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ABSTRACT

Suppose some Toeplitz matrix families {A,(f,)} are given, generated by the
Fourier expansions for f,,, and a new family{ A } is constructed from A,(f,) via basic
matrix operations. Theorems are proved that describe the singular-value distribution
for A, in the terms of f,, as well as the eigenvalue distribution for H(A,) = (A, +
A%)/2and K(A,) = (A, — A%)/2i. In particular, if f, € L, and only multiplication
is used, then we show the singular values of A, are distributed as [f(x)|, where
fx) = IIf (x). At the same time, the eigenvalues of H(A,) are distributed as
Re f(x), while those of K(A,) are distributed as Im f(x). The extension to multilevel
Toeplitz matrices is also suggested. Finally, an application to circulant preconditioning
is discussed.

1. INTRODUCTION

In this paper we study the following problem. Suppose we are given
Toeplitz matrix families {A,{f,)} generated by functions f,, and construct
from them a new family {A,}, using basic matrix operations such as addition,
multiplication, and inversion. Can anything be said about the distribution of
eigenvalues and singular values for the new family?

If matrices A,(f,) are Hermitian, then we know their eigenvalues are
distributed as f,(x). This is established by the Szego theorem [5]if f, € L,;
as is shown in [9], the same holds if f, € L,. Whether matrices A, (f,) are
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Hermitian or not, their singular values are distributed as |f,(x)|. This is
proved by Avram and Parter (1, 6] for f,, € L.; as is shown in [9], the same is
valid if f, € L,.

A difficulty is that matrices A, constructed from A, (f,) with the help of
basic matrix operations are no longer Toeplitz in general. Just the same, in a
certain sense they are generated by a function f(x) constructed from f_(x)
via the corresponding operations. Therefore, we may expect that, under
certain hypotheses, A,’s eigenvalues are distributed as f(x), and A’s
singular values are distributed as [f(x)l. The goal of this paper is the
formulation and proof of the relevant theorems.

In Section 2, all necessary definitions and other preliminaries are given.
We shall chiefly make use of the framework proposed in [9].

In Section 3, main theorems are formulated and proved. Section 4 shows
how these theorems can be extended to multilevel matrices.

In Section 5, we discuss an application to the problem of preconditioning
when solving linear algebraic systems. Apparently, the theorems proposed in
Sections 3 and 4 lead to the simplest and clearest explanation of the existence
of clusters among eigenvalues or singular values.

In Section 6, some open questions are listed.

2. PRELIMINARIES

Two sequences of real numbers, {A{"}7_, and {u{"}_,, are called

equally distributed if

lim — Z [F(A®) — F( )] =0 (2.1)

n—ox n

for any continuous function F with bounded support.
Let f be a real-valued Lebesgue-integrable function that is defined on
the whole real axis and has 27 as its period. A sequence {A{™} is said to be

distributed as f(x) if

hml F(A("))——f F(f(x)) dx (2.2)

n—o>x N k=1

for any continuous F with bounded support. In a way, these definitions
generalize those by H. Weyl [5]. They were put forward in [9].
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THEOREM 2.1 (A modification of Theorem 3.1 from [9]). Given two
sequences of complex matrices, {A,} and {B,}, where n is the matrix order,
suppose that there are matrices A, such that

1
lim —||A, — B, + A, ll} =0, (2.3)
n—ox N
1
lim — rank A, = 0. (2.4)
n—o N

Then the singular values of A, and B, are equally distributed. If A, B, are
Hermitian, then their eigenvalues are equally distributed too.

A matrix A = [a;]},_, is called Toeplitz if a;; =a;_;, and circulant if
@;; = @;_jimodn+1y- For circulant A we will use the notation A =
Circ(ao, e, ay).

Toeplitz matrices A, = [a, ;]i;_, are said to be generated by the func-
tion f(x) if a,_; are the Fourier coefficients for f(x), that is,

f(£)= T aet  xeR. 25)

k= —x

Several families of circulant matrices are associated with the series (2.5). In
particular, we have the so-called simple circulants

circ(ay,,a,...a_,a__,...,a_,), n=2m,
Sn = - ( 0 1 m m l) (2.6)
circ(ay, ay, ..., _1,0,8_,1,.-.,a_)), n=2m-—1,
and the Cesaro circulants
C, = cire(cf, ... M), (2.7)
1 n

> ai—;-
i,j=0
i—j=k(mod(n + 1))
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The eigenvalues of simple and Cesaro circulants are expressed as follows:

2wk
Ak(Sn) =f[n/2](m), k = O, 1,..., n; (28)
M(C 2k k=01 2.9
k( n)_a'n(n_'_l)) =U,L,...,n, ()

where

m

fu(x) = X ae™, (2.10)
k=-m

. i_ (). (2.11)

n+1_ 7,

o, (x)
Equation (2.8) is well known; (2.9) is given in [2] (the derivation of both can

be also found in [9]).

