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This paper considers the following problem: given a specification consisting of a 
set of variables X, a multiset of functions F on those variables, and a cyclic ordering 
on XuF, determine whether or not there exists a planar acyclic circuit which 
realizes the specification. An algorithm is given which produces such a circuit when- 
ever one exists. In proving that our algorithm meets this requirement we provide 
some simple mathematical characterizations of those specitications which are 
realizable. IP 1991 Academic Press. Inc. 

1. INTR~DIJCTI~N 

Every Boolean function of n arguments can be computed by an acyclic 
circuit constructed from input nodes corresponding to the arguments and 
two-input gates corresponding to binary Boolean functions. Every polyno- 
mial over a field F can be computed by an acyclic circuit constructed from 
input nodes corresponding to the arguments, constant nodes corresponding 
to the elements of F, and two-input gates corresponding to the binary 
operations { +, -, *, /}. Such universality properties have resulted in the 
acceptance of acyclic circuits as a fundamental model of computation for 
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arithmetic and Boolean functions. In recent years there have been a num- 
ber of major advances in our understanding of the circuit complexity of 
functions. For an account of the circuit complexity of Boolean functions, 
see (Dunne, 1988, Wegener, 1987). Results on the circuit complexity of 
arithmetic functions can be found in (Borodin and Munro, 1975, von zur 
Gathen, 1987). 

Circuit complexity has traditionally been measured in terms of circuit 
size, i.e., the number of gates. However, recent technological developments 
have resulted in a much greater emphasis being placed on the design of 
highly parallel circuits which minimize depth (rather than size) and on the 
design of circuits which can be directly fabricated as VLSI devices. The 
circuit depth of functions is discussed in (Borodin and Munro, 1975, von 
zur Gathen, 1986, Miller, Ramachandran, and Kaltofen, 1986, Reif, 1983, 
Wegener, 1987). Results on the VLSI complexity of functions can be found 
in (Lengauer, 1985, Ullman, 1984, Wegener, 1987). Although most of the 
work on VLSI complexity has assumed a technology which is essentially 
two-dimensional, with perhaps a fixed number of layers, there has been 
some research on the problem of embedding circuits in three-dimensional 
space (Gupta and Hambrusch, 1987, Leighton and Rosenberg, 1986, 
Preparata, 1983, Rosenberg, 1983), and also on the problem of embedding 
circuits in “books” (Yannakakis, 1986a, 1986b). 

In this paper we consider the computation of functions by acyclic circuits 
embedded in the plane without crossing edges. The planar circuit model of 
computation was studied by Lipton and Tarjan (1980) who proved a num- 
ber of interesting and important lower bounds on the planar circuit size of 
Boolean functions using their separator theorem. In (Savage, 1981, 1984), 
Savage showed that planar circuit size was closely related to the AT2 com- 
plexity measure used for VLSI circuits (Ullman, 1984, Wegener, 1987) and, 
in doing so, simplified and unified a number of earlier lower bounds on 
VLSI complexity. 

DEFINITION. A planar crasmuer is a planar acyclic circuit whose ordered 
inputs are (x, y) and whose ordered outputs are (y, x). 

EXAMPLE 1. Figure 1 shows a planar Boolean crossover constructed 
from gates corresponding to the function @ (p, q) = (p + q) modulo 2. 

The existence of planar crossovers (Lipton and Tarjan, 1980, McCall, 
1981, Savage, 1981) is often taken as sufficient justification for the state- 
ment that the planar circuit model is universal. However, Aggarwal (1983) 
made the interesting observation that the conversion of a general acyclic 
circuit into a planar circuit by the substitution of planar crossovers for 
crossing edges might introduce a cycle into the graph. For the kinds of 
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FIGURE 1 

planar circuit considered in (Lipton and Tarjan 1980, Savage, 1981), where 
the inputs and outputs are segregated from each other on the boundary, 
this problem can easily be resolved by first topologically ordering the gates. 

