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Abstract

We consider a κ-deformed electrodynamics in a sourceless situation and under boundary conditions dictated by the presence
of two parallel conducting plates. Using the κ-deformed dispersion relation we compute the corresponding zero-point energy.
The result is reduced to quadratures of elementary functions and has a real as well as an imaginary part due to the simultaneous
effect of κ-deformation and boundary condition. The imaginary part exhibits a remarkable property of κ-deformed theories: the
creation of radiation due to boundary conditions. The real part gives corrections to the Casimir effect due to the κ-deformation
and is in agreement with previously known results. Real and imaginary parts also confirms a conjecture originated from a
calculation of one-loop effective action for a massive scalar field.

The κ-deformed Poincaré algebra [1–6] is a quan-
tum group (Hopf algebra) [7] related to the de Sit-
ter and conformal algebras and its masslike deforma-
tion parameter κ may provide a natural regularization
in the context of quantum field theory. The genera-
tors of the κ-deformed algebra are the four-momentum
Pµ (µ = 0,1,2,3), the rotations J i and boosts Ki

(i = 1,2,3), the same as those appearing in the non-
deformed algebra, but submitted to a set of deformed
commutation relations. Obviously, these commutation
relations reduce to the usual ones of the Poincaré alge-
bra in the limit in which κ → ∞, where the deforma-
tion is turned off.
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In a recent Letter [8] it was proposed a new mech-
anism for the creation of matter and radiation based
on the κ-deformed Poincaré algebra mentioned above.
The essential idea is to consider a quantum field sub-
jected to boundary conditions and whose spacetime
symmetries are governed by the Poincaré quantum
group. In Ref. [8] a massive scalar field and a Dirichlet
boundary condition between two parallel planes were
chosen. Using Schwinger’s proper time method these
authors computed the one-loop effective action and
showed that the effective action developed an imagi-
nary part, who was interpreted as a particle creation
phenomenon. This particle creation phenomenon is a
very surprising result that may have important applica-
tions, since it may provide a new mechanism for cre-
ation of matter and radiation for the early Universe and
hence, it may be incorporated into some cosmological
models with striking consequences.
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In this Letter, we shall obtain the phenomenon
of creation of radiation from the sole hypothesis of
boundary condition on κ-deformed electromagnetic
field, that is, electromagnetic field described by a de-
formation in Maxwell equations which is compati-
ble with the κ-deformed Poincaré algebra. The phe-
nomenon of creation of radiation will appear as the
imaginary part of the sum of zero modes of the κ-
deformed electromagnetic field. On the other hand the
real part of the sum gives the κ-deformed electromag-
netic Casimir energy, which was previously obtained
by Bowes and Jarvis [9]. The result of Bowes and
Jarvis is reobtained by expanding the real part of our
sum of modes in powers of κ−1.

The most natural boundary condition on the κ-
deformed electromagnetic field is to consider this
field constrained by the presence of two parallel per-
fectly conducting plates. For our purposes, it suffices
to know that the deformed algebra has a quadratic
Casimir invariant given by P2 − (2κ sinh(P 0/2κ))2

[1]. It is a scalar that we represent by −m2 where m

is a real number that we call mass and labels the
representations of the algebra. In this way the κ-
deformation of the Poincaré algebra changes the mass-
shell condition into P2 − (2κ sinh(P 0/2κ))2 = −m2.
It is important to notice that the κ-deformation also
changes the four-momentum conservation law, as
shown by Kosinski, Lukierski and Maslanka [16].
However, in our calculation starting from (7) it ap-
pears only the modification on the mass shell condition
due to the κ-deformation. It is convenient to use as de-
formation parameter the positive number q := (2κ)−1

in such a way that the usual Poincaré algebra is ob-
tained as the limit of the deformed Poincaré algebra
when q → 0. In terms of the parameter q the quadratic
Casimir invariant of the deformed algebra is then given
by

(1)P2 −
[

sinh(qP 0)

q

]2
= −m2.

In the limit q → 0 we obtain the expected relation of
the usual Poincaré algebra: P2 − (P 0)2 +m2 = 0. Also
for convenience, we define on the space of smooth
functions the linear operator

(2)∂q := sinh(iq∂0)

iq
= sin(q∂0)

q
,

which reduces to a simple time derivative in the limit
q → 0.

Let us now consider the following equations:

∇ · E = 0, ∇ × E = −∂qB,

(3)∇ · B = 0, ∇ × B = ∂qE.

The above equations lead to a modified wave equation,
namely,

(4)
(
∂2
q − ∇2)E = 0,

(
∂2
q − ∇2)B = 0.

Trying as solutions of the above equations the plane
wave fields E = Eo exp(i(k · x − ωt)) and B =
Bo exp(i(k · x − ωt)), we obtain the deformed disper-
sion relation:

(5)
sinh(qω)

q
= |k|.