THEOREM 2.2. Suppose f € L, and the Toeplitz matrices A, and circu-
lants S, C, are generated by series (2.5). Then

IA, = S, = o(n), (2.12)
IS, — C,lIF = o(n), (2.13)
IA, — C,liF = o(n) (2.14)

(o(n) signifies, as usual, that o(n)/n = 0 as n — ©).

We omit the proof, because it is explicitly incorporated in the proofs of
Theorems 4.1 and 5.1 from [9]. The next theorem is a generalization of the
theorems of Szeg6 [5] and Avram and Parter [1, 6].

THEOREM 2.3 (Theorems 5.4 and 5.5 from [9]). If f€ L,, then the
singular values of the matrices A,, S,, C, are distributed as |f(x)|. If f is
real-valued, then the matrices A,, S,, C, are Hermitian, and their eigenval-
ues are distributed as f(x).

Below we will also refer to the well-known Fejer representation of the
Cesaro sums:

a,(x) = f:rKn(x, 1) f(t) dt, (2.15)
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where

x —1
1 sin® (n + 1)
= 2.16
Klet) = 507D L x-t (2.16)
sin
and it is noted that for all x
[ K(x.t)di=1. (2.17)

Sometimes we will deal with the notion of a cluster. Let {A{"} be a
sequence of real numbers, and v,(&) denote the number of those among
MNP, k =1,..., n, which lie outside the &-ball centered at c. If y,(&) = o(n)
for any & > 0, the ¢ is called a cluster.

A cluster is called proper if ¥,(£) < C(¢&), where C(¢) is independent of
n. Proper clusters are customarily used to obtain theoretical estimates of the
convergence rate for the preconditioned conjugate gradients. From the
practical point of view the distinction between proper and general clusters is
not crucial, since moderate growth of y,(&) may well lead to fast convergence
in practice.

3. MAIN RESULTS

Consider 27-periodic complex-valued functions

fu(x), a=1,...,r, gg(x), B=1,...,q,

and suppose that gg(x) # 0 for all x. Set

r q
f(x) = T1fu(®) / T1 20(x). (3.)

Let C,(f,) and C,(gz) denote the Cesaro circulants associated with the
Fourier series for f, and ggz. Under certain hypotheses, the circulants
C,(gp) are guaranteed to be nonsingular, and we thus may introduce a new
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family of circulants defined as

r q
= TTa.() T16,(5). (32)

Note that it does not matter in which way the matrices in (3.2) are ordered,
for all circulants commute, and the inverse of a circulant is also a circulant.

LEmMa 3.1, Suppose f, and gz are continuous. Then for sufficiently
large n the circulants C,(gg) are nonsingular, and the singular values of the
circulants C,, of the form (3.2) are distributed as | f(x)|, where f is defined by
(3.1). At the same time, the eigenvalues of H(A,) = (A, + A%)/2 are
distributed as Re f(x) = [f(x) + f(x)]/2, and the eigenvalues of K(A,) =
(A, — A%)/2i are distributed as Im f(x) = [ f(x) — f(2)]/2i.

Proof. Cesaro sums arising from any continuous function are known to
be uniformly convergent to that function. Hence, condition g ﬁ(x) #*0
provides that all eigenvalues of C, (g ﬁ) are separated from zero for all
sufficiently large n, since by (2.9) they are values of Cesaro sums o,(gg; x) of
gg(x). Further, C,’s eigenvalues equal

2mk
AP = ™ — | k=01..n (3.3)
n

where

A(x) = H (fa,x)/I—I 7.(8g; x) - (34)

The singular values of C, are equal to |A{"]. Clearly, the sequence of
functions A"(x) will uniformly converge to f(x) given by (3.1). So for any &
and n sufficiently large we have

