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Abstract

We propose a method of constructing orthogonal polynomials A (x) (Krall’s polynomials) that are eigenfunctions of
higher-order differential operators. Using this method we show that recurrence coefficients of Krall’s polynomials B (x)
are rational functions of n. Let B“”")(x) be polynomials obtained from the Jacobi polynomials B“”(x) by the following
procedure. We add an arbitrary concentrated mass M at the endpoint of the orthogonality interval with respect to the
weight function of the ordinary Jacobi polynomials. We find necessary conditions for the parameters a,b in order for the
polynomials B“”*)(x) to obey a higher-order differential equation. The main result of the paper is the following. Let a
be a positive integer and b> — 1/2 an arbitrary real parameter. Then the polynomials Rf”’b;M)(x) are Krall’s polynomials
satisfying a differential equation of order 2a + 4. (© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

Formal orthogonal polynomials OP are defined through the three-term recurrence relation [1]
F(x) + buBi(x) + u, b1 (x) = xE(x), Po=1, Py =x — by. (1.1)

The so-called Favard theorem [1] states that if u, ## 0, then there exists a linear functional ¥ such
that

L{B()B(x)} = hy S, (1.2)

where /i, = u u, ...u, are normalization constants.
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The problem formulated first by Krall [9], is to find all formal OP satisfying the eigenvalue
problem

LE(x) = 4, B (x) (1.3)
for the Nth-order differential operator L defined by

N
L=> " ayx)d, (1.4)
k=0
where a;(x) are polynomials such that deg(a;(x))<k.

It is easily seen that necessarily N is even and 4, is a polynomial in n of degree <N.

The OP satisfying Eq. (1.3) for N =2 are well known as classical OP: Jacobi (and their special-
izations, like Gegenbauer ones), Laguerre and Hermite polynomials.

Krall found all possible OP satisfying 4th order differential equation (i.e. N =4). However already
for N =6 a full list of all OP is unknown (apart from several explicit examples).

In all known explicit examples it appears that ‘non-classical’ OP satisfying Eq. (1.3) differ from
classical ones (i.e. satisfying Eq. (1.3) with N =2) only by inserting one or two concentrated masses
at the endpoints of the orthogonality interval.

For example, in [5,6] differential equations of arbitrary order were constructed for the generalized
Laguerre and ultraspherical polynomials.

2. Representation coefficients of the operator L

Without loss of generality we can put
ap=0. (2.1)

Indeed, a, is a constant which can be incorporated into the definition of 4, as is seen from Eq. (1.3).
In what follows we will assume that condition (2.1) is fulfilled. Note that this means in particular
that

;uo = 0 (22)

It is useful to present the polynomials a,(x) in the form
an(x):zocnsxs, n=0,1,...,N, (2.3)
s=0

where «,, are some coefficients. In general degrees of the polynomials a,(x) can be less than n.
This means that «,, = 0 for some n. However there exists at least one polynomial a,(x) such that
deg(a,(x))=n. Indeed, otherwise the operator L acting to the polynomial F,(x) yields a polynomial
of a lesser degree which is impossible due to Eq. (1.3).

Consider the action of the operator L on the monomials x”. Using Eq. (1.4) we get

Ly = A, (2.4)
k=0

where A4, are some coefficients.
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Proposition 2.1. The coefficients A, have the following properties:
(1) Ay =0 for k=0,1,....n— N — 1;
(ii) A, are polynomials in n of degrees not exceeding N (at least one of these polynomials has
the exact degree N);
(i) The polynomial A, ,—, has zeroes at n=0,1,...,s — 1.

Proof. The property (i) follows from the fact that N is the maximal order of all derivative operators
in L. The properties (ii) and (iii) follow from the explicit formula

N—n+k

Ank — Z OCj_,_n_k,jn(l’l — 1)(1 +k _]) (25)
j=0

This allows one to rewrite 4, ,_, as

Apps=nn—1)n—-2)...(n —s+ Dry_s(n), (2.6)
where
Tiv_s(n) = oz + iocsﬂ;j(n —s)(n—s—1)...(n—s—j+1) (2.7)

J=1

is a polynomial in n of degree not exceeding N — s.
We will call 4,, the representation coefficients of the operator L.
The inversion statement is important

Proposition 2.2. Assume that A, are arbitrary coefficients possessing properties (i)—(iii). Then
there exists a unique differential operator L having A, as representation coefficients. The order of
this operator is the maximal degree of all coefficients A, considered as polynomials in n.

Proof. Assume that the coefficients 4, , , have the expression (2.6) with some known (arbitrary)
polynomials 7y_.(n). Then the coefficients «,, are determined uniquely by means of the Newton
interpolating formula

Ny (n
Oy = 27,() : (2.8)

n=s

where the difference operator A is defined as AF(n)=F(n+1)—F(n). Hence the differential operator
L is restored by Egs. (1.4) and (2.3).