However, these plane wave fields are solutions of
the deformed sourceless Maxwell’s equations (3) only
if E and B are orthogonal to k, k × E = B. Besides,
we have polarization states analogous to those in the
non-deformed case. Note that in the limit q → 0 all
the above results for the deformed theory, given by
Eqs. (3), (4) and (5), reduce to the well-known re-
sults for the non-deformed theory, as expected (usual
Maxwell equations, usual wave equation and the dis-
persion relation ω = |k|, respectively). We call Eq. (3)
the κ-deformed (sourceless) Maxwell equations in
vacuum and the fields E and B that satisfy them we
call the κ-deformed electromagnetic fields. Since (3)
is obtained from the Maxwell equations by deforming
only the time derivatives several results which are ob-
tained for the usual electromagnetic field remain valid
for the κ-deformed fields. In particular, the fields re-
main zero inside perfect conductors in equilibrium.

Now let us consider the vacuum of the quantized
κ-deformed electromagnetic field confined between
two perfect conductors in the form of two large
parallel plates at a distance a apart. We consider the
plates as squares of side � with � � a. The original
Casimir effect [10] is the shift of the vacuum energy
of the electromagnetic field due to the presence of the
conducting plates as described above. Nowadays the
Casimir effect is understood in a much broader sense
[11–15], but here we will take it in the original sense,
except for the fact that our electromagnetic field is
κ-deformed.
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Let us then consider the sum of zero-point energies
of the deformed Maxwell theory:

(6)Eq(a) =
∑
k,σ

1
2
ωk,

where k is an allowed wave vector mode between the
plates and σ stands for the polarization states. Due
to (5) this sum is given by

(7)Eq(a) =
∑

k

1
2q

sinh−1(kq).

To compute this sum it is easier to consider first the
following regularized derivative:

(8)
∂

∂q
(2qE) =

∑
k

ke−ε
√

1+(kq)2√
1 + (kq)2

,

where the regularization parameter ε will tend to the
zero limit in due course. Taking the derivative with
respect to ε, we get:

(9)Eq(a) = 1
2q

∞∫
ε

dε′
q∫

0

∑
k

ke−ε′√1+(kq ′)2
dq ′.

The range of k in the sum can be taken as k‖ +
ẑkz, where k‖ ∈ R

2 and kz = πn/a (n ∈ Z). To
calculate the sum we use the principle of the argument
(essentially the Cauchy’s integral [17]), which states
that if φ is analytic inside and on the contour C and f

is analytic inside, except for a finite number of poles,
and on the contour C, then∑

n

φ(kn) −
∑
p

φ(kp) = 1
2πi

∮
C

φ(z)
d log(f (z))

dz
dz,

(10)

where kn are the zeros and kp are the poles of f inside
C. In the present case we take f (z) = sin(az) and C to
enclose the whole complex plane outside the branch
cuts of the square-root to obtain for the sum in (9) the
expression:∑
n∈Z

√
k2‖ + k2

n e−ε′
√

1+q ′2(k2‖+k2
n)

(11)

= 4
1

2πi

k‖∫
∞

√
k2‖ − y2 e−ε′

√
1+q ′2(k2‖−y2)

× d log(sin(iay))

d(iy)
d(iy).

Substituting this result in (9) and integrating in ε′ we
arrive at

Eq(a) = �2

2qπ2

q∫
0

dq ′
∞∫

0

dk‖

× k‖

{ √
k2‖+(q ′)−2∫

k‖

√
y2 − k2‖√

1 + q ′2(k2‖ − y2)

× e−ε
√

1+q ′2(k2‖−y2) d log(sinh(ay))

dy
dy

− i

∞∫
√

k2‖+(q ′)−2

√
y2 − k2‖√

−1 − q ′2(k2‖ − y2)

× e−iε
√

−1−q ′2(k2‖−y2) d log(sinh(ay))

dy
dy

}
.

(12)

To perform the integration in k‖ and q ′ we have to
change the limits of integration. After a lengthy, but
straightforward calculation, we obtain:

