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We consider a one-dimensional two-phase Stefan-like free boundary problem for
the heat equation with nonlinear Neumann boundary conditions. Local existence
has been shown in [8], furthermore it is clear that cases exist, where global
existence fails. The question arises, under which conditions the solution exists
globally. In this paper it is shown that especially the natural sign conditions are suf-
ficient for global existence. € 1986 Academic Press. Inc.

1. INTRODUCTION

In the last decades free boundary problems for the heat equation have
been intensively studied. The most general results for two-phase Stefan-like
problems in one space dimension have been obtained by Fasano and
Primicerio in [8]. Like them we will deal with a general Stefan-like
problem with nonlinear Neumann condition. Using the notation,

Drpn(s):={{x, )] T, <t<T,, 0<x<s(r)},
D} (s):i= {(x, )| T <t< Ty, s(ry<x<1}, (LD
D7(s):= Dyis) and analogously D;(s),
we will consider:
DerFINITION 1.1, Let 7>0, be(0, 1), ¢;>0 and functions ¢'/, 4'", g'",

i=1,2, 4 and pu be given.
Then a solution (u'V, u'®, s) in [0, T] must fulfill

ul) —c u=4"" in D7 (s), (1.2)

u'V(x, 0) = h'V(x), 0<x<b=5(0),

(1.3)

w0, 1) = gV [u""(0, 1), 1], 0<i<T, (14)
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Ul - e =g in D(s). (L5)
u'?(x, 0)=h'?(x), b<x<1, (L6)
u@(1,1)= g2 [u?(1, 1), 1], 0<t<T, (L7)
u(s(r), 1) = u@(s(t), 1) =0, 0<t<T. (1.8)

)

—ulV(s(2), 1)+ u@s(1), 1) = A(s(1), 1) $(2) + u(s(2), 1), 0<tgT, (19)

Il

and exhibit the following regularity:
s(1)e (0, 1) forall re[0, T],seC[0, T]nCX0, T7,

uVe C(D7(s)), ul(x, 1) is continuous in re (0, T], xe [0, s(r)], u'), u'l
are continuous in D7 (s), and analoguous properties for u‘?.

To simplify the notation, we take the data to be defined for all > 0.
Under suitable regularity assumptions Fasano and Primicerio proved local
existence. Let (u'"), u'®, s5) be a solution and

[0, T*) its maximal interval of existence, (1.10)

ie, for all T< T*(u'", u'®, 5) is a solution in [0, 7] and there is no con-
tinuation to [0, T*]. For the global behaviour the following cases are
possible:

(A)y T*=co.
(B) T*<oo, 0<liminf,_ r s(z)<lim sup,_ 5 s(7) < 1.
(C) T*< oo, liminf, , 7 s(t)=0 or hmsup, _, 5 s{t)= 1.

In general, all these cases actually can occur. Indeed, for the one-phase
problem this is known since [14] and has been thoroughly studied by
Fasano and Primicerio (e.g., [13]). On the other hand, in the classical two-
phase  Stefan problem (¢"'=u=0, Ai=1, gV[y t]=g"(1)<0,
(—1)"*'h") > 0) case (B) cannot occur. This results dates back to [11],
where an L*-estimate for u, is proved, which allows the continuation of a
solution beyond every T* < o in the case (B). Thus it is likely that the sign
restriction (—1)'*'u' > 0 is a decisive property to exclude pathologies like
(B). The approach of [11], however, seems not to be applicable to the
general problem above, but due to the mentioned result about local
existence (see Theorem 2.2), we need only to control some L”-norm of
u®(-, ). This will be done by blending and extending of techniques,
developed in [1, 4, 10]. We will end up with the following result:

THEOREM. If 4" >0, ¥ <0, then

(1) Case (B) cannot occur.
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(2) In case (C) we have

lim s(f)=0 or =1 and seC¥%0, T*].

