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Abstract

The Schwarzschild–de Sitter space–time describes the gravitational field of a spherically symmetric mass in a universe with cosmological
constant Λ. Based on this space–time we calculate Solar system effects like gravitational redshift, light deflection, gravitational time delay,
perihelion shift, geodetic or de Sitter precession, as well as the influence of Λ on a Doppler measurement, used to determine the velocity of
the Pioneer 10 and 11 spacecraft. For Λ = Λ0 ∼ 10−52 m−2 the cosmological constant plays no role for all of these effects, while a value of
Λ ∼ −10−37 m−2, if hypothetically held responsible for the Pioneer anomaly, is not compatible with the perihelion shift.
© 2006 Elsevier B.V. Open access under CC BY license.
1. Introduction

Until now all gravitational effects in the Solar system and
in binary systems are well described by means of the Einstein
general theory of relativity [1,2].1 Cosmology, in contrast, is
currently confronted with two mysteries: these are dark matter
and dark energy. Dark matter is introduced to obtain the grav-
itational field needed to describe observations like the galactic
rotation curves, gravitational lensing, or the structure of the cos-
mic microwave background. Dark energy is invoked to explain
the observed accelerated expansion of the universe by means
of an additional energy–momentum component. Thus standard
cosmology addresses the observed imbalance in the gravita-
tional field equations by postulating unknown forms of matter
and energy.

In general relativity, the repulsion necessary to obtain an
accelerated expansion of the universe can be provided by the
inclusion of a vacuum energy. This corresponds to the well-
known modification of the Einstein equations consisting of
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the addition of a cosmological term Λgμν . Observational data
suggest for the cosmological constant Λ a value of Λ0 ∼
10−52 m−2 [4]. Alternatively, vacuum energy can be modeled
by a dynamical field, such as quintessence [4,5].

Instead of postulating unknown forms of matter and energy
another line of resolving these cosmological issues consists of
a modification of the gravitational field. The galactic rotation
curves for a wide class of galaxies could be explained by using
an additional gravitational Yukawa potential [6], for example.2

More recently brane-world models are considered as modified-
gravity theories in this context [8].

We here consider the gravitational field of a spherically
symmetric mass in a universe with cosmological constant Λ,
described by the Schwarzschild–de Sitter space–time. We cal-
culate how the presence of such a cosmological constant would
affect Solar system effects like gravitational redshift, light de-
flection, gravitational time delay, geodetic or de Sitter preces-
sion. Comparing the theoretical results with the observations
gives Solar system estimates on the magnitude of such an addi-
tional cosmological term in the Einstein equations.

Our investigation indicates that no present or future obser-
vation within the Solar system has the capability to reveal ef-

2 Another idea is to modify the Newtonian dynamics [7].
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fects due to a cosmological constant with the current value of
Λ0 ∼ 10−52 m−2 [4]. We conclude that the cosmic acceleration
therefore does not lead to observable Solar system effects.

We then address the influence of a cosmological constant
Λ, as present in the Schwarzschild–de Sitter space–time, on
a Doppler measurement, used to determine the velocity of the
Pioneer 10 and 11 spacecraft. By interpreting this Λ not neces-
sarily as the cosmological constant with value Λ0, we note that
a value of Λ ∼ −10−37 m−2 may lead to an anomalous accel-
eration on the order of the Pioneer acceleration. However, this
value is not compatible with the perihelion shift and, further-
more, leads to a position-dependent acceleration.

We like to emphasize that the observational basis of the Pi-
oneer anomaly is by far not of the same quality as the Solar
system effects. It is still possible that the Pioneer anomaly is
just a systematic effect, though no convincing explanation for
this possibility has been found [3]. Therefore, it is reasonable
to take into account the possibility that this anomaly is due to
some until now missed effect within standard physics, or that it
even signals some kind of non-standard physics. Therefore we
are looking for effects related to a space–time metric modified
by a cosmological constant. This may also be of relevance for
the design of a new space mission to test the long range gravi-
tational field [9].

2. Schwarzschild–de Sitter space–time

We calculate Solar system effects for the spherically sym-
metric Schwarzschild–de Sitter metric [10]

(1)ds2 = α(r) dt2 − α−1(r) dr2 − r2(dθ2 + sin2 θ dφ2),
where

(2)α(r) = 1 − 2M

r
− 1

3
Λr2,

and Λ is the cosmological constant, and M the mass of the
source. It is an exterior solution of the Einstein field equations
for a spherical mass distribution

(3)Rμν − 1

2
gμνR + Λgμν = 8πGTμν.