2wk
[AM] — <| AW - <e,
n+1 n+1
R A o2mk A — 2wk
"~ <[ AY < &,
e)\k Ref o+ 1 k + &
21k 2wk
Im A{Y — Im f — 1 <|Ap — <e,

k=0,,...,n. (3.5)
Applying Lemma 3.2 from [9], we thus achieve the desired result. |
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Now, we are going to weaken the demand that generating functions
should be continuous. From now on we will assume that they belong to L.
This suggests that the previous condition gg(x) # 0 should be somehow
strengthened. One possible way to do this is to assume that

8, = min inf|gg(x)| > 6 > 0. (3.6)
B x

However, (3.6) can not guarantee that the circulants C,( g) are nonsingular.
For instance, if

(x)= 1, 0<x<77,
£s -1, —-m<x<0,

>

then (3.6) is fulfilled with 0 < & < 1, but due to (2.15), (2.16) we have
7,(gg;0) = 0 for all n, i.e., all circulants C,(g,) have zero as an eigenvalue.
Nonetheless, (3.6) will be quite suited for our purposes, because it ensures
that there are not “too many” zero eigenvalues. As a matter of fact, from
Theorem 2.3 it follows that the number of those among C,(g,)'s eigenvalues
which lie inside the §-ball centered at zero is o(n).

In order to freely consider “inversion” of singular matrices, we modify the
operation of inversion. For an arbitrary square matrix A, we will write

ACD = (A+ A7 (3.7)

where:

(1) matrix A + A is nonsingular;

(2) rank A does not exceed the algebraic multiplicity of A’s zero eigen-
value, if any; A = 0 if A is nonsingular;

(3) if A is circulant then A is circulant;

(4) if A is Hermitian then A is Hermitian.

It is evident that items (1)—(4) can be easily satisfied. If A is nonsingular,
then, by (2), A = 0 and AV = A~'. If A is singular, then there are many
ways to satisfy (1)—(4). Any one of them is acceptable, so by AT will be
meant any matrix of the form (3.7), provided that (1)-(4) hold. For our
purpose, that is, the study of the eigenvalue and singular-value distributions
for A, we do not need any more definite way to choose AV,
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Instead of (3.2), we thus set
r q
Cn = Z Cn(fa)ﬁl—[lcag—l)(gﬁ)‘ (38)
a=1 =

If C.( gﬁ) are nonsingular, then, of course, (3.8) and (3.2) will produce the
same matrix.

LEMMA 3.2. Suppose f,, g5 € L,, and (3.6) holds. Then the singular
values of C,, defined by (3.8), are distributed as | f(x)|, where f is given by
(3.1). The eigenvalues of H(A,) = (A, + A%)/2 are distributed as Re f(x)
= [f(2) + f(x)l/2, while the eigenvalues of K(A,) = (A, — A%)/2i are
distributed as Im f(x) = [f(x) — f(x)}/2i.

Proof. Take any & > 0, arbitrary but sufficiently small, and choose
continuous functions f{, g&” such that

[Tfulx) ~fO () dx <o, a=T...r,

(3.9)
o
f lge(x) —g()dx<e, B=1,..., q.
Let 12 be the set of those indices k € {0, 1, ..., n} for which
2wk
‘Tn(gg;n+l) > 8, B=1,..., q.
(3.10)

n+1

- 2wk
o\ gy’s > 6, B=1...,q.

It is readily seen that the number of indices which fall outside I* is
upper-bounded by ¢;ne, where ¢, is independent of n and &.

Suppose that k € I is fixed, and set x;, = 27k/(n + 1). We want to
estimate the difference between A{”, defined by (3.3), (3.4), and Ng:m
defined in a similar way:

r q
0= i [ [t o
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To this end, we write

0= a0 < T 1o (e m)| E (1% 5) = i (fsx0)

i=1

i—1

X I_[Ia(fa,xk)l lU(f(E) ;)|

+1—[|0(fa,xk)IZ|0 Hgt?s xi) = a7 (g 1)l

i=1

i—1

X HIU l(gﬂ’xk)l H (g(s) xk)l
and using (3.9) and (3.10), we see that

.
A = A8 M < ey Xl (f95 2 ) — o, (fis 1)l

i=1

q
+022|Un(gf€);xk) —o(g;x)l, kerl,

i=1

where ¢, does not depend on n and &, provided that ¢ is sufficiently small.
This does not imply that the difference between A{» and A{**™ is bound to
be small, but fortunately that is not what we are after. The only thing we
need is that {A{"} and {A{&*™} are “almost” equally distributed. Owing to
(2.15)(2.17) we find