I

The disappearance of a phase cannot be excluded without information
about the total energy supplied (cf. [2]), therefore this result—apart from
the Holder exponent—seems to be optimal. Throughout the paper, we will
use the following:

REGULARITY ASSUMPTION Al. Let Qpp:= (0, 1)x(T,, T,), Qr:=
Qo For T>0 there exists some y€(0, 1] such that

g Ve H' U0y g s bounded in Q+,

q'" is Holder continuous with respect to x uniformly in Q. (L.11)
g"" is continuous in Rx {teR|t>0}, for each compact K<R there is an
L >0 such that

g [y, 11— 8y, t1ISL|y,—y,l  for y,eK, 1>0,

there exist Y', Y", G', G" such that

A\

0,

(—1)*! gy, 112G’ for y2VY,1t (1.12)
Y”, t;o ’

(= 1)+ gy, t]1<G" for y<

pe H'(27)n C(Q7) and p is Lipschitz continuous with respect to
x uniformly in Q. (1.13)

A Agy Ay A € C(Q7), there exist A', A" >0 such that

F<Ax, <A for (x,1)e,. (1.14)

h" is continuous in [0, b] (resp. [b, 1]) and there are H>0, ae (0, 1] such
that

hD(x)| < H(b—x)* for xe[0,5],

, (1.15)

|hB(x)| < H(x — b)* for xe[b,1].
Here and in the following we adopt the function space notation of [12],
which we also apply to noncylindrical domains. The assumptions above

basically coincide with those from [8]. At some places we have to
strengthen to:
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REGULARITY ASSUMPTION A2. (Al) is fulfilled and additionally for
0<T,<T,

there exists ye (0, 1] such that ¢"" e H"" *(Q,1.), (1.16)
Jor compact K< R there exists ye (3, 1] such that
g9y 1, 1— eIy LIt — 1) for 1,e(T,T,],yeK. (1.17)
In the following we will also use the abbreviations:

ux,t)  for (x,t)eD5(s)
u'¥(x, 1) for (x,1)eD}(s),

u(x, 1) = {

and defined in an analogous way g¢g(x,f) and c(x,r) for
(x,t)e Dy (s)uDf(s)

2. LocaL EXISTENCE OF CLASSICAL SOLUTIONS AND SMOOTHNESS UP TO THE
BOUNDARY

We collect the auxiliary results, which will be needed in the following
analysis. With the possible exception of Lemma 2.5, basically they are well
known and given here for exact reference. We start with an L *-estimate
independent of the boundary s:

LEMMA 2.1. Let T>0, s: [0, T]— (0, 1) be continuous, b := s(0), and
u'" solutions of (1.2)-(1.8). Then a constant U exists, only dependent on
19l w.0ps 1l o, —G'(>0), G"(>0), Y', —Y" and T in a monotone way such
that |u'(x, 1)) < Uy for (x, 1) € D (s) respectively.

Proof. 1t suffices to consider i=1. Set v:= u'"'—w, where w solves

(1.2) in D7 (s) with homogeneous initial and Dirichlet boundary values. Set
0 := |4l . o, Because of

w(x, )] <QT.  |w (0, 1) <2/n' 2QT"?,

only v needs further consideration, where we can apply the results of [5].
This proves the assertion. |

The local existence of solutions has been studied by Fasano and
Primicerio in [8]. Although they oniy treat the case of Dirichlet boundary
conditions, their analysis can be duplicated for nonlinear Neumann con-
dition as considered here. A careful investigation of their proof shows the
following result:
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THEOREM 2.2. Let T>0 and for some 6, H>0, ae (0, 1]

3<b<1-4, (2.1)
BV <H(b—x)"  for 0<x<b,

W) < H(x=b)* for b<x<1.
Then there exists a T, >0, only dependent on
T, llqll c.o;» H, @, Uy (from Lemma 2.1), &', fjull . o and &

such that in [0, T,] a solution (u'", u'?, s) of (1.2)-(1.9) exists.

The importance of Theorem 2.2 lies in the fact that an interval of
existence independent of the initial time in some fixed time interval can be
guaranteed as long as the distance of the starting point of s to the fixed
boundaries and the Holder behaviour there of the initial values can be
controlled. We now attend to the smoothness of solutions of (1.2)-(1.9) to
settle a basis for the calculations in Section 3. We will see that much less
regularity will be sufficient. In the following let (#'!", u'*), 5) be a solution of
(1.2)~(1.9) in [0, T].