In the following we take Λ to be a free parameter and try to
obtain constraints on the magnitude of this constant from Solar
system effects. Therefore our aim is twofold: First to investi-
gate whether there might be some influence of the cosmological
constant Λ0 on Solar system effects, and, second, to present es-
timates on the magnitude of such a constant Λ, when it would
not correspond to the cosmological constant, but instead would
be of, e.g., galactic origin.

The perihelion shift for the Schwarzschild–de Sitter space–
time can be found in [10] and [11]. Based on the Kerr–de Sitter
metric in the latter paper [11] also gravitomagnetic effects have
been calculated.

3. Gravitational redshift

Since Schwarzschild–de Sitter is a stationary space–time
there is a time-like Killing vector so that in coordinates adapted
to the symmetry the ratio of the measured frequency of a light
ray crossing different positions is given by

(4)
ν

ν0
=

√
g00(r)

g00(r0)
.

For experiments in the vicinity of the central body (which in
this case will be taken to be the Earth), we have Λr2 � M/r so
that to first order in Λ

(5)
ν

ν0
=

√√√√ g
(0)
00 (r)

g
(0)
00 (r0)

(
1 + Λ

6

(
r2

0

g
(0)
00 (r0)

− r2

g
(0)
00 (r)

))
,

where g
(0)
00 = 1 − 2M

r
. For small masses M this simplifies to

(6)
ν

ν0
= 1 − M

r
+ M

r0
− Λ

6

(
r2 − r2

0

)
,

where we neglected products of Λ and M .
Clock comparison can be performed with an accuracy of

10−15, the H-maser in the GP-A redshift experiment [12]
reached a 10−14 accuracy. Since all observations are well de-
scribed within Einstein theory, we conclude

(7)|Λ| � 10−28 m−2,

where we assumed a clock comparison between the Earth and
a satellite at 15 000 km height.

4. Deflection of light

The motion of point particles and light rays in the Schwarz-
schild–de Sitter space–time is described by the Lagrangian

(8)2L= α(r)ṫ2 − α−1(r)ṙ2 − r2φ̇2,

where the dot stands for differentiation with respect to the affine
parameter λ, and where from the very beginning the motion is
restricted to the θ = π/2 plane. Since the metric (1) is indepen-
dent of t and φ the quantities

(9)E ≡ α(r)
dt

dλ
, L ≡ r2 dφ

dλ
,

are conserved along the orbit of the particle and define its en-
ergy and angular momentum, respectively.

For light, the Lagrangian (8) vanishes. Multiplication of (8)
by α/L2 and substitution of the angular momentum yields

(10)
dφ

dr
= ± 1

r2

[
1

b2
− α(r)

r2

]−1/2

,

where b ≡ L/E which in Schwarzschild space–time can be
interpreted as impact parameter. The ± is related to increas-
ing/decreasing r . The distance of closest approach r0 defined
by

(11)
dr

dφ

∣∣∣∣
r=r0

= 1

b2
− α(r0)

r2
0

= 0

relates b to r0. When we replace b by r0 in (10) the constant Λ

drops out

(12)
dφ

dr
= ± 1

r2

[
1

r2

(
1 − 2M

r

)
− 1

r2

(
1 − 2M

r

)]−1/2

.

0 0
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Therefore the constant Λ has no influence on the light deflec-
tion. This has already been recognized in [13].

5. Gravitational time delay

We consider the standard measurement of the time delay of
light where a radar signal is sent from the Earth to pass close to
the Sun and reflect off another planet or a spacecraft. The time
interval between the emission of the first pulse and the reception
of the reflected pulse is measured. Let r⊕ and rR be the distance
between the Sun and the Earth and the reflector, respectively.

The time interval between emission and return of a pulse as
measured by a clock on the Earth is

(13)	T = 2t (r⊕, r0) + 2t (rR, r0),

where t (r1, r2) is the elapsed coordinate time along the signal’s
trajectory between distances r1 and r2 to the Sun. The calcula-
tion of t (r1, r2) requires to represent t as a function of r along
the path of the pulse. From (9) and (10) we obtain

(14)
dt

dr
= ± 1

αb

(
1

b2
− α(r)

r2

)−1/2

and, thus,

(15)t (r, r0) =
r∫

r0

dr

bα(r)

(
1

b2
− α(r)

r2

)−1/2

,

where we can replace b by r0 using (11).
The result of this integration in the Schwarzschild space–

time can be found, e.g., in [14]. The first order correction to
(15) due to Λ is

tΛ(r, r0) = Λ

18

[√
r2 − r2

0

(
2r2 + r2

0

)

(16)+ 3M

(
4r

√
r2 − r2

0 + r2
0

(
2 +

√
r2 − r2

0

r + r0

))]
,

where terms of the order M2 have been neglected. Since for
Solar system observations r0/rR � 1 and r0/r⊕ � 1 we obtain
as Λ-induced modification of the time delay of a round trip of
a signal

(17)	tΛ = 2Λ

9

(
r3⊕ + r3

R + 6M
(
r2⊕ + r2

R

) − 3Mr2
0

)
.