3. Basic relations

Let B, be the expansion coefficients of the polynomial P,(x)

B =Y B (3.1)
k=0
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Substituting Eqgs. (3.1) and (2.4) into Eq. (1.3) and taking into account property (i) we get the
relation between the coefficients

> BuAg =iuBu, k=n—Nn—N+1,..n (3.2)
s=k
We thus have N + 1 equations (3.2) for the coefficients B, in terms of the known coefficients 4,;.
Obviously, the coefficient B,, is arbitrary. Without loss of generality, we can put B,, = 1. Then
we have

Proposition 3.1. A/l the coefficients B, ,—1,B, -2, ...,Bn and the spectral parameter 4, are uniquely
determined in terms of the representation coefficients A, provided A,,#A;, j=1,2,...,n — 1.
Moreover, all B, are rational functions of the argument n.

Proof. For k = n the equations (3.2) are reduced to
Ap = A (3.3)

Hence 4, is a polynomial of an order not exceeding N.
For k =n—1 we get from Eq. (3.2)

Bn,n—lAn—l,n—l +An,n—1 = ;Lan,n—l- (34)
Taking into account Eq. (3.3) one obtains the expression for B, ,_
Ayne
By = —2l (3.5)
in — An—1

Hence B, ,_; is determined uniquely provided 4, # A, (or, equivalently, 4,, # A,_1.,_1)-
For k =n—2 we get

Bn,n—Z(Ann - An—2,n—2) - Bn,n—lAn—l,n—Z + An,n—z' (36)
As B, ,_ is already known, B, ,_, is uniquely determined provided 4,, # A,_2.,_2:
An n— An— n— An n— Ann _An— n—
J—— 1 1n—2 + Apn—2( 1, 1)' (3.7)

(Ann - An—l,n—l )(Ann - An—2,n—2)
For k =n —s we have

Bn,n—sAn—s,n—s + Bn,n—s+1An—s+l,n—s +---+ An,n—s - j~an,n—s- (38)

Assuming that all the coefficients B, ,_1,B,,—2,...,Bn,—s+1 are already determined we determine
B, s from Eq. (3.8) provided that 4,,# 4, ;.. Moreover, it is seen from Egs. (3.5) and (3.7)
that B, ,—, and B, ,_, are rational functions of n. By induction it is proved that all B, ,_, are rational
functions of n.

Thus for the given operator L there is a unique polynomial solution P,(x) of the eigenvalue
problem (1.3) provided that A, # A; for n # k.

So far, the polynomials F,(x) need not be orthogonal. Now we consider the case of formal
orthogonal polynomials satisfying three-term recurrence relation (1.1). In terms of the expansion
coefficients B, recurrence relation (1.1) means

Bn+l,k + uanfl,k + annk - Bn,kfl - 0: k - Oa 1: <N (39)
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Remark. It is assumed in Eq. (3.9) that B, , =B,—1.4+1 = B,—1 =0.

From Eq. (3.9) we obtain an important result:

Proposition 3.2. If the formal orthogonal polynomials P,(x) are solutions of eigenvalue problem
(1.3), then their recurrence coefficients are rational functions of n.

Proof. From Eq. (3.9) at k =n and k =n — 1 we get the expression of the recurrence coefficients
in terms of the expansion ones

bn = Bn,n—l - Bn+1,na (310)

u, = Bn,n—Z - Bn+1,n—1 - Bn,n—l(Bn,n—l - Bn+l,n)- (311)

The coefficients B, are rational functions of n, hence b,,u, are rational functions as well.

4. Inverse problem

In this section we consider an inverse problem: assume that the polynomials P,(z) are given.
Then the coefficients B, are known explicitly. Assume also that the polynomials F,(z) satisfy the
eigenvalue equation (1.3) but with some unknown operator L. We would like to reconstruct the
coeflicients 4,;. For simplicity it is convenient to change the notation:

Buws=BY,  A4,,,=4Y, s=0,1,2,... . (4.1)
We start from relation Eq. (3.8), which can be rewritten in the form

ZS:BS—“ AD =7,BY, s=0,1,2,... . (4.2)

i=0
For s =0 we get the relation 4 = /,, which is not a restriction but rather a definition of /,.