LEMMA 23. Let 0<T,<T,<T. There exists ye(0, 1] such that
ll»",”(s('), ')GC}I[TI. Tz] (23)

Proof. Fix some ¢e (0, T,) and € (0, min{s(¢}|re [T, —¢, T,]}). Con-
sider u'" for te[T,—¢, T,], xe[0d,s(z)] and write it as u'V=v+w
similiar to the proof of Lemma 2.1. Now the Holder continuity of
v (s(+), ) can be deduced from Theorem 2.2 in [1]. According to w, trans-
formation to cylindrical domain makes IV, Theorem 9.1 in [12] applicable
because of se C'[T,—¢, T,]. This together with [12], II, Lemma 3.3
implies the assertion for /= 1. The proof for / =2 follows the same lines. |

Define for 6 >0, 0< T, < 7>,

Dyrs(s):={(x, )T, <t<T,,d<x<s(t)} (2.4)

and D} ;. s(s) in an analogous way.

LEmMMA 24. LetO<T,<T,<T, d>0. Then there exists 7€ (0, 1] such
that

u(l ) c H2 + 5,1 +)"'2(D7—_IT2‘6(S))’

—_ 25
u®'e H 712D s) )
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Proof. In the following we only consider u'!), furthermore y denotes a
generic constant from (0, 1]. Fix some ¢€ (0, T,), set T,:= T, —¢ and
wlog let d<min{s(t)|te[0, T]}. Equation (1.9) together with
Lemma 2.3, (A1) and the Lipschitz continuity of s in [T, T,] imply

$e C'[ Ty, T-). (2.6)

We apply the usual transformation x+ x/s(¢), 1+ ¢, which maps D7 ., 5(s)
into (26, 1)x(T,, T,) for some e (0, 1/2). Let a(x, r):= u'"(xs(1), 1),
(x, 1)e [0, 1] x [0, T] be the solution of the transformed problem. It fulfills
a boundary value problem in (0, 1) x (0, T'), whose coefficients and right-
hand side are in

H"*(Q)  using Q:= (5, (T, T,), (2.7)

because of (2.6) and (A1). In a first step, this implies

ﬁeH2+-,v.l+-,-,2(Q) (28)

by means of III, Theorem 12.1 from [12], as for the classical solution # a
fortiori # e V31°(Q).

In a second step, now (2.7), (2.8) enable us to apply IV, Theorem 10.1
from [12] and to conclude,

e H* ' +12([28,1]x [T,, T,]). (2.9)

Having in mind the construction of § and (2.6), the reversed transfor-
mation yields the assertion. ||

To have the smoothness of (2.5) also up to the fixed boundaries, we need
some information about the regularity of ©'!(0, -) and »#*)(1, -). This will
be provided by

LeMMA 2.5. Let O< T, <T,<T and (A2) be fulfilled.
Then there exists ye€(1/2, 1] such that

g0, ), 1e O[T}, T,1],

\ (2.10)
g U1, ), - 1e O[T, T,].

We omit a proof. Because of (1.12), (1.17) it is sufficient to proof the
same property for #'"(0,-) and u#'*(1,-). This can be done in a rather
tedious proof based on heat potential theory and a version of the lemma of
Gronwall in a similiar fashion as in the proofs of Lemmas 4.1, 4.2 and
Theorem 4.2 in [7].
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LEMMA 2.6. Let 0< T, <T,<T and (A2) be fulfilled. Then there exists
y€ (0, 1] such that

u(llEH2+y,l+y/2(m),
o_nm (2.11)
u(ZieH2+y.l+y,2(D;1T2(s)).

