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Given a topological space X, let M(X) (resp. m(X)) denote the set of all con-
tinuous real functions on X whose set of proper local maximum (resp. minimum)
points is dense in X. We identify some classes of spaces X for which M(X) is a
dense subset of C(X) endowed with the majorant topology. In particular,
M(X)nm(X) is dense in C(X) with the majorant topology whenever X has a
o-discrete n-base and a dense subset whose points are G-sets.

Also we show that M(X)~m(X) is residual in C(X) endowed with the topology
of uniform convergence, provided that X has a ¢-discrete n-base consisting of com-
pletely metrizable subspaces. This is true, in particular, for all completely metrizable
spaces.  © 1991 Academic Press. Inc.

INTRODUCTION

Let X be a topological space. Given a function f: X - R we say that a
point xe X is a proper local maximum (resp. minimum) point for f
provided that there exists a neighbourhood U of x such that f(y) < f(x)
(resp. f(y)> f(x)) for every ye U\{x}. We denote by M(f) (resp. m(f))
the set of all proper local maximum (resp. minimum) points for f. Of
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course M(f)nm(f) consists of all the isolated points of X; also it is
obvious that if f is a continuous function, then {x} is a G,-set in X for
every xe€ M(f)um(f) (these easy remarks will explain the reason of some
assumptions in the statements of Section 1).

Let C(X) be the set of all continuous real functions on X. Also let M(X)
(resp. m(X)) denote the subset of C(X) consisting of all functions f for
which M(f) (resp. m(f)) is a dense set in X. As the title suggests, the pur-
pose of this paper is to show that if the space X satisfies some suitable
assumptions, then M(X), or even M(X)nm(X), is (in a sense to be
specified) a rather numerous subset of C(X) with respect to some natural
topology for C(X).

To make clear the last point, there are two topologies that will be
considered for C(X), namely, the majorant topology, i.e., that topology in
which basic neighborhoods of e C(X) are the sets

{ge C(X): [g(x)— f(x)] <e&(x) for every x € X'}

with ¢e C(X), ¢>0 everywhere in X, and the topology of uniform con-
vergence, i.e., the topology induced by the metric p of uniform convergence
on X:

p(f. &) =min{1, sup{|f(x)— g(x)l: xe X}}

for every f, g e C(X) (recall that with this metric C(X) is a complete metric
space). Of course the majorant topology is stronger than that of uniform
convergence; moreover, the two topologies coincide if and only if the space
X is pseudocompact (according to the definition given in [6, p. 126]).

Coming back to the subject of the paper, there are some recent results
along the above indicated direction which have been obtained by A. Villani
[5], who proved that M(X) is a dense subset of C(X) endowed with the
majorant topology whenever the space X is metrizable, and by V. Drobot
and M. Morayne [1], who showed that for X' =[0, 1], the set M(X) is a
residual Borel subset of C(X); as a matter of fact, the argument given in
[1] is easily realized to work with minor changes for any separable locally
compact metrizable space, if the topology of uniform convergence is con-
sidered for C(X). By the way, we recall here that a very strong result,
implying that M([0, 1]) nm([0, 1]) is nonempty, is due to Z. Zalcwasser
[7], who proved that for any two disjoint countable sets A, B< [0, 1]
there exists a differentiable function f: [0, 1] — R such that M(f)= A4,
m(f)= B. We refer the reader also to [3] for a short proof of the result by
Zalcwasser, to [4] for a nice elementary proof that M(R) is nonempty, and
to the literature cited in [1] for further references.

In this paper the above quoted resuits, namely those from [5, 1], are
extended to more general classes of topological spaces. More precisely,

409:134,2-18
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in Section 1 we consider the density of M(X), or M(X)nm(X), in C(X)
endowed with the majorant topology, and show, among other things, that
M(X)nm(X) is dense in C(X) provided that X is a completely regular
space which has a g-discrete n-base and a dense subset whose points are
Gs-sets in X. In Section 2 we consider the residuality of M(X) in C(X)
endowed with the topology of uniform convergence. A simplified statement
of our main result is that M(X) (and hence M(X)nm(X)) is a residual set
in C(X) whenever X has a o-discrete n-base consisting of completely
metrizable subspaces. This is true in particular for ail completely metrizable
spaces.