For s =1 we have from Eq. (4.2)

AV =y — Ip1) BV =Q, B, (4.3)
where

Q. =72y — A1 (4.4)

Relation (4.3) imposes some restrictions for 4,. Indeed, both 4, and A{" should be polynomials in
n, while B(" is a rational function:

0" (n)
(1) _—
B, = RD(n)’ (4.5)

where QV(n) and RV(n) are some polynomials in 7 having no common zeroes.
Hence we get the necessary condition for Q,:

Q, =r(n)RV(n), (4.6)
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where r(n) is a polynomial in n. Assume that 2, is already known:

M
Q, = Z wpn®, (4.7)
k=0
where w; are some coefficients. Then from Eq. (4.4) we can retain explicit expression of /,
M
in = Z wkSk(n)s (48)
k=0
where
Semy =" " (49)
j=1

From Eqgs. (4.6) and (4.8) we get
deg(2,) = deg(r(n)) + deg(RV(n)) + 1 <N, (4.10)

where N is order of the differential operator L.
For AV we have from Egs. (4.3) and (4.5)

AV = r(n) 0V(n). (4.11)
For s =2 we get
A7 =(Q,+ Q) BY - 0, BB,. (412)

This process can be repeated: if A\"),...,4""D are already found, then from Eq. (4.2) we find
A% uniquely. However, in order for the polynomials B,(x) to obey eigenvalue equation (1.3) the
coefficients A should have expression (2.6) or, in another form

A9 =n(n—1)(n—2)...(n —s+ Day_s(n), s=0,1,...,N, (4.13)
where m,(n) is a polynomial of degree not exceeding k. Moreover, necessarily

A9 =0, for s>N. (4.14)

Proposition 4.1. Assume that the coefficients AY) are constructed via algorithm (4.11), (4.12),...
Then conditions (4.13) and (4.14) are necessary and sufficient for the polynomials F,(z) to obey
eigenvalue equation (1.3).

The proof of this proposition is a direct consequence of the Propositions 1 and 2.

Note that the coefficients o of the differential operator L are then restored via Eq. (2.8).

Assume now that some orthogonal polynomials F,(z) are given with the coefficients BY) being
rational functions of n. We would like to recognize whether or not the polynomials P,(z) satisfy
differential equation (1.3). To that end let us choose an arbitrary polynomial »(n) and construct
Q, via (4.4) (hence /, is also known via Eq. (4.8)). Then all the coefficients 4%, s =1,2,... are
constructed uniquely by Egs. (4.11), (4.12), ... . Hence the differential operator L exists if and only
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if there exists a polynomial »(n) such that the properties (4.13) and (4.14) take place. A simple
criterion for verification of the condition (4.14) provides the following.

Proposition 4.2. Assume that A% # 0 for s=1,2,...,50 — 1 and A =0. In order for A =0 for
all s =sy+ 1,80 + 2,... it is necessary and sufficient that the relation

S()—l
DB A = (= he) BY (415)

m=1

holds for all s =sy+ 1,50 +2,... .

The proof of this proposition is an elementary consequence of formula (4.2). Criterion (4.15) is
a convenient tool in practice if sy is not much greater than 1.

5. The simplest example: Jacobi polynomials

Consider how our algorithm works for the simplest example of the ordinary Jacobi polynomials.
The monic Jacobi polynomials are defined by the formula

_1 n 1 _nan+a+b+1
py @D, F( ny

; 5.1
@ibrntin, i x (5.1)

In what follows we will assume that a> — 1/2, 5> — 1/2. The polynomials P?)(x) are orthogonal
on (0,1)

1
/ PP ()P (0 )yw(x) dx = hy Sy (5.2)
0

with the normalized weight function
I'la+b+2)
I'la+1D)I'(b+1)

(we define the Jacobi polynomials on the shifted orthogonality interval with respect to the standard
one [7]). From Eq. (5.3) we have the explicit expression for the moments

x(1 —x)° (5.3)

w(x) =

1
_ n _ (a + 1)71
Cn 7/0 w(x)x"dx = 7(0 b)) (5.4)
We need also the values
—1)"(a+1),
Pep(0) = ¢ : 5.5
!
0(0) = 1y T2 IO (56)

ala+ b+ 1),
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where Q'*?)(z) are the second-kind functions corresponding to the polynomials P\“?(x) and defined
by the formula [13]

@h)(7) = /1 Pn(a’b)(x)W(X)dx‘ 5.7)
0 z—x
From Eq. (5.1) we find the coefficients B:
BY = S(! (_";(_ ; - ;n)) (5.8)
The relation (4.3) is written as
AN =g, —a”fb++”2)n. (5.9)
Obviously, the simplest choice for , is the denominator of B, i.e.
Q,=a~+b+2n. (5.10)
Then from Egs. (4.4) and (2.2)
In=nn+a+b+1). (5.11)
From Eq. (5.9) we find A(":
AV = —n(a + n). (5.12)

From Eq. (4.12) we then find that 4> =0. It is easily verified that A =0 for s=2,3,... . Indeed,
the criterion (4.15) is rewritten in our case as

BSVAV = (4, — A )BY. (5.13)
Substituting Eqs. (5.11), (5.8) and (5.12) we easily find that Eq. (5.13) is fulfilled identically for all
s=2,3,... . Thus the Jacobi polynomials indeed satisfy second-order differential equation (1.3). The

coefficients a;; of the operator L are restored via formulas (2.8), where, in our case m(x)=x(x+a+
b+1) and 7;(x)=—x—a. The only non-zero coefficients are: apy=—0=1, oy;=a+b+2, ajp=—a—1.
We thus have the differential operator

L=x(1—-x)*+((a+b+2)x —a—1)d.. (5.14)

Operator (5.14) indeed has Jacobi polynomials as eigenfunctions (see, e.g. [7]).