Proof. The proof is a straightforward continuation of the proof
Lemma 2.4: We have to consider & also in [0,0]x [T, T,] for some
5€e(26,1). (2.10) and (1.16) are what we need for the application of the
quoted theorems from [12]. |}

3. A PriorI ESTIMATES

In this section we prove an a priori estimate, from which the announced
theorem can easily be deduced. Let (1", u'*, 5) be a solution of (1.2)-(1.9)
in [0, T] and 0< T, < T,< T for the remainder of the section. Then the
following two identities hold:

LemMMa 3.1. Let pe WI[0,1], supp pc=[d, 1 —3] for some 6=0 and
(A2) be fulfilled, if 6 =0. Then

T T2
| p(s(1))? uhs(2), 12 dr = [ p(0)? w0, 1)? d

Ty )

+ 2” (p2qMu'D)(x, 1) dx dt+2” e(pulVu'D)(x, 1) dx dr
Dy pyfs) '

D7 pyts)

+2 J] p(x) p'(x) ulV(x, 1)* dx dt. (3.1)

Drpyls)

Proof. Let Q:= Dy (s),v:= u'", then Lemma 2.4 (resp. Lemma 2.6)
provides enough regularity to justify the following calculations:

f pqu. dx dt= f p2v . v, dx dt —f pic v, dx dt
(] Q Q
and using Stokes’ theorem,

d (1
2 _ 12,2 2 _ 1,2
L) pv, v . dxdt= J.Q o <2 P Lx> dx dt J;) pp'v:dx dt

1
2

-[m pv2dr— L pp'v? dx dr;
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r ‘T“ " T: o R
J pvsdt= l P (s(r)) v (s(1), t)* dr — f p~(0) v,(0, 1) dr
02 * T,

7,
gives the assertion. |}

LEMMA 3.2.  Let the assumptions of Lemma 3.1. be fulfilled. Then

U (cpud)(x, ) dx dt+4 J p(x) u(x. T,)* dx

.1
“ten, 0

1 T
= %J p(x)Pulx, T,) dx+§[ p(sUN [ 2(s(1), 1)
0 Jr
= u{(s(r). 1)1 $(r) dt + Jir: P (uPu@)(1, 1)

— PO N0, 1y di— [ (pPqu,)x, 1) dx de

enT

_2 U (pp'u u,)(x, 1) dx dt. (3.2)
Qs

Proof. Let Q,:= {(x,)|T,<t<Tye<x<s(t)—g},v:=u'". Again
we remember the regularity of v provided by section 2 and furthermore
v, eL™(Q,) (see, e.g, [12, I, Theorem 12.1]). Therefore the following
calculations are justified:

— ‘ plqu,dxdt= — J plv. vdxdt +j ¢, pv? dx dt, (3.3)
vQ, Q,

[oh

—j pv. v, dx dt = ( 2pp'v,v.dx dt +J pr v dx dt
2, v, Qe

(3.4)
- f p’v,v.dt by Stokes’ theorem;
aQ,

and in the same way

j. p?v v dx dt= —5 j p?v? dx. (3.5)
Q, o0,

Substituting (3.5) and (3.4) in (3.3), we get an equation, for which we can
let ¢ — 0 yielding
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s(T2)
” cip*vidxdt+ %f p(x) v (x, T;)* dx
1]

D;ITZ(S)

)]

s(Ty) 5
=4[ Pl o T e+ [ p(s(0) o,00(s(0), 1) di

n

7>

2 5]

+ %f p(s(1)) v (s(1), )7 5(1) df‘f p(0)%(v,0,)(0, 1) dt
T\ T

- f plqu, dx dt—2 J pp'v,v dx dt.

Dflrz(sl D;l th.rl

Using v,(s(¢), t)= —v(s(2), t) $(¢) and repeating the same considerations
for u® implies the assertion. |

LEMMA 3.3, Let pe Wi[0, 1], supp pc[d,1—0] for some 6=0 and
(A2) be fulfilled, if =0. Then

I

Dy p,(s)

stTh
PP w1 dxdi+ [ e plx)? u(x, To)? d
0
s(Ty)
< fo 1 cp(x) uV(x, T,)? dx—Zﬂ (p7u' Vg V) (x, t) dx dt

D;ITQ("'
b) T:
+4 [j p(x) uM(x, 1)? dc dt — 2j (02 (M ut1)(0, 1) di,

D7 rts) T
(3.6)

and an analogous estimate holds for u'>

term.