YOI = A < age (r + q)e, (3.12)
ke1l®
where
. ) wk t
1 "Sm(n+)n+1_5
a, = max > (3.13)

o<t<2m 2m(n + 1) [T, sin? mk ¢
n+1 2
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A way in which «, can be estimated was shown in [9]. Specifically, from
the properties of the sine we have

s m(k + 6)
] Dz sin (n 1)W
< -
R N S (1)
sin® ————
n+1
For 0 <k <[n/2] + 1,
m(k + 8) w(k + 6)
sin > Cq ,
n+1 n+1

where ¢; > 0 does not depend on n. Noting that sin 70 < 76, we thence
deduce

n+1 a+10l/A1
+ —a 7 Z ﬁ < co(n + 1), (314)

2
Ty 75 1o

a, <

where ¢, > 0 does not depend on n. Now, by (3.12) and (3.14),

XM — A2 < eyne, 3.15
k k 4

kel1®

where ¢, > 0 is independent of n and &.
Further, let continuous functions h;f) be introduced such that

[Mlea'(x) + M (n)ldx<e,  B=L.q  (316)
and set
_ r q
Ao =TT a(f825 %) T a(Bs xc), (3.17)
a=1 B=1

r 9
fO>x) = l:[lfé")(x)ghﬁf)(x)- (3.18)
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Lemma 3.1 ensures that )\(8 ™ are distributed as £{*(x). On the other hand,

{ )\(8 ™} and {A{F ™)} are almost equall dlstnbuted Again from Lemma 3.1,

for any B the quantities o (g ; 1) 0 (h ; 1) are distributed as
(8)(x)h(e)(x) This means that, in partlcular

I ¢ 1 n
1 ,E:O (86”5 xi) o, (R %) = %f_ﬂg,‘f’(x)hg)(x) dx.,

and consequently,

: 1 é [on( 55 x) o (REs ) — 1]

L e
Since
Ig$Rs — 1, < ||( () —f)hff)HLl + ||f(h§{’) —f_l)HLl,
from (3.9) and (3.16) it follows that
lg§nG — 1L, = O(¢&).

Therefore, for some ¢y > 0,

¥ [O'n(gff) ) (hf3 ) xk — l] < cse.
k=
Denote by I (‘9) the set of those indices k for which

lo, (é’ff), xk) n(h(g); xk) -1 < e'? (3.19)

If v{?) designates the number of those k which fall outside I,fs;;, then
combining the last two inequalities yields

v) < cse'?(n +1).
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Setting

I =14 n

q —_—
N I
B=1

we see that outside I(*) there are at most cz&'/%n indices, where ¢; > 0 is
independent of n and &. At the same time, for any k € I{® (3.19) and (3.10)
imply

(1) — o (gl < 0 BT,

Hence, in view of the definitions of A{*™ and A{**™, we conclude that

YO — A < eonel/?, c; > 0,
keIl

and by virtue of (3.15)

YA = A < eynel’?, cg > 0. (3.20)

kel
Let () ¢ I be the subset of those k for which
n n
|/\§cn) _ —/i(ks;n)l < 81/4.

Then it immediately follows from (3.20) that outside {*) there can be at
most ce'/*n indices, where ¢ > 0 does not depend on n and &.

Finally, take an arbitrary continuous function F(x) with a bounded
support, which, say, belongs to [m, M]. Let w(d; F) signify the continuity

modulus of F:

w(d; F) = mggayiMlF(x) - F(y)l.

lx—yl<d
Using the fact that

M(C) =MD, kel
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and applying the above established facts, we find

n 1 n B
(n) _ F (&g;n)
n+1 kgoF(M" (€)= 5 E’O (1251)
1 —_—
— (&;n) 1/4
ST T [F(A(C)) = F(IRE )| + nglxaéMlF(x)'w

kel(®

< w(e*; F)+2 max |F(x)lce'/* =p(&;F).

m<y<M

If lim means any partial limit, we have

n

1 =
L E(IA(C)) = 5= [ FUf(2)) de

k=0

lim
n+1

1 aw
< 3=/ IEUSGD = FOFO() ds + o(e: ).