It is worth recalling here, for the reader’s convenience, that a family %
of nonempty open subsets of a space X is said to be a n-base for X
provided that every nonempty open set 4 = X contains some Ue%.

Throughout the paper, regular, completely regular and normal spaces
need not be Hausdorff.

1. SoME DENSITY RESULTS

As announced before, this section is devoted to establishing some
sufficient conditions for a topological space X in order that M(X) be a
dense subset of C(X) endowed with the majorant topology.

To simplify our exposition, it is convenient to set down formally the
following definition.

DEerINITION. A nonempty subset D of a space X is said to be strongly
discrete provided that there exists a discrete family {V,: se D} of open sub-
sets of X such that se V, for every se D. Also the empty set is considered
to be strongly discrete, just by convention.

A set Sc X is said to be g-strongly discrete if S is a countable union of
strongly discrete sets.

Of course, a strongly discrete set D is also discrete; i.e., D is a discrete
space with the relative topology, provided that D is nonempty. Also, in a
T,-space every strongly discrete set is closed. Conversely, if the space X is
normal and collectionwise Hausdorff (i.e., for every nonempty discrete set
Ac X there is a family {W,:ted} of pairwise disjoint open sets with
te W, for each te 4), then every closed discrete set is strongly discrete. To
see this, assume that 4 is a nonempty closed discrete set and take a family
{W, ted} as before. Also, using normality, take an open set V' with
AcVeVey{W, ted}. Then te VA W, for every te 4, and it is easy
to check that {V'~ W, te 4} is a discrete family.

The following lemma will be applied repeatedly in the proof of forth-
coming Theorem 1.
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LEMMA. Let X be a completely regular space. Let D < X be a nonempty
strongly discrete set such that every singleton {s}, with se D, is a G-set in
X. Also, let H< X be a closed set disjoint from D.

Then, for every @, ne C(X) with n>0 everywhere in X, there exist
Yy e C(X) and {B,:se D}, a discrete family of closed sets, disjoint from H,
with s € Int(B,) for every s€ D, such that:

(1) o<y <@+n everywhere in X,
(i) Y=g in X\U{B.:seD},
(iil) W{x)<y(s) for every se D and xe B\ {s}.

Proof. Let 3 be a fixed number with 0 <& <1 and, for each se D, let
Ay =I(s).

As the space X is regular and the set D is strongly discrete, it is possible
to find, for each se D, a closed neighbourhood B, of s, disjoint from H, in
such a way that {B :se D} is a discrete family. Of course, it can be also
assumed that @(B,;)= ]— o0, @(s)+ 4,/2] for every se D.

Let, for every se D, h,: X > [0,1] be a continuous function such that
h;'(1)={s} and h(X\Int(B,))= {0}. The existence of such a function is
proved in a standard way as follows. Since {s} is a G;-set in X there exists
{A,}, a decreasing sequence of open sets, with 4, = Int(B,) for all n, such
that N *_, 4,= {s}. Since X is a completely regular space there is, for each
n=1, 2, .., a continuous function g,: X — [0,27"] such that g (s)=2""
and g,(X\4,)={0}. Then, letting h,=3>_, g,, we obtain a continuous
function with the desired features.

Now, for each se D, let y,e C(X) be defined by

75(x)=[1=hdx)] o(x) + h(x)[o(s)+ 4]

for every x e X. We have y(s) = ¢(s)+ 4,. Also, if xe B\ {s} then y(x) <
v,(s); indeed

1) S [L=hy(x)]Le(s) + 421 + h(x)[o(s) + 4,]
=@(8)+ A4/2+h(x)A/2<@(s) + A, = 7,(s).

As the family {B,: se D} is discrete and for each se€ D we have y,=¢
in X\Int(B,), then the function y: X —» R defined by

7(x) = @(x) if xeX\U B,

seD

y(x)=v(x) if xeB,, seD,

is continuous. Also, it is apparent that y satisfies conditions (ii) and (iii).
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Moreover, we have 7> ¢ everywhere in X. To see this, note that if xe B,
for some s€ D, then

P(s)=7,(x)=@(x)+ [o(s) + 4, — @(x)] hy(x) = o(x).

