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Abstract

In this paper, the existence of Hermitian positive definite solutions of the general nonlinear matrix equation
X® + A*X7'A = Q is studied systematically and deeply. A new estimate of Hermitian positive definite
solutions is derived. Based on a fixed point theorem, some new sufficient conditions and new necessary
conditions for the existence of Hermitian positive definite solutions are obtained. In the end, a necessary and
sufficient condition for the existence of a Hermitian positive definite solution is proved.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

We consider the existence of Hermitian positive definite (HPD) solutions of the general non-
linear matrix equation
X'+ A*XT'A=0Q, (1.1)
where A is an n x n nonsingular matrix, Q is an n x n HPD matrix, s and ¢ are positive inte-
gers. Nonlinear matrix equations of the form (1.1) often arise in control theory, ladder networks,
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dynamic programming, stochastic filtering and statistics, etc. (see [1,11,15,19] and the reference
therein).

The existence of HPD solutions of Eq. (1.1) has been investigated in some special cases.
In [3] it is assumed that A is a normal matrix, whereas in [16] it is assumed that A is a real
matrix. Some necessary and sufficient conditions for the existence of HPD solutions of Eq. (1.1)
with s =t = 1 have been derived by using the shorted operator approach [1] and the analytic
factorization approach [4]. By means of the matrix decomposition method, Hasanov and Ivanov
[9] and Zhan and Xie [19] presented some necessary and sufficient conditions for the existence
of an HPD solution to Eq. (1.1) withs = 1, = nands = 1, ¢ = 1, but these conditions were not
easily checked. And the matrix sequence theory were also used to study the existence of HPD
solutions of the nonlinear matrix equations of type (1.1) (see [6,7,11,12,15]). Recently, fixed point
theory techniques play a key role in investigating the existence of HPD solutions of the nonlinear
matrix equations of type (1.1) (see [10,13,16,17,21]).

Based on Brouwer’s fixed point theorem [22, Theorem 4.2.6] and Banach’s fixed point theorem
[22, Theorem 1.3.1], we investigate the existence and uniqueness of HPD solutions of Eq. (1.1)
in this paper. In Section 2, we derive a new estimate of HPD solutions and a sufficient condi-
tion under which Eq. (1.1) has a unique HPD solution. In Section 3, under the assumption that

M(A*A) < ﬁ (ﬁ) ) A,’EH (Q), we deepen some conclusions of Liu and Gao [16] and get some
new results on the existence of HPD solutions. In Section 4, a necessary and sufficient condition
for the existence of an HPD solution is given. Some results in [5,21] have been extended.
Throughout this paper, we write B > O (B > O) if the matrix B is positive definite (semidef-
inite). If B — C is positive definite (semidefinite), then we write B > C(B > C). We use A1(B)
and A, (B) to denote the maximal and minimal eigenvalues of an n x n HPD matrix B. We use
|B|| and || B||F to denote the spectral norm and Frobenius norm of a matrix B, and we also use
|Ib]| to denote I,-norms of a vector b. We use X g and X to denote the minimal and maximal HPD
solution of Eq. (1.1), that is, for any HPD solution X of Eq. (1.1), then Xg < X < X . The symbol
I denotes the n x n identity matrix. The symbol p(B) denotes the spectral radius of B. Let P (n)
denote a set of n x n HPD matrices and [B,C] = {X|B < X < C},(B,C)={X|B < X < C}.
For B = (b1, b2, ..., by) = (b;j) and a matrix C, B ® C = (b;;C) is a Kronecker product and
vec(B) is a vector defined by vec(A) = (alT, azT, R a,T)T. In order to develop the paper, we

need that
vec(AXB) = (BT ® A)vec(X) and |vec(X)|| = X F,

where A, X and B are n x n complex matrix.
2. The general case

In this section, we give a new estimate of HPD solutions of Eq. (1.1). Based on fixed point
theorems, we derive a sufficient condition for the existence of a unique HPD solution of Eq. (1.1).
We begin with some lemmas.

Lemma 2.1 [18, Theorem 2.1]. If Eq. (1.1) has an HPD solution X, then
X € ((AQ™'A%)T, 0%).