In this paper we consider further the problem raised initially by 
Aggarwal. We investigate circuits in which the inputs and outputs are inter- 
leaved in some way on the boundary of the circuit. Our results show that 
for many such circuits it is not possible to replace crossing edges by planar 
crossovers without introducing a cycle. The results are given in terms of an 
algorithm which, given an input/output specification consisting of 

(i) a set of variables X, 
(ii) a multiset of functions F on those variables, and 

(iii) a cyclic ordering on X u F (representing the required sequence of 
inputs and outputs round the perimeter), 

will produce a planar acyclic circuit which realizes the specification when- 
ever one exists. In proving that our algorithm meets this requirement we 
provide simple mathematical characterizations of those specifications which 
are realizable. The results established apply to both arithmetic and Boolean 
circuits. 

2. DEFINITIONS AND PRELIMINARY RESULTS 

Let X,= (xi, x2, . . . . x, ) be a set of n formal arguments and D be a set 
of values. D, = { f( X,): D” + D} will be used to denote the set of 
n-argument functions over the domain D. 

Let 7~ be a finite region of the plane bounded by a simple closed curve 
y. Without loss of generality we may assume the region to be convex. An 
I/O specification consists of a set Z= {Z,, 12, . . . . Z,,} of input ports on y and 
a disjoint set 0 = {O,, 02, . . . . 0,} of output ports on y, where~each Zj is 
associated with the argument xi and each Oj is associated with some 
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fin D,. Note that the cyclic ordering of the ports on y is part of the I/O 
specification. We shall see later that it is a very important part. 

A circuit over the basis Q, Q c D2, is a directed acyclic graph, where (i) 
nodes have either in-degree 2 (gates) or in-degree 0 (input nodes), (ii) each 
gate has an ordering on its two inputs and corresponds to some function 
in Q, and (iii) all output nodes are required to have out-degree 0. 

DCa) is the set of functions in D, which can be realized by circuits over 
the {asis Q. 

A circuit layout for an I/O specification is a circuit embedded in x as a 
planar graph with the following properties: 

(i) to each I,, 1 < j < n, is mapped a unique node corresponding 
to x/, 

(ii) to each Oj, 1 <j < m, is mapped an output node computing hi. 

A planar crossover is then a circuit layout for the specification with 
n=m=2 given by fi=xl, f2=xz, and the cyclic order I,, I*, Oi, Oz. 

In (McCall, 1981), the set of Boolean bases which permit the realization 
of a planar crossover was characterized. For example, there is a planar 
crossover for the complete basis {NAND} and for the incomplete basis 
{ A, +, t }. On the other hand, there is no planar crossover for the 
monotone basis { A, v }. The latter result shows that although every 
(single-output) monotone Boolean function f can be realized by a circuit 
over the basis { A, v }, it is not necessarily the case that f can be realized 
by a planar monotone circuit. In (McCall 1985), examples are given of 
single-output monotone Boolean functions which cannot be realized by any 
planar monotone circuit. Planar arithmetic crossovers can easily be con- 
structed for many arithmetic bases by using inverse operations, e.g., 
addition/subtraction or multiplication/division. 

An I/O specification is k-directional if and only if the boundary y can be 
partitioned into 2k or fewer segments such that each segment contains 
either only input ports or only output ports. Note that j-directional implies 
k-directional for j < k. 

THEOREM 1. A specification S has a circuit layout over Q if the following 
three conditions hold 

0) fi, f2, . . . . fm E D!?‘, 
(ii) there is a planar crossover for Q, 

(iii) S is 2-directional. 

Proof We first prove the result for the case when S is l-directional. 
It is straightforward to construct an acyclic (not necessarily planar) 
circuit over Sz which computes the set of functions fi, f2, . . . . f,,,. Let 
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FIGURE 2 

(&!I 3 g2, ...9 g,) be a total ordering of the non-output gates which is consis- 
tent with the partial ordering given by the circuit. Let the given cyclic 
(clockwise) ordering of the ports in the I/O specification be (Z,,, . . . . I,., 
0 k,, . . . . O,,). Locate I,, at (0, t) and 0,, at (p + 1, t). Locate each g, at the 
point (t, 1) and draw each edge as a path increasing monotonically in x as 
shown in Fig. 2, arranging the edges so that at most two cross at any point. 

Replace each such crossing by an instance of the planar acyclic crossover 
circuit. This yields an acyclic planar layout and establishes the result for 
the l-directional case. 