6. Geronimus transforms

In all known examples of ‘non-classical’ Krall’s polynomials their orthogonality measure differs
from that for the classical OP by inserting one or two arbitrary concentrated masses at endpoints
of the orthogonality interval. Such procedure is connected with the so-called Geronimus transform
[3.4].

In this section we consider basic properties of the Geronimus transform (see also [11,12,14]).

Recall that the Geronimus transform is

ﬁn(x) :Pn(x) - CnBzfl(x)’ (61)
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where
bn
C, = 6.2
¢n71 ( )
and ¢, is an arbitrary solution of the recurrence relation (1.1), that is
¢n+1 + bnd)n + Z’{nqbnfl = ﬂ¢na (63)

where u is an arbitrary parameter (not belonging to the interior of the spectral interval).

According to general theory, ¢, can be presented as a linear combination of two linear independent
solutions of recurrence equation (6.3). There are several possibilities to choose such solutions. For
example, one can choose the OP P,(x) themselves and the associated polynomials R,(x), which
satisfy the recurrence relation

Ryt + up 1Ry + by Ry = xR(x), Ro=1, Ri(x)=x—by. (6.4)
Then

¢n = ﬁanfl(/’L) + ,52B1(:u)a (65)

where f, f, are two arbitrary constants.
For our purposes another choice is more convenient:

¢n = Ou(1) + BBR(W), (6.6)
where Q,(u) are the functions of the second kind [1,13]
_ o [ B(x)
O(z)=2¢ {Z — x} (6.7)

(the linear functional . acts on the x variable). Of course, expression (6.6) is valid only if the
value Q,(u) exists. It is so if u lies outside the spectral interval. For the endpoints of the spectral
interval the situation is more complicated. However for the Jacobi polynomials the values 0,(0) and
0,(1) do exist (if, say a > — 1/2, b > — 1/2). We will use expression (6.6) in the sequel.

If w(x) is the weight function of the polynomials F,(x) then

Bo(x — p) (6.8)

wx)
x—u
is the weight function of the polynomials 2,(x) (see, e.g. [14]).

Consider 2 succeeded GT with the parameters p;, f; and u,, ;. There are two ways to perform

these transformations. One can first perform GT with the parameters 1, f; obtaining the polynomials
P,(x), and then perform the second GT

U
lpn—l

Wix) =

PA(x) = B(x) — B, 1(x), (6.9)

where

Y = 0,(12) + BB(112)- (6.10)
For Qn(z) we have

0 ()= / B(x)i(x)dx _ 0u(2) - bofr10u1(2)

zZ—X zZ—U

(6.11)
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where we used expression (6.8) for the weight function and (6.1) for P,(x). Using Eq. (6.11) we
present , in the form

lﬁn — (pn - d)n/d)nfl@nfl : (612)
Mo —
where
®, = 0,(1t) + f(p2 — ) (t2). (6.13)

On the other hand, we can start from the functions ¢,(1;)=Q,(x;)+ p1E(i1) and ¢, (1)=0,(12) +
PaP.(12) to get the expression

Pn(-x) Pn—l(x) Pn—2(x)
PO =1, | du(p)  dumi(n)  Pua(ptr) | (6.14)
Gu(2)  Pui(t)  Pua(tia)

where «, = (bn—l(ﬂl)(pn—Z(HZ) - ¢n—1(ﬂ2)¢n—2(“1)~
Comparing Eqgs. (6.14) and (6.9) we get the relation between the parameters

f= B (6.15)
M2 —
Thus for the given parameters f31, f, we get the expression for the transformed weight function under
two GT

W)= Y Bt )
X =
= w(x) B sy - P s . (6.16)
(x— )X — o) — Mo — M

In what follows we use the notation 2,(x) = %(u; f){P.,(x)} for the Geronimus transformation at
the point u with the parameter f.

7. Necessary conditions for Koornwinder’s polynomials to be Krall’s polynomials

In this section we derive necessary conditions for Koornwinder’s generalized Jacobi polynomials
P@b:MuM)(x) to satisfy differential equation (1.3).