In the recent Cassini experiment [15] one has not measured
the time delay but, instead, the relative change in the frequency

(18)y = ν(t) − ν0

ν0
= d

dt
	t,

where ν0 is the frequency of the radio waves emitted on the
Earth. These radio waves reach Cassini with a frequency ν′ and
are sent back with the same frequency ν′. The frequency of this
signal reaching the Earth is ν(t). The contribution to the fre-
quency change from the Λ-term is

(19)yΛ = d

dt
	tΛ = −4

3
ΛMr0(t)

dr0(t)

dt
,

where for the Cassini setup dr0/dt ≈ v⊕ is approximately the
velocity of the Earth orbiting the Sun. That means that the Λ-
contribution to the signal increases with distance. The Schwarz-
schild contribution to y is 6 × 10−10 and has been verified by
the Cassini measurements within an accuracy of y of ∼ 10−14.

Cassini measured the time delay for approximately 25 days,
that is, during the period of 12 days before and 12 days after
conjunction [15]. During one day the distance of closest ap-
proach of the signal changed by ∼ 1.5 Solar radii. Therefore,
the measured signal would be

(20)yΛ(12d) − yΛ(0) = 16ΛM	R	v⊕.

Since the Cassini measurement was in accordance to the Ein-
stein prediction, we conclude from yΛ(12d) − yΛ(0) � 10−14

that

(21)|Λ| � 10−14c3

16GM	R	v⊕
≈ 10−24 m−2.

6. Perihelion shift

The perihelion shift is based on the modification of the geo-
desic equation for a massive particle which can be derived in
a standard manner. In first order in Λ and with u = 1/r one
obtains

(22)
d2u

dϕ2
= M

L2
− u + 3Mu2 − Λ

3L2u2

which leads to an additional shift [11]

(23)δ = πΛa2 a

M

√
1 − e2 = 	

Λa4(1 − e2)3/2

6M2
,

where e is the eccentricity of the orbit and 	 the standard Ein-
stein expression for the perihelion shift, see also [10,25,26].
(Obviously, for a smaller central mass M , implying a smaller
perihelion shift, the influence of the Λ-term becomes more im-
portant. Its effect should be more pronounced for the outer
planets and for comets with large a.) The perihelion shift of
Mercury, 43′′ per century, is in full agreement with Einstein
theory within the accuracy of 430 µas [16]. From that we con-
clude3

(24)|Λ| � 430 µas

	

6M2

a4(1 − 4e2)
≈ 10−41 m−2.

7. Geodetic precession

We calculate the geodetic precession by introducing a coor-
dinate system rotating with angular velocity ω. The new angular
coordinate ϕ is defined through

(25)dϕ = dφ − ωdt,

and gives in the equatorial plane θ = π/2 the metric

3 After submission of this Letter a similar analysis by L. Iorio has been ap-
peared [17].
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ds2 = (
α − r2ω2)(dt − r2ω

α − r2ω2
dϕ

)2

(26)− α−1 dr2 − r2α

α − r2ω2
dϕ2.

The canonical form of the metric is

(27)ds2 = e2Ψ (dt − wi dxi)2 − hij dxi dxj ,

with

e2Ψ = α − r2ω2, w1 = w2 = 0, w3 = r2ω

α − r2ω2
,

(28)h11 = α−1, h33 = r2α

α − r2ω2
,

with the indices 1, 2, 3 referring to r , θ , ϕ, respectively. For a
given r = r0 we can choose an ω so that ∂Ψ/∂r = 0. Since Ψ

is related to the acceleration, this means that the line r = r0 is
geodesic. This corresponds to a modified Kepler frequency

(29)ω2 = M

r3
− Λ

3
,

also obtained in [11], and implies

e2Ψ = 1 − 3M

r
, w1 = w2 = 0, w3 = r2ω

1 − 3M/r
,

(30)h11 = α−1, h33 = r2α

1 − 3M/r
.

The rotation rate of a gyroscope at a fixed position in the
rotating coordinate system is given by [10]

(31)Ω2 = e2Ψ

8
hikhjl(wi,j − wj,i)(wk,l − wl,k)

and points in the negative direction relative to the orbit. We ob-
tain

(32)Ω =
√

M

r3
− Λ

3
= Ω0

(
1 − Λr3

6M

)
, Ω0 =

√
M

r3
.