The right-hand side tends to 0 as & — 0. Consequently,

n

lim Y F(IA(C))) = ;;f:F(lf(x)l) dx.  (3.21)

n—»wn+1k=0

In each occurrence of A (C,), A&™, A, A&, f(x), ) (x) the modulus
may be replaced by the real (or imaginary) part, and that will complete the
proof. ]

CoRrOLLARY. If f,, g5 € L, are real-valued, then the eigenvalues of C,
are distributed as f(x).

LEMMA 3.3.  Given two batches of matrix families, A, i = 1,...,t, and
B¢, i =1,...,t, suppose that

[AD — BO + ADIE = o(n), i=1,....¢, (3.22)

o~

rank AY = o(n), (3.23)
and in addition, for some I' > 0,

AP, < T, 1B < T, i=1,....¢, (3.24)
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Then the singular values of the matrices

A, = AD o AD (3.25)

and

B, = B® -+ B® (3.26)

are equally distributed. The eigenvalues of H(A,) = (A, + A¥)/2 and
H(B,) = (B, + B})/2 are equally distributed, and so also are the eigenval-
ues of K(A,) = (A, — A*)/2i and K(B,) = (B, — B*)/2i.

Proof. Write
A, — B, = (AD — BDYA® ... AW
+ BO(AD — BO)YAD o AD 4 ...
+ BO - BYD(AD — B)

— ad . ey

— (AD — BO 4 AD)AD .. 4D
+ BO(AD — BD 1 AD)AD oo AD 4 ..
+ B - BU=D(A® — BO 4 AD) — A,
where

= ADAC 3 DA@IAG) ... 1y ... ge=DAW®
A, = ADAD oo AD 4 BUADAD o A®) 4 oo 4 BY) o B VAW,

By (3.23), rank A, = o(n), and at the same time we see that

t
IA, ~ B, + A llr <T"" 3 IIAD ~ BY + ADl,.
i=1

Hence, due to (3.22), A, — B, + A,ll7 = o(n). It remains to apply Theo-
rem 2.1 concerning A, and B,,.
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Setting H(A,) = (A, + A%)/2, K(A)) = (A, — A*)/2i, we obviously
obtain

IH(A,) — H(B,) + H(A)I% = o(n),

Il

IK(A,) = K(B,) + K(A)F = o(n),

where rank H(A) = o(n), rank K(A,) = o(n). The proof is thus over. ®

CoroLLARY. If B, = (B + AD) - (B + AD), then the singular val-
ues of A, and B, are equally distributed and so are the eigenvalues of H(A,)
and H(B,) as well as those of K(A,) and K(B,).

All preparatory work is now completed, and we are in a position to
enunciate our main theorems pertaining to Toeplitz matrices A, (f,) and
A, (gz) composed of Fourier coefficients for f, and ggz. We are interested in
the distribution of singular values (and eigenvalues, if they are real) of a
product of matrices A,(f,) and A{ "(gg), taken in some order of our
choice. Note that Toeplitz matrices do not commute, in general, and thus
changing the ordering of matrices may lead to different products.

Set t = r + g, and consider a one-to-one mapping

o:{1,....t}) = {1,..., r,—1,..., —q} (3.27)
and also a marking mapping
£:{1,....t} - {1,0}. (3.28)

With the help of o and ¢, we build up a new family {A,} in the following
way:

A, =B%...BY, (3.29)
where
A(fowy) if a(k)>0, {(k)=0,
Cn(fo(k)) it o(k)>0, {(k)=1,

A(n_ l)(gIo‘(k)|) i O'(k) < O> {(k) = 0’
Ci_])(gm(k») if o(k) <0, ¢(k)=1

B = (3.30)

==
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THEOREM 3.1.  Suppose f,, g5 € L, and (3.6) holds. Then the singular
values of the matrices A, defined by (3.29), (3.30) are distributed as | f(x)),
where f is given by (3.1).