Given a 2-directional I/O specification, use planar crossovers to produce 
two copies of each block of input ports as illustrated in Fig. 3. Now use the 

‘6 01 

05 02 

04 03 

I6 ‘5 ‘4 
FIGURE 3 
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construction described above to produce planar acyclic circuits for the 
resulting pair of l-directional specifications. 1 

DEFINITION. Given an I/O specification S, the diagram for S consists of 
the disjoint pair I, 0, of sets, the cyclic ordering on Iv 0, and the 
dependency relation R, c I x 0 defined by R, = ((j, k) 1 3a, b E D, 
f, , .‘i,=u # fk , r,=h}, i.e., (j, k) E R, if and only if .fk depends on x,. 

Our next task is to show that the geometric information necessary to 
determine whether or not a specification has a circuit layout is captured by 
its diagram. 

It is convenient to extend the definition of k-directional (from specifica- 
tions) to nodes in the obvious way. A node in a graph embedded in the 
plane is k-directional if its incident arcs in cyclic order can be partitioned 
into 2k or fewer blocks each containing either only incoming or only 
outgoing arcs. 

A wiring layout for a diagram is a directed acyclic graph embedded in a 
simple closed region of the plane, with the following properties: 

(i) each input in Z (output in 0) has a corresponding node with 
in-degree (out-degree) zero on the boundary of the region, 

(ii) all other nodes are in the interior and are 2-directional, 

(iii) for each I/O pair in the diagram there is a directed path between 
the corresponding nodes in the wiring layout. 

Since any 2-directional node can be replaced by a pair of l-directional 
nodes as illustrated in Fig. 4, we could restrict the internal nodes of a 
wiring layout or circuit layout to be l-directional with no essential loss. 

EXAMPLE 2. Figure 5 shows a wiring layout for the diagram of the Z/O 

specification for m = n = 4 given by the cyclic order of ports (I,, 0,) I,, 

a b a b 

FIGURE 4 
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I4 

I3 
FIGURE 5 

O,, I,, O,, I,, 0,) and the function definitions f, = fi=x, A x2 A 
x3 A xq, f3 =x, v x3 v xq, f4 = x, A .x‘$. 

LEMMA 1. Given a specification S and a basis Q which supports a planar 
crossover, S has a circuit layout over Q if and only if the following two condi- 
tions hold: 

(i) f,, f2, . . . . fmEDj?, 
(ii) there exists a wiring layout for the diagram of S. 

ProoJ: Z$ Take a wiring layout for the diagram and choose a simple 
path following edges of the layout to correspond to each pair in the 
dependency relation R,. Replace each edge which is traversed by k paths, 
say, by k parallel edges and replace each output node 0, by the 
appropriate acyclic circuit for fj guaranteed by Theorem 1. At an interior 
node it is necessary to interconnect incoming and outgoing edges to con- 
tinue the paths. Since such a node is 2-directional, this task corresponds to 
a 2-directional specification, A local circuit layout at each interior point is 
therefore also assured by Theorem 1, and merely performs a rearrangement 
of inputs and outputs using planar crossovers. 

Only if: Any circuit layout for S yields a wiring layout simply by 
ignoring the gate information. We have only to observe that if the function 
associated with some output port 0 depends on the variable supplied at 
some input port I, then there must be a directed path in the circuit layout 
from Z to 0. 1 
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3. LINEAR WIRINGS AND NECKLACES 

Given a diagram D, a brutal approach to constructing a wiring layout 
would be to position the ports in the appropriate cyclic order on the 
boundary of a convex region, draw directed straight lines between each 
input/output pair in the dependency relation, and introduce an internal 
node wherever a pair of lines crosses. If the inputs and outputs are posi- 
tioned so that no three of these lines are concurrent at an interior point, 
the resulting graph is a linear wiring for D. It is immediate that a linear 
wiring is a wiring layout for the diagram if and only if the linear wiring is 
acyclic. By proving that this acyclicity is equivalent to a combinatorial 
property of the diagram we shall establish its invariance and eventually 
show that the brutal approach is adequate. 

DEFINITION. For k > 2, a k-necklace in a diagram is a set of k arcs (i.e., 
ordered pairs in the relation), (I,, 0, ), (Z2, O,), . . . . (I,, O,), such that 
(I,, Ok, I,, 01, I,, .‘., 0 k _ 2, Zkr Ok _ , ) is in cyclic order. 