For an alternative derivation of this geodetic precession, see Ap-
pendix A.

The mission GP-B will measure the geodetic precession
Ω0 = 6.600 mas/yr with an expected accuracy of 0.1 mas/yr.
If the value predicted from Einstein theory will be confirmed
and no additional term is seen, we are led to an estimate for Λ

(33)|Λ| � 10−27 m−2.

8. Doppler tracking of satellites on escape trajectories

We now calculate the two-way Doppler tracking of a satellite
moving on a geodesic radially away from the Sun. This amounts
to an investigation of whether the presence of a cosmological
constant might be made responsible for the anomalous acceler-
ation observed for the Pioneer spacecraft [3]. For simplicity, we
take an observer at a fixed radial distance from the Sun and a
spacecraft moving radially so that the Sun, the Earth and space-
craft lie on one line.
The measurement is carried out as follows: On the Earth a
radio signal with frequency ν0 is sent to the spacecraft at posi-
tion r , where it will arrive redshifted according to

(34)ν̃ =
√

α(r)

α(r⊕)
ν0.

Due to the velocity of the spacecraft the measured frequency is
in addition Doppler shifted

(35)ν′ = 1√
1 − (vr )2

(
1 − vr

)
ν̃,

where vr = θr(v) is the measured radial velocity (v is the
4-velocity of the spacecraft and θr is the normalized basis
1-form in r-direction, gμνθr

μθr
ν = −1; in coordinates, θr

μ =
α−1/2(0,1,0,0)). This is also the frequency sent back to the
Earth, where it arrives with the frequency

(36)ν′′ = 1√
1 − (vr )2

(
1 − vr

)√α(r⊕)

α(r)
ν′.

The two-way Doppler tracking will then yield

(37)
ν′′ − ν0

ν0
= −2

vr

1 + vr
≈ −2vr .

As expected, the gravitational redshift drops out. Only the mo-
tion of the spacecraft influences the result.

Therefore, what is finally needed is the solution for the radial
velocity v obtained from the geodesic equation

(38)0 = d2r

dt2
+

({
r

μν

}
−

{
0

μν

}
dr

dt

)
dxμ

dt

dxν

dt

(39)= d2r

dt2
− 3

2

1

α
∂rα

(
dr

dt

)2

+ 1

2
α∂rα,

where { μ
ρσ } are the Christoffel symbols. We can safely neglect

the term quadratic in the velocities. Then, to first order in M

and Λ we obtain

(40)
d2r

dt2
= −M

r2
+ Λ

3
r.

This leads to

(41)
1

2

(
dr

dt

)2

= E + M

r
+ 1

6
Λr2,

where E is an integration constant.
The Doppler measurement in terms of the measured velocity

is

(42)
ν′′ − ν0

ν0
= −2

vr

1 + vr
= −2

dr/dt√
α(r) + dr/dt

.

We assume Λr2,M/r � E and make an expansion with re-
spect to Λ and with respect to M . Furthermore,
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ν′′ − ν0

ν0
= −2

√
2E

1 + √
2E

− 2M

r

1 + 2E

(1 + √
2E)2

√
2E

(43)− 1

3
Λr2 1 + 2E

(1 + √
2E)2

√
2E

+O
(
Λ2,M2).

Since 2E corresponds to v2
0/c2, the non-relativistic limit is

ν′′ − ν0

ν0
= −2

√
2E − 2M

r

1√
2E

− 1

3
Λr2 1√

2E

(44)+O
(
Λ2,M2).

The first two terms are the standard Newtonian contributions.
The position r in the Λ-term induces an additional time-
dependence of the two-way Doppler signal. Approximating
r = r0 + v0t and E = v2

0/2, the time-dependent signal related
to the Λ-term is

(45)
d

dt

(
ν′′ − ν0

ν0

)
Λ

= −2

3
Λrṙ

1√
2E

= −2

3
Λ(r0 + v0t).

If the first term is assumed to be responsible for the observed
Pioneer anomaly, then with r0 being on the order of 100 AU the
constant Λ should be on the order of −10−37 m−2. This value is
not compatible with the perihelion shift. That means that there
is no way to simulate the Pioneer anomaly with a term of the
form of a cosmological constant without being in conflict with
observations.