Lemma 2.2 [2]. If A > B > O (or A > B > 0), then A* > BY > O (or A* > B* > O) for
allx € (0, 1], and B* > A* > O (or B* > A% > O) foralla € [—1, 0).
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Lemma 2.3 [14, p. 656]. For square nonsingular matrices A, B and C applications of Schur’s
lemma to the two matrices A + BC and A — BC yields that

(D) (A+BO) '=A"1—A"1BU+CcA B lcA !,
(i) (A—BC)'=A"'—A"'B(cA'B—-D"lcA~.

Lemma 2.4 [8, Theorem 2.1]. Let A and B be positive operators on a Hilbert space H such that
MiI >2A>2ml>0,MyI >B>myl >0andB>A> O.Then

t—1 t—1

A’ < <%> B, A'< (@> B’
mi L)

hold for any t > 1.

So far, there are several estimates of HPD solutions of Eq. (1.1) and its special cases, such as,
Theorem 2.1 in Yang [18] (i.e. Lemma 2.1), Theorem 4 in Ivanov [13] and Theorem 4 in Hasanov
and Ivanov [10]. Now we give a new estimate which are sharper than that all of them.

Theorem 2.1. If Eq. (1.1) has an HPD solution X, then
X e (M, N),

where

~1=

s—1 -1
—x% —1 T
A 08 ) )> (area™hi - o'ty

M={A0""'a*"+A0"! (/\ A-0AT)

s

t—1
B QDY .t
N= Q_<M(Q1)> aed

Proof. Let X be the HPD solution of Eq. (1.1), then from Lemma 2.1 it follows that

(AQ~'A")T < X < OF. @2.1)
Applying Lemma 2.2 to (2.1) yields
07v <X~ < (AQ7'AM) . (2.2)
Since

1 1
MATQATHI < (A4071AHTT = (AT QAT <A{ (AT AT
and
1 1 i 1
Mm@ <o =D <Ay h.
then applying Lemma 2.4 to (2.2) yields

) (A~*QAhr, (2.3)

s—1
t
M (AT*QA

t—1
—1\ ¥
X! > <Xn(Q )) 05 24)

0! < (M(A*QAI)

S



676 X. Duan, A. Liao / Linear Algebra and its Applications 429 (2008) 673-687

and
—x% -1
s o (MAT0AT)
A(AT*QA
Rewriting Eq. (1.1) and combining (2.4), we have

s—1
) (A7*QA™ N1, 2.5)

(07h

2@ )" pep-ta,
M(Q_l)) ¢

0—-X'=A*X""A > (

which implies that
1

s

W@ N |

On the other hand, Eq. (1.1) can also be rewritten as
X'=A(Q - X%)"'Ax. 2.7
Applying Lemma 2.3 to (2.7) and combining (2.3) and (2.5) yield

=A™ - 07X 07— DX 07 N1AY
— AQ—IA* +AQ_1(X_S _ Q—l)—lQ—lA*
s—1 -1
—1 4% -1 M)t —x% -1Ni _ -1 —1 4%
>AQ AT+ AQ ()\,I(A_*QA_I) (AT"QA™Y) 0 QO A7,

which implies that

-1

—x% —1 %
AM(ATFOA )> (A—*QA—I)f _ Q—l Q—lA*

X>1{407'A*+ 407! (/\ a—0a T

- M. 2.8)
Combining (2.6) and (2.8), we get
X e (M,N). O
Remark 2.1. Comparing Theorem 2.1 with Lemma 2.1, it is easy to obtain that

(M,N) C (AQ™'A"T, Q).

that is to say, our estimate of HPD solution of Eq. (1.1) is sharper than that of Yang [18].
Now we use an example to confirm the correctness of Theorem 2.1 and the sharpness of the
bounds of HPD solutions of Eq. (1.1).