At this point, to obtain the function y that we are looking for, it is
enough to put ¢ =min{y, ¢ +3In}. Then conditions (i) and (ii) are
obviously satisfied. To check (iii) note that for every se D we have

V() =o(s)+ 4, <o(s)+ In(s),
so that ¥(s) = y(s); hence, for every xe B\ {s} we have

Y()<y(x)<y(s)=y(s). 1

Now, we come to prove Theorem 1 below, the main result of this section.
This theorem extends [5, Theorem 1] in two directions. First, a more
general class of spaces is considered here (it should be observed that in a
metrizable space every discrete set is a countable union of closed discrete
sets, hence it is o-strongly discrete according to the remark before the
lemma; it follows that in a metrizable space a set is o-discrete if and
only if it is o-strongly discrete). Secondly, it is possible here to prescribe
for the approximating function g both maximum and minimum points
simultaneously.

THEOREM 1. Let X be a completely regular topological space. Let S,
T< X be two a-strongly discrete disjoint sets such that each singleton {s},
with se SUT, is a G;-set in X.

Then, for every f, e€ C(X), with ¢>0 everywhere in X, there exists
g€ C(X) such that:

(i) |g—f| <& everywhere in X,
(1) S=M(g), Tem(g)
Also, if K< X is any closed set disjoint from S T, it is possible for g to
satisfy
Proof. As the case SuU T= (J is trivial, we can assume without loss of
generality that S is nonempty. Then we have

S=DyuD,uD,uU -, T=D,uD;uDsU ---,
where D,, D,, D,,.. are pairwise disjoint strongly discrete sets and
Do# . Weset E,=7_, D, forevery n=0, 1, 2, .., and E_, = . Also,
let f_, =/
We will show by induction that there exist {f,: n=0, 1, 2,..}, a
sequence in C(X), and {B,:seSv T}, a family of closed subsets of X, with
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selnt(B,) for every se SuT, such that the following conditions are
satisfied for every n=0, 1, 2, ...
(1), if D,# & then {B,:seD,} is a discrete family,

(2)1; (U{Bs:SEDH})G(KUEnll)zga

(here, of course, the convention (J{B,:seD,} = whenever D,=J is
observed; similar warnings will be omitted in the sequel),

(3), (=) f <(=1)"f,<(=1)"f,_,+¢2""" everywhere in X,

(4‘);1 ./‘n:f‘nfl in X\U{B‘\.ZSED,,},

(5), (=¥ fi(x) < (= 1)* f(s) whenever kK <n, se D,, and
xe B\ {s},

(6), if B,nB.# for some veD, and ueE, |, thenveB,.

To prove this, we first note that applying the lemma with D=D,,
H=K, o=f_,, and n=2¢/2, we obtain the existence of fye C(X) and
{B,:se Dy}, a family of closed subsets of X, with selInt(B,) for every
s€ Dy, such that conditions (1),—(6), are satisfied.

Next, let us assume that functions fy, ..., f, and closed sets B, se€ E,,,
have been found such that conditions (1),—(6), are satisfied for k=0, ..., n,
and construct f,, , and B,, se D, ,, such that (1),,,—(6),,, hold.

Decompose D,,, as D,,.,=D,,,vuD,,,, with D, =D,
U{B,:teE,}and D, . =D, \D, ..

If D, , = we introduce the function s by setting A= f,.

If D,,,# we apply the lemma with D=D,, ,, H=Ku
(U{B,:treE,}) (this is a closed set by assumptions (1),, k=0, .., n),
<p=(~l)”+'f,, and n=¢/2"">3 Then there exist he C(X) and, for each
seD,.,, B,, a closed neighbourhood of s, such that (replacing # with —h
if n+ 1 1s an odd integer):

(a) {B,:seD,,,} is a discrete family,

(b) (U{B,:seD;,  })n(Ku(U{B,: teE,}))=¢,

() (=D fo<(—D)" P h<(—=1)"*f,+¢/2"7 everywhere in X,
(d) h=f,in X\U{B,:seD, .},

(e) (=1)"*'h(x)<(—1)"*"h(s) for every se D, , and xe B\ {s}.