The influence of the cosmological constant on the semi-
major axis is negligible. For any non-Newtonian gravitational
force the distance r of the planetary orbits as function of the
angle ϕ is given by

(46)r(ϕ) = r0(1 + ε)

1 + e cos((1 + ε)ϕ)
,

where ε is the parameter related to the non-Newtonian part
of the gravitational interaction describing the perihelion shift
and the change in the planetary orbital parameter r0 (which
is related to the semi-major axis). As a consequence, we can
relate the perihelion shift to the change in the orbital parame-
ter: If, due to some non-Newtonian or non-Einsteinian gravita-
tional forces, there is an additional perihelion shift of the order
400 µas per century (which is the present day accuracy [16]),
then ε ≈ 10−12 so that εr0 ≈ 15 cm. This is clearly beyond
any observational access for any planet in the Solar system.
Therefore, a value of Λ which may give for the Pioneers an
acceleration of the required order has practically no influence
on the planetary orbits.

9. Conclusion and outlook

We have calculated the Solar system effects in the frame of
the Schwarzschild–de Sitter space–time, treating the cosmolog-
ical constant Λ in the metric as a free parameter. Comparison
with observations then leads to the following constraints on the
magnitude of the constant Λ (see Table 1).

It is remarkable that the perihelion shift is by far the most
sensitive tool to observe an influence of the cosmological con-
stant on the scale of the Solar system which is probably due
Table 1
Estimates on Λ from Solar system observations

Observed effect Estimate on Λ

gravitational redshift |Λ| � 10−27 m−2

perihelion shift |Λ| � 10−41 m−2

light deflection no effect
gravitational time delay |Λ| � 6 × 10−24 m−2

geodetic precession |Λ| � 10−27 m−2

Pioneer anomaly Λ ∼ −10−37 m−2

to the fact that it constitutes a cumulative long term effect. For
light deflection the presence of Λ has no effect.

Assuming that Λ represents the cosmological constant with
the current value of Λ0 ∼ 10−52 m−2, we conclude, that no
present or future observation of these Solar system effects has
the capability to reveal the presence of such a cosmological
constant. This also extends to Solar system effects like the grav-
itomagnetic clock effect or time delay, based on the influence of
an additional gravitomagnetic field [11].

Addressing the influence of a cosmological constant Λ on
a Doppler measurement, used to determine the velocity of the
Pioneer 10 and 11 spacecraft, we conclude that a value of
Λ ∼ −10−37 m−2 may lead to an acceleration of the order of
the observed anomalous Pioneer acceleration. However, the ac-
celeration caused by Λ changes with distance and is in conflict
with the observed perihelion shift. Therefore the hypothetical
presence of a negative cosmological constant Λ ∼ −10−37 m−2

as a possible explanation for the Pioneer anomaly has to be ex-
cluded.

We consider the calculation of Solar system effects in the
Schwarzschild–de Sitter space–time only as a first step towards
the general goal, of obtaining observational constraints from
Solar system effects for modified theories of gravity. We envis-
age to repeat this kind of calculation in more general contexts
like quintessence [4,5] (for a first step in this direction see [18]),
in varying G scenarios [19], in dilaton scenarios [20,21], and in
braneworld models [8,22] (see [23,24] for the discussion of one
related effect).
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Appendix A. Alternative derivation of geodetic precession

A gyroscope is a spin four-vector sμ which moves along a
timelike geodesic with four-velocity uμ. The spin is space-like

(A.1)gμνu
μsν = 0

and is paralelly propagated along uμ

(A.2)
dsμ

dλ
+

{
μ

νρ

}
sνuρ = 0.
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An observer moving with the gyroscope on a circular orbit in
the equatorial plane will see its spin precess in the equatorial
plane, see e.g. [14].

The components of the four-velocity of the gyroscope in the
θ = π/2 plane are given by uμ = ut (1,0,0,ω) with ω from
(29) and ut is determined by gμνu

μuμ = 1. Suppose that the
spin initially points in the equatorial plane along the unit vector
e
μ

r̂
= (0, α1/2,0,0) in r-direction. From (A.2) dsθ/dλ = 0 so

that an initial sθ = 0 remains zero. From (A.1) we obtain

(A.3)st = r2ωα−1sφ,

and (A.2) gives

(A.4)
dsr

dt
+ (r − 3M)ωsφ = 0,

(A.5)
dsφ

dt
− ω

r
sr = 0.

Choosing the initial condition sφ(0) = 0 and introducing

Ω =
(

1 − 3M

r

)1/2

ω

(A.6)=
√(

1 − 3M

r

)(
M

r3
− Λ

3

)
≈

√
M

r3
− Λ

3

the solution of (A.4) and (A.5) is

(A.7)sr = s∗α1/2 cos(Ωt),

(A.8)sφ = s∗α1/2
(

ω

Ωr

)
sin(Ωt),

where s∗ = (−sμsμ)1/2.
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