerical solution of the stream function form of the Navier—Stokes equations and so on.
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Appendix A

In this appendix, we prove Lemmas 2.2, 3.2 and 3.3.

Proof of Lemma 2.2. We set

¢l = (57 +y))/24 = (*h% + j°h3) /24, (. j) € Q.
Clearly, 0 < ¢>l.’f j < 1/12forall (i, j) € 2. Moreover, a calculation shows that

Ladly=—h%. (. ]) € L.
Next, let M = max; j)eq |£;1uffj|/h)2c, and wfj = :i:btf{j + M¢>ffj. ‘We observe that

Ehwi‘"’j:Ehuﬁj—Mhi, Ehw;jz—ﬁhuf”j—Mhi.
This implies L, wfj < Ofor all (i, j) € {2. Therefore, by virtue of Lemma 2.1,

max wl < max w’ < max (:I:uhj) + max (M¢ffj) < max (:tuffj) + M/12.
(i,j)eds? (i,))edf2

G.pe " T apear BT Gjpes " -

Since :I:uffj < wli we have max(i,j)eg(:lzu?)j) < max(i’j)eag(iuf{j) + M /12, which implies the desired result

@11, O !
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Proof of Lemma 3.2. Thanks to (2.8), we can check directly that

Ny—1Ny—1 Ny Ny—1 Ny—1 Ny
h h 2
Z Z ui Ly = (5= )Z Z(”w—”t 1/) + (0% = 1) (. j = i j—1)
i=1 j=1 i=1 j=1 i=1 j=1
1+U2 Ny Ny Ny Ny—1
2D - et (uf ;= i1 j)”
ij " Ui- 1] 1 i,J i—1,j+17 >
i=1 j= i=1 j=0

from which (3.29) follows immediately. [

Proof of Lemma 3.3. Clearly, u ; = Y),_ (us ; —u" | ), and so
2 2
(ulj) <Zl Z(u pl/ —_Z( plj)
Similarly,
h 2 h 2
wp )* < Z =y )%

X p=i+1

Putting the above two results together yields that

wh ) < ii(uh 2
L7 = 2h, ‘ pJ p=Lj’ -
[):

Therefore,

Ne—1Ny—1

I"1* = LL ; Z(h )2_20‘L ZX:Z(M’J_“I L)

In the same manner, we deduce that

Ny—1 Ny

|1 < 2Ly DO )~ )

i=1 j=1

Then the desired result (3.30) follows from the above two estimates. [
Appendix B

In this appendix, we estimate the smallest eigenvalue Ao of the generalized eigenvalue problem (2.18).

Theorem B.1. If 1/5 < 6% < 5, then % <A =< %, where o* and L* are given by (3.28).

Proof. Let A™'B = (#;, 7). Since 1/ is the largest eigenvalue of h}ch_1 B, we have from Forbenius theorem (see [24],
p. 31) that

N
1 2 .
> h2 mimgt,-,j. (B.1)
_ 1 _ N ) N T
Let E=(1,1,...,)7T and S = A~'BE. Then S = (Zj 1tl],ijll‘z,],...,zjzll"/\/'!j) and by (2.13),
121

AS = BE > EE (B.2)
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Let S, = Zj\il tiy,j = min; Zﬁ\il t; j, and let (AS);, stand for the ioth component of AS. Then by (2.13),

(AS)iy <= B0 + 02)Sj,. This with (B.2) implies that (1 + 02)S;, > '. Thus, min; Zfi Vi o> %

which with (B.1) leads to Ao < 132(+¢%),

Next, let @ be the positive eigenvector corresponding to Ag. Then PTAP = )»ohi &7 B ¢. Furthermore by (3.35)
and Lemmas 3.2 and 3.3,

30 L* 30L*
2 dTB® < 60L,Ly||P|* < TLxLy@ﬁ < WQDTAQ

oTAP 20*

Therefore, Ao = 2 gi5s = 3517
X

. This completes the proof. [J
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