Now, consider D, _,. If D, ,=(J, then closed sets B,, for seD,, |,
have already been constructed; moreover, letting f,,, =h, it is clear, by
(a)-(e) and (5),,, that conditions (1), ,—(6), . are fulfilled.

Hence, suppose that D), # & and let {U,:se D, ,} be any discrete
family of open sets with se U for every se D, |.

For each se D), denote by 4, the set of all points 7€ E, such that
se B,. By conditions (1),, k=0,..,n, the set A, is finite. Let 7,=
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min{|f,(z)— f,(s)|: te 4,}; by condition (5),, 7, is a positive number. Also,
let C, denote the union of all sets B, with te (E,\4,)w D/, {; by conditions
(14, k=0, .., n, and also (a) if D, ., # &, C, is a closed set; moreover,
using condition (b) if D, , # {J, we have that s¢ C,. Then, applying the
lemma again with D= {s}, H=Ku C,u 4,0 (X\U,) (note that each {t},
ted,, is a closed set since it is a Gs-set and the space X is regular), ¢ =h
and n=7n,=min{¢/2" "> 1.}, we obtain a function 4, C(X) and a closed
neighbourhood B, of s such that (replacing 4, with —#A, if necessary}):

(B), B,cUNKuUC,L4,),

(y), (=D ThAL(—1)"" h < (=1)""! h4n, everywhere in X,
(6), h,=hin X\B,,

(€), (=D h(x)<(=1)""' h(s) for every xe B,\{s}.

Do this for each se Dj,, ,. Then closed sets B,, se D, ,, have been con-
structed. Moreover, having in mind conditions (f),, se D, . ,, the discrete-
ness of {U,: se D, .}, and also conditions (a)-(b) if D, , , # &, it is easy
to check the validity of (1),,,, (2),,,,, and (6),, .

Let f,,: X > R be defined as follows:

foorx)=h(x) il xeX\U{B,:seDj,,),
fue1(x)=h(x) if xeB,,seD, .

By conditions (1}, , and (d),, se D, ,, the function f, , , is well defined
and continuous. Also, using conditions (y),, se D, ,, and as usual (c¢) and
(d) if D, ,# &, it is easy to check that (3),,, and (4), ., are fulfilled.

Let us show that also (5),. , is satisfied. This will conclude the inductive
argument.

Let k<n+1, seD,, and xe B\{s}. If k=n+1, then the inequality
(=1 ()< (1) f, . 1 (s) follows from (e) if se D, ,, or from

(¢), f seD, .. If k<n and x¢\J{B,:teD,,,}, then, using conditions
(4),,5 1> (5),.1, and (2),,,, we have

(=1 fon(0) = (=D () < (=1 fls) = (= D £, 1 1(5).

Finally, let us consider the case kK <n and x€ B, for some te D, ;. By con-
dition (6),, , we have te B, hence te D, , , and s€ 4,. We distinguish two
subcases according to whether (—1)*=(—1)"""or (—1)*=(—1)" In the
first case we have

(=D funi(x)=(=1)"""h(x)<  (by (),
(=" thn< by ()
(=1 h(e) + 0, < (= 1) V() + | f) — fuls)] =
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(using (d) if D, ., # )
(=)L) + [ fl) = fls)| =
(=D L)+ (=D () = (=D fo()l = (by (5),)
(=1 fuls)=" (by(2),,,and (4),, )
(=1 f, 1 1(s).

If (—1)*=(—1)" then we have

(=D foa(x)=(=1)"h(x)<  (by (7))
(—1)"h(x)= (using (d)if D, | # &)
(=D fx)< (by(5),)

(—D)*f(s)= (by(2),. and (4),,,)
(=1 fuii(s)

At this point we are in a position to define the function g that we are
looking for. Let

By conditions (3),, »=0, 1, 2,.., the function g is well defined,
continuous, and satisfies

lg_fl zlg_ffll < Z [fn_fn71| <t
everywhere in X, that is condition (j). Moreover, by conditions (2), and
(4),, n=0, 1, 2, ..., it is clear that also (jjj) is satisfied.