Example 2.1. Consider the matrix equation

X+ATx 'a=1 (2.9)
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with
0.2000 0.2000 0.1000

A =0.2000 0.1500 0.1500
0.1000 0.1500 0.2500

Here, A is normal and nonsingular. Therefore, from theorem 4.1 of Zhan and Xie [19] we
obtain that Eq. (2.9) has a maximal HPD solution

1 | [ 0.8265 —0.1684 —0.1582
X = E[I + (I —4ATA)2)~ | —0.1684 0.8316 —0.1633
| —0.1582  —0.1633  0.8214

and a minimal HPD solution

| . [01735 0.1684 0.1582
Xg= [ —(—4ATA)I]~ | 0.1684 0.1684 0.1633
2 0.1582 01633 0.1786

After direct computations, we have

0.1178 0.1128 0.1026 0.9100 —0.0850 —0.0750
M=~ |0.1128 0.1128 0.1077 and N~ | —-0.0850 0.9150 —0.0800
0.1026 0.1077 0.1229 —0.0750 —0.0800  0.9050

It is easy to verify that X; and Xg are in [M, N]. Hence, all HPD solutions of Eq. (2.9) are in

(M, N].
The next theorem describes a sufficient condition under which Eq. (1.1) has a unique HPD
solution.

Theorem 2.2. If (AQ~'A*)T <0, A*X 'A< Q—(AQ~' A% forall X e[(AQ~'A%)T, O],
and

2
HAllE
s+t

sha' (AQ™1A%)
then Eq. (1.1) has a unique HPD solution.

<1,

Proof. We consider the map F(X) = (Q — A*X"A)% and let
XeQ= |X|(AQ*1A*)% <X< Q%}.
Obviously, €2 is a convex, closed and bounded set and F'(X) is continuous on €. If A*XTA L
0 — (AQ~'A*%)7 forall X € Q, then we have
1 *y—1f g\ % —1 g%y Sy 1 —1 g%\ 1
0s 2(Q—-AXTA)s 2(Q -0+ (AQ ' AM)1)s =(AQ™ AM)7,
i.e.
(AQ™'AMT < F(X) < 0.

Hence F(Q) C Q.
For arbitrary X, Y € Q, we have

A*X AL O —(AQ 'A")T and A*Y 'A< Q- (AQ 'AM)T,
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i.e.
0 —A*X"A>(AQ 'A")T and Q — A*YTA > (AQ 'A%,

Hence
F(X) = (0 — A*XA)} > (AQ™' A% > 4] (AQ™' A%, (2.10)
F(Y) = (0 — A"V 4)} > (AQ ' AMF > i (A0~ A%, @.11)

From (2.10) and (2.11) it follows that

IF(X)* = FY)' lF=

s—1

Y F(X)(F(X)— F(Y)F(Y)y '

i=0

F

s—1
vec [Z F(X)'(F(X) — F(Y))F(Y)Sli:| H

i=0
s—1
Zvec[F(X)i(F(X) — F(Y))F(Y)s_l—i] ‘
i=0

>Z(AS

s—1
D (FEy T @ F(X))vee(F(X) — F(Y))H
i=0
1

] (AQ tax ))» (AQ™'A))|Ivec(F(X) — F(Y))|

—S/\T(AQ LAIF(X) = F(V) | (2.12)

According to the definition of the map F', we have
FX))—FY) =(Q—-A"XT"A)—(Q - A*Y"A) = A*Y ' - X"HA. (2.13)
Combining (2.12) and (2.13), we have

I1F(X) = F)lr <

N

N

[ R

Ss—1
sh' (AQ~1A¥)

= |F(X)* — F(Y) ||
W (AQ71A%)

l * —t —t
. A" (Y — XAl

L (AQ1AY)

Y

"lr

7(AQ 1A%
IIAIIF

(AQ 1A%
IAN%

t
Z Y—(l+1)+i (X _ Y)X_i

F
t

Z(X—" ® Y~ D+ vec(X — Y)

Al i D
= Y IXxTey X =YlE.
2 (AQ™1A%) i=1
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Since X, Y € Q, then we have

_1 1
X' < (AQTAN T <y T (AQTI AN = 1,
M (AQ™1A%)
_1 1
Y~ <(AQ7IANTT <y (AQTM AN = —— I
A (AQ™1A%)
Hence
”A”% t —i —(t+D+i
IFOO = FINIIF < — YxTey X =Ylr
sk, (AQ™LA*) i=1
A1l
< £ I1X = Ylir

s—1 1
sha' (AQ71A*) 1," (AQ~1A%)
tAl3
=——F—IX-Yl|r
shn' (AQ™1A%)
=plX —Y|r.