Proof. Resorting to the singular-value decomposition of A, ( gs ), that is,
Augg) = VMU, (3.31)
where V, U are unitary, and

M = diag( p,..., 1), (3.32)

we set
A(gp) = V* diag(py + bpoeeespn + 6 U, (3.33)

where

0 if lpl>s

o—p, if lp)<8. (3:34)

¢‘,‘=

Also, let C,( gp) denote a matrix derived from C,(g,) in the same way as in
(3.31)-(3.34). Set

c,=C» - c®»  C, =CY - CO, (3.35)
where
C.(f, if o(k)>0,
cw = vl)(f w) _ ( (3.36)
Ci N gowy) if o(k) <0,
A Clfow),  if (k) >0,
CH =1 . o) (3.37)
CU M gowy)s i (k) <0,

and let A, be obtained from A, by replacing A" "(gg) and C{™Y(g,) with
A Hgg) and Cr i gp), respectlvely In accord with the above definitions,

rank ( AR — AD) = o(n),  rank(CH — CH) = o(n). (3.38)
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Hence, setting
AP = (AP — ¢y — (AP — W), (3.39)
we see that
rank AP = o(n). (3.40)

At the same time, by Theorem 2.2 | A% — C,E“HQF = o(n) together with
(3.39), we have

IAD — CHM + APIE = o(n). (3.41)

Thus, the matrices AA and é satisfy all the hypotheses of Lemma 3.3.
Consequently, their smgular Values are equally distributed. Lemma 3.2 states
that the singular values of both C and C, are distributed as [f(x)], and this
completes the proof. [ ]

REMARK. Theorem 3.1 still stands if all or some of Cesaro circulants are
replaced by simple circulants of the form (2.6).

To see this, we rely on (2.13) from Theorem 2.2 and Lemma 3.3. If A is

a Cesaro circulant and B{" is the corresponding simple circulant, then
| A — (’)IIZ = o(n). Because the generating function, say f;, is from L.,
the || AQ||, are uniformly bounded with respect to n. That is not necessarily
so for the ||B?|ly; but since the singular values of Cesaro and simple
circulants are equally distributed (Theorem 2.3), only o(n) of those for the
latter can be greater than ||f;|l;,. Therefore, there exist matrices A such
that B(’) = B — A) are circulants, rank A? = o(n), and ”B(')Hz are uni-
formly bounded Wlth respect to n. Thus, we have

| AG — B + AD| = o(n),  rank AY = o(n),

and the two matrix products A, and B,, one with A" and another with B®,
satisfy all the hypotheses of Lemma 3. 3 At the same time, if B, is the matrix
product that involves B} ) then rank(B, — B ) = o(n), and hence the singu-
lar values of B, and B are equally dlstnbuted
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THEOREM 3.2.  Suppose f,, g3 € L., and (3.6) holds. Then the eigenval-
ues of the Hermitian matrices

A, + A

H(A,) = =

(3.42)

are distributed as Re f(x), where f is given by (3.1), and the eigenvalues of
the Hermitian matrices

— A¥
n An

K(An) = 2;

(3.43)

are distributed as Im f(x).

Proof. Let A, and C, be the same as in the proof of Theorem 3.1. For
A, and C, all hypotheses of Lemma 3.3 are fulfilled, and that concludes the
proof [ |

COROLLARY. If the functions f,, gz € L, are real-valued, then the
eigenvalues of H(A,) are distributed as f(x), while the eigenvalues of K(A,)
have a cluster at zero.

Note that A, being a product of Hermitian matrices no longer means that
A, itself is Hermitian. That would be so if we knew that matrices in the
product commute. That is true of circulants, but not of Toeplitz matrices in
general. Thus Im f(x) = 0 does not necessarily imply K(A,) = 0.

4. THEOREMS FOR MULTILEVEL MATRICES

A function f(x,,..., xp) expressed by a multidimensional Fourier series
f(x,,..., xp) = Y - Y a ;.. ik, OXP i(kyx, + - +kpxp) (4.1)

is naturally associated with p-level Toeplitz matrices A; and p-level Cesaro
circulants C, where 1 = (n, ..., np). By definition,

Tl [ail—jlg.‘.;ip—jp]= (4.2)
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A matrix C; is called a p-level circulant if

Cq = [cl(l"ljl(mOd("l+ 1))?-"‘i7)_jp(m°d("1)+l))] ’ (43)

1
ek (ny+1)-(n, +1)

n; np
X Z Z i sy =g, (4-4)
i,/1=0 i, jp=0

i =ji=kmod(n, +1)) i —j =k (mod(n,+ 1))

The matrices A; and C; can be viewed as block matrices assembled from
(ny + 1) X (n, + 1) blocks, each block being a block matrix composed of
(ny + 1) X (n, + 1) smaller blocks, and so on. The multiindex n describes
the structure of the above nested partitionings. Such operations as summa-
tion, multiplication, and inversion applied to p-level matrices with common n
obviously lead to a p-level matrix with the same n. Above all, when these
operations affect p-level circulants, the resulting matrix is still a p-level
circulant. In contrast, both multiplication and inversion of p-level Toeplitz
matrices usually lead to a p-level matrix which no longer is p-level Toeplitz.
For more detailed information about p-level Toeplitz and circulant matrices
we refer to [9]. That paper suggests, in particular, the analogs of Theorems
2.1-2.3 that have to do with multilevel matrices.