Let us check (jj). We will show that (—1)* g(x) < (—1)* g(s) whenever
se D, and xe B\ {s}. Of course, this implies (jj).

Since g=I1im, f, and owing to conditions (2), and (4),, n=k+1,
k+2,.., we have fi(s)=fi,1(s)= --- = g(s). Denote by L the set of all
integers n=0, 1, 2, ... such that (—1)"=(—1)* and xe{J{B,: 1eD,}. Il L
is a finite set, then, letting v =max L, by conditions (2),, (4),, and (3),,
n=v+1,v+2, .., wehave (—1)f, (x)=(—=1)*f,(x) for all n>v, hence
by (5).,

(=D g(x) S (=D filx) < (=1 fils) = (= 1) g(s).

If the set L is infinite, then fix any me L with m >k and denote by ¢ the
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element of D, for which xe B,. By (6),, we have te B, and so, by condi-
tions (5),, n=m, m+1, ...,

(=D f(x) = (=1)" £ < (=17 £,(1)
= (=1 /) <(=1) fuls)

for every nzm. But, as above for s, we also have [, ()=
S 1(1)= - = g(1). Tt follows (—1)* g(x) < (—1)* g(r) < (—1)* g(s). This
accomplishes the proof. ||

Now, we present some consequences of Theorem 1.
Henceforth, given a space X, we will denote by X’ the derived set of X.

THEOREM 2. Let X be a completely regular space.

If there exists a o-strongly discrete set F which is a dense subset of Int(X')
and such that {x} is a Gs-set in X for every x € F, then both M(X) and m(X)
are dense in C(X) endowed with the majorant topology.

If there exist two disjoint a-strongly discrete sets F, G, both dense subsets
of Int(X'), such that {x} is a Gs-set in X for every xe FUG, then
M(X)nm(X) is dense in C(X) endowed with the majorant topology.

Proof. 1If a set F exists, then we apply Theorem 1 with S=F, T=(
and f, ¢ any two functions in C(X), with ¢ >0 everywhere in X. The corre-
sponding function g belongs to M(X). Indeed, we have M(g)> Fu (X \X')
and the last set is dense in X. This proves the density of M{X). To prove
that also m(X) is dense, it is enough to interchange the roles of F and 7,
or to use the obvious remark that (regardless of which of two topologies
is considered for C(X)) there exists a homeomorphism of C(X) onto itself,
namely /' — — f, which takes M(X) onto m(X).

If two sets F, G exist, then we apply Theorem 1 again with S=F,
T=aG. |

Theorem 2 yields in particular the following

COROLLARY 1. Let X be a completely regular space.

If Int(X’) has a countable dense subset whose points are Gs-sets in X,
then both M(X) and m(X) are dense in C(X) endowed with the majorant
topology.

If Int(X') has two disjoint countable dense subsets whose points are
Gs-sets in X, then M(X) nm(X) is dense in C(X) endowed with the majorant

topology.
Proof. Observe that any countable set is o-strongly discrete. |

Finally, we prove
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THEOREM 3. Let X be a completely regular space with a o-strongly
discrete m-base and with a dense subset whose points are G z-sets in X. Then
M(X)~m(X) is dense in C(X) endowed with the majorant topology.

Proof.  Of course, we can assume that Int(X')# &, for if Int(X') = &,
then it is obvious that M(X)=m(X)= C(X

Let Y be a dense subset of X such that {3} is a G -set in X for every
ve Y. By the regularity of X, each singleton {y}, with ye Y, is also a closed
set, and consequently every nonempty open subset of Int{X’) meets Y in
infinitely many points.

Let % be a discrete n-base for X. Then ¥ = {Ve#: V<lInt(X')} is a
n-base for the subspace Int(X’); also we have ¥ =) _, #,, where each ¥,
is a discrete family in X.