Since p < 1, we know that the map F(X) is a contraction map in €. By Banach’s fixed point
theorem, the map F'(X) has a unique fixed point in  and this shows that Eq. (1.1) has a unique

HPD solutionin [(AQ™ 1A% ¥ , 0 : ]. Noting that Lemma 2.1, we know that Eq. (1.1) has a unique
HPD solution. The theorem is proved. [J

L
3. The case which satisfies 11(A*A)<:3; (ﬁ) § k;;+1(Q)

In this section, we first use the similar method mentioned in Liu and Gao [16] to derive

a theorem for the existence of an HPD solution of Eq. (1.1) under the condition A;(A*A) <

t
¢ s o 1 . . . . ..
ﬁ #t A * (Q). We continue to investigate HPD solutions of Eq. (1.1) when the condition

doesn’t satisfied. We get some new sufficient conditions and necessary conditions for the existence
of HPD solutions of Eq. (1.1). The new results are illustrated by a numerical example.
We assume that A and Q satisfies

M(A*A) < ——x13,(0), G.1)

s+t
1
where x, = (S’?)\n(Q)> ’.
From (3.1) we get
s
A (A*A) < mXi*M(Q), (3.2)

1
where x = ($5:41(0)) "
Lemma 3.1. Let
f@)=x"60—-x%, 6>0 x=>0.
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Then

1 1

(i) f is increasing on |:0, (St?@) S:| and decreasing on [(St?@) ' +oo> ;
1 L
(i) fimax =f<<st?9)b) — ﬁ(#) g5+l

Consider the following equations

X =2 (Q)x" + A1 (A*A) =0, (3.3)
BT —21(0)x" + A, (A¥A) = 0. (3.4
By (3.1) and Lemma 3.1, we know that Eq. (3.3) has two positive real roots oy < B1. We also

get that Eq. (3.4) has two positive real roots oy < B2 from (3.2) and Lemma 3.1. It is easy to
prove that

0 <o <oy <xe < P1 < P

We define matrix sets as follows:

o1 ={X = X¥|a1I < X < apl},
o2 ={X = X"l < X < Bal},

<X <
03 ={X = X¥|apl <X < Bil}.

Theorem 3.1. Suppose that A and Q satisfy (3.1), i.e.

A(A*A) < — ( ! )SAEH(Q).

s+t \s+1t
Then

(i) Eq. (1.1) has an HPD solution in ¢;
(i) Eq. (1.1) has a unique HPD solution in ¢y;
>iii) Eq. (1.1) has no HPD solution in ¢3.

Proof. The proof is similar to that of Theorems 2.1 and 2.2 of Liu and Gao [16] and is omitted
here.
Now we begin to discuss the case which does not satisfy (3.1).

Lot
Theorem 3.2. [f 1 (A*A) = = (Sf?) “371(0), then Eq. (1.1) has an HPD solution.

! ) * )\,'EH (Q), then Eq. (3.3) has a unique positive real

Proof. If 1,,(A*A) < A (A*A) = ﬁ o
root @ = x, = B, and Eq. (3.4) has two positive real roots o] < 8. It is easy to prove that
0<oa; <oy =x, =81 < P
Let

¢4 ={X = X" 1
o5 ={X = X*|p11

N IN
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Note that ¢4 and @5 are bounded closed convex sets. Consider the map G(X) = (A(Q —
XS)_IA*)% which is continuous on ¢g4.
For any X € ¢4, we have
o 1
M(G(X)) =M ((A(Q — X)) 7T A")T)
1
> My (AQ —ajD) 'A%
1
S [ An(AAY) }’
11(Q) —af
= al
and

2(GX)) = A ((A(Q — X)L AN
1
<A (A(Q —asD) 'A%

1
AA* T
< |: A(AAT) Y} !
)\n(Q) - sz
= .
Hence G(X) maps ¢4 into ¢4, by Brouwer’s fixed point theorem, we know that G(X) has a
fixed point on ¢4 which is an HPD solution of Eq. (1.1) on ¢4.

Loy

If 2y (AA) = M (A*A) = - (#[)

If1,(Q) < A1(Q), we can obtain that Eq. (1.1) has an HPD solution by the method mentioned
above.

On the other hand, if A,,(Q) = A1(Q), we have

0<oar =a=x4 =1 = Po.

Al + (Q), we will consider the following cases.

Thus, there exist positive real numbers a, g such that
A*A = AA* =d’1, Q=ql.