Recall that the polynomials P“?*M:M)(x) were introduced by Koornwinder [8] and obtained from
the ordinary Jacobi polynomials P?)(x) by inserting of an arbitrary mass M, at the endpoint x =0
and an arbitrary mass M, at the endpoint x = 1. Koornwinder raised a problem: whether or not the
polynomials P>M-M2)(x) satisfy a differential equation of type (1.3). Some special cases do satisfy
this requirement:

(i) Legendre-type polynomials with @ = b =0, M; = M,. These polynomials satisfy 4th order
differential equation [10].

(i) Jacobi-type polynomials with a =0, b arbitrary, M, = 0. These polynomials also satisfy 4th
order differential equation [10].

(ii1) The polynomials with a=b=0 and M, and M, arbitrary. These polynomials satisfy 6th order
differential equation [10].
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(iv) The polynomials with a = b =j where j =0,1,2,... and M; = M,. These polynomials are
generalization of the ultraspherical polynomials and satisfy an equation of order 2;j + 4 [6].

(v) The polynomials with b ==£1/2, a=j=0,1,2... and M, = 0. These polynomials satisfy an
equation of order 2;j + 4 [6].

In the next section we show that the polynomials with an arbitrary parameter b= — 1/2, M, =0
and a =j=0,1,2... satisfy the equation of the order 2; + 4.

As we know the necessary condition for polynomials to satisfy equation Eq. (1.3) is the following:
the coefficients B are rational functions of the argument n. So we would like to recognize whether
or not the expansion coefficients BY) for Koornwinder’s polynomials are rational functions of n.

The crucial observation is:

Proposition 7.1. Koornwinder’s polynomials P***-9(x) coincide with the polynomials %(0; )
{P@HIO(x)} which are obtained from the Jacobi polynomials P“*'P)(x) by application of the
Geronimus transform at the endpoint x =0 with the parameter f=—M(a+ b+ 2)/(a+1).

Proof. For Koornwinder’s polynomials P“*M-0(x) the weight function is (up to a normalization
constant)

w(x;a,b; M,0) = w(x;a,b) + M;0(x). (7.1)
From Eq. (6.8) we have

w(x;a+ 1,b) =w(x;a+ 1,b)/x — fo(x). (7.2)
On the other hand, from Eq. (5.3) we see that

2
w(x;a+1,b)/x = mw(x a,b). (7.3)
a+1

Hence

- a+b+2 Pla+1) )

: 1.h) = . 4
wat 1) = (“T2) (wena) - O 500 (74)

Comparing Egs. (7.1) and (7.4) we arrive at the statement of the proposition.

Quite similarly we get

Proposition 7.2. Koornwinder’s polynomials P“Y%M)(x) coincide with the polynomials %(1;B)
{P@P*D(x)} which are obtained from the Jacobi polynomials P“**V(x) by application of the
Geronimus transform at the endpoint x =1 with the parameter f=—My(a+ b+ 2)/(b+1).

Combining these two statements we obtain

Proposition 7.3. Koornwinder’s polynomials P\“"*"-)(x) coincide with the polynomials %(0; ;)
G(L; B){ B 0D ()}

Hence it is sufficient to study the Geronimus transform of the coefficients BY) of the Jacobi
polynomials.
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Consider the coefficients l?f:) for the polynomials B,(x) = %(0; B){P“")(x)}. Using Eq. (6.1) we
have

gil()) = 1’ E;S) :By) - d)n/d)nfl B(Sil) §= 1a25" -, N, (75)

n—1 »

where BY) are expansion coefficients (5.8) for the ordinary Jacobi polynomials, and

bn = 0)“"(0) + BB“(0). (7.6)

From explicit formulas (5.5) and (5.6) we have

_(=D)"(a+1), a+b+1
=t (e ). (77)
where
g nl(b+ 1), (7.8)

T @+ Datrbt+),

We would like to find conditions under which the coefficients BS) are rational functions of the
argument n, since B¢ are rational functions of n (see Eq. (5.8)), it follows that necessarily ¢,/¢,_
should be a rational function of n. In turn, as the parameter f§ is arbitrary, g, should be a rational
function of n. Let us assume that

a>—1/2, b>—1/2. (7.9)
Then we can rewrite Eq. (7.8) in the form

CTa+b+DIa+1) T+ DI(b+n+1)
n = r+1) Tatnt OI(atbtntly

If g, is a rational function of n then the number of its zeroes and poles is finite. On the other hand,
the number of poles of the function I'(n + a + 1) is infinite: these poles are located at the points
n+a+1=0,—1,-2,... . Hence, some poles coming from the numerator of Eq. (7.10) should
coincide with some poles coming from the denominator. It is clear from Eq. (7.10) that there are 2
possibilities of such coincidence:

(i) a=j=0,1,2,..., b is arbitrary;

(i1) a+ b=, a— b= j,, where j, are arbitrary integers. Because of restriction (7.9) we have
in the case (ii) that both a and b are simultaneously non-negative integers or half-integers. In fact,
it is sufficient to consider the case of half-integer numbers: a = m; + 1/2, b = m, + 1/2, where
my,my =0,1,2,..., because the case of integer a,b is a special case of (i).