with the sign reversed for the last

Proof. Let Q:= Dy (s), v:=u'"". We get by calculations analogous
to the previous proofs:

d -
_— 2 i = _ 2’ —_ 2)1
ZL)p qu dx dt 2de(p v)v.dxdt ZJ prvv dt

a2

—J c pivtdx,
aQ

and thus using v(s(t), t)=0:

409 115 2-17
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(T2

~ )
ZJ p*v? dx dt+f e p(x)? v(x, T,)? dx
Q

5
0

s{Ty)
= f l c p(x)o(x, T)) dx—ZJ p’vq dx dt
0 Q

“T> o
— ZJ p(0)? (vv YO, 1) dt — 4 ’ pv . p'v dx dt.
v Q

T

An application of Young’s inequality using 4=2'28"? yields the asser-
tion. |

Remark 34. (1) For p=1, ¢'"=0 (3.2) already appears in [1] and
[4], and (3.6) in [10], but for different regularity assumptions.

(2) (3.1), (3.2), (3.6) are valid for a broader class of (u'", u'?).

THEOREM 3.5. Let
uls(e), t)<0  for te[T,, T,] (3.7)

and

(1) pe WL [0, 1] and (A2) be fulfilled or

(2) peW3i0,1], ne Wi[0.1] such that (pp')x)<n*(x) ae. in
[0, 1] and supp p, supp n€(0, 1).

Then there exist constants C,., only dependent on A', 1", ¢y, ¢5, T, |Ipll .
lp'll « and for case (2) additionally on |p"|l,, |12, 0|2 such that, using
U:.=Uyg, Uy from Lemma 2.1,

Jj'QTlTZ

.
(cp*u?)(x, t)dx dt +J p(x)? ux, T,)* dx
0

ATy

+] o) 501 de
<G, J‘sz(l)2 (uPuD)(1, 8) = p(0)? (M ul)(0, 1) dt
T

1 [h]
+ C, (f u(x, T, dx+ U+ |1q||%f”grl,_w -+-L u(s(t), 1)° dl)
0 . 1

in case (1):
~Ta , e
+C3<J g“'[u“'(O,t),t]*dt+J
-

T

: g [, 1), £]? dt).
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Proof. In the following C denotes a generic constant, having only the
claimed dependencies. Let

1t

A= ” (cp’u?)(x, t) dx dt+—f p(x)? u (x, T,) dx,

enrn 2o

T
A;:= j p(1)? (uPul?)(1, 1) — p(0)* (u''u{")(0, 1) dt,

Ty

o1
A= J ux, T,)* dx,

0

B, := %J;TZ p(s(2))?[u®(s(2), 1)* —ull(s(2), t)*] $(¢) dt

B,.= — ” (p°qu,)(x, 1) dx dt,

Qnr

B,:= -2 ﬂ (pp'u u,)x,t)dx dt

Qnr,
Then Lemma 3.2 implies
3
A <A;+CA,+ ) B,
i=1

Furthermore from (1.9), B, = D, + B, where

D, := frz p(s())? A1) 5(e)*(ul(s(2), 1)+ uP(s(t). 1)) dt,

El—

Byi= [ pls(0)? J0) SO (5(0), 1)+ w(s(1), 1)) e,
T\
using fi(r) := u(s(t), 1), A(t) := A(s(t), t). Because of (3.7):

~2D, zfn p(s(1))? M5(1)? 13(1) (2) + fi(1)] de

I

and thus for

A,._j p(s(1))? [$(0)° d,

17 2 e 2
B, := EL p(s(1))* A's(1)* 1a(0)| at:

/112 . 5
A1+7A2<A3+CA4+Z B, (3.8)

i=2

Therefore it remains to estimate the B;:
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LCt & >0’ Q = ”q” -'JC'-QT|T3'
B,<Ced,+ Ce'Q7,
B,< Ced,+ Ce 2 || 3.

both by Young’s inequality with p=2 (resp. p=3).