LEMMA 2. For any diagram, D, the following conditions are equivalent: 

(i) there is a linear wiring for D which contains a circuit, 

(ii) in every linear wiring for D there is an elementary region (i.e., a 
face) for which the boundary is a circuit, 

(iii) D contains a k-necklace for some k. 

ProoJ: First we observe that in every linear wiring if there is a circuit 
then there is a circuit which is the boundary of an elementary region. This 
is because any nonelementary region is divided into two smaller regions by 
one of the directed lines and if the boundary were a circuit then one of 
these subregions would also be a circuit. 

Assume (i). By our observation there is some elementary, hence convex, 
region of the wiring whose boundary is a circuit. Consider now some con- 
vex region of maximal area whose boundary is a circuit. The edges of such 
a region define a necklace, since if any pair of these lines were to intersect 
outside the region, a larger region with a boundary circuit could be found, 
contradicting maximality. Hence (i) implies (iii). 

Assume (iii). In every linear wiring for D, the lines corresponding to the 
arcs of the necklace yield a circuit. In the case k = 3, the circuit could 
degenerate to a point were it not for our assumption of non-concurrency. 
Hence, using our observation again, (iii) implies (ii). 

Trivially, (ii) implies (i). 1 

COROLLARY 1. For any diagram D, either every linear wiring for D has 

&3/90/2-4 
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an elementary region for which the boundary is a circuit, or every linear 
wiring for D is acyclic. 

It should be clear that the straightness of the lines in a linear wiring is 
not critical. Essentially the same proof can be followed for wirings with the 
properties that any two lines intersect at most once and no line intersects 
itself. This gives a characterization of a more topological nature. 

We will show in a later section that if a diagram contains a necklace then 
it has no wiring layout. Hence to decide whether a diagram has a wiring 
layout, it suffices to construct a linear wiring L; if the boundary of each 
face of L is acyclic then L is a wiring layout, and if not then no wiring 
layout is possible. A drawback of this approach as a practical algorithm 
is the exact arithmetic required and we present in the next section an 
alternative step-by-step construction. 

4. MAIN CONSTRUCTION 

In this section we describe a procedure to produce a wiring layout for a 
diagram by following a sequence of steps each of which corresponds to a 
simplification of the diagram. Our construction is described in terms of 
three operations Extract, Prune, and Coalesce. Each of these takes a 
diagram D and produces a new diagram D’ together with a partial wiring 
layout which relates the two diagrams. 

Extract. This operation can be applied whenever there is an adjacent 
pair of related ports in D. If Z, and 0, are adjacent and related, then we 
can extract this relationship as follows. D’ is obtained from D by elimi- 
nating the pair (j, k). A wiring layout W for D can then be obtained from 
a wiring layout IV’ for D’ by adding an edge from I, to Ok running so close 
to the perimeter that it does not intersect any edge of the layout W’. 

Prune. This operation can be applied to any port P with no related 
ports. D’ is just D with that port removed, and a wiring layout for D is 
obtained merely by placing a new node for P just outside the perimeter of 
D’ between the neighbours of P and extending the perimeter appropriately. 

Coalesce. This operation is applicable where there is a pair of adjacent 
input (output) ports. We will suppose that Zj and Z, are adjacent. (The case 
for output ports is analogous.) In D’ both ports are removed and a new 
port I’ substituted. I’ appears in the cyclic order in the position of the ports 
it replaces and is related to all output ports which were related to either Z, 
or Zk. A wiring layout for D can be produced by adding new nodes for Z, 
and Z,, appropriately ordered, just outside the node corresponding to I’ in 
a layout for D’, and drawing directed edges to it from each of the new 
nodes (see Fig. 6). 



PLANARACYCLICCOMPUTATION 187 

Ii Ik 

FIGURE 6 

DEFINITIONS. A reduction is either an extraction, a pruning, or a 
coalescence. An irreducible diagram is a nonempty diagram in which no 
reductions are possible (so that, in particular, the input and output ports 
must alternate). Note that a necklace is irreducible. 

The construction of a wiring layout is performed by the following recur- 
sive procedure, Layout, which makes an arbitrary sequence of reductions 
and succeeds if the empty diagram is reached. If we reach an irreducible 
diagram then the procedure fails, and we shall show that in this case no 
wiring layout was possible. 

LAYOUT. 