It is easily verified that indeed g, is a rational function under the conditions (i) and (ii).

Taking into account Proposition 7.1 we have the following

(7.10)

Proposition 7.4. Koornwinder’s polynomials P“"M-0(x) with arbitrary M, and under conditions
(7.9) have rational coefficients B®) (and hence rational recurrence coefficients u,,b,) only in the
two cases:

(i) a takes the values 0,1,2,... whereas b is arbitrary;

(i) both a and b take independently half-integer values 1/2,3/2,5/2,... .
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Obviously the same statement is valid for the case of the polynomials P“?**M)(x) with the
replacement a < b. Combining we arrive at the following:

Proposition 7.5. Koornwinder’s polynomials P\“"*M-M)(x) with arbitrary M,,M, and under the
conditions a,b > — 1/2 have rational expansion coefficients B\ (and hence rational recurrence
coefficients u,,b,) only in the two cases:

(i) both a and b take independently non-negative integer values 0,1,2,...;

(i1) both a and b take independently half-integer values 1/2,3/2,5/2,... .

Proof. As M; and M, are arbitrary, we can put M, = 0. Then we see that the parameter a should
be either integer (and then b is arbitrary) or half-integer (and then b is half-integer
as well). Similarly, the case M; = 0 means that the parameter b should be either integer (and
then a is arbitrary) or half-integer (and then a is half-integer as well). Overlapping of these two
conditions yields the statement of the proposition.

Thus if the parameters a,b do not belong to the classes (i) and (ii) then corresponding
Koornwinder’s polynomials do not satisfy Eq. (1.3). It is interesting to note that in all known
examples (i)—(v) listed above we deal only with the case (i) of Propositions 7.4 and 7.5. No ex-
amples with half-integers parameters a,b are known to satisfy Eq. (1.3) (excepting the trivial case
M; = M, = 0, when we deal with the second-order differential equation for the ordinary Jacobi
polynomials with arbitrary parameters a,b). [

8. Analysis of the case of the polynomials PV:%M)(x)

Assume that the parameter a of the Jacobi polynomials is a positive integer: a=j=1,2,... whereas
the parameter 5> — 1/2 is arbitrary. In this section we show that the polynomials %(0; 8){PY-?)(x)}
satisfy a differential equation of order 2; + 2.

First of all note that

(~1)y'nl¥,(n)
n=0n(0) + pE0) = ——————, 8.1
b= Qu0) + BR(O) = 5 5= P (8.1)
where
Yi(n) = p(n+ Db+ n+1); = (G — Db+ D) (8.2)
is a polynomial in n of degree 2;. Thus
Y.
b nbiw ON 53
Pn_1 (J+b+2n)j+b+2n—-1)Y;(n—1)
For the transformed polynomials one has
9(0; )R ()} = B (x) — G (x). (84)
The normalized weight function for these polynomials is
b+1); .
w(x)=(1+M)"" (%x’l(l —x)b+M15(x)> , (8.5)
j— 1
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where
J
M, =—-pf—F—- 8.6
= (86)
is the value of concentrated mass added at the point x = 0. The corresponding moments are
_ (U )
e =>0+M 1(,—+M5n . 8.7
( 2 (J+b+1), 170 ®.7)

Using Egs. (8.4) and (8.3) we can write down explicitly the coefficients B in the expansion
4(0; B{PYDI(x)} =Y, BWx"*. We have

(s) __ (—l’l)s(—l’l _J)v
B =0 —b—2m),

s(b+n) Y;(n)
X(1_(j+n)(j+b+2n—s)}{,(n_1)>' (8.8)

Now we find the coefficients 4*) of the operator L. Consider the formula

(1)

B = /;— (8.9)
where

g B = D0 Dbt ), (= DI = Db+ 1)), 5.10)

" (+b+2n—1)Y(n—1)
It is natural to choose Q, as the denominator of BV, i.e.