We are going to elaborate the above theory, extending Theorems 3.1 and
3.2 to the multilevel case. Consider complex-valued functions

fa(xl,...,xp), a=1,...,r,
ga(xp,vx,), B=1,....q,

and assume that each is 27-periodic with respect to every argument. Addi-
tionally, gﬁ(xl, e xp) #0 for all «x,..., x,. Let Ci(f,) and Cagg)
denote p-level Cesaro circulants which correspond to f, and gg. By AV
will be meant, as earlier, a matrix of the form (3.7), that is, ATV = (A +
A)™', where A obeys (1)~(4) from Section 3, with (3) being enhanced as
follows:

(3) If A is a p-level circulant, then so is A.
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Let us define

!
3l
1]

r q
}:Il Ca(fa)BI;[1 CiP(8p)- (4.5)

)
~~
=
i
2
]
N’
1]

IL[fm(:xl ..... x,) ITgs(xy,..., x,). (4.6)
a=1 B=1

Sufficient smoothness of f,, g, leads to conclusions similar to those in
Lemma 3.1. In particular, for n sufficiently large, p-level Cesaro circulants
Ci(gg) are nonsingular, and the singular values of C; are distributed as
IfCxy, ..., xp)L where f is given by (4.6). If f_, gp are real-valued, then the
eigenvalues of C; are distributed as f(x,,..., xp)

In a general case, assume that f,, gz € L., and also

8, = min inf |gg(x,,..., x,)| > 8> 0. (4.7)
B x,..., x,
The above conclusions about singular values and eigenvalues are still valid.

Further, denote by A;(f,), A;(gg) p-level Toeplitz matrices allied with
the series (4.1). Let o and { be some marking functions defined by (3.27)
and (3.28), and set

A, =BY - BY, t=r+gq, (4.8)

n

where Bf are expressed by formulas like (3.42), where n is to be replaced by
n.

THEOREM 4.1.  Suppose f,,, gz € L, and (4.7) holds. Then the singular
values of the matrices A;, defined by (4.8), are distributed as | f(x,, ..., xp)l,
where f is given by (4.1).

THEOREM 4.2. Suppose f,, gz € L., and (4.7) holds. Then the eigenval-
ues of

H(Ag) = 34, + 4% (49)
are distributed as Re f(x,,..., xp), while the eigenvalues of
1
K(4z) = E-‘(Aﬁ — A7) (4.10)
i

are distributed as Im f(x,,..., x,).

P
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COROLLARY. Iff,, gz € L., are real-valued, then eigenvalues of K(A,)
have a cluster at zero.

We omit the proofs, because they would almost entirely repeat those of
Theorems 3.1 and 3.2.

5. APPLICATION TO PRECONDITIONING

Consider Toeplitz matrices A, generated by a real-valued function f(x)
with Fourier expansion (2.5), and assume that the Cesaro circulants (2.7)
serve as preconditioners. In fact the matrices C, are the so-called optimal
preconditioners proposed in [4]. It is shown in [7, 8] that if A, is positive
definite, then C, also is.

Suppose f € L, is such that

inf f(x) =y>0. (5.1)
Then according to (2.9) and (2.15)~(2.17) we have
M(C,) = v >0, (5.2)

that is, all eigenvalues of C, are positive. Moreover, setting x = [z, ...
z, I, we find

f(x) dx = yz*z, (5.3)

n
E zleilx

=0

2*A,z = 517—7_[”

-

which means that all A s eigenvalues are positive, too. The restriction (5.1)
thus implies that C, and A, are positive definite, and their minimum
eigenvalues are greater than or equal to v.