Input: a diagram D. 
Output: a wiring layout for D unless the procedure fails. 
If D has no nodes then return an empty layout, 
else if D is irreducible then FAIL, 
else make an arbitrary reduction, yielding a smaller diagram D’ 
together with a partial wiring layout P, call Layout recursively on D’ 
and return the wiring layout formed by combining P and Layout(D). 

5. TREE LAYOUTS 

We introduce a restricted form of wiring layout and show that this is 
adequate for wiring. The main theorem then follows easily. 

DEFINITION. A tree layout for a diagram is a wiring layout with the 
following extra restrictions: 

(i) it is acyclic even as an undirected graph (i.e., it is a tree), 
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(a> (b) 
FIGURE I 

(ii) the nodes corresponding to inputs and outputs have degree 1, 

(iii) internal nodes have either: 

(a) in-degree 2 and out-degree 1, 
(b) in-degree 1 and out-degree 2, or 
(c) in-degree 2 and out-degree 2 with alternating incoming and 

outgoing arcs. 

These three types are illustrated in Figs. 7a, b, and c. 

THEOREM 2. Zf diagram D has a wiring layout L then D has a tree 
layout. 

ProojI We begin by describing a series of transformations sufficient to 
eliminate all (undirected) circuits from L. (Conditions (ii) and (iii) are 
easily achieved at the end.) Within the (internal) faces defined by the 
planar graph L, we first introduce some extra edges in a way that main- 
tains acyclicity. Let F be such a face (see Fig. 8). 

(1) If F has more than three edges and (a + b), (b + c) are successive 
edges around F, then insert a new edge (a + c) in F. Since (a + c) is 
adjacent to (a -+b) at a and adjacent to (b 4 c) at c, its introduction 
cannot violate the 2-directionality condition on nodes. 

(2) Suppose F has more than five edges and (a -+ b), (b c c), (c -+ d), 
(d c e), (e +f), (f +- g) are successive edges, where possibly a = g. If there 

f 

b 

e 

d a 

(ii) 
FIGURE 8 



PLANAR ACYCLIC COMPUTATION 189 

0) (ii) 
FIGURE 9 

is no directed path in L from f to c then introduce a new edge (c +f) in 
F, otherwise introduce the edge (e + b). 

As before, neither edge could violate 2-directionality. Acyclicity is main- 
tained since it is impossible for L to have directed paths exterior to F both 
from b to e and from f to c. (Two such paths would have to meet, at node 
X say, and then the subpaths from b to X to c, together with the edge 
(c + b), would form a directed cycle.) 

When these transformations have been applied wherever possible, let the 
resulting layout be L’. Because of (1 ), any face of L’ with more than three 
edges has edges with alternating direction and hence an even number of 
edges. While because of (2), it has fewer than six edges. Since L’ is acyclic 
the only possible forms for F are as shown in Fig. 9. We eliminate any face 
of type (ii) by inserting a 2-directional node of type (c) as shown in Fig. 10. 
Note that this transformation cannot introduce cycles or change the direc- 
tionality of the remaining nodes. In the resulting triangulated graph, for 
every face F, there are nodes s and t such that the boundary of F consists 
of two distinct non-empty paths from s to t. This “flow” property is 
preserved by the following transformation which is used to eliminate faces. 

An internal face of the layout with the fewest edges will be called a 
minimal face. Let F be any minimal face, and let s and t be its two nodes 
distinguished by the flow property. If the two nodes adjacent to s on the 
boundary of F are ui , u2, we can suppose without loss of generality that 
there is no path from u2 to ul, since paths in both directions would form 
a cycle. Remove the edge (s -+ uz), and introduce the new edge (ui + u2) if 
it does not already exist (see Fig. 11). If (ui -+ u2) existed before, then F 
had only three sides and the new graph has one fewer face, otherwise F’ 
has one fewer edge than F had and so is now the (unique) minimal face. 
The number of edges of a minimal face has been reduced by one. 