We will construct by induction {F,:n=1,2,..} and {G,:n=1,2,..},
two sequences of pairwise dlS_]Olnt subsets of YnlInt(X’), with
(Uy_ i F)n(Uy., G, =, such that, for every n=1, 2, .., both F,
and G, are contained in {J(¥: Ve ¥, } and meet each Ve ¥, in one point.
Then the theorem will follow from Theorem 2 taking F=|J_, F, and
G Un =1 n

To perform the construction, we first choose, for every Ve ¥, two dis-
tinct points x,,, vy, in YNV, and put F, = {x,: Ve ]}, G, —{ Vet

Next, let us assume that pairwise disjoint subsets F,, ..., F,, Gl, vy G, of
Y nInt(X’) have been found such that, for every i=1, ..., n, both F; and G,
are contained in (J{V: Ve ¥} and meet each Ve ¥; in one point, and
construct F,,,, G, ..

Owing to the discreteness of ¥7, ..., ¥, for each Ve ¥, there is a non-
empty open set £ < V" which meets F,u --- UF, UG, U --- UG, in finitely
many points. Hence, by the initial remark, two distinct points x,, y, can
be chosen in (YN VN\(F,u --- UF,uG,uU --- UG,) for every Ve, .
At this point, to complete the inductive step, it is enough to take F, , , =
{xV: Ve 1":1+1}’ and Gn+1“ W V€1»1+1} I

Remark. By the above proof it is clear that in Theorem 3 the assump-
tion that X has a o-discrete n-base and a dense subset whose points are
G;-sets in X can be weakened as follows: if Int(X')# &, then Int(X”), with
the relative topology, has a n-base which is o-discrete in X and a dense
subset whose points are G;-sets.

2. A CATEGORY RESULT
In this section we are concerned with the residuality of M(X) in C(X)

endowed with the topology of uniform convergence. Since C(X) with the
metric p of uniform convergence is a complete metric space, it is obvious



568 BELLA, CHARATONIK, AND VILLANI

that in this case residuality implies density. Also, by a previous remark (see
the proof of Theorem 2), it is apparent that M(X) is residual if and only
if m(X') is; hence M(X) residual implies that also M(X)nm(X) is residual.

THEOREM 4. Let X be a topological space for which the following condi-
tion is satisfied: if Int(X') # &, then Int(X') with the relative topology has
a m-base U which consists of completely metrizable subspaces and which
moreover is a o-discrete family in X.

Then M(X)nm(X) is a residual set in C(X) endowed with the topology
of uniform convergence.

Proof. Of course we can assume that Int(X')# . Also, by the above
remark, it is enough to prove that M(X) is residual.

Let % be as in the statement and, for each Ue %, let d,, be a complete
compatible metric on U; we will denote by d, (V) the diameter of a set
V < U with respect to this metric. Also, let % ={)*_, %,, where every %,
is a discrete family in X.

Forevery n=1, 2, .., let V, be the set of all families ¥~ of the form ¥ =
{V,:Ueu,}, where V is a nonempty open subset of U for each Ue%,.
Also, foreveryn=1,2,..and k=1, 2, .., let W, ; be the set of all ¥" eV
with ¥ = {V,: Ue%,}, such that 6,(V )< 1/k for each Ue%,.

Now, for every n=1, 2,.. and ¥ eV,, with ¥ ={V,:Ue4,}, let
A,(¥7) be the set of all functions fe C(X) with the property: there exists
6 >0 such that sup f(U)=sup f(U\V,)+ g for every Ue%, (here the
convention sup {J= —oo is observed). We have that 4,(¥") is an open
subset of C(X). To check this, let f be any function in A4,(¥"), so that
there is a 6 >0 such that sup f(U)=sup f(U\V,)+ ¢ for every UeX,.
We claim that the open ball of C(X) centered at f and with radius
r=min{c/2, 1} is contained in A,(¥"). Indeed, from p(f, )<r<1, it
follows, for every Y < X,

sup f(Y)=sup f(Y)—p(f, /) =sup f(Y)—2p(f, ),

ns

and hence, for every Ue %,

sup f(U)=sup f(U)—p(f, fy=sup FLUNV ) +6—p(f; f)
= sup f(U\Vy)+6—2p(f. f),

whence f e A,(¥") since 6 —2p(f, f)>6—2r=0.
Next, for every n=1, 2, ...and k=1, 2, ..., let