In order to discern whether C, is a good preconditioner, we scrutinize
the spectrum of C, 'A,. The eigenvalues of interest are real, because

C;'A, = C7V3(C1/%A,Co/%)CV2, (5.4)

which means that C;'A, is similar to the Hermitian matrix H, =
C,'/%A,C /2. By Lemma 3.3 all H,’s eigenvalues must be distributed like
those of C,;'/*C,C, '/? = I. The circulant preconditioning thus leads to a
cluster at 1.
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Apparently the first explanation of the fact that there is a cluster at 1 was
obtained in [3, 4], where f is assumed to belong to the Wiener class. In [9]
the same is proved with a weaker assumption, that f € L,. In our exposition
here, this fact emerges as a trivial inference from a general rule that connects
the distribution for a product of matrices with the distributions of its factors.

We have very little to change concerning multilevel matrices. A cluster at
1 is a consequence of the next theorem.

THEOREM 5.1.  Given two real-valued functions

f(xp---,xp),g(xl ..... xp)ELm’
suppose that

inf  g(x,,..., x,)=y>0 (5.5)

and consider p-level Toeplitz matrices A (f), A;(g) and p-level Cesaro
circulants C(f), C:(g). Then for all i the matrices A;(g) and C(g) are
positive definite, and the eigenvalues for each of the six products

Ax(f)A(g).  A(f)Ci(g), Ca(f)Ax(g).
Ax(g) Ax(f). Ca(g) Ax(S), Ay (g)CH(f)

are real and distributed as f(x,..., x p)g(xl ..... x p), while the eigenvalues
for each of the six “quotients”

AN AT (). AMNCE (). Ci() AT V()
ATP(g) Ax(f). V() Ax(f). AT P(8)C(S)

are real and distributed as f(x,,...,x)/g(xy, ..., x. ).

Proof. We first of all observe that eigenvalues of the square roots
AY2(g) and C;/*(g) are equally distributed. To this end, we refer to an
obvious statement: if real sequences {A{”} and { u}} are equally distributed,
the {I)\kll/ %} and {f /.L%")Il/ %} are as well. Further, the eigenvalues of
Af) A(g) coincide with those of AY2(g) A;(f)AY?(g), which, in turn,
are distributed in the same way as the eigenvalues of C+/*(g) C(f)C2*(g),
as follows from Lemma 3.3. The rest of the proof needs nothing besides
repetition of similar arguments. |
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6. DISCUSSION

Let us consider an example. If we choose

f(x) =1+¢€",
then
1
1 1
0
11
1 1
A(g) =
0
and setting
[1 1
2 1
1 2
A, =A(f)A(g) = :
L 0
we can easily calculate that
AM(A 2+ 2 ( 2mk
=2+
k( n) cos n+ 1

.

g(x) =1+e7'",

2J(n+1)X(n+l)

,n+ 1.

247

(6.1)
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At the same time, Theorem 3.2 states that the eigenvalues of matrices
A, = (A, + A%)/2 are to be distributed as

Re[f(x)g(x)] =f(x)g(x) =2+ " +e " =2+ 2cos x. (6.2)

Obviously, (6.2) agrees entirely with (6.1).

This example can also caution against a possible misunderstanding or
wrong extension. We never stated that if the real eigenvalues of Toeplitz
matrices {U,} and {V,} are distributed as u(x) and v(x), then the real parts of
the eigenvalues of {U,V,} ought to be distributed as u(x)o(x). In fact, if
U, = A(f), V, = A (g) as above, then we can take u(x) = v(x) = 1, and
unity as a distribution function does not fit (6.1).

Nevertheless, we may look for some true generalizations, and here are
some open questions of interest.

(1) What should we demand of generating functions f and g so as to be
guaranteed that real parts of the eigenvalues of matrices {A,(f) A, (g)} are
distributed as Re[ f(x)g(x)]? (If so then the corresponding imaginary parts
will be distributed as Im[ f(x)g(x)].)

(2) Is there an extension of Theorem 5.1 to products of more than two
factors?

(3) Suppose we are given two matrix families, {U,} and {V,}, with singular
values distributed as u(x) and v(x). In which cases will the singular values of
{U,V.} be distributed as u(x)v(x)? [Note that one such case was discussed in
this paper: the required property obtains when U, and V, are Toeplitz
matrices generated by f(x) and g(x): u(x) = [f(x)| and v(x) = |g(x)l]

I would like to thank Raymond Chan for his truly pertinent remarks on
the manuscript.
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