Bs=B,+ B, + By by (1.9), where

‘T: 3 v =
Boe=4 | pis(0)) M) $(0)° o) do
Ty
< Ced,+ Ce? |l
~T> ) ) B ,
By=14 | pls(1))” s(r) e
T

< Cedr +Ce "2l

BBQJTTZ p(s(1)) 1 (s(r), 1) dz+5J’T:p(s(z))2 $(1)? r)* dt

T
=:By+ B, always using Young’s inequality
and
By, <Cedy+ Ce~ : ||ﬁ|'2

Lemma 3.1 gives a representation of By: Bo=3 !4 || B, where
TZ 2 2
Bu=4[  p(0F g[u0, 1). 17 b,

312=H (p2q"Mu'1)(x, t) dx dr

Driryfts)
<CB s+ CQ?%,

where

Bs:= Jl p(x) uM(x, 1) dx dt,

“Dripyls)

Bj;=c, ” (0%ui uD)(x, 1) dx dt

Dyiyts)

<Ced,+Ce 'Bis,

B,= H p(x) p'(x) u'(x, 1)* dx dt.

D;I r:'”

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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We estimate B, by substituting of p by j, using j := ||p|| .. in case (1) and
p:= p in case (2) and then applying Lemma 3.3. This yields:

s(Th)
Blssfo e plx)? uh(x, T,)de—szf g x, 0 de i
'S

+ 4H 5(x)? utV(x, )2 d dt
D;sz
T

—2j 0V (u )0, 1) dr = Z B.. (3.16)
T

1=16
We proceed in the usual way
Bis<CU?’,  B;;<CU+CQ?

By < CU?, Biy=0 in case (2), (3.17)

1))
Blg<CJ g P[0, 1), 1] dt+ CU?  in case (1).

T

To treat B,,, we now set 7:= (|p|. 0'll.)"? in case (1) and #:= x in
case (2) and estimate B, by substitution of pp’ by 7°. Lemma 3.3 implies

19
B, < z E,, (3.18)

i=16

where B; corresponds to B, after substituting of j by 7. Therefore as above,
Bs<CU’,  B,<CU*+CQ%

By<cU?, B,s=0 in case (2),

(3.19)
Bwscf g D[u™(0, 1), 112 dt + CU? i case (1),
n
Thus finally we are left with an estimation of Bj:
B,<Ced, +¢ " f p'(x) ulh(x, 1)? dx dt
Dy 7yts)
+ ¢! P (x) ud(x, 1)>dxdt =: CeA, + Byy+ Bs,.
DF, 75
Again we use Lemma 3.3, setting ¢ := [p'[| . in case (1) and ¢ := p’ in

case (2), and get estimates for B,,, B,, analogously to (3.16), (3.17).
Summarizing all the estimates from (3.8) to (3.19) and taking ¢ suf-
ficiently small proves the assertion. |
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Remark 3.6. In [4] an estimate similar to Theorem 3.5 has been
developed, but using é < s(t)<1—6 for te [0, T] and some fixed § > 0.

4. GLOBAL EXISTENCE OF CLASSICAL SOLUTIONS

Theorem 3.5 will be the appropriate instrument to investigate the
behaviour of a solution of (1.2)-(1.9) at ¢ = T*. Therefore in this section we
have to assume for some T < T*,

ul(s(1), /<0 forall re[T. T*). (4.1)

The natural sufficient condition for (4.1) is «'"'>0 and «'* <0 in the
corresponding domains. These conditions can be guaranteed in the follow-
ing way:

LEMMA 4.1. Let s: [0, T]— (0, 1) be Lipschitz continuous, b:= s(0),
gM<0 in Dy(s), ¢¥=0 in Di(s), K20 in [0,b], h?'<0 in [b. 1],
g'"[0,11<0, g10,1]1<0 for te(0, T, then solutions u'’ of (1.2)—(1.8)
Sulfill

u>0 inD7(s), uP<0 inDy(s)

Proof. Tt suffices to consider i=1. Let u~ be a solution of the same
boundary value problem as u'"’, but with

gly.tl, »=0

g¥lytl:= {g[O, i1 r<0

instead of g. u* exists uniquely [6, Theorem 3] and the strong minimum
principle and the lemma of Viborny-Friedman (e.g., [9, pp. 34, 49]) imply
u* 20 in D (s). Therefore u* also fulfills the boundary value problem of u.
As u is unique (again [6]), we are done. |}