Then the matrix X = x,J = (g% )%I is an HPD solution of Eq. (1.1). In fact, since x, =

s+t
(q S’?)% is a solution of Eq. (3.3), i.e.
o\ N
5 s 2
— =0, 3.5
) o) .

which implies that
tr
N BE N L 3.6
=1 <s+t> <s+t>' 3-6)

XS+ A*X A = (0. 0) + A* (D) ' A

= ! I+ A* ! _A
B 15

Lot ry 2] (3.7)
= _— a . .
qs—i—t qs+t

And
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Combining (3.6) and (3.7), we have

s ot t t\7 et [t S(s
X +A X "A=q——1+ g q s I
s+t s+t s+t s+t

=0,
i.e. X = x,[ is an HPD solution of Eq. (1.1).

‘ 5Lt .
In a word, if A (A*A) = %_H (YLH) )L,;Jr (Q), Eq. (1.1) has an HPD solution. [

According to Theorems 3.1 and 3.2, we have the following result.

t

- L
Corollary 3.1. If 11 (A*A) < = (sf?) 371 (0), then Eq. (1.1) has an HPD solution.

L
s

Theorem 3.3. If Eq. (1.1) has an HPD solution, then A, (A*A) < SS? <S'?> '

£+l
A (D).
Proof. Let X be the HPD solution of Eq. (1.1), i.e.
X'+ A*X7'A = Q.
From
M (X) = A1 (X
=11(Q — A*X1A)
< A(Q) — M (A*XTA)

< ai(Q) = A A)
X M T a——
(0

and Lemma 3.1, we have

Jn(A*A) < A(QM(X) — 3T (X)
=2 OM(Q) = 2(X)

t
K t A |
< Ay .
s+t<s+t> i (@

The theorem is proved. [

roy
Theorem 3.4. Suppose that A (A*A) < ﬁ (ﬁ) * A,f“ (Q) and X is an HPD solution of Eq.
(1.1), then

B2,

ol <
< Ba.

A(X) <azor By < Ap(X
) <

< < )
a; < A (X) <azor B < A (X)

Proof. The proof is similar to that of Theorem 2 of Zhang [21] and is omitted here. [J
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Remark 3.1. From Theorem 3.4 it follows that when the matrices A and Q satisfy

s t § LA |
A (A*A) < An ,
l( ) s +1 <S+l‘) n (Q)
a necessary condition for existence an HPD solution X of Eq. (1.1) is that X satisfies

X € lail,anl]U[B1L, B2l 1U{X] a1 < An(X) < a2, 1 < A1(X) < o}
The following example confirms the correctness of Theorems 3.2-3.4.

Example 3.1. Consider the matrix equation

X +A*X?A =0, (3.12)
with

2 0 5 0
A=|:O 1i| and Q=[O 3:|.

It is easy to obtain that the matrices A and Q satisfy the condition of Theorem 3.2, i.e.

3\3
By solving the Egs. (3.3) and (3.4), we have

a; =0.4698, arx =2, B =2 and pBr=4.9593.
In fact, Eq. (3.12) exactly has the following four different HPD solutions

5. _ [4-8284 0 5, _ [4:8284 0
=1 o 287941 22T 0 0.6527

12\ 5
Al(A*A):4=—<—> A(0).

and

5. — [1:0000 0 5, — [1:0000 0
371 o 28794 4T o0 0.6527 |

Evidently, these four solutions satisfy
X1 €lBil, Bol),  Xa € [onl, arl]
and
X, X3 € {X]0.4696 < A,(X) < 2,2 < A1(X) < 4.9593).
And we also obtain that

500 1 /2)\?
MmA*A) =1<—=-(2) 20,
( ) <57 =3 <3> 1(Q)

i.e. the matrices A and Q satisfy the conclusion of Theorem 3.3.

4. The case with AA* = A*Aand AQ = QA

In this section, we will investigate the existence of HPD solutions of Eq. (1.1) when AA* =
A*Aand AQ = QA. We first give a property of commuting matrices. Then we prove a necessary
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condition for the existence of HPD solutions of Eq. (1.1). In the end, a necessary and sufficient
condition for the existence of a Hermitian positive definite solution is given.

Lemma 4.1 [20, Theorem 3.2]. Let B and C be square matrices of the same size. If BC = CB,
then there exists a unitary matrix W such that W*BW and W*CW are both upper-triangular.