FIGURE 10 
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s s 
FIGURE 1 I 

Continued repetition of the above transformation must eventually 
eliminate all faces, leaving a tree. The l- and 2-directionality of the nodes 
is preserved. Finally each l-directional node with in-degree u and out-degree 
o is replaced by a new edge (a -+ b) having a binary tree with u leaves 
fanning in to a and a binary tree with v leaves fanning out from b (see 
Fig. 12). The cases u = 0 and v = 0 correspond to input nodes and output 
nodes. Each 2-directional node is transformed to the required form by 
replacing each block of incoming or outgoing arcs by an appropriate 
binary tree. 1 

6. MAIN THEOREM 

We have considered two methods for generating wiring layouts: linear 
wirings and the procedure “Layout.” By Lemma 2, the first method fails 
only when the diagram contains a necklace, and the second fails only if an 
irreducible diagram is reached. It remains for us to show that in such cases 
no layout is possible. 

LEMMA 3. No wiring layout is possible for any diagram D which 
contains, or is reducible to, an irreducible diagram. 

Proof: Suppose to the contrary that there does exist a wiring layout W 
for D. Then W is also a layout for any diagram produced by removing arcs 
from D. If D’ results from D by a pruning operation then a wiring layout 

FIGURE 12 
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for D’ can be produced by deleting the corresponding node and its 
incident arcs from W. If D’ results from D by a coalescing operation then a 
corresponding layout can be produced by coalescing the two corresponding 
nodes in W. 

Hence we may deduce that there is a wiring layout for an irreducible 
diagram D. By Theorem 2 there is also a tree layout T for D. Any 
irreducible diagram must have alternating input and output ports and at 
least six ports. Since the maximum degree of T is four, it has at least two 
internal nodes. Therefore there is some (extremal) internal node, a, which 
is adjacent to exactly one internal node, b, and two or three leaf nodes. 
Without loss of generality we can suppose that the edge between a and b 
is oriented as (b + a), Now at least one of the leaves adjacent to a must be 
an input node, and this has no path in T to a nonadjacent output node, 
contradicting the irreducibility of D. 1 

COROLLARY 2. A 3-necklace, or “triple crossover,” given by the I/O 
specification with m = n = 3, cyclic order of ports (I,, OX, I,, 0,) I,, Oz > 
and the function definitions ,f, =x,, f2 =x2, f3 =x3, has no planar acyclic 
realization. 

Our results are brought together in the following main theorem. 

THEOREM 3. (I) Given an I/O speciJication S and a basis Q, Q G D,, 
which supports planar crossovers, S has a circuit layout over Q tf and only 
if the following two conditions hold: 

(i) fl,fi, ...,fmED~Q’, 

(ii) there exists a wiring layout for D,, the diagram of S. 

(II) The following conditions are equivalent: 

(i) the “Layout” procedure always succeeds on D,, whatever 
sequence of reductions is chosen, 

(ii) all linear wirings for D, are acyclic, 

(iii) D, contains no necklace. 

Proof Part (I) is just a restatement of Lemma 1. Part (II) follows 
immediately from Lemmas 2 and 3. 1 

7. CONCLUSION 

Our results give a complete solution to the problem of determining 
whether or not a given I/O specification can be realized as a planar acyclic 
circuit constructed from two-input gates. The extension to m-input 
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2-directional gates is straightforward for any m > 2. However. if we allow 
3-directional gates then specifications such as the triple crossover in 
Corollary 2 become immediately realizable. 

It is well known that any graph can be embedded in three-dimensional 
Euclidean space in such a way that each edge corresponds to a straight line 
segment in R3. For a proof of this result, see, for example, (White, 1984, 
Chap. 6). Let 2LG be the two layer grid, i.e., the subset of points 
(x, y, Z) E R3, where 0 6 5 < 1 and at least two of x, J’, z are integers. If we 
allow each edge to be constructed from a set of straight line segments then 
a simple variant of our construction can be used to show that any I/O 
specification can be realized as an acyclic circuit embedded in 2LG with no 
two edges meeting at an interior point. 

If we restrict our attention to l-directional specifications then Theorem 1 
shows that any such specification can be realized as a planar acyclic circuit. 
The layout method used in the proof of this result may in some cases 
produce a circuit which is much larger than is necessary. As a challenge to 
planar acyclic circuit designers, we offer the following: 

OPEN PROBLEM. Let S be a l-directional I/O specification for which 
there is an acyclic circuit which can be embedded in the plane with g gates 
and c crossings. Is there always a planar acyclic circuit for such an S which 
is of size 0( g + c) and has no crossings? 
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