Q=0 +b+2n—1)Y(n—1) (8.11)
Then from Eq. (8.9) we find that

A =n(=pn = D(n+ )b +n); + (G = DI + 1= 1B+ 1D)y). (8.12)

We see that 4 satisfies condition (2.6) for s =1 with N =2; + 2.
The coefficient 4 = 1, can be found from the relation
Q= Ay — An-i (8.13)
with the additional condition 4y = 0. It is easily verified that
ﬂ(b+]’7£(r+l)f (j1)!(b+1)j+1>. (8.14)
We thus found the first coefficients 4 and A". Other coefficients 4, s =2,3,... can be found

(step-by-step) from basic relations (3.2).
We have the following

zn:A;°>:n(b+n+j)(

Proposition 8.1. The coefficients A have the explicit expression

AS) — _ﬁ(_j)sfl(n - S)s+'j+1(b + f’l)j;Hl
S

+énésl +nn5s0» S:0,1,2,..., (815)
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where
o= —Dn(j+n—1)b+ 1), Mo =—n(b+n+j)j— Db+ 1)1

Proof. It is sufficient to prove the relation

n—s+i

N
SOBEIAD | = ADBY,
i=0

where BY) are given by Eq. (8.8) and 4% by Eq. (8.15).
We have after simple transformations

N

ZBS;V_i)AI(1[15+i = nnfsB;S) + én—erlBg’S_l) * (Sl "

i=0

(b+m)Y,(n)
G+ mY,n— 1)S2> e

where

K — ﬁ(_n)S(_j —n)(n—s)(b+n—s),

si(—=j—b—2n),(j+1)
and S;, S, are the sums
(—=8)i(—1 = )1+ j+b+2n—s)
S = i
: Z I(l4+n—s)b+n—ys), ’
S 725: (=8)i(=1 =) +j+b+2n—s5)(i—s)
2Tt n—sybtn—sy(jtbt+2n—s+i)

i=0

i=0
These sums are calculated using Pfaff-Saalschiitz identity [2]

F( —s,a,b 1>_(C—a>s(c—b>s
2\ l+atrb—c—s ~(¢)(c —a—b),

=0,1,2,... .

We thus have
(L= —n)(—n—j—b)
(—n)s(1 —n — b), ’
s (n=Pean—j—b+ D
j+b+2n—s (1—n)12—n—>b)_,
Substituting Eqgs. (8.19) and (8.20) into Eq. (8.17) we arrive at relation (8.16).

S

SQZ

15

(8.16)

(8.17)

(8.18)

(8.19)

(8.20)

Proposition 8.2. The polynomials 4(0; B){PY")(x)} with j=1,2,... and b> — 1/2 satisfy differ-

ential equation (1.3) of order N =2 + 2.

Proof. Note that the coefficients A given by Egs. (8.14), (8.12), (8.15) satisfy the properties:
(1) A9 =n(n—1)...(n — s + 1)my_,(n), where ny_ (n) are polynomials of order 2j + 2 — s;

(i) A9 =0, s>j + 2.

Thus all the characteristic properties of the coefficients 4% are fulfilled. From property (i) it
follows that degree of the polynomials 4%) is 2j + 2. Hence the polynomials %(0; f){P"?)(x)}
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indeed satisfy a differential equation of order 2j + 2. The coefficients oy are calculated explicitly in
the next section.

As we know, the polynomials %(0; B){PV"?)(x)} coincide with the polynomials PU~"#*)(x). Hence
we have

Proposition 8.3. The polynomials PY"M)(x) with j=0,1,2,... and b> — 1/2 satisfy a differential
equation of order 2j + 4.

For j =0 we return to the so-called Jacobi-type polynomials P***)(x) satisfying 4th order dif-

ferential equation [10]. As far as we know, for j>=1 our result is new. Note that in [6] this result
was obtained only for the special cases b= +1/2.

9. Calculation of the coefficients ¢; of the differential operator L

In this section we calculate the coefficients oy of the differential operator L = ZkN:O Zf.‘:o oux’ 0%
using formula (2.8). From Eq. (8.15) we find

A
Ty—s() = nn—1)...(n—s+1)
— Ks(n - S)(}’l + 1)](b + n)j—s+1 + én/nésl + '7115‘;0, (91)
where
Ky = —ﬁ(_f?*"‘ . (9.2)
s!
We employ the well known formula (being a discrete analogue of the binomial theorem)
YA _
A fg} =3 () 41004 g+ ). 93)
i=0
We need also an obvious formula
A+ P)p=mm—1)...(m—k+1D)(n+y+k)ps, k<m. 9.4)

As a consequence of Eq. (9.3) we have (for arbitrary function g(n))
A{(n = $)g(m)} [1ey = kA g(n + 1), - (9.5)
Using Eqgs. (9.5) and (2.8) we find for s>2

A4+ 2)(b+n+ 1)}
O(erk,k_Ks (k— 1)'

(9.6)

n=s

In order to calculate (9.6) we need the following
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Lemma 9.1. For any a,b and any nonnegative integers p,m the following formula:

(_m - p)k(n + a)p(n + b)m
(n+b)

—k,—p,a—m—>
X3F2 ( n +a’_p —m ’ 1) (97)

A{(n+a),(n+b),} =(-1)

takes place

Proof. It is sufficient to apply formulas (9.3) and (9.4) to get

k
A{(n+a),(n+b),} = Z (lj) A(n+a), A (n+b+i),
i=0

_ L(=m)(n + @) (14 B) = (—k)i(—p)i(n + m + b);
=(-1) (n+ b); ; in+a)(l+m—k) ©-8)

Then the sum in Eq. (9.8) is reduced to the hypergeometric function ;F/,(1), which can be then
transformed to Eq. (9.7).