Lemma 4.2. Let A be an n x n nonsingular matrix and Q be an n x n Hermitian matrix. If
AQ = QA and AA* = A*A, then there exists a unitary matrix U and diagonal matrices T, T
such that

U*AU =T and U*QU =T.

Proof. According to Lemma 4.1, if AQ = QA, then there exists a unitary matrix U such that
U*AU =T and U*QU =T,

where T and T are upper-triangular matrices.
Since Q is an Hermitian matrix, i.e. Q = Q™*, we have

T =U*QU = U*Q*U = T*.
Hence, T is a diagonal matrix.

Since A is a nonsingular matrix and A*A = AA*, then we have

UT*U*UTU* = A*A = AA* =UTU*UT*U",

1.e.
T*T =TT*.
Now let
itz e g i 0 - 0
0 1o - 1y . tip tp -+ 0
T=1| . . ) |, thenT™ =
0 0 e thn l_ln Z_Zn T fnn

Since T*T = TT*, then using that T7*T and T 7T* have the same entries of diagonal line, we
get

tij =0 @@ # j).

Hence, T is also a diagonal matrix. [

Theorem 4.1. Let AQ = QA and AA* = A*A, if Eq. (1.1) has an HPD solution X, then

t
s t |
A (A*A) < Al .
(A7) s+t<s+t> (@

Proof. From Lemma 4.2, we obtain that if AQ = QA and A*A = AA™, there exists a unitary
matrix U = (uy, ua, ..., uy,) such that

U*AU =T and U*QU =T, .1

where T = diag(t1, 12, ..., ty) and T = diag(F}, o, . . ., ).
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From (4.1) it follows that
Aui = tiu; and Qui =fi“ia I = 1,2,...,1’1. (42)

That is to say, #; and #; are the eigenvalue of A and Q respectively, and their corresponding

eigenvectors are u;.
Multiplying right side of Eq. (1.1) by u; and left side by u}, we have

W XSu; + 6P X "y =16, i=1,2,...,n. (4.3)
Since X is an HPD solution of Eq. (1.1), then there exists a unitary matrix V such that
X=V*av, (4.4)
where A = diag(oy, 02, ..., 0y).
Let Z = Vu; = (21,22, ..., 2n) Y, then we have Z*Z = 1.

Combining (4.3) and (4.4), we have
N Z+ 141225 A7' 2 =622, i=1,2,....n
i.e.
_Z*GI -z Yo 2P — o))
Z*A7'Z i lzjlPa;”

2
||

Without loss of generality, let ; = p(A). Since A*A = AA*, then
Yoz P = o))
Yozl

From Lemmas 2.1 and 3.1, we have

M(A*A) = |n|* = (4.5)

t
N N t s 11
fi —oHo! < —_— f1)st
( f)f\s+t s+t @)

s t ; L
< A .
s+t (s—i—t) 1 (@

Then we have

[~ N
i —opo) - 35 (75) M@

n

E |z;1? ; <0,
; o

Jj=1 J

i.e.

n

2 R s Ky t K L_;’_l _t

; t—o3) — A o <0,
;w (i — o) SH(HI) ; (Q),}

which implies

n L n

200 s N t s §+1 2t
E |z (n1 Uj) < St1 (m) r(OQ) E |z g
=1 j=I
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ie.
Zn':1 |Zj|2(fl—0s~) K t 5 (]
5 < +t< +t> M) (4.6)
ijl |zj1%0; s s
Combining (4.5) and (4.6), we have
§ tO\T
A (A*A) < — ) A . a
1(A474) s+t(s+t> i@

Example 4.1. Consider the matrix equation (3.12). It is easy to obtain that A and Q satisfy the
conditions of Theorem 4.1. Hence

A(A*A) = 4 @—1@)2/\3@)
1 =57 T3l\3) M

According to Corollary 3.1 and Theorem 4.1, we have the following result.

Corollary 4.1. Let A*A = AA* and Q = bl (b > 0). Then Eq. (1.1) has an HPD solution if
and only if

t
t 5
M(A*A) < — ( )b§~+‘.
s+t \s+t¢t

Remark 4.1. Theorem 11 of Engwerda [5] and Theorem 1 of Zhang [21] are special case of
Corollary 4.1.
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