Eq(a)

a�2 = − 1
(2πa)2

∞∑
n=1

1
n2

×
{ 1/q∫

0

(
y + 1

2an

)
e−2any√
1 − (qy)2

dy

+ i

∞∫
1/q

(
y + 1

2an

)
e−2any√
(qy)2 − 1

dy

}
,

(13)

where spurious terms relative to self energy of the
Casimir plates and uniform energy density of the vac-
uum were subtracted. This is our main result. This en-
ergy presents a real and an imaginary part. The real
part agrees with κ-deformed electromagnetic Casimir
energy previously obtained by Bowes and Jarvis [9], as
it can be verified by an expansion in q/a. In the limit
q → 0 the imaginary part disappears and the real part
reduces to the usual Casimir energy [10], as expected.
Let us consider the imaginary part which exhibits a
remarkable property of κ-deformation but whose in-
terpretation is not obvious. In Schwinger’s formalism
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the vacuum persistence amplitude between a time in-
terval t2 − t1 > 0 is given by 〈0, t2|0, t1〉 = exp(iW),
where W is the Schwinger’s effective action. In the
case of one-loop QED, W may present an imaginary
part due, for example, by the presence of an external
eletromagnetic field [18]. In this case, due to the vac-
uum fluctuations of the charged quantum fields, the
virtual electron–positron pairs would absorb energy
from the external field and would appear as real pairs.
The phenomenon of pair production would justify the
existence of an imaginary part. Besides, in this formal-
ism E = −W/(t2 − t1) [19]. From Eq. (13), this im-
plies that |〈0, t2|0, t1〉|2 = exp(−2(t2 − t1)|�(Eq(a))|),
which clearly means that here, in virtue of symmetries
given by the κ-deformed algebra taken simultaneously
with boundary conditions for the field in considera-
tion, particle creation is a natural process.

Our calculation can also be compared with a previ-
ous one made in the literature [8] for the neutral mas-
sive scalar field. As mentioned before, in this refer-
ence, the authors obtained the Schwinger’s effective
action for this field subjected to Dirichlet boundary
conditions at two parallel planes, also in the context
of a κ-deformed Poincaré algebra. An imaginary part
was also encountered for the effective action. In fact, it
can be shown after some mathematical manipulations
that in the limit of zero mass, and apart from a factor
of 2, the real and imaginary parts quoted in Eq. (13) are
in complete agreement with those obtained in Ref. [8].
This fact suggests that the κ-deformed effective action
computed a la Schwinger [8] is equivalent to Eq. (6)
via E = −W/(t2 − t1). A definite confirmation of this
equivalence, though not obvious in the deformed the-
ory, can be explicitly checked following the same lines
of thought as those found in Ref. [20].

The interpretation of the real and the imaginary
parts of (13) as a Casimir energy and energy of created
excitations, respectively, is just heuristic and a rigor-
ous interpretation must be based on a Hamiltonian for-
mulation of the problem (the energy–momentum ten-
sor of the deformed theory and many of the mathe-
matical details of the present letter will be published
elsewhere).

The dependence of the κ-deformed electromag-
netic Casimir energy on the parameter κ relates the hy-
pothesis of a κ-deformed spacetime symmetry to the
observed electromagnetic Casimir effect [9], which
has been measured with greater and greater accuracy

in the last few years [21–25]. Hence, this effect could
be used to set experimental lower bounds on κ and
check the possibility of a κ-deformed spacetime sym-
metry. However, since Lorentz invariance is experi-
mentally verified with very high precision, the bounds
from the above mentioned Casimir experiments will
hardly add new restriction on κ . Eventhough, the
κ-dependent correction to the Casimir effect are of in-
terest in quantum field theory as a matter of first prin-
ciples and will be further investigated elsewhere. The
contribution up to first-order in q := 1/2κ is given by
(for the contributions in all orders see [9]):

(14)

�
(Eq(a)

a�2

)
= − π2

720
1
a4

{
1 + π2

21

(
q

a

)2

+O
(
(q/a)4)}.

Regarding the particle creation phenomenon de-
scribed here, it is worth emphasizing that it may be of
some relevance in the early Universe. Suppose, for in-
stance, that during the very beginning of its existence,
the Universe space–time symmetries were governed
by a κ-deformed Poincaré algebra. Besides, at this
stage, it would also experience boundary conditions
due to its tiny dimensions. As a consequence, parti-
cle creation (including radiation) would take place due
to the simultaneous effect of boundary conditions and
deformation. Of course, if we want to take this possi-
bility more seriously, we must generalize the concept
of energy (as it happened many times in the history of
science: for instance, when heat was included into the
energy conservation law and so on). A new quantity,
some kind of a sum of the usual energy of the particles
plus some function of the deformation, through the pa-
rameter κ , will be conserved in such a way that as the
deformation diminishes, the energy content of the par-
ticles enhances. Let us notice that this possibility of
non-conservation of energy relies on a global character
of the theory, the boundary conditions, while the more
fundamental non-conservation of four-momentum ob-
tained by Kosinski, Lukierski and Maslanka [16] is a
general property of κ-deformed theories. Finally, in
a situation where there is no deformation any more,
the energy, as we understand it nowadays, would be
a conserved quantity. Though quite speculative, this
idea provides a new scenario for particle creation in
the early Universe.
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