B, ,=U{A,(V)V eW, .}

We will prove that the open set B, , is dense in C(X). To this aim, given
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feC(X) and £>0, we will construct a family ¥ e W, , and a function
geA,(¥) such that p(g, f)<e Consider the family #,={Ue%,:
sup f(UY< +o0}. If %, =, then f € A,(¥") for every ¥ eV, hence we

can take g= fand ¥ any family in W, ,. If %, # & we proceed as follows.
Let, for each Ue %/, a point x, and an open set W be fixed such that

xpeW,, W,cU, S (W l/k
and
sup f(U) < flxy)+¢/2;
also, let ¢: U— R be a continuous function such that

(*) f<o,<f+e¢  everywherein U,
(**) Py :f in U\\WU,

and ¢, (x,) = f(xy)+e Then, owing to the discreteness of %, to condi-
tion (**) and to the fact that W, < U, the function g: X — R, defined by

glx)=f(x) if x¢{){U:VUe,},

g(x)=q,{x) f xelU, Ue¥,,

is easily seen to be continuous. Also, by (*), we have p(g, f)<e Let
¥ ={V,:Ue4,} be any family in W, , such that ¥, = W for every
Ue',. Then we have ge A4,(#). Indeed, we claim that

sup g(U)=sup g(U\V,) +¢/2

for every Ued,. This is obvious if U¢ %, for in this case sup g(U)=
sup f(U)= +o0. If Ue,,, then the above claim follows from

sup g(U) = g(xy)=f(xu) +e
=sup f(U)+¢/2=sup f(U\V,)+¢/2
>sup g(U\V,)+¢/2.

Finally, to complete the proof, we show that M(X) contains a dense
Gs-set in C(X), namely N:°_, N2, B

Let feN?, N~ B.r. We have to show that if €< X is open and
nonempty, then Q@ M(f)# . This is obvious if \X'# . So, let
Q< X', hence 2 = Int(X’), and, replacing £ with a nonempty open subset
if necessary, let the condition sup f(£2) < + oo be satisfied. As % is a n-base
for Int(X’), there exist an integer »* and a set U* e %, such that U* <= Q2.

As the function fis in (;°_, B,.,, then for every k=1, 2, .., there is a
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nonempty open set V, < U* such that ¢,.(V,)<1/k and sup f(U*)>
sup f(U*\V,). The family {V,:k=1,2,..} has the finite intersection
property because, for every k=1, 2, ..., the inequalities

Supf([]*)>supf‘(U*\I/l)’ i=19~'-7 k’

imply

k
supf(U*)>supf( U )

i=1

cwnr(e (4, )

PN =]

hence (\%_, V; cannot be empty. Since (U* d,.) is a complete metric
space, then, by a version of the Cantor theorem [2, p. 337,
Theorem 4.3.10], N_, (U*nV,) is nonempty. Let p be a point in
N2, (U*n V). We will prove that pe M(f) and this will conclude the
proof.

We first note that f(p)=sup f(U*). This is proved by contradiction as
follows. Assume that a point g e U* exists such that f(g)> f(p). and let W
be an open neighborhood of p, W< U¥*, such that f(q)> f(y) for every
ye W. Since §,.(V,)—>0 as k- oc and peV,, we have that, for k large
enough, V,< W, hence supf(V,)<f(q), whence the contradiction
sup f(U*)=sup f(U*\ V).

Next, we show that f{p)> f(x) for every xe U*\{p}. Indeed, if x# p,
then x ¢ V', if k is large enough, and so

S(p)=sup f(U*)>sup(U*\V,) = f(x). |}

It is worth pointing out explicitly the following particular case of
Theorem 4.

COROLLARY 2. Let X be a completely metrizable space. Then
M(X)nm(X) is a residual set in C(X) endowed with the topology of uniform
convergence.

Proof. Let # be a o-discrete base for X and, if Int(X')# &J, let # =
{BnInt(X'): Be #}. Then the assumptions of Theorem 4 are satisfied. ||
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