Now let (u'V, u'®, s) be a solution of (1.2)-(1.9), [0, T*) its maximal
interval of existence and let (4.1) be fulfilled. Then:

THEOREM 4.2. The case

T* <00, 0< lim infs{z)< lim sups(z) <l (4.2)
t—T* > T*

cannot occur.
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Proof. Inequality (4.2) is equivalent with the existence of some 6 >0
such that

o<s(t)s1-6 for te[0, T*) and T* < 0. (4.3)

Now choose pe W3[0, 1], ne WI[0, 1] such that pp'<#? ae. in [0, 1],
supp p, supp n€(0,1) and p=1 in [§/2,1—-9/2]. Their existence is
obvious. Furthermore fix some Te (0, 7*) fulfilling (4.1). From
Theorem 3.5(2) we know the existence of a constant C, only dependent on
A, 4" ¢y, ¢y, T*, 6 (by the norms of p and 1), U, Il « ;. |1l 4 o, and
lu.(:, T)|l, such that

1 —
j p(x)u (x, )2 dx<C  for all re (T, T*). (4.4)
Q

Let e (T, T*). Because of the choice of 6, (4.4) implies for

xe[8/2,5()7]: |u"(x, D < C'2 |x—s(f)| 2 (4.5)

Furthermore because of (4.3), using U := U, for

x€[0,0/2]: |uM(x, D) KUK UR2/8) 2 |x —s(T)| "2 (4.6)

For i =2 the same is true.

Now we consider =17 as a starting time for the solution of the free
boundary problem, ie., b:= s(7), A" := u')(-, T), etc. Because of (4.5),
(4.6), (2.2) is fulfilled for H := max(U(2/6)"% C'?) and a=1. (2.1) is also
satisfied; therefore Theorem 2.2 guarantees the existence of a T,>0
independent of 7 such that in [7, Ty+7] a solution exists. For 7 close
enough to T™* this leads to a contradiction. |

THEOREM 4.3. If T* < oo, then

s(T*):= lim s(t)  exists and s(T*)e {0, 1}. 4.7)

t—T*

Proof. To show the existence of s(7*) due to Theorem 3.5 we can
repeat exactly the reasoning in the proof of Theorem 4.3 in [3, pp. 102,
103]. Theorem 4.2 then implies s(7*)e {0, 1}. |J

Remark 4.4. Theorems 4.2 and 4.3 are independent of the boundary
conditions at x=0 and x= 1. They only rely on the local existence in the
form of Theorem 2.2 and enough smoothness to justify the calculations of
Section 3. They are valid especially for Dirichlet conditions.
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Finally,
THEOREM 4.5. Ler (A2) be fulfilled. Then

if T*< o0, then se C*3(0, T*]. (4.8)

Proof. Fix some Te (0, T*) fulfilling (4.1) and define

X, xe[0,1]
plx) = { % xe(4, 3 (4.9)
1-x, xe(3l]

Then pe W' [0, 1] and because of p(0)=p(1)=0, Theorem 3.5(1) guaran-
tees the existence of a constant C,, which only depends on the data, U.
and |lu (-, T)|, such that

M

J_p(s(rw IS()Pdi<C, forall te(T, T*) (4.10)
-
We now adopt a reasoning of [10], let

F(y):= J‘ p(&)y>dé,  ve[0,1]

1}
Then F is strictly monotone increasing and F ! is Hélder continuous with
exponent 3, which can be seen by explicit calculation of F~'. Thus for
T<t <t,<T*

[s(2;) —s(t:) < C, |F(5(f1))“F(S(’2))|3 :
35

"4 () de

=G, J -

35

-, f o(s(2))?? §(2) di

{1

L5

<G, (JW pls(0))? [$(0)]? d’) |ty —t,]>°

the last estimate by Holder’s inequality. Therefore (4.10) implies the Holder
continuity of 5 in [T, T*] with exponent 2, which proves the assertion. ||
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