Using this lemma we calculate the coefficients o, 4:

. i (7)s—1(s = 2f — 1)a(s +2);(s + b+ 1)1
Uik = P(—1)
(s+b+1)_1(k—1)s!

—j,s—j—b1—k B
><3F2< s—2j— 1,5 +2 ‘1> (1 — 6x0)
(b + 1)1 ((F — 1)1k +j'0k0)0s1
—(j = Db+ 1);1((b + j 4 1)1 + 0k2)0505

s=0,1,....;+1, k=0,1,...,2j+2—s. (9.9)

Thus the coefficients of the differential operator L can be expressed in terms of the hypergeometric
function 3F5(1).

In general, the expression for the polynomials a;(x), i=0,1,...,N is rather complicated. However
for polynomials of the maximal order i = N =2;j + 2 we have a simplification. Indeed, in this case
s+ k=2j+ 2 and the hypergeometric function ;F,(1) in Eq. (9.9) is reduced to ,F;(1), which can
be simplified using Chu-Vandermonde formula [2]. After simple calculations one obtains

ay(x) = .ij“(x — 1)/t (9.10)
Jj+1
Quite analogously one gets
ay—1(x) = Bl (x — 1Y((b +3j + Dx — 2j). (9.11)

10. The case of the generalized Laguerre polynomials

In this section we consider the limit b—oo leading to Koornwinder’s generalization of the Laguerre
polynomials.
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Let us recall the scaling property of OP. Define new OP by
By(x) = y7"B(yx), (10.1)

where 7 # 0 is an arbitrary parameter. Clearly, P,(x) are monic OP satisfying recurrence relation
(1.1) with b, =y7'b,, @i, =y 2u,. If the polynomials P,(x) are orthogonal on the interval [a, b]

/ " BCORA) ) = S (102)

then the polynomials P,(x) are orthogonal on the interval [a/y,b/y]

b ~ ~
/ B)B,(x) dp(e/y) = b, (103)

/7
The expansion coefficients B, for the polynomials B,(x) are

Bu=7"Bu, B =y~BY. (10.4)

If the polynomials P,(x) satisfy differential equation (1.3), then the polynomials B,(x) satisfy the
equation
LE(x) = ZuPi(x), (10.5)

where the operator L has the representation coefficients

/ank - ykinAnk; /Iis) - VﬁsAff)- (106)
In particular, T = Do,
Let us put y = 1/b and take the limit » — oo in expression (5.1) for the Jacobi polynomials. We
then obtain the monic Laguerre polynomials:

L) = (D@ Do () (10.7)
having the normalized weight function
e—xxa
=TTy 10.8
YO = e (10.8)

Now we put a=j=1,2... and perform the GT at x =0 for the Laguerre polynomials L{/)(x). We
then get the polynomials
G(0; PULY ()} =L (x) - f”LE,-”l(x), (10.9)
n—1
where ¢, = 0,(0) + BE,(0) = (=1)"(=n!/j + (j + D).
The weight function of these polynomials is

e_xxj_ 1

W(x;j) = T Po(x) =~ (wlx; j — 1) + Md(x)), (10.10)

where M = —f}j.
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The coefficients A4 for these polynomials are obtained from the coefficients (8.15) by limiting
procedure (10.6):

(_j)sfl(n B S)s+j+1
—F s!
(4 j— 1) — Dy —n(j — D1y, s=0,1,2,... . (10.11)

It is clear from Eq. (10.11) that the coefficients 4 satisfy all needed requirements:

(1) A9 =n(n—1)...(n — s + 1)ny(n), where y(n) are polynomials of the order j + I;

(ii) AY =0, s=j + 2.

Note that the maximal degree of the polynomials A is equal to 2j + 2 (for s =j + 1).

Hence the generalized Laguerre polynomials %(0; $){L\(x)} satisfy a differential equation of
order 2j + 2. From Eq. (10.10) we see that the polynomials L\*)(x) satisfy a differential equation
of order 2j + 4. Here L/**)(x) are polynomials obtained from the Laguerre polynomials L{/)(x) by
inserting the mass M at the endpoint x = 0 of the orthogonality interval.

This result was firstly obtained in [5] using quite a different method. In our approach this result
is a consequence of the corresponding result for the generalized Jacobi polynomials PYU->